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Abstract

The aim of this paper is to analyze some geometric properties of the
rigid Calabi-Yau three-fold Z obtained by a quotient of E3, where E is a
specific elliptic curve. We describe the cohomology of Z and give a simple
formula for the trilinear form on Pic(Z). We describe some projective
models of Z and relate these to its generalized mirror. A smoothing of
a singular model is a Calabi—Yau three-fold with small Hodge numbers
which was not known before.

1 Introduction

One of the most exciting mathematical implications of string theory is mirror
symmetry, which finds its origin in the papers [13,28]. A phenomenologi-
cal verification of the conjecture that Calabi—Yau manifolds should appear
in pairs was given in [11], and the first nontrivial examples of mirror pairs
appeared in [20]. In [20], it was also discovered that mirror symmetry can
be used to compute the instanton corrections to the Yukawa couplings (the
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first explicit computations were carried out in [7]), which mathematically
corresponds to determine the number of rational curves of given degree
embedded in the Calabi—Yau manifold. This led to the notion of Gromov—
Witten invariants and more generally to the one of Gopakumar—Vafa
invariants [21, 22].

Curiously, in the seminal paper [10], where the relevance of Calabi—Yau
manifolds in string theory was established, among the few explicit known
examples of Calabi—Yau manifolds there was the manifold Z, realized as the
desingularization of the quotient E3/p3, with o3 = ¢ x ¢ X ¢ and ¢ the
generator of Zs which acts on the elliptic curve E. As Z is a rigid manifold,
it cannot admit a Calabi—Yau three-fold as mirror partner. This created a
puzzle in the general framework of mirror symmetry. However, physically,
mirror symmetry arises as a complete equivalence between conformal field
theories. In this respect, it should not be surprising that in certain excep-
tional cases the equivalence could involve more general spaces. Indeed, in [§]
it was proposed that the mirror of Z should be a cubic in P® quotiented by a
suitable finite group. By using the usual mirror methods, the authors were
able to reproduce the right Yukawa couplings of Z. The mirror symmetry
generalized to rigid Calabi—Yau manifolds has been considered also in [32],
where the mirror is presented as (embedded in) a higher dimensional Fano
variety having the mirror diamond as an embedded sub-diamond and in [1],
where it is related to toric geometry. However, a definitive understanding
of the question is still open.

In this paper, as a preparation to further work on generalized mirror sym-
metry, we present a very detailed study of the rigid manifold Z. Section 2
is devoted to an explicit description of the cohomology of Z. The Hodge
diamond of this three-fold is very well known, but here we identify a set of
generators of Pic(Z) made up of surfaces and a set of generators of H*(Z, Q)
made up of curves. Our goal is to describe the trilinear intersection form
on the generators of Pic(Z) relating it with the trilinear intersection form
on Pic(E3). Indeed the generators of Pic(Z) are of two types: the ones
coming from the generators of Pic(E?) and the ones coming from the res-
olution of the singularities of E3/p3. The intersection between two divi-
sors of different type is zero, and the trilinear form on the divisors com-
ing from E® is, up to a constant, the trilinear form Pic(E®). For this
reason it is important to give a good description of the trilinear form on
Pic(E®): in (4) the cubic self-intersection form is given for each divisor
in Pic(£3). In Section 3, Theorem 3.1, we prove that it can be given in
terms of the determinant of a matrix in Mats 3(Q[¢]), ¢ = 1. The locus,
where the determinant vanishes is a singular cubic in P®. We recall that
the Yukawa coupling on H! is strongly related with the cup product on
HY! and thus with the intersection form on Pic(E?3). Moreover the locus
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where the Yukawa coupling vanishes, corresponds to fermion mass genera-
tion points.

In the second part of the paper, in Section 4, we describe some projective
models of Z. Here we will limit ourselves to make some basic observation
on mirror symmetry, deferring a systematic analysis to a future paper. We
give a detailed description of the images of three maps (called mg, my, ma2)
defined from Z to projective spaces and we relate these to earlier work.
None of the maps m;, i = 0,1,2, gives an embedding. For this reason, we
also prove that a certain divisor on Z is very ample (cf. Proposition 4.12),
i.e., it defines a map m such that m(Z) ~ Z.

