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1. Introduction

Since the discovery by Borel' (1907) of the strong law of large numbers in the
Bernoulli case, there has been much investigation of the problem of almost sure
convergence and almost sure summability of series of random variables. So far
most of the results concern series of independent random variables. In the case of
dependent random variables, the first general result is the celebrated Birkhoff
ergodic theorem {1], or the strong law of large numbers for a stationary sequence
with a finite first moment. This theorem contains the Kolmogoroff strong law of
large numbers as a particular case. P. Lévy studied series that are the same as
those of independent random variables in their properties of second order as de-
scribed by the first and second conditional moments. The author [8] investigated
series which behave asymptotically as those of P. Lévy. There are also properties
of martingales, due essentially to Doob [2], P. Lévy and Ville [10].

We shall proceed to a systematic investigation of almost sure convergence of
sequences of random variables, emphasizing the methods and assuming as little
as possible about the stochastic structure of the sequences. The known results
will appear as various particular cases of a few propositions, and the necessary
known tools will be established. In that respect, this paper is self contained.

Part I is devoted to definitions, notations, and general criteria. In part IT the
truncation and centering ideas are expounded. Part III is concerned with the use
of “determining” set functions and with two propositions. The particular cases
of one of them contain the martingale properties and of the other the ergodic theo-
rem and its known extensions.

PART I. BASIC CONCEPTS AND ELEMENTARY INEQUALITIES

2. Fundamental notions

Let (F, P) represent a probability field defined on a space Q@ of “points” w.

F is a o-field of events A in ©, that is a family of sets in © such that (i) the sure
event Q belongs to F, (i) if 4 € F, then 4’ = (@ — A) € F, (iii) if A, € F for
n=1,2,...,then N 4, € F. It follows then, from (Y 4,) = N A, that (iii)’ if

A, € Fforn=1,2,...,then U 4, € F and, in general, if a sequence of events
n
has a limit, the limit is also an event. When the events are disjoint we shall repre-

This work was supported in part by the Office of Naval Research.

1 References, denoted by numbers in square brackets, are listed at the end of the paper except
for those of the known results which can be found in P. Lévy, Théorie de I’addition des variables
aléatoires, Gauthier-Villars (1937).
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sent their union by E instead of U . A basic role is played throughout this paper

by the familiar transformation of U into Z given by 4;+ AjA:+ ..., to
be written

(1) VA, =D A/4]. .. A4,

Pis a probabiiity measure on F, that is (i) PQ =1, (ii) PA=0if 4 € F,
and (iii) P ( Z A,,)= ZPA,, if A, € F for all #. It follows that P is a con-

tinuous function of events, that is P(lim 4,) = lim P(4,) if the sequence of events
” ”n

A, has a limit.

Real random variables (r.v.) on (F, P) will be represented by X, ¥, Z, U, V, W,
with or without subscripts. A r.v., say U, is a real, single valued, finite function
of w € @ such that for all real «, the sets of the form [U < a] of the w’s are events
in Q. In general, the inverse image by a countable set of r.v. {Ux} where \ € A,
of the Borel sets on the range space R} is to be a o-field F{Ux} contained in F, or
the o-field defined by {Ux}. Given a sequence {U,}, we shall have to consider later

the o-field F{Upn, ..., U.} of events defined on the segment {Un, ..., U.},
the tail o-field F{TU.} = O F{U,, Uny, . ..} of events defined on the tail of
{U,} and the field F(U,, Uy, ...) = Y F{U,, ..., U,} of events defined on a

finite number of U’s. F(Uy, Us,, . . .) is not, in general, a o-field and F{U,} is
the smallest o-field containing it. Two r.v. X and V are equivalent, or almost surely
(a-s.) equal, if P[X 5 Y] = 0. Since equivalence is symmetric, reflexive and transi-
tive, this relationship will be written X = V.

Throughout this paper, unless otherwise stated, a passage to the limit will be
for n— «, € will be a positive number and the integer £ (or ) will run from
mton (m < k =< n).

3. Almost sure convergence
Given a sequence {U,}, the events
Amn(é) = [SUPI Uk—' Ul’ é €]

k,l
clearly have the property that

(2) Amn(€) € Ann(€) for m = m’ < n' < nand e < €.
Accordingly, the limits
C(e) =limlim A4,,(e) and C = lim C (¢)
m n €e—)

exist (and are tail events). Moreover,
(3) CcC(e) eC(e) for e €.
By the Cauchy mutual convergence criterion C is the event [U, converges],

consequently P[U, converges] is well defined (Kolmogoroff) and, when this prob-
ability is one, the sequence {U.,} is almost surely (a.s.) convergent. (Clearly the
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limit r.v. is determined up to an equivalence.) The same event C is obtained if
we use ~
an (G) = [S\IP, Up— Ull '>/)5] ’

) kol 7
since
(4) Amn(€) € Bua(e) € Apma(26) .
If we start with
Con(©) = [sup] U= U] Jel,

C becomes [U, — U]. In any case, the relation (3) holds and we have the well
known

Lemma 3.1. U, converges a.s. if, and only if, P[C(e)] = 1 for every e.

P[C(¢)] is the probability of occurrence of an infinity of events [|U; — U;| > ¢]
defined on (Ui, Us, ...) or of events [|U, — U| > €. In general, given a se-
quence {A.} of events

(5) P_=P[= of A,’soccurs] =lim limP(%‘JAk).
From the inequality (Boole)
(6) P (Y 4y) =P(2A;...A;_1Ak>§ZPAk,
k k
there follows (Borel-Cantelli)
Lewma 3.2. If D PA, <, then Po = 0.

This with lemma 3.1 gives at once (Cantelli)
LemuMa 3.3. If, for every e > 0, Z PllU,—U| > €] < o, then U, as, v,

And, from
(7) CPLO (| U= Unl >91S D P U= Unl >,

there follows
LemMa 3.3'. If, for every e > 0,

liminf 3 P[| Up— Un| >el =0,

n=m

then U, converges a.s.
Also, the event Bp = (A [|Unit — Ua| = ], where D e < o, entails
®) U= Unl S | Unei— Uil S D60 as —+2—0
" -1 T m 7 '
that is, Bn € [U, converges]. Hence applying Boole’s inequality,

(9) P[U, converges] 2 PB, =1—PB, 21— > P[|U,,,—U,| >¢]l.

k=m
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Thus,
Lesua 3.3". If D7 Pl|Uniy— Un| > &] < @, where 3, e < @, then U,

converges a.s.
By the Tchebicheff-Markoff inequality,

(10) Pl U;— U, >e]§$E]U.-—U,-|', , r>0.
Lemmas 3.3, 3.3’ and 3.3" yield
Lewma 3.4.If, foranr > 0, > E|U, = U|" < =, then U, *> U. (Cantelli).

