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COMPOSITION OPERATORS BETWEEN GENERALLY
WEIGHTED BLOCH SPACE AND ()}, SPACE

HAIYING LI** AND PEIDE LIU?

Communicated by J. M. Isidro

ABSTRACT. Let ¢ be a holomorphic self-map of the open unit disk D on the
complex plane and p, ¢ > 0. In this paper, the boundedness and compactness
of composition operator C, from generally weighted Bloch space Bﬁ)g to Qﬁ)g
are investigated.

1. INTRODUCTION AND PRELIMINARIES

Suppose that D is the unit disc on the complex plane, 9D its boundary and ¢
a holomorphic self-map of D. We denote by H (D) the space of all holomorphic
functions on D, denote by dm(z) the normalized Lebesgue area measure and
define the composition operator C,, on H(D) by C,f = f o .

For 0 < p < 00, the Hardy space H? is the Banach space of analytic functions on
D such that

2w

1 )
Iflfs = sup o— [ |f(re”)Pdf < 00, 0 <p < oo,
ref0,1) 47 Jo
and
[f |z = sup | f(2)] < oo.
zeD
For more details see [15] and [16].
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We say that f € H(D) belongs to BMOA,, if f € H? and has weighted
bounded mean oscillation, i.e.

(log ) 1
Illmsios, = sup == [ |(2)F log dmlz) < .
rcop | Jsu |2|
where

S(I)={zeD: 1-]I| <|7| <1, eI}

z
2|
is the Carleson square of the arc I and || its length.
By definition it is immediate that BMO Ay is exactly Qj,,. In [10], the above
relation helped to describe the pointwise multipliers of the Mobius invariant Ba-
nach spaces )y, ¢ € [0, 1], consisting of f € H(D), such that

I7llo, = 1£(©)] + sup / F(2)2g" (2, a)dm(z) <

where g(z,a) = logm is the Green’s function and ¢,(z) = #=. For more

details on these spaces see for example [2] and the two monographs [I1]and [12].
The space of analytic functions on D such that

£l 5, = |£(0)] + sup |f'(2)](1 — |2]*) log : _2|Z‘2 < 00

is called weighted Bloch space Bjqg.
Biog and BMO A, first appeared in the study of boundedness of the Hankel
operators on the Bergman space

— (f e H(D): /D F(@)ldm(z) < 0o}

and the Hardy space H', respectively. BMO Ao, also appeared in the study of a
Volterra type operator. For more details [1], [3], [¢] and [9].

In [13], Yoneda studied the composition operators from Bj,, to BMOA,.,. He
found one sufficient and a different necessary condition for the boundedness of
the composition operators from Bj,, to BMOA,q,. So it is natural to ask for the
approximate conditions that characterize boundedness and compactness of the
composition operators C, : Bf, — BMO Ay

In [6], we introduced the space B! . The space of analytic functions on D such
that

log*

1fllsp, =

log

F(O)] +sup | f (1= [2f)"log -5 < o0

is called generally weighted Bloch space By,. When p = 1, the space By, is just
the weighted Bloch space Bigg.

In [5], Petros Galanopoulos considered the space Qfog, g > 0, the spaces of
analytic functions on the unit disc such that
2 \2
(log 17)

1
£ = sup =1 [ o dm(z) < o,
icop 1T s 2|

In this paper, we consider composition operator C, from generally weighted
Bloch space By (D) to Qf,, (D). We find a necessary and sufficient condition for
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log

Taylor coefficients of a function in Bf;g. Using the results for the Hadamard gap
series and following a technique used before in the Bloch space in [7], we construct
two functions f, g € Bf;g such that for each z € D,

C
(1= |z)rlog 7

1—|z|

1F(2)]+1g'(2)] =

where C' is a positive constant. Using this fact we prove the following theorems:

Theorem 1.1. Let p, ¢ > 0. If p is an analytic self-map of the unit disc, then

the induced composition operator C,, : Bf;g — quog 1s bounded if and only if
2

sup(log ———— 2 (2|2 (1 — ‘¢a(2)‘2>q
supllon =) [ 16O T g e

Theorem 1.2. Letp, q > 0. If ¢ is an analytic self-map of the unit disc, then the
induced composition operator C, : Bf(’)g — Qfog is compact if and only if ¢ € quog
and

dm(z) < 0.

. (1 —[¢a(2)]?)
lim sup(log ————)? / ' (2)]?
=laep L =lal’ Jyoe)sn (1= le(2)]*)*(log T )?

By the definition of Bﬁ)g, we can easily obtain the following corollaries.

dm(z) = 0.