The maps m;, ¢ = 0, 1, 2, allow us to describe some peculiarities of Z. The
map my is 3 : 1 and it gives a model of another rigid Calabi—Yau three-fold
Y, birational to Z/Zs. Moreover my(Z) is contained in the Fermat cubic
hypersurface in P® and this could give a geometrical interpretation of the
conjectures on the generalized mirrors of the rigid Calabi—Yau three-folds Z
and ) presented in [8,26]. The map m; contracts 27 rational curves on Z,
and gives a model of Z embedded in P''. This model will be used in Section
6 to obtain other Calabi—Yau three-folds. The map my was already defined
by Kimura [25] to show that there exists a birational map between Z and
a particular complete intersection of two cubics in P?, called V3 3. Several
models of the variety V33 were analyzed previously (cf. [24,37,29]).

We already observed that the Calabi—Yau three-fold Z is very well known,
but it can be used to construct several other Calabi—Yau three-folds, which
are not always rigid. In Section 5, we recall constructions which produce
Calabi—Yau three-folds starting from a given one. In Section 6, we apply
one of these constructions (described in [15]) to Z and we obtain non rigid
Calabi—Yau three-folds. The idea is to contract some curves on Z and then
to consider the smoothing of the singular three-fold obtained. One of the
Calabi—Yau three-folds constructed in this section does not appear in the
list of known Calabi-Yau three-fold with small Hodge numbers given in [4]
and is a new Calabi—Yau variety.

2 The three-folds E3, Ev?’, Z and their cohomology

In this note, we will analyze the properties of the very well known Calabi—
Yau three-fold Z introduced independently in [3, Example 2] and [34]. In
order to describe the trilinear form on Pic(Z) (cf. (8)), which is strongly
related to the Yukawa coupling, we will compute the cohomology of Z
(Section 2.3) and of the varieties involved in its construction (Sections 2.1
and 2.2).
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To fix the notation, we recall some definitions and the construction of Z.

Definition 2.1. A smooth compact complex variety, X, is called a Calabi—
Yau variety if it is a Kéhler variety, it has a trivial canonical bundle and
h0(X) = 0 for 0 < i < dim(X).

To give the Hodge diamond of a Calabi—Yau three-fold X one has to find
RYL(X) and h?1(X). We recall that h?!(X) is the dimension of the family
of deformations of X (which are indeed unobstructed by the Tian—-Todorov
theorem), so X has h?!(X) complex moduli.

Let E be the Fermat elliptic curve 22 + 3% + 23 = 0, i.e., the elliptic curve
admitting a complex multiplication of order 3. We will denote by ¢ : £ — E
the automorphism of E given by (z,y, z) — (z,y,(z), where ( is a primitive
third root of unity. Let E3 be the Abelian three-fold E x E x E and (3
be the automorphism ¢ x ¢ x ¢ acting as ¢ on each factor of E3. The
automorphism ¢ has three fixed points on E, which are called p; := (—1: ¢* :
0), i = 1,2,3. Hence 3 fixes 27 points on E®, p; = (pi; pji k), iy Js k =
1,2,3. Let a: E3 — E3/p3 be the quotient map. The three-fold E3/p3
is singular and its singular locus consists of the 27 points a(p; ;). Let 3 :

E3 — F3 be the blow up of E3 in the 27 points fixed by ¢3. The exceptional
locus consists of 27 disjoint copies of P2, and the exceptional divisor over the

—~—

point p; ;1 will be denoted by B; ;. The automorphism ¢z of E? induces

the automorphism @3 on E3. Let Z := E3/p3 and 7 : E3 — 53/@55 be the
quotient map. The following diagram commutes:

po B L B og
a ] 7
E3lps <L Z

where ~ is the contraction of the divisors W(E;\J/k) to the singular points
a(pijx) of B%/ps.

The three-fold Z is smooth (indeed the fixed locus of @3 on B3 is of
codimension 1) and is a Calabi-Yau three-fold.