Lewma 3.4 If, for an r> 0, liminf >, E|U, — Un|" = 0, then U, con-

n=m

verges a.s. 1
Levma 34", If, for an r> 0 and Y, & < , }_:;;EIUWH —U,|" < =,

then U, converges a.s.
Thus Boole’s inequality provides us with relatively simple sufficient conditions

for a.s. convergence. Relatively simple necessary conditions can be obtained as
follows. Let

P"‘k = P(Ak; A,:” e e ey Alz—l) y Pmm = PAm .
We have
(11) P(UA,) =1-P(nd;) =1-P(A)P(4,,;4,)...
XP(Ay;; AL, ..., AL,
hence
_szk
(12) P(Yan =1-]]U-pmz1-e &,
or
(13) oggpmkgjlog[l—P(gAk)ll.

Letting n — «, then m — o, there follows

Lemma 3.5. If Po = 0, then lim > pn=0.

In the particular case of independent events A,, pms = PA, and the lemma
above becomes a converse to lemma 3.2. Moreover, the relation (12) becomes

(14) P(Udy =1—]J] (1 P4y
k

and, if 2 PA = oo, the product on the right hand side diverges to zeroasn — o,

hence P, = 1. Taking this with lemma 3.2, we have the first obtained law of O or 1
(Borel). Namely,

LemMa 3.5'. If the events A, are independent, then P = 0 or = 1, according as
EPA < ®or= o,
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Applied to the events [|U, — U| > ¢, this becomes
Lemma 3.5"”. If the rv. U, — U are independent, then U, — U converges or

diverges a.s. to zero, according as Z PllU.—U| > ¢ < ®or 2 Pl|U, - U|

> e = .

Sharpened inequalities. At present, Boole’s inequality is basic in the search for
conditions for a.s. convergence in terms of expectations. It is also very simple in
that it uses only probabilities of the events taken one by one. However, for this
very reason, it is a rough tool since it does not take into account the structure of
the set of events. In fact, the domain of validity of theorem A (next section) and
its particular cases can be extended, and it would be interesting to do so, using
sharper tools such as the following ones. :

Let

Coombma (1) = D P(AnYU...UAL)
and

p*(r) =lim inf lim infﬁrp,,m(r), P+ (7) =lim sup lim sup P (7).

We have, Logve [8],
) (DS ... S —-D=p (NS .. :
StaSpP*NSPrr—1N=...=p*(1).

Thus two scales of conditions for P vanishing are at our disposal, one provides
us with necessary and the other with sufficient conditions. As r increases, they
become sharper. The Borel-Cantelli lemma corresponds to p*(1) = 0 and is the
roughest, that is, we may have p*(1) > 0 while p*(r) = 0 for some r > 0 but the
converse is not necessarily true. It would be of some interest to examine the struc-
ture of sets {4,} for which the condition p*(r) = 0 for a given 7 is not only suffi-
cient but also necessary; Borel’s law of 0 or 1 answers this question for » = 1.

A.s. absolute convergence. The study of a.s. absolute convergence of series of
r.v. or, which comes to the same, of monotonic sequences of r.v. is particularly

simple. Let U, = E | X;|. U, does not decrease as » — = and, consequently,
=1
has always a limit. However, this limit can be infinite with positive probability.
Yet if the law of U, converges, then such a possibility is excluded and conversely
and, changing if necessary lim U, on the event [U, = + =] of probability zero,
”®

this a.s. limit is a r.v. Thus

LeMMA 3.6. A series of r.v. converges absolutely a.s. if, and only if, its law con-
verges.
The possibility above is also excluded if, for an r > 0, lim E|U,|” < «. Thus

LemMma 3.6". If, for an r > O,E(Z |X,,[)r<oo thenZ]X,,| < @ as.
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Moreover, we have

(16) B X DE X

=] i=]
wherer’ = 1for0 <r < land? = lr for » > 1, and by lemma 3.6, there follows

LemwMa 3.6”. If, for an r > 0,2 E’'|X,|" < o, thenz [Xa] < @ a.s.

In particular, if X, is an indicator /4,, that is, = 1 if the event 4 occurs
and = 0 otherwise, then 2 IA4, equals the number of occurrences of the 4,
n

and lemma 3.6” reduces to the Borel-Cantelli lemma 3.2.

PART II. TRUNCATION AND CENTERING

4. Equivalent sequences

The primary purpose of truncation (introduced by Markoff for the study of
normal convergence and fully exploited by Khintchine, Kolmogoroff and P.
Lévy) is to replace a sequence of r.v. by a sequence of bounded r.v. equivalent to
the original in the properties that interest us. For the investigation of a.s. con-
vergence these equivalences can be of two kinds, one preserves all the limit prop-
erties and the other only the convergence. {U.,} is tail equivalent to {U,} if {U,}
and {U,} differ only by a finite number of terms. 4, = [U, 3 U,), the definition

corresponds to Po = 0. Similarly, writing U, = E X, the series Z X, and

=1

2 X, are convergence equivalent if they differ only by a finite number of terms,

that is, writing 4, = [X, # X,)], if P = 0.
The relation (15) provides us with scales of necessary and of sufficient conditions
for these equivalences. In particular, lemma 3.2 (r = 1) yields

LemuMa 4.1. (i) Ifz PlU, # Uyl < o, then {U,} and {U,} are tail equivalent.

@) If > P[Xa 5 X;] < o, then > X, and >, X, are conver-

gence equivalent (Khintchine).
Now, given {U.,}, we can always find a sufficiently fast increasing sequence {L,}

such that E P[|U,| > L,) < . Taking U, truncated at L,, that is U, = U, if

|Ua| £ L, and = 0 otherwise, the sequence {U,} is tail equivalent to {U,}.
Similarly, with > P[] Xa| > L.] < @, the series > X, and > X, of the X,

truncated at L, are convergence equivalent.

One of the purposes of truncation is to introduce moments. In general, one has
at the same time to conveniently center r.v.: a r.v. X is centered at £ if it is replaced
by X — & One of the purposes of centering is to avoid the shift of probability
spreads toward infinite values.
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6. Series of expectations and a.s. convergence

Let p.(t) = P[|X.| < ], ¢u(t) = P[|X.| 2 #] and pn(t), ¢.(t) be the condi-
tional probabilities of the corresponding events, given Xj, . .., X, 1. E’' will be
the symbol of the conditional expectation of a r.v. (truncated or not) in a se-
quence, given the preceding terms and £, = E'X,, ¢ = E'X,, where X, is X,
truncated at L,. We shall denote by f,(¢) functions of ¢ = 0 such that f,(¢) = ci?
fort < L,and 2 ¢; > Ofor ¢t = L, > 0. First, we shall give the following exten-
sion due to P. Lévy of a Kolmogoroff inequality, for further extensions, see Loéve
[8] LetX; = U,'- U,'_l,i= 1, 2, PR N

Lemma 5.1. If E'X; = 0, then P[sup|U;| > ¢ < éEUE.