Corollary 1.3. Let ¢ > 0. If p is an analytic self-map of the unit disc, then the
induced composition operator Cy : Biog — Qf’og 1s bounded if and only if

sup(lo 2 2 ()2 (1 — |¢a(2)|2)q mlz 00
08 T J, O Py ez ) <

Corollary 1.4. Let ¢ > 0. If p is an analytic self-map of the unit disc, then the
induced composition operator Cy, : Biog — Qfog 1s compact if and only if ¢ € Qfog
and

. 2 (1 — [da(2)?)
lim sup (log —)2/ |’ (2)]? dm(z) = 0.
r—=LlaeD 1 - ‘O‘|2 {lo(2)|>r} (1 - ’90(2)|2>2(10g 1,|<p2(z)|2)2

Throughout the remainder of this paper C' will denote a positive constant, the
exact value of which will vary from one appearance to the next.

2. MAIN RESULTS

Let f be a holomorphic function in D with the gap series expansion

f(z) = Zakz"k, z €D, (a)
k=1
where for a constant A > 1, the natural numbers n;, satisfy
DR+ S A k> 1 (b)

g
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Lemma 2.1. Let f be a holomorphic function in D with (a) and (b).
Then forp >0, f € Bl if and only if

log

. 1—
limsup |ag| - n,, " - log ng < oo.
k—o0

Proof. Let f be a holomorphic function in D, f(2) = 3,5 a2" € B,
2T (rei®)rl=kei0-F)0 g0 then

1
2km JO
< ri=*do
wl < L / Fres

1/ 1l5z, -

log

<
T k(1- r)P log - e

Since a; =

Letrzl—%,then

1Al (1= )" ANy, (T )7 =)
kl-plogk k=Plog k ’

lag| <

then
limsup |ag| - k7 - logk < e - HfHBp < 00.

k—o00

Conversely, Since f(z) = > ;5o arz"*, then

2 )< D laglelal™ < O3 ke Lz,

k>0 k>0
”Zﬂlognk _ (Mkt1yp logngy1, 4 _ (nkJrl P14 g%)_l — (14 logA | 4
ny 1og 41 g log ny, Ny, log ny logn,”

Then for each € € (0, 1), there exists kg such that when k& > ky we have

nt_ logn
fjl—g’“ > (1 — )P (2.1)
1y log N4

thus
p p
ny, 1 N1

logn,, — (1—e)\ logngi

2f(2) | log 2

1— |2 = Zlonk [1") Z|Z|

k>0

= C/(Z(Zlogn )2l Zn’Z—l‘-l

n>ng np<n

Let k' be a positive integer number such that ny < n < ng 1, we fix (1—e)\ >
1, € > 0, then we get an index ko such that (2.1)) holds.
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If &' > kg, then

Y R I
TR Sn tog k<ko log e Sk log ng
n? np )
< Ci—+ . |
logn ~ logn k;ﬂ;ko (1 — )W+
<o " a1 — WA =) )
< logn  logn = v —2)
1
_ nP . nP )\P(l—e)—m
- logn ” logn AP(1—¢) -1
n? nP 1
< (C+1 ' |
= ( + )1ogn+1ogn )\P(l_g)_l
Since
n=0 - (1 — |Z|>1+p
thus

2f(2) log

2"
1— |z = C(Zlogn| 2" )(nzz%njtl)

n>3

CZnPM"

n>3

= Clz| Y (n+ 17"

n>2

IN

||
(1 =z

IN

C

Lemma 2.2. There exist f, g € Bﬁ)g such that

C
(1 - |Z‘)p lOg 1— ‘Z|

1F' ()] +19'(2)] =

Proof. We consider the function

qj+k0)(l) D+5
= Kz + Z log q]+k0

for ¢ an appropriately large integer, K a properly small chosen positive constant
and ko the index for which (2.1) holds for the sequence n; such that n; = ¢/**o.

So this function is a member of the Bﬁ)g space.

qj+k0

1— q—(k-‘rko) S |Z| <1— q—(k+k0+%) (k, Z 1)’
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] D
, B q(y+ko)p+2 ko)1
— K 4 " .q
|f'(2)] K+ G,
k=1 (s »
q(J+ko)p+2 Lo
= |K+ )Y ——
logq]-i-ko
=1
k+k £ 0 itk 4
gEEE i1 quthorts -,
log ¢¥to 4 loggrtho
=
q(k+k0)p+ J+k0)p+

v

gFtho J+k0
log ¢F+ko |2 (K + Z log q]+k0 )