2.1 The cohomology of E3

The three-fold E? is an Abelian variety. Its canonical bundle is trivial and

HP(EY) = @ (H™(B) 0 H™ % (B) @ H™"(E)).

aj+az2+a3z=p,
b1+ba+bz=q
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Hence, the Hodge diamond of E? is

Let z; be the complex local coordinate of the ith copy of E in E3. Then
HYW(E3) = (dz1,dzs,dz3), H*? = (dz; Adza,dz1 Ndzz,dzo Adz3) and
H3(E3) = (dzy A dzp A dzs).

The Picard group is generated by:

e Three classes ®;, ¢ = 1,2, 3, which are the classes of the fiber of the
projection p; : E® — E on the i-th factor, e.g., ®; =g x E x E for a
general point § € E;

e Three classes A;, i = 1,2,3, which are the product of the ith factor
of E? by the diagonal on the other two factors, e.g., Aj = E x A =
{E xqxqlg€E}

e Three classes I';, 1 = 1,2, 3, which are the product of the ith factor of
E3 by the graph on the other two factors, i.e., Ty = Ex ' = {E x ¢ x

o(q)lg € E}, To = {p(q) x E xqlg € E}, T3 ={qx ¢(q) x E|qg € E}.

By the definition of the divisor ®; it is clear that ®; = p}(q), where 7 is a
general point on F.

A similar description can be given for the divisors A; and I';. Indeed let
pi B3 - E,7;,: B> - E and n; : E> — E be the maps defined below, then:

Q; =p;(P), pi:(q1,92, )~ ¢,

A= Ti*(P)a Ti : (ql,quQB) = g5 — 4k, {iaja k} = {13233}’

Li=n7(P), mi:(q1:92,q3) = (p(¢i+1) — qi2), {40+ 1,0+ 2}
=1{1,2,3), di,i+1,i+2¢€ Zs. (1)

We recall that E ~ R?/A ~ C/A, where A is the lattice generated by 1 and
¢. Let (w2j_1,x2;) be the real coordinates of R? relative to the jth copy of E
and let the isomorphism R? — C be (w2j_1, ¥2j) — T2j—; + (x2j, j = 1,2,3.
Each divisor D on E? is a linear combination of surfaces on the three-fold
and defines a two-form, ¢1(D), in H?(E3,Z). The classes of the nine divisors
defined above can be found by pulling back the class of a point in H2(E, Z).
The form associated to a point ¢ =y + (y2 on E is dy; A dys. We will
denote with the same name both the divisor and the corresponding form.
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So:

&y = pi(dyr N dyz) = dzq A dxo,

by = drg N day,

®3 = dxs A dwg,

Ay =711 (dy1 ANdy2) = d(x3 — x5) ANd(x4 — x6),

Ag = d(z1 — x5) N d(22 — 36),

As =d(x1 — x3) Nd(xg — x4),

Iy =i (dyr A dyz) = d(x5 + x4) A d(xe — 23 + 24),
Iy =d(x1 + x6) Nd(x2 — x5 + x6),

I's = d(z3 + 22) ANd(z4 — 21 + 22).

In the last three lines we used: ¢(q) = (g, hence p(x2;—1 + (x2i) = Cx2i—1 +
(—=C = Dz = —w2i + ((w2i-1 — T2:).

Let us now consider the space H>?(E3). We recall that H>2(E?) is the
dual of HY'(E3) and in particular H?2(E3) N H4(E3,7Z) is generated by
nine four-forms, which are identified (via Poincaré duality) with nine one-
cycles. A Q-basis of H*2(E3) N H*(E3,7Z) generated by classes of curves on
E3, which are the pull back of the class of a general point Q € E x E along
certain maps E? — E x E, is:

¢i = p;:k(Q)a Pik - (QhQQ»%) = (qjan)v 1= ]-a2a3a {Zajak} = {15233}
51' = T;k(@% Tjk * (Q1aQ2,QB) = (QZ7q] - qk‘)7 1= 172737
{i,7.k} ={1,2,3}
Vi = n;:k(Q) Tk - (qlquaQ3) = (Qlagp(q]) - Qk)a 1= 17 2737
j=1+1€Z3, k=142 € Zs.