Let
A,’ = [lU,l > G] and B; = A{ e A;—lAi‘

Then, by (1), section 2,

(17) A=Y d;=[sup| Us| >l = D Bs.
The hypothesis yields
(18) E(U%B)=E(U%B)+ E{(Uy— U’ B} 2 &,

Consequently, the inequality follows from

(19) EU:z > PBE(U3B)Z @D PB.=¢PA.

Lowis 5.2 1f @) 2 gull) < © and () 30 [ fulDddpa(d) < , then
Z (X, — &) converges a.s.

From (i) and lemma 4.1 above it follows that 3 (X, — £)and 3 (Xi — &)

are convergence equivalent and we have only to prove that the last series is a.s.
convergent to establish lemma 5.2. By definition of £, we have E'(X, — £,) = 0;
consequently

(20)  o*(X]) =E(X,—¢,)*=EE(X)*—¢??) SEE'X"*=EX"
Lﬂ
= [ "edp, ().
]
From the hypothesis (ii) and the first property of f.(#), there follows then that

en Teapsy [Trpos %2 [ nwanm<a.

But, for m < k& =< n, we have applying lemma 5.1

k
(22) P[sup| 3 (=0 >e]ge_lzzk)az<x,;>.
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Consequently, by lemma 3.1, the series Z (X, — &) converges a.s. and the proof

is completed.
From the lemma follows

LemMa 5.2 If E Ef (| Xal) < o, then E (Xn — &) converges a.s.
For " "
Lﬂ .
(23) 2[R S D EL( XD <=

and

1 e 1
@) Fal)sg [ h0in0S GTEL(X) <w.

Assuming that f,(¢) are also continuous and nondecreasing for t < L, and = 0
at t = 0, lemma 5.2 yields, by integration by parts,

. T,
LemMa 5.2". If Z / . (O)df.(t) < o, then Z (X, — &) converges a.s.
n 0 n

Let a, be positive constants and 4, = E’'X,’, where X,’ is X,, truncated at a,L,.
The two lemmas above, together with the Kronecker lemma that, if a, T « and

Z— converges, then —2 X;— 0, yield at once the first part of
a, i=1

TrEoREM A. If (i) 2 Efu(| Xal /an) < o or (ii) 2 f gn(ant)dfu(t) < o, then

Zia M converges a.s. and, when a, T « —E (X, —-m)'—s'>-0,

n n an =1
Moreover, under (1), n, can be replaced by zero or &, according as (i) f,(t)/t = ¢"
fort £ L, or (iii"”) fu()/t 2 ¢" for t = L,.
14 n
Letz and E denote summations over subscripts » for which (iii’) and (iii”")
hold, respectively. From

"E n "E En_ n
D _l;_l_Jrz _L_a_n_l_

n

=X [ano+ X o [ a0

an anLy
(25) sm2 [ LR o+ D7 2D a0
1 | Xa|
éWZEf"(—aT
<

follows by lemma 3.6" that the series

En_ n
H an+z n

is a.s. absolutely convergent and this entails the second part of the theorem.
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Particular cases. 1°. Let fo(f) = t» with 0 < r, £ 2; the conditions imposed

upon the functions f, are satisfied and the criterion (i), for instance, yields

ol o and 3 E|Xa|m/ain < o, where 0 < ro < 2, then — 3 X; =55 0

n i=1

or aiz (X;:— &) 25,0 according as, for almost all n,r, < Lorr, = 1.
n =1
For r, = 2, a, = n, X, independent and EX, = 0, this becomes the Kolmo-
goroff criterion for the SLLN.

L
29, Let f,(t) = in[0, L]. The criterion (ii) becomes Z f lgn(ant)dt < . When,
o
L
, ga() = q(t) = P[|X| =14, itb es ¢ a,t) |dt< o . To
moreover, g.(t) < q(¢) [|X| = 4, it becom _/(; ["zq( )] I
specialize further we shall establish

Lemma 5.3. (i) E| X[ < ® for an 7 > 0 if, and only if (ii) &£ > q(n'/) <

¢ < o where ¢ is independent of t; and the last relation holds for t > 0 if it holds for
t=1.

In fact,
© nl/"t
26 E|X|r=— udq(u) = — udqg(u
(26) Xir= = [wagw = =3 [ wdgw
and
al/ry
@D (=Delgin —gln—Dvalls [ wdgw)
(a—1)/7¢

Sntr[qg(ni/t) —qf (n—1)Yrt}].

Summing over # in (23) and rearranging the terms, the first part of the lemma fol-
lows. Now, (25,) and (2§) hold with ¢ = 1 and the last part follows at once.

R

_ L g
We take now a, = #!/". By lemma 5.3, the criterion becomes f ;thx di<w
0

that is # < 2. On the other hand, if » = 1 and %E n: 23> n. then the con-

=1

. 1 a.s. ‘
clusion becomes - E X, —n1.
1=1

If r < 1, then E (9./7V/7) converges a.s. because lemma 3.6” applies:
E|lm] _ g /1) < o 1/r
(28) 2": e ——Zfo tdq (n t)=f0 [Zq(u t)]dt

L dt
scf F<=

and we can suppress the 7, in the conclusion.

L
If » > 1, then f % < o and, applying the same lemma 3.6"/, we can replace
]
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7a by &, in the conclusion. Thus
If g.(t) < P[|X| Z land E|X|" < o, then

. 1N 1 as. L 1E a.s.

6] ;Z_IXJQ,—*’I, U;‘Zﬂmﬁﬂ,

(ii) 2& converges a.s. and ii X, 250
—t W17 865 4.3 ONE LT g '

if 0<r<1,

(Xn— &) 13 a.s.
(iii) ; - a7 “~ converges a.s. and W; (X;—t)—0,

fl<r<2.
Let r = 1 and ¢.(!) < ¢q(¢) a.s. for ¢ = #. Then as.
(29) |t nal Sq ) — [ 1dg () >0,
1]

hence, a fortiorz,

1 a.s.
30) 7y (X )=>0

and, taking &, = 0, we get a P. Lévy SLLN.

Now, let the X, be independent and identically distributed r.v. Then, (i) be-
comes the Kolmogoroff SLLN and (ii) and (iii) a Marcinkiewicz [9] result. More-
over, the converse is true, that is, .

If the X, are independent and identically distributed r.v., then E| X |7 < o if

. 1 a.s.
Q) r=1and ;;l X; = 0 (Kolmogoroff),
(ii) 0<r<laond—3 X, 25 0

nl/r et ’ !
1 a.s.
(iii) 1<r<2and;@—l7;2 (X;—EX;)—0.

i=1

In fact, in case (ii) for instance, there follows that X,,/n!/r 255 0and by lemma
3.5,

(31) DTPI X, >en/7] = D g(en'V) <.