]+k0)p+

_ Z |q.7+k0
T logq]+ko
= Il — _[2 — 13.
Since
1— g Btho) < 2] < 1 — g~ (kthota),
Thus
(1 — q_(k+k0))qk+ko < |Z|qk+ko < (1 . q_(k+k0+%))qk+k0‘
Then
1 k+kg 1 7%
S < T <(5)
3 <" < ()
;o q(lc+ko)p+§| ’q(k+k0>
L7 Togghtho
1 q(k+k0)p+g
3 g
k—1
(J+k0)p+2 G
— q]+k70)
Iy = KJFZ—lqumo E
q(k+ko)p+§ 1 q(k+k0)p+g k-1 1
< A Y 4 T '
S g U ) g 2 (A= e
q(k+ko)p+g 1 q(k+k0)p+g

. K'—'
loggh (I—o)@—1 " loggeh
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©° j+ko)p+5 .
_[3 q(J O)p 2 |qﬂ +ko
log gitko
j=k+1 84

- q(j+k+1+k0)p+§’ ’j+k+1+k0
q

log gi+tk+1+ko
-, 08¢

Ut Lrko)p+S |Z|qk+1+’“0 |qj

q]p
— |7
jZO log q]+k+1+/€0 ’

(k+1+ko)p+5 °© .
q 2 k+1+kq ; J
< 1A P
= k+k
log gk+*o =
(k+1+ko)p+2 o0
q 2 k+1+kq (k+2) _g(k+1)\ ;
iy ry el 1 D (@l ey
= k+Fk
log g~ t*o =
gk 1itko)p+5 ||
- log ko 1 — gr|z[a* P —a®+D
_ q(k+ko)p+§ qp(| |qk+k0)
lquk+kO 1 — qp(|z|q )(q —q)
q(k+ko)p+§ qp(%)q%
log gk++o 1— qp(%)(q%—q%)'
Thus
1
(k+ko)p+5 1 1 p(1lyq2
VU iyt S S )
logghtko 3 (1 —¢)g? — 1 1—gr(d)a
If K is so small that
1
1 1 p(L1)q2
e L
3 (1—¢g)gr—1 1 — gp(3)(a%—a2)

then we have
q(k-‘rko)p-i-g C

1F'(2)] =

> .
log g"tho = (1 — |2|)P log 175

Now with a similar argument for the function

Z q (j+ko)(p—1)+%

7j>1

qj+k0+%
)

log q]+k0+ 3

where n; = ¢ tH+s for ¢ a large positive integer, k = 1,2, ...

1 — g (thots) < 2| < 1— g~ (kthot))

Y

we get

C
(1= l2l)rlog 2

9'(2)] =

105
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In the case where f’, ¢’ have common zeros (# 0) in {|2] < 1 — g~ ko1 e
consider instead of g(z) the function g(e%z) for suitable 6. O

In order to understand better the Qfog, we need the following definition intro-
duced in [11].

Definition 2.3. A positive Borel measure on D is called an s-logarithmic g¢-
Carleson measure (g, s > 0) if

u(S(D)(log )"

sup
I1COD 1]
In [11], the sufficient and necessary condition of the measure is given as follows.

Lemma 2.4. i is an s-logarithmic q-Carleson measure on D if and only if

2
sup(loz 7—)° [ 104(:) ) < oc.

aeD

Using techniques well known to mathematics and by Lemma 2.4 we can prove
the following proposition.

Proposition 2.5. Let ¢ > 0. Then the following are equivalent:

(4) fEQ?og;
(1) supllo =1 )” [ PR = lon(@))dm(z) < o
(i) supllog T——)* | |(2)g"(z.a)im(:) < o

Theorem 2.6. Let p, q¢ > O [fap 1s an analytic self-map of the unit disc, then
the induced composition operator C,, Blog — Qfog 18 bounded if and only if

- T e NG O A
suplios 1= o)” | 1P O oy o) < o @2)

Proof. Firstly we assume that (2.2) holds, by Proposition 2.5, then for f € Blog,

sup(log 1~ / (f 0 @) ()21 = |6a(2)[2)1dm(2)
= supllog —— / P (@I )P = [6a(2)2)dm(2)

L , (1= [6a(2)]2)" .
< swpllos T oE /| — le(2)[?)? (log 1—|<p2(z)|2)2d &) 171,

By (2.2), then C. f € Qg thus Cy Bf;g — ng is bounded.
Conversely, we assume that C, Bf;g — QL og 1s bounded, for f € Blog, of €

Qg by Lemma 2.2, there exist f, g € By, such that

! / C
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Then
w0 > supllog =) [ 270V P + (509 PN oa(2)dm)
> ilelg(log %Hg) /[I(fw)( )|+ (g o@) (21— |¢al2)[*)1dm(2)
= igg(logl |a|2)2/[|f’(90(z))!+|g/(90(2))|]2|90'(z)|2(1— |Ga(2)[?)7dm(2)
sun(lo (1 —|¢a(2)*) s
> Caegl g /’ (z)|2)2p(logw>2d (2).