One can directly check the following intersection products:

¢7L = (Pj(bk’ {i7j7 k} = {17273}7 1= 1’2)3761' = (I)ZAM 1= 172737
Yi = ‘PZF“ 1= 1, 2,3 (2)

As ¢; = ®;Py, its class in H4(E3,7Z) is the wedge product of the two-forms
associated to ®; and ®;. The intersection between a divisor in Pic(E3) and
a curve in H?>?(E3) is the wedge product of a four-form and a two-form,
hence it is an element in H%(E? Q) ~ Q, where the isomorphism is given by
dx1 Adxo Adxs Adxg A dxs A deg — 1. From this one finds the intersection
numbers between the divisors generating Pic(E?) and the curves generating
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H22(E3):

(1)1 (1)2 (I)g Al AQ Ag Fl FQ Fg
i1l 0lO0]0| 1T [1T]0]1]1
ol Ol 1 0101 ]1]0]1
ds/ 00| 1|11 ]0]1]1]O
S0l 1 [1lol1 1311 3)
S| 1o 1101131
S| 110110113
Ml 0| 1131 ][1]0]1]1
vl 1|0 1|1 [3][1][1]0]1
3| 1] 1]0] 1 [1][3[1][1]0

Now (2) and (3) together give the cubic self-intersection form on Pic(E?):

3 3
(Z a;®; + b;A; + CZ'FZ'> =6-|aazas+ Zaiaj(bi + bj “+c; + Cj)

i=1 i<j

+ Zbibj (a1 +az +az+3(c1+ca+c3))

i<j

+ Zcz’cj (a1 + a2 + ag + 3 (by + by + b3))
i<j

3
+(a1 + ag + ag)(bl + by + bg)(C1 + co + C3) + 2 Z aibicl- — Z aibjcj
i=1 i#j
(4)

From the cubic self-intersection form, one deduces the trilinear form on
Pic(E3).

2.2 The cohomology of E3

The three-fold E3 is obtained by blowing up the 27 points p; j 1 := (pi; pj; Pk)s
i,j,k=1,2,3, on E and B, ;. are the exceptional divisors of this blow up.
Hence, there is an isomorphism E3 — | B; jx ~ E® — Upi j . The numbers

h” with i or j equal to zero are birational invariants, hence h%J(E3) =
h¥(E3), if i or j are zero.
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Let X be a projective manifold, S be a codimension r submanifold of
X and X be a blow up of X in S. Then: H*(X,Z) = Hk(X Z) & P,
H*¥=2-2(8 7) (35, Théoreme 7.31]). Applying this result to B3, the blow

up of E3 in 27 points, we obtain the Hodge diamond of E3:

Blowing up the 27 points, we introduced 27 exceptional divisors é:;/k, hence
htY(E3) = KB (E3) 4 27 and HY(E3) is generated by the 36 classes:

Fj, = 3*(®), Dp:=5"(An), Gn:=p3*Th), h=1,2,3,

and by the classes [B; jx], ,j,k=1,2,3.

The divisors FZ7 D,, G are the classes of the strict transforms of ®;, A;, I';,
indeed the ®; do not pass through the points p; ; and A;, I'; are cohomo-
logically equivalent to classes, which do not pass through p; ; x, for example
A1 is in the same class of {E x ¢ x (¢+¢')|qg € E} in H?(E3,Z) for any
qJ € L.

The intersection form on H 1’1(2?\5) = Pic(Eg) is induced by the one on
E3. More precisely:

e let L be a divisor in Pic(E?), then ﬁ*(L)B:;; =0, indeed all the
divisors in PiC(E3) are linear combinations of ®;, A; and I'; and all
these divisors are equivalent to divisors, which do not pass through
the points p;j; and thus their strict transforms do not intersect the
exceptional divisors;

e similarly, for Li, Lo, L3 € Pic(E®) we have 3*(L1)3*(L2)B*(L3) =
LiloLy_

° %Bh,l’m =0, if (i,7,k) # (h,l,m), because they are exceptional
divisors over distinct points;

——3
® Bijr =1 (see (5)).