Hence, by lemma 5.3, E| X|" < = .
Convergent subsequences and truncation. Given a sequence {U,}, if () there exists

Uni 255 U as ni— © and (ii) for n; € k < nip, Vi = sup |Us — Un| 20,
k

then U, N
This is shown by selecting n; such that »; < » < n,1. Then, as n;— «,
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n— o and
(32) |Un=U| £ | Un=Un| + |Un = U| £ Vit |Un— U| —0.

In the following section, we shall see how this can be achieved, by a convenient
centering, for sequences which converge in probability. There the special form of

{n:} will be immaterial. However if the #; and the X, increase relatively slowly,
this can be achieved by truncation. In fact,

Let U, = 2 X/nv. If (i) for every > 0, z Pl|lU,—U| > é/n* <

with0 < o = land(u)ZP[lX | > enfl < o with 8> 0, then U, —>Ufor

YyZat B
First the following slight extension of a property of series (Dvoretsky [4], for

a = 1) is easy to prove: 1f2 [pn]/n® < o with0 < o < 1, thenz | pne] < o

with #;1 — n; = 0(n%). Thus, (i) implies that 2 Pl|U.; — U| > €] < « and,

by lemma 3.3, U225 1. Now, let X, be X, truncated at cnfand U, = E Xi/n.
=1

From (ii), there follows by lemma 4.1 that U, — U, 183 0, so that UZ 2 s, .

On the other hand, we have

B=nl , Xyt .. +Xi

(33) | Ur— Uyn;| = e Un; + P ,
hence, because of the structure of {#,}
(34) Vi £ |Unlo (0¥ + o (n3#) >0,

and the proposition is proved.
It is easily seen that in the hypothesis (i) we can replace P[|U, — U| > ¢
by @a(e) = sup P[|Unm — Ua|]. Then, not only do we not have to know U but
m

also {n;} can be explicitly determined. In fact, elementary computations, using
the relation @,ym(2¢) < @,(€), show that

If a < 1, then Z @n(€)/n* < o for every e > 0 is equivalent to 2 @/ (1-a)y (€)

< o for every € > 0 and if a = 1 then il is equivalent to E Wi (e) < ® for every

e > 0 and every ¢ > 1.
Clearly the proposition proved above holds @ fortiori if P[|U, — U| > € is
replaced by E|U, — U|¢or sup E|Unym — Ua|¢, 7 > 0. Then, fora =1,8=0,
m

vy =1,r = 2and U = 0, it reduces to a result of Dvoretzky [4] which generalized
a result of the author [8] which, in turn, contains Borel’s SLLN in the Bernoulli
case and the SLLN in the Poisson case.

Witha.(e)and e = 1,8 = 0,y = 1, the proposition reduces to a SLLN (Khint-
chine) for sequences of events which contain sequences of exchangeable events
(de Finetti).
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6. Centering of sequences convergent in probability

A sequence {U,} which converges in probability to U (U, i)— U) contains, as

iswellknown, an a.s. convergent subsequence U ,,,.:—li>- Usinceforevery ¢, because of
P[|U. — U] > ¢l — 0, there exists for a given 2 ¢; < » a sequence of {n}

such that P[|U,, — U| > €] < €, hence 2 Pl|U,.— U| > &] < « and, by

lemma 3.3, U, 5, 1. Similarly, because of P[|Un. — U,| > €] — 0 for every ¢,
as —11;-1-% — 0, there exists a sequence #; T « (there will be no possible confusion
between the two sequehces {n:}) such that E P{|Upis — Uni| > &] < « and,

by lemma 3.3, U,, converges a.s.; this implies that U, converges in probability,

whence to U and, finally U, ,,i%—lﬁ}- U. In any case, condition (i) stated at the begin-
ning of the last part of the previous section is fulfilled and we shall now fulfill
condition (ii) by centering upon convenient conditional quantiles of order p,
0<p=1/2

Let {Ux} and {Vi}, k=m, m+ 1,..., n, be two sets of r.v. and {u:} and
{vx}, v = wx, two sets of nonnegative sure or random quantities. Let

A= [(Ue>ue], A = U< — ], A=A} + Ay = [{Uk| >uil,

A=LkJAk,
Bf=1Vi>wul, Bi=[Vi<—1u], Bi=Bi 4 Bx = [| Vil > ul,
: B=UBk,

k

Ci=[Vi—UsZ ne—m], Ck = [Vi— U= — et m].
Lemma 6.1. If
() P(CH; AfAin...A4) 2 p £ P(Cr; Avdin . . . 45)
or
(i) P(CH;dm.. . AidB)Z p S P(Cr; Am - . - Aiady)
then
pP(4) < P(B).
In fact, by (1),

(35) A= Ll.c)Ak=ZAkA;H...A;=;A;A,€+l...A1’.

+;AkA,;H...A;,,

and, since
(36) Cr(ArA;, ... A))eCtAtcBtcB,
we have

(37) PBZ DI P(A}AL,, ... ADP(CH AF AL, ... A))
k

+ D P(A;AL,, .. AVPC A AL, . AD),
k
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hence
PBZpD P(A AL, ... A]) = pPA
k

and the conclusion is reached; similarly for (i’). Clearly, if some of the a priori
probabilities are null, the corresponding terms in (37) disappear and the conclusion
still holds

Lemwma 6.2. If

@ PWVi—Ur20; Ui, ..., U)2pSPVi—Ur20; Upy..., Uy
or
(i) PWVi—Ur2ZO0;Un, ..., U)2pSPVi—Us20; Un,...,Us),

then, for every ¢ > 0,
pP[s%p[ Ux| >el = P[sgp| Vi| >el.

Let D € F{Uy,..., U,}. From (i) and the definition of conditional expectation
(see section 7), it follows that

(38) P(D)P(Vi—UxZ0; D) = [P(Vi— U2 0; Uk, ..., Uy) dP
D
2 pPD,

and similarly for P(V, — Uy < 0; D). The same follows from (i) for
D€ F{Un, ..., U. Applying lemma 6.2 above with y, = 2, = ¢, the proposi-
tion is proved.

Fixing p, let u(X; G) denote conditional quantiles of order p on the o-field
G c F (see section 7) defined by

(39) PIX—p(X;6)20;G12p=PIX —u(X;6) £0;G].