OJ

Remark 2.7. Since every element of Qfog satisfies the following radial growth
condition:

|f(z) = f(0)] < ClOg(log | |)||fHQf‘0g7 C >0,
then C,, : B

g — @l 15 compact if and only if for every sequence { f, }nen C QL
bounded in norm and f, — 0 as n — oo, uniformly on compact subsets of the
unit disk, then ||C'S,,(J"n)\|@{10g — 0 as n — oo.

This is similar to [4].

We give the characterization of compactness.

Theorem 2.8. Letp, q > 0. If ¢ is an analytic self-map of the unit disc, then the
induced composition operator C,, B10g — quog is compact if and only if ¢ € quog
and

> , (1= [pa(=))
1 1 N2 2 d
i sup(log —5) / oo O TR log 2o ™)

= 0. (2.3)

Proof. Firstly we assume that C, Blog — ng is compact, let f(z) = z, then
Co(f(2)) = ¢(2) € Qf,. Since ||7||ij) < C(in fact C = Z) and = — 0

pe
as n — 00, locally uniformly on the unit disc, then by the compactness of

Cy, |]Cg0(z")||szog — 0 as n — oo. This means that for each r € (0,1) and
each € > 0, there exists ng € N such that

2
00D supllog ) [ G [oule)rdm(z) < e
{le(2)|>r}

aeD 1— ‘05’

If we choose r > 272(713*1), then
2
sup(log — [ G- 6@ dm() <25 (24)
acn L= |a" Jipsn
Let now f with “fHBfZ)g < 1. We consider the functions f;(z) = f(tz), t € (0,1).
By the compactness of C,, we get that for each € > 0, there exists ¢y € (0,1) such
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that for all t > ¢y,

sup(log 7— / (f o) (2) = (frow) ()] (1 = [¢a(2)]*)?dm(2) < &.

Then we fix ¢, by (2.4)

splos 7o) [ (0 9/ (1~ l6u(2) ()

< 2supllog ) [(Fowf ()~ (fro9) ()L~ [ou(2)PYdm(2)
aep 1= [al*" Jyoe)sn
r2smpllos ) [ (o @ (L lgnle) P dm)

< 26+ 2 /|l sup(log 1 )2/ &' (2)(1 = |¢a(2)[*)?dm(2)
aeD {le(=)>r}
< de(L+ (1l )- (2.5)

Having in mind (2.4) and (2.5) we conclude that for each || f|| gy, < 1 and
e > 0, there is § depending on f, ¢, such that for r € [§, 1),

— |Oé|2

2y / (F oV (1 — |da(2)PYdm(z) <= (26)
{l(z)|>r}

Since C,, is compact, it maps the unit ball of Bﬁg to a relative compact subset of
Qlog Thus for each € > 0, there exists a finite collection of functions fi, fo, ..., fx
in the unit ball of BY  such that for each HfHB{;g <1 thereisa k€ {1,2,..,N}

log?
with
sup(log - / (F o @) (2) = (e o @) (A1 — [gal2)?)idm(z) < e.
a€eD ||

By (2.6), we get that for § = maxj<x<y 0(fr,€) and r € [4, 1),

(log —>
Ssu (0]
vept ST |af?

Pl I oY @R = a2 dm() <=
{le(2)[>r}
Thus we get that

2
sup sup(log ———
Iy, <teeD 1=l

P o oY @R = Bu(a))dm() < 22
le(z)[>r}
By Lemma 2.2, (2.3) holds.
Conversely, we assume that ¢ € Qlo and (2.3) holds. Let {f,}nen be a se-
quence of functions in the unit ball of Blog, such that f, — 0 asn — oo, uniformly
on the compact subsets of the unit disc.
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log
Let r € (0,1), then
o el
< 2| fu(p(0)

+2sup(l 2
su (@]
ept 1~ |af?

+2 sup(log —
Ssu og ———
aeg & 1- |Oé|2
= 211 + 21, + 215.

Since f, — 0 as n — oo, uniformly on D, then I; — 0 as n — oo and for each
€ > 0 there is ng € N such that for each n > ng, I, < gngHéq ,
log

2 o) ()21 = |do(2)?)2dm(z
>/{|¢(z)lg}\<f SV ()L — |6a(2)P)idm(2)

2 o) ()21 = |da(2)?)2dm(z
>/{|¢(Z)|>r}|<f oY ()L = |6a(2)P)dm(2)

2 ) (1 —|pa(2)]?)
h<supllog ) [ ()P dm(2).
P Taen C1=]al Jisn (1= lp(2) ) (log 1= )?

By (2.3), then for every n, that means for every n > ny and for every ¢ > 0,
there exists ry such that for every r > rg, I3 < €. Thus ”C‘P(f”)“Q?og — 0 as
n — 00. 0
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