Dually the space H 272(2?\?’) is generated by 36 classes. We give a Q-basis of
H272(/EV3) N H4(/EV3, Z) made up of curves. Nine of them are the pull-back via
3 of the classes of the curves generating H?2(E3) (}’; = [*(), d; = B*(8:),
gi = [*(7i)) and the other 27 are the classes of the lines lZA]/k which generate
the Picard group of the exceptional divisors é:;/k
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By the adjunction formula, the canonical divisor of E;;/k is
K——— = (Bi,j,k + KE%) Bi,j,k‘

Bi jk

— — — —2
= | Bijh+ 8" (Kgs)+2> Bijk | Bijr =3B -

i7j7k
. —_ ~ 2 _ —— . .
Since B;jr ~P°, K Bir —3l; jk, and comparing the two expressions of
__ —~29
K—— ,we obtain [; j, = —B; j . Moreover

Bi jk

—— — — e~ o~ —~—3

2
L= (ligk)” = Bijwgr Bigw g = Bigw - Bigw) ot = Bige - (5)

The intersection form between the curves generating H 2’2(253) and the

divisors generating H'!'(E3) is induced by the one on E®: if ¢ € H>?(E3)

and L € H"'(E?) are chosen among the classes appearing in table (3), then:

—  — — 3
¢ L=p"(c)- B°(L); B°(¢)Bijk = lijw* (L) = 0 lijkBijk = =Bijr = —1;
lh,m,nBi,j,k = 0 lf (h,m,n) 75 (i,j, k)

2.3 The cohomology of Z

The map @3 (induced by ¢3) fixes the divisors E;fk and is without fixed
points on E3 —J; ;11 93 Bijk- So the fixed locus Fizg(E?) =, ;1123
B:\j/k has codimension 1 and hence the three-fold Z, which is the quo-
tient £3/p3, is smooth. Moreover, HP4(Z) = HP9(E3)%3. We recall that
HO(E3) = H*O(E3) and that the action of 3 is (21, 29, 23) — (C21, (22, (23)
(where z; are the local complex coordinates of the ith copy of E). Now it
is clear that §*(dz;) and (*(dz; Adz;), i # j, i,j = 1,2,3, are not invari-
ant under the action of p3, but that 8*(dz; A dzy A dz3) is invariant under
©3. We conclude that H“0(2) = H%'(Z) = H?>9(2) = H"2(Z) =0 and
Hg’O(Z) = Cwz with m*wz = 5*(dz1 A dzg N ng).

Analogously one can compute H?>(2) = H2’1(E§’)955. Since HQ’l(E/’?’) is
generated by 8*(dz; A dz; A dzy,) for {i, j, k} = {1,2,3}, which are not invari-
ant under p3, we obtain H*'(2) = H'?(Z) = 0.

The divisors on E3 induce divisors on Z. Since the map (p3)* acts as the
identity on Pic(E3), the map 7, : Pic(E3) ® Q — Pic(Z) ® Q is bijective,
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and hence, as we will see, the Picard group of Z is generated by the 36
classes m.(F}), 7T*(D ), W*(G )s m(Bijk)s i, J, k = 1,2,3, at least over Q and

—~—

we observe that Plc( )®Q is H?(Z,Q). The divisors F,, DZ, Gz, Bk

generating P1c(E3) correspond to surfaces on E3. Let us denote by L one
of them, then we define L to be

L:= W(E) as a set, with the reduced scheme structure.

Thus, we get the classes F;, D;, G;, B; j which correspond to surfaces on Z.
By construction the quotient map 7 : E3 — Z is a 3:1 cover branched over

W(U,J,k 123B,Jk) Uzjk 12stk Hence the map 7 : B; jr — Bk is
1: 1. Moreover, also  : F—>FZ,7r D; — Dy, 7 G; — Gjare 1:1. Thus,

me(Bisk) = Bijg, m(F) =F;, m(D;) =Dy, m.(Gy) = Gi.