The conditions under which the conclusion of the lemma above holds can be ful-
filled by centering V; — U} upon corresponding p’s. For instance, (i) s true if we

replace every Uy by Uy = Ur — w(Ux — Vi; Uy, . . ., U,). In fact, by the defini-
tion (39) of u’s, we have for example
(40) P{Vi—= U= p (Vi = U; Uty .. ., Un) Z 0;Us, ..., Ua} Z 9,
and it implies
(41) P(Vi—Urz0; Ui,...,U) 2 p
because, for i = %, U} is a function of {U;, U;yy, ..., U,} only.
Particular cases. 1°. With Vi, = U, the lemma becomes if (U, — Uy; Uy, . . .,
U =00r ulUp — Uiy Uny ..., Ux) = 0, then

j)P[sukp] Uil >el =P[| Un| >€].
2°, With Uy replaced by U, — Uy and Vi = U, the conclusion becomes
(42) pP[s&plU,.-—UkI>e]§P[|Un|>e].
But
< - £ £
(43)  Plsup| Uil >e] =P[51110p] Ui—U.| >5|+2[ 1 U] > 5]
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and we have
If
P‘(Uk; Un"’Ulc,---, Un—Un—l) =0,
then

#Plsup| U] >l S (p+ DP[ | V.l >3]
k
3. Because of the Tchebicheff-Markoff inequality, the conclusions above hold
‘a fortiori when P[|U,| > €] is replaced by ;—r E|U.,|", r > 0. They are then

similar to the Kolmogoroff-P. Lévy inequality (for r = 2), but the centering is
-now upon conditional quantiles of order p instead of conditional expectations

k
which might not exist. Clearly, if U, = Z X ; where X3, . . ., X, are independ-
=1 ‘
ent, the conditional quantiles of order p degenerate into @ priori quantiles of order
p. The inequalities thus obtained can be used to deduce criteria similar to theo-
rem 4. :

4% We shall need below the following form of lemma 6.2. Let V, = U, — U,,,
U be replaced by Uk,, — Ux, and m = n; 4+ 1, n = n;,1 — 1. Then we have,
using (i) for instance,

If PU—UnuZO05Upy = Usy...yUnyy— Upina) = p

SPUr—Un S0 Uy — Uy - .+, Uniyy = Ungya1)
then ,
P P [S‘klplUnul - Ukl > = P”Unm - Uml > ¢,

and, writing X, = U, — Un_y, the knowledge of Uppy — Unpar = Xnip,

Unm - Um+1~2 = Xnu_l + Xnun ceey Uru.,.l —Ur= Xm,,,l +...+ Xlo+1, 15
equivalent to that of Xpyy Xnina, -+« y Xet1.

We can now get back to U, £, U, the sequences {#;} which correspond to a
given Z €; < o chosen, according to the beginning of this section, such that

D P|[Uny— Un| > el < @ Herelet b= n;+ 1,...,nq1 — 1.
n P '
TEEOREM B. If U = D X —> U and
. i=1

(i) P(Xm+1+'~-+Xk;0; Xk+1,"';Xm'+l)_2_P

SPXnsit oo+ Xe S 05 Xiony - -+, Xusd)
or )
() PWUe=UzZ0; Xesy. .., X)) Zp<P(Ur—UZO;
Xety - oy Xos)
then U, 22> U.

In fact, letting W; = sup [ X, + . . . + X, it follows from (i) and 4° that
k

(44) P(W,->e,-)§%P(X,,i+l+. . .+X,,,,+l)§§;i.
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Consequently E P(W:> &) < ® and, by 3.3, W; 25> 0. Similarly, in case (i')

or others in which lemma 6.2 applies. The conclusion holds a fortioriif U, — U are
centered about (U, — U; Xpyy, - - - ).

TreorEM B'. If U, —E—:» U, then there exists a sequence of zeros and conditional

quantiles Of order P, Mn L 0 such that Un — Un aﬁ-. S U'

In fact, taking w = p(Xnir + - - - + X5 Xwry - - -5 X)) for & =n; 4+ 1,

.y nip1 — 1, and pn; = 0, the proof above applies to U, — u, which thus con-
verges a.s. But Up, — pn; = Ui a._s.)_ U, hence U, — u, a.._s.)_ U. Consequently
U ~ un Lo U and since U, £ U, it follows that i, ——>= 0.

If the p, are such that ynL— 0 is equivalent to p,‘& 0 then, clearly,

U, L U is equivalent to U, a8, U. This is certainly true when the u, are
degenerate and, in particular, when the X, are independent. Thus (P. Lévy) for a
series of independent r.v., convergence in probability and a.s. convergence are
equivalent.

When U, = (X;+ ...+ X,)/n we can, centering conveniently, reduce con-
vergence of {U,} to that of a sequence of {V,} whose terms do not have common
X’s. In fact, let ¢; = [¢]] with ¢ > 1 and V= (Xon+ . .. + X¢,)/¢: with
i=0,1,2,....Sinceq;y; — ¢i— @ as i— o, we can assume, neglecting per-
haps a finite number of X’s, that g;1 — ¢: > 1fori = 0,1,2, ... . To begin with

Uq{a._s.)_ U if and onlyifV;a'—s}' (¢—DU.

This follows at once from
1 1=1 1

45) Vi=—-(qenUsy, = :Us)  and  Up= E?(X1+ V).
¢ =0 13

Replacing U, by U, — U and V; by V; — (¢ — 1)U, that is, replacing X, by

X, — U, we have Uy, &5, 0if and only if V; a5, 0.
But, for ¢;: < k < g,

i 1
(46) U= Uyt 3 Ko+ + X0,
Hence,
1
(47) | Ukl = <I|Uq,~|+?|Xq,-+1+---+Xkl-
Once the sums X411+ . . . + X are centered in order that lemma 6.2 applies,
for instance upon u(Xgp1 4+ . . . + Xi; Xiqry -+« Xgu), it gives
1 1

(48) P[sup—|Xq,.+1+. A Xi| >e| =2 PU VI >

£ g ?

It 3 Pl|Vi| > ¢ < @, then, by (47) and (48), U, 22> 0. Thus
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Ifz PV >ed < © and pXepr + - . .+ Xi; Xegn, - - ., Xge) = 0 for

i=0,1,2,...0ndk=qi+1,...,qu—1,then Up>2>0.

In the case of independent X,’s, the u are degenerate, the V, are independent
and, by lemma 3.6, V2% 0ifand only if, for every € > 0, E PV > e < .
With ¢ = 2, we have thus the necessary and sufficient condition for the SLLN, due
to Prokhoroff. (See K. L. Chung in these Proceedings.)

PART III. DETERMINING SET FUNCTIONS

7. Determining set functions and conditional expeétations

Let (G, Pes) be a contraction of the probability field (F, P), that is G is a o-field
containing © and contained in F and Pg(B) = P(B) for every B € G. Let ¢,
with or without subscripts, denote a finite, s-additive and P-continuous function
defined on F and ¢¢ denote its contraction on G, that is, ¢a(B) = ¢(B) for every
B¢ G.Ar.v. X with E[|X| < =, determines uniquely its indefinite integral

(49) é(A4) =fXdP, A€F.
. A

Conversely, by the Radon-Nikodym theorem a function ¢ defined on F deter-

mines (up to an equivalence) a r.v. X = ¢ or derivative of ¢ on (F, P) given

by (49); ¢ will be called the determining ‘sijt) Sfunction (d.sf.) of X. By the same
thfzorem ¢q determines a r.v. ¥V = Zgz or derivative of ¢ on (G, Pg), by the re-
lation

(50) ¢ (B) = fB YdpP, | BEG.

Y is a smoothed X, roughly a set of partial mean values of X (for instance, if B is
" an atom of G but not of F, then ¥ is constant on B and is a P-weighted mean of
X on B). It will be the conditional expectation of X on G and written E(X; G).
When X = I(A4), then E{I(4); G} is written P(4; G) and is the conditional prob-
ability of 4 on G. If G is the o-field determined in F by the set {Ux}, N € A then
E(X; G) will be denoted by E(X; {Ux})—the conditional expectation of X on
{Uxr}. Conditional expectations obey the rules of differential formalism. The con-
ditional expectation E(X; A) of X on 4 € F is defined by

(51) PAE (X; 4) = ¢ (4)

and the indeterminacy of E(X; 4) when PA = 0 can be removed by making the
convention, for a countable number of 4’s, E(X; A) = 0if PA = 0.

We shall first briefly examine a few details indirectly related to the study of
a.8. convergence.

1°, Because the Radon-Nikodym theorem applies to o-finite, s-additive and P-
continuous set functions the definition of conditional expectation on G (such that
¢¢ is o-finite) extends at once to a r.v. X whose indefinite integral exists but is not
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necessarily finite. It would be of some interest to adapt the results of the following
sections, where we assume once for all that the r.v. possess a finite expeclation, to this
more general case. '

2%, Consideration of d.s.f.’s leads, naturally, to a kind of convergence different
from those used at present in probability theory because, if ¢, converges on G to
a finite set function, then this limit function is d.s.f. of a r.v. X. Consequently, if
¢ is d.sf. of X, then E(X,; B) converges to E(X; B), B € G, and we can say

that X, converges to X conditionally on G (X, i>- X). Clearly X, —G——->- X im-
plies EX, — EX.

Convergence in probability, a.s. or ordinary, does not imply conditional convergence
on F and conversely. The first three do not even imply convergence of EX, to EX;
examples are abundant. For the converse, take X, = cos 2mnw where « is uni-
formly distributed on (0, 1) and apply the Riemann-Lebesgue theorem.

Conditional convergence on F will be uniform if, given e, there exists an n, such
that |$.(4) — ¢(4)] < € for n > n.and all 4 € F and it follows at once from
this definition that uniform conditional convergence on F is equivalent to convergence
in the mean. We can define a stronger form of uniform convergence—uniform con-
vergence of conditional expectations: |E(X.;4) — E(X; 4)| <, that is,
| pa(4) — ¢(4)| < €PA, for n > n.and all 4 € F. We shall see that it is related
to various criteria for a.s. convergence.

3% The zero one law. One might say that two events 4; and A, are a.s. inde-
pendent on G if P(4142; G) = P(A4; G)+P(As; G). If Ay = A5 = A, this relation
becomes P(4; G) = P*(4;G). Hence the r.v. P(4; G) has (up to an equivalence)
only two possible values 0 and 1 and one can say that 4 obeys the zero one law on G.
It is almost immediate that an event A obeys the zero one law on G if and only if A be-
longs to G a.s. (up to an event of probability zero). Thus 4 obeys the zero one law,
that is, obeys it on all G € F if and only if it coincides a.s. with an event be-
longing to all G, hence either with Q2 or with g. Consequently, PA = Qor P4 =1
and conversely.

Let {U,} be a sequence of r.v. and C € F{TU,}. C obeys the zero one law on
F{TU,}, hence on F{U,} o F{TU,},but in general PC # (PC)%. However, if
C = lim lim B, with By, € F{Un, ..., U} and Bn, and B,’,’ become asymp-

m ”
totically independent as the disjoint segments on which they are defined with the
distance |# — m'| — o, then C obeys the zero one law. More precisely,
If (i) C = lim lim Bps and (ii) P(BunBm's’) — P(Bma) P(Bm'n’) = 0 as n — m,
mn ”

n' — m',m,m' and |n — m’| — o then C obeys the zero one law because, passing to
the limit in (ii), we get by (i) PC — (PC)* = 0. In the particular case of independ-
ent U,, we have P(BmnBn's’) — P(Bmn)P(Bmn’) = 0. Hence F{TU,} = (2,4) up

to events of probability zero. Similarly, when U, = Z X ; with independent X,
: =1

and the events B,, are defined in terms of differences Uy — U, (m < k < n).
Specializing to C = [U, converges], we have (P. Lévy): a sequence or a series of
independent r.v. a.s. converges or a.s. diverges and we see that this conclusion
extends to asymptotically independent U, or X, in the sense (ii) [or (ii’) below]
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with Bn, = sup |Uk — Un| > ¢, € arbitrary. The hypothesis (ii) can be replaced
by (it"),

PBonss Un, ..., U)-L>pPC.
In fact, ,
52 PBuas Umy ., U)dP= [ I(Bn.)dP
=P(anBm'n’) —>PC )
while the first integral, which can be written | I(Buu)P(Bu'a'; Un, - - - , Un)dP
Q

converges, by (ii’) and the Lebesgue convergence theorem, to _/; I(C)P(C)dP =

(PC)2. The conclusion holds a fortiori with P(C; Uy, . . ., Us,) i>- PC,and the par-
ticular case P(C; Uy, . . ., U,) = PC for every n becomes the Kolmogoroff zero
one law (for tail events). Also, (ii) and (ii’) hold if P(BmaC) — P(Bma)PC— 0

and P(Bun; F{TU,}) > PC.

8. D.s.f. and a.s. convergence of sequences

Let { .} be the sequence of d.s.f. which corresponds to {U.}, G = F{U.,} and
H = F{TU,}. Events 4,, are disjoint in j if 4;; and 4,;, are disjoint for j; # j,.
¥’ will denote the P-continuous part of ¢ and, asusual, k =m,m 4 1,.. ., n.

TeEOREM C. If, for all disjoint in k evenis Ami defined on {Un, . . ., Us} such

that lim lim Z Ami = A exists, and all events B defined on a finite number of U,,
” ” k

¥ defined by lim lim E &1(AmiB) = Y(AB) exists and is bounded and a-additive, then
m ” k

ﬂg;if{Um,. .o, Uk} is replaced by {Uy, . . ., Ui}, then U=ﬂ—0.
dPH dPg

To prove the existence of a limit r.v., we shall show that, writing U, for
lim inf U, and U* for lim sup U,, (i) P{U, # U*] = O and (ii) P[Uy = — =] =
” ”

U a.Ss. U=

P[U* =+ =] = 0. To begin with, (i) is equivalent to (i) PCs = 0 for any couple
a < b of rationals, Cs = [U, < ¢ < b < U*) because

(53) I Co= [U*?f U*] =Hcab~
Now, selecting Amr = [Un=a,..., U1 = a, Ux < a], hence 4 = [U, = 4],
we have

(59 34,(4,5) = >/, UdPsaSP(4,B) = ap(zk: AB)-

From the hypothesis, there follows that as#— ® and m — =,

(55) ¥ (AB) < a PAB.