The set {F}, Dy, Gh, Bijk}thijke=123 is a Q-basis of Pic(Z). However, it
is known that this Q-basis is not a Z-basis. Indeed the class of the branch
locus of an n : 1 cyclic cover is n-divisible in the Picard group (cf. [5, Lemma
17.1, Chapter I]), in particular there exists a divisor

M € Pic(2) such that 3M ~ Y B ;x =: B, (6)
i’j?k

where Cy ~ (s, if the two cycles C1 and C5 have the same cohomology
class. Of course, M is not a linear combination with integer coefficients of
the Bi,j,k'

We recall that Pic(Z) = H%!(Z) and so the Hodge diamond of Z is

The intersection form on Pic(Z) is induced by the one on Pic(]/E\’é), but one

has to recall that the map  : E3 -~ Zisa3:1 map away from the ramifi-

cation locus, where it is a bijection. The map 7* : H*(Z,C) — H*(E3,C) is

a homomorphism of rings and hence for each D, D', D" € Pic(Z) C H*(Z):
m(D)x*(D') = 7*(D - D'),

7 (D)r*(D"n*(D")=x*(D-D"-D")=3(D-D"-D"), (7)

where the last equality depends on the degree of 7 (cf. [12, Pag. 9]).
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So to compute the intersection form on Pic(Z), it suffices to divide the

intersection form on 7*(Pic(Z)) CPic(]’Ev3) by 3, here we sketch this
computation:

o T (Bijk) = 3BZ] &, since B” k are in the ramification locus;

o T (F;) = Fy + 55" (F) + (93°)*(F}) ~ 3F}, in fact ¢3(F;) and F; have
the same cohomology class on E3 (and hence 33" (F;) and F; have the
same cohomology class on E?’)

e similarly 7*(D;) ~ 3D;, 7*(G;) ~ 3G;.

Together with the description of the map T this implies that for every
divisor L € P1c(E3) (L) = m* (. (L)) ~ 3L.

(l;)yh(7), we have (3E)(3IN/)(3I7) =7*(L)- (L) - W*(L//) =3(L-L- L”)
and thus

LL'L" =9LL'L".

Hence we obtain that the trilinear form on F*(PiC(./E\é)) C Pic(Z) is the

trilinear form of P1c(E3) multiplied by nine. Since the divisors in 7, (PlC(E3))
define a Q-basis for Pic(Z), this determines the trilinear form on Pic(Z) com-
pletely. To recap, we proved that each divisor L € Pic(Z) can be written as
L=Lg+ Lp, where L = Z?Zl(aiFi +b;D; + ¢;G;), Lp = Zijvkzl gk
B; ;r and its cubic self-intersection is

3 3 3
=L} +1L3=9 (Z (a;®; + biA; + cirz-)) + >l | ®

i=1 ij,k=1

We found a Q-basis of H??(E3) and this induces, via 7., a Q-basis of
H?2(Z) (in analogy to what we did for Pic(Z)). Hence a Q-basis for H%?(Z)
consists of the curves fi(= m.(6"(¢1))), di(= m(67(6:))), gi (= m(6(%))),
li jk(= m«(li j ). The intersection number aL between a =: m.(a) € H**(Z)
and L, a divisor of the chosen Q-basis of Pic(Z), can be computed by the
projection formula (cf. [12, pag. 9]):

aL = m,(a)L = ar*L = 3aL 9)
For example, choosing a = [; j  and L = B; ; 1, we have l; ; . B; j . = —3.

We will need the expression of certain curves and classes in H*2?(Z) as
linear combinations of the classes generating H?2(Z), so here we compute
some of them as examples.
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Example 2.2. The class M?2. The space H>?(Z) contains all the classes
obtained as intersection of two divisors on Z. In particular, the class M? =

(lZ',jkB',j k>2 can be written as linear combination of f;, d;, gi, l; j
with coefficients in Q, i.e., 5 Z” w(B 12] k) = (Zh L (Anfn + pndy + vpgn) +
Z%k @; jklijr). To find the coefficients of this Q-linear combination, it
suffices to compute the intersection of the divisors F}, D;, G;, B; j  with M2
The only non trivial intersections of M? with these divisors are M 2Bi,j,k =1.
We know that Bi,j,kli,j,k = —3, Bi,j,kla,b,c = O, if (a> b7 C) 7£ (Z.aja k)a Bi,j,kfh =
B jkdy = B; jrgn =0 (cf. (9)). This implies that 1 = MQBm,k = =3,k
and hence, o, jr = —1/3. Using (3) and (9), the intersections of M? with
Fh, Dh and Gh give )\h = Up = Vp = 0.