Since ¥ has a unique extension (to be denoted by the same letter) on G, this rela-
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tion holds when B is replaced by any event in G and, in particular, by Ca(2 4).
Therefore

(56) ¢ (Cab) é dPC,,b .
Similarly, starting with Ame = [Un £ b, .. ., Uy £ b, U > B], we get
(87) ¥ (Ca) 2 bPCoa .

Consequently, since @ < b, it follows that PCy = 0 and (i'), hence (i), is proved.
Now let B = Q. Being finite and s-additive, the function ¢ is bounded by a
constant ¢ < « and, for ¢ < 0, (55) gives

(58) P[U,,<‘a]s|—a|——>0 as a— — .

Similarly, for & > 0

(59) PU*>b]S£-0 a5 bote,

and (it) is proved. Thus, taking for U the r.v. equal to Uy, = U* on C’ and to

zeroon C = Co V [U* = + ] VU [U, = — =] we have proved that Una—'s—é- U.
There remains to show that U = dﬁz Let A € H and

(60) Us=h on Gi=[IN=2U < (k+ 1)

where A\ >0,k=...,—1,0,+41,...,and

(61) Un=0 onC.

From the hypothesis, there follows as for (i) that
(62) AP (AGC) S Y (ACC) £ (B + 1) NP (ACKCY) .
Summing over % we get, because of Ux S U < U + X\,

63 vuc)-xs [ wndps ) vips [ tiap+x

SY(AC) + .
Thus, letting A — 0,
(64) v(ac) = [ vap
AC
or, since PC = 0, U = L7
dPg’ .
If Api € F{Uy, ..., Uy} 2 F{Un, ..., Ui}, U2 afortiori and the
last part of the proof applies with A € G instead of H, hence U = d}ll’a
G
Also Amk can be replaced by Apn =[Ux<a, Uppn= @, ..., U, 2 a] with
B € H instead of F(U1, U, . . .) and then U=%.
H

The theorem above has a partial converse and, perhaps, it would be possible to
improve it so as to get a necessary and sufficient condition for a.s. convergence in
terms of d.s.f.
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Taeores C'. If Un 25 U and |U,| < V(EV < o), then lim lim 3 ¢(42)
m ” k

= ¢(A) where lim lim Z A, = A, A varying or not with m and n.
" k
In fact, given e > 0, there exists an m, such that for m > m.,
(65) PC.<e for Ce=[sup|U,—U| >el.
. k
On the other hand,

(66) Solan = [ vap+ > [ (w.-v)ap
k k k k k

or
(67) 2¢k(Ak)=¢(2Ak)+; [ «wi-vyap— [ vap

AC %‘,Akc,

+ [ viap.
k

ApCe¢
As ¢ — 0 the first term on the right hand side converges to.¢(A) and the third
to zero; the second term is bounded by ¢P (E A,C" ) =< e—0. The fourth is the
k
only term for which a restriction seems essential. If |Ux| < V, (EV < «) then

%) | > fU,,dPléE [ulaps [ vap

Akct Akoe %Akce
<[VaP—0 a0
Ce

and the theorem is proved.
An obvious weaker restriction under which the conclusion still holds is

(69) D u(4L)—0 as n—eo, m—w, when P(C)—0.
k

Particular cases. 1°. (i) If E(U,; A) — E(V; A) uniformly on A € F{Uy, Us,

U, then U, 22> U = E(V; G) and (ii) if A € F{Uy,, Unp, . . .}, then
U = E(V; H).

In the first case, given € > 0 and B € F(Uy, Us, . . .), there exists an #. inde-

pendent of 4 € F{Uy, ..., Ua} such that
(70) |¢n (AB) — ¢v (AB) | < € PAB,
and, consequently, with 4,; € F{Uy, ..., U},

() 'Ztﬁ(Aka) —w(}k: A,,.kB) <eP(Ek Aka)ge.

Thus, passing to the limit, theorem C applies with U = E(V; G). In the second
case, we apply the theorem with A;, instead of Ani.
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(iii) If E(Un; A) — E(U,; A)—0 as71n—+% —0 uniformly in A € F{U,,

co o, Unl and E|U,| < ¢ < @, then U, converges a.s.

In fact, by Cauchy convergence criterion E(X,; 4) converges to a set function
e(4) uniformly in 4 € F{Uy, . .., Uy} for an arbitrarily fixed #,. Consequently,
given e > 0, there exists an #. such that

(72) |pn (A) — ¢ (A) | < ePA with A € F{Uy, ..., Uy}

and ¢ (4) =e(4) PA4.
It follows that ¢¥(A4) is bounded by ¢ and is ¢-additive on F{Uy,. .., Uy} for
every no. Hence, by a trivial extension of Kolmogoroff’s theorem on probability
measures in R, the set function ¥, which so far is defined only on F(Uy, Us, . . .),

can be extended to a bounded and s-additive set function ¥ on G.
Now, for m > n, sufficiently large

(73) lzkm(Amk) —¢(§kj AwB)] <ep(; AnB)Se.

Thus, ¥ (E Amk) approaches ¢(4B) as 2 Aqny approaches 4 € G, and theo-
* % .

o

dPg

20 ) If Up— E(V; Uyy..., Us)—>0, uniformly in {Us, ..., U,}, then

U225 U = E(V;G). (i) If Uy, . .., Un are replaced by Un, Uns, - . . , then

U, 23 U = E(V; H). (i) If V is replaced by Uny1 and E|U,| < ¢ < o, then
U, conzerges a.s.
These propositions follow from those above in the same fashion. For instance,
case (i) follows from the fact that for » > n, sufficiently large,
1

(74) |E(UnA) —E(V; A4) Iéﬁ_fAIU,.—-E(V; Uy, ..., U)|dP <e.

rem C applies with U = . Specializing further we have

Taking the particular cases (") U, = E(V; Uy, ..., Uy, (ii") U, = E(V; U,,
Unity - . .), (i) Up = E(Upt1; Uy, . . ., U,) the above propositions reduce to
martingale properties due to Doob [2], P. Lévy and Ville [10].