Example 2.3. The curves Cf’j C E? and Aﬁj C Z. Let us consider the
curve C’i{j = FE x {p;} x {p;}, where i, j =1,2,3 and p; are the points fixed
by ¢ on E. This curve passes through three fixed points, p,;; € E3,

1,2,3. The curve C’l C E? has the same cohomology class as F x {q} x {r}

for two general pomts q,r € E. In particular, the class of the curve Cil, j

is the class ¢ for each 4,j. Let Cil,j = ﬁ—l(Cil’j) — Ua=1,2,3{Pa,i,j}, it is

the strict transform of Cl-ly ;- The curve C’Z{ ; intersects the exceptional divi-
sors By p . in one point, if and only if (b,c¢) = (4, 7). Hence, C’1 = ﬂ*(gzﬁl) -
S8 laige S0, T(CL) = mu(B7(01) = oy laig) = f1 = Xy lag et
us consider Al{j = 7r(C1-17 j) as set with the reduced scheme structure. The
map 7 : C]{k — A;j is 3:1, hence 1441 ;= ;(W*(ﬁ*(C-l ))). More generally,

define Ci%j = {pi} x E x {p;}, C’i = {pz} {p;} x E, Ah = 7T(Ch ) as a set
with the reduced scheme Structure then:

3
(fl Zla,z,]> ’ <f2 - Z li,a,j) )
a=1

1 3
! ( . Zlm) | (10

a=1

2.4 The Chern classes and the Riemann—Roch theorem on Z

The ith Chern class of a variety is the ith Chern class of its tangent bundle.
For a smooth projective variety X, ¢;(X) € H*(X,Z) and, by convention,
Co (X ) = 1.
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If X is a Calabi-Yau variety, then ¢;(X) = 0, indeed ¢;(Tx) = ¢1(A® Tx)
=c(—Kx)=0.

The third Chern class of a smooth projective variety of dimension three
satisfies x(X) = ¢3(X) (Gauss—Bonnet formula, [19, 416]).

Here, we compute the Chern classes of Z. From the previous considera-
tions it follows immediately that:

3 3
w(Z2)=1, a(Z)=0, c(2)=> (Mnfn+mndn+vign)+ > ijrlij,
h=1 i k=1

c3(Z2) = x(2) =72,

where A, pin, Vn, @;jx € Q. It remains to determine the coefficients of the
linear combination defining ca. To do this we need the following result:

Lemma 2.4 ([15, Lemma 4.4]). If X is a complex three-fold with trivial
canonical bundle and S is a smooth complex surface in X, then co(X)[S] =

—61(5)2 + CQ(S).

We now apply this result to each generator of Pic(Z). As the divisors B; ;
are isomorphic to P2, one has ¢1(B; ;%) = 3l j, and ca(B; ;) = x(P?) =
3. The divisors F;, D;, G; are isomorphic to the Abelian surface E x E
(indeed the map 7 is 1: 1 between the Abelian surface F; ~ E x E and F;
are isomorphic to E x E, similarly D; and G;). Hence, their first Chern
class is zero (since their canonical bundle is trivial) and their second Chern
class is zero (since it is equal to their Euler characteristic).

Now we compute the coefficients in c3(Z) as in Example 2.2. Indeed using
(3) and (9) one has:

—6 = _Cl(Bm,y,Z)2 + CZ(Br,y,Z) =c2(2) {Bm,y,Z]
3

= | Y Ontn + pndn + vign) + Y ijiligk | [Beyzl = =30y,
h=1 igk

and

0= —c1(F1)* + c2(F1) = e2(Z)[ ]

3

= D_Onfn + indn + vngn) + Y cigrligr | [F1]
h:1 ivjvk

= 3(\1 + p2 + p3 +v2 + v3)
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Doing this for all divisors, we obtain Ay, = pp = v, = 0, thus:

3
CQ(Z) =2 Z li,j,k-

i k=1
Remark 2.5. Considering Example 2.2, it is immediate to see that the
second Chern class cz(Z) is divisible by 6 in H*(Z,7Z), indeed c3(Z)/6 =
Dijk=123lijk/3= —M? € HYZ,7Z). The divisibility of this class was
already obtained in a different and more involved way by Lee and Oguiso,
[27].