3°. In the case of exchangeable r.v. {X,} it is known that if the second common
moment is finite, the SLLN holds. It is easy to show that finiteness of the first com-

N n
mon moment suffices and also to find the limit r.v. In fact, let S, = E X; and

=1

Hgs = F{TS,}. We have, for every fixed 7,

(75) E(X 5 S Sutn - - ) 22 E(X; Hy).
But the X; being exchangeable, for all 7 < #,

(76) E (Xi; Sy Sat1y -+ 2) = Un = E(Xy; Sny Sagny - 1)
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and
(77 U2 E(Xy; Hy).
Consequently
S (S 1
(18) 2= (350, 5u, - )= D (X Sy Sur )

=1
[

= U3~ E(Xy; Hy).

Thus, if the X; are exchangeable (and E|X,| < «), then S,./na—'sé- E(X,; Hg).
In particular, if the X, are independent and identically distributed, this reduces to
the Kolmogoroff SLLN and the proof specializes to that of Doob.

9. D.sf. and a.s. convergence of ratios of sums

The method used in the preceding section but adapted to sequences of ratios
of sums of r.v. by the Fr. Riesz lemma below will yield a proposition containing
as particular cases the celebrated Birkhoff ergodic theorem as well as its known
extensions obtained by various methods by Hopf [6], Hurewicz [7], Halmos [5]
and Dunford and Miller [3].

Let a1, ay, . . . , 6, be real numbers, m <»,I=0,1,2,...,m — 1. The term
a; is said to be “favorable” if s;xp (@i + ain+ . . .+ as1) > 0. There need not

be any favorable terms but if there are any, then,

LeMMA 9.1. The sum of favorable terms in {ay, . . . , a.} is positive.

In fact, let ax, be the first favorable term and ax + a1+ . . . + Ghyn
(ly < m) the shortest positive sum beginning with ai,. All terms of this sum are
favorable because if axq1, (0 =< lp < 14) were not favorable, we would have
Gpailo + - -« + @i = 0 hence ay, 4+ . . . + @uyn—1 > 0 which contradicts the
assumption made. Thus the successive favorable terms form stretches of positive
sums and the lemma is proved.

We are now going to give conditions under which lim U, exists a.s. with U, =

n

Sn/T,,? Sy = E X, Tw= E Y, ¢:and y; d.s.f. of X;and ¥, respectively. We

=1 =1

assume that the r.v. V; are positive and that

1
(79) lim inf 237 ¥:(C) >0

i=1

for all events C of positive probability defined on {X,, ¥,} which remain invari-
ant under translations on ¥’s.

All events below will be defined on F{X,, ¥,}, Am; will represent an event
Am = Am translated by ¢ — 1, that is obtained by adding ¢ — 1 to the sub-
scripts of the r.v. X,, ¥, which figure in the definition of 4.

2‘25.'(14 mi) l =0,

=1

THEOREM D. If, for every Am | $ as m— o, (i) lim lim sup %



ALMOST SURE CONVERGENCE 301

" . E|X, on . EV,
(i) lim lim sup%Zlh(Ami):O,‘md (ii) lim ln [=°’("')h,§“ R

i=]

then lim U, exists a.s.
”

We want to prove that P[U, = U*] = 1. Thus, as in the proof of theorem C,
we have to show that
(80) PCep =0, Cao=[Ue<a<b<U¥;

to simplify the writing we shall drop the subscripts ¢ and & in Ca. Let B, =
[inf U; < @]. Clearly
i<m

(81) B,1B=[inf U,Z£a]>C.
Thus, B.C 1 C and we can write
(82) C=B.C+A4, with A,l$ as m—oo.

Now we apply the lemma above with » = #n + m to the values of a¥; — X,
i=1,2,...,n+ m If B represents the event [a¥; — X favorable], that is,

i _ | X:+... +X:4s . .
Bm—[zlgfn Y.it... .+ y,.+,<“]' Bn=B.,,

then
ntm .
(83) Zim= D, (aV;—X) I (B)2 0
i=1
and, a fortiori,
‘ n+m
(84) ZnimI (C) = D7 (aVi=X)I(B,0)2 0.

=1

But, for ¢ £ n, we have B, = B, hence, applying to (82) a translation 7 — 1,
we get

(895) C = Bl + Aumi, i1Sn.

Thus, a fortiori,

n . n+m
(86) D (a¥V:—X)[I(C) —I(4m)1+ X |aVi—X:| >0,
i=1 i=n+1

Integrating with respect to P and dividing by # we get, a fortior:

@ f(o52-3) drty| e and [+ v

=1

nt+m n
+1 S xg+ L2 S Bz 0.
n ot L=

Now we let # — o, then m — . From the hypotheses there follows that

T. S,
im i zn_-n >
(88) hnmlnf/‘; e - daP =0,
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Similarly, starting with B,, = [sup U; > 8], we get
i<m

. . n n

Sa_yTn >
(89) 11:11 1nfL(n b )dP_O.
Together with (88) this implies that

. T,
(90) hnmlnf/;(a—b)gdPgo

and, since ¢ < b, that

T
(91) hnm mf;Z://i (C) =0

=1

which, because of property (79) of {¥,} implies that PC = 0, and the theo-
rem follows.
Particular cases. 1°. If PAn; < cPAm, then U, = S,/n converges a.s. to a r.v.

In fact, ¥, = 1, |¢:| (Am:) < c|$1]|(4n) and the conditions are satisfied since
(i) lim | 1] (4m) = 0, (") lim PA,, = 0, (ii) lim | ¢:| (@)/% = 0,and (ii’) lim 1/% = 0.

Moreover E|S,|/n < ¢E|X:| < « hence, by the Fatou lemma lim U, is a r.v.
”

(up to an equivalence).
Specializing to PAn: = PAn, we have the Birkoff theorem.

20, If%E PAyi £ cPAn, then U, = S./n converges a.s. lo a r.v.

=1

In fact, it follows that

(92) 3N 1640 (4 S cld] (4.

i=1

and, in particular, for every %
1 n
— El <
(93) ”Zl | Xpi:E! < cE| X

hence E|X,|/n — 0. The conditions of the theorem are satisfied, the Fatou lemma
applies and this extension of Birkhoft’s theorem (Dunford-Miller) is proved.

3%, If the d.sf. of Xi: and Y; are defined by ¢i(Am:) = $1(dm) and ¥i(Am:) =
Wi(4n), then U, = S,/T, converges a.s. to a r.v.

This corresponds to Hurewicz’s extension of Birkhoff’s theorem and follows as
above from our theorem. It contains Hopf’s extension which corresponds to
P(An;) = PAn for An € F{X,, V,} with ¥V, = 1.

= $(And) | S cb(dn), %2 ¥i(Am) < ob(Am) (¢ and y P-con-

i=1 =1

4%, From l
n

tinuous), (i) and (i’) follow at once. The corresponding particular case would repre-
sent an extension of the ergodic theorem containing Hurewicz’s and Dunford-Mil-
ler’s theorems.
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