The computation of the second Chern class of Z allows also to write down
explicitly the Riemann—Roch theorem for the divisors on Z. Indeed it is well
known (cf. [23]) that the Riemann—Roch theorem for a three-fold is:

1 1
X(L(D)) = 5D - (D = KEx)(2D — Kx) + ;5e2- D+ 1~ pa.

In case X = Z, we have Kz = 0 and p, = 1 (since Z is a Calabi—Yau vari-
ety), so we obtain:

1 1
X(ED) = D8+ 37 luD. (11)
i,5,k=1,2,3

3 More on the trilinear form on Pic(E?)

To compute the Yukawa coupling on Z it is necessary to describe the trilinear
form on Pic(Z). We proved in the previous section that the trilinear form
of Pic(Z) depends on the trilinear form on Pic(E?) (cf. (8), (14)). For this
reason, we now give a different description of the trilinear form on Pic(E?):
we reduce the computation of this trilinear form to the computation of the
determinant of a matrix in Mats 3(Q[(]) (cf. (13)). More precisely in this
section, we give a way to associate to each divisor L on E? a matrix , in
Mats 3(Q[¢]) and we prove the following theorem:

Theorem 3.1. There exists a homomorphism of groups fu : Pic(E3) —
{H € Mat33(Q[])['H = —H} C Mat33(Q[C]) such that, for each divisor

L € Pic(E?), L3 = L/=3det(u(L)).

We already said (Section 2.1) that a divisor D on an Abelian variety
A ~R"/A corresponds to a two-form c¢; (D) and hence to a skew-symmetric
form Ep on the lattice A taking values in Z.
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The elliptic curve E is obtained as C/Z[(]. Since, we are considering the
Abelian variety E3, in this context A ~ Z[(]3, and we are saying that each
divisor D in Pic(E?) defines a skew-symmetric form Ep : Z[(]® x Z[(]® — Z.

First of all, we prove that for each L € Pic(E?) there exists a matrix Q,,
such that for each x,y € Z[(]?, Er(x,y) = Tr(*zQ17y), where Tr is the trace
of an element in Q[(] over Q defined as Tr(a + (b) = (a + ¢b) + (a + ¢b) =
2a — b for a,b € Q. Since Er(x,y) = —EL(y,x), 'Qp = —Qp.

To compute the matrix {27, for each of the nine divisors L, which generate
the Picard group of E3, we use the same technique considered in Section
2.1, i.e., we consider divisors which generate Pic(E?) as pull-back of divi-
sors on an elliptic curve E. Indeed, since the map ¢; : Pic(X) — H?(X,7Z)
commutes with the pull-back, we have that, if L € Pic(E?) is a*(l) for a
certain map a : E® — E and a certain divisor [ € Pic(E), then Er(x,y) =

Ei(a(z), a(y))-
Let us consider the elliptic curve E = C/Z[(] and a general point P € E.

Then, ¢ (P) is the skew-form Ep = _01 0
skew-form on A). So Ep(a + (b,c+ (d) = ad — be. The matrix Qpisal x 1

matrix with entries in Q[(] (i.e., Q2p € QI[(]) such that

(the unique, up to a constant,

Te((a + Cb)Q (¢ + Cd)) = (a,b) [_01 é} <fl> — ad — be.

This gives 2p = p (:_@) where p := (¢ — Z)/?’

The matrix €, for a certain divisor L € Pic(E®) was identified by the
property Er(v,w) = Tr(*vQw), hence to compute it, we consider o : E3 —
E, a: (z1,22,23) — Z§:1 a;z;, where z; are the complex coordinates on the
ith copy of E. Let a:= (a1, a2,a3) and analogously v := (v1,v2,v3), w :=
(w1, w2, w3). Let L =a*(P), a(v) =Y, av; = a'v, a(w) =Y, ajw; = a'w
(where b is the transpose of the vector b). Then

Br(v,w) = Ep(a(v), a(w)) = Ep(a', a'w) = Tr(*(a'v) pa*w)
= Tr(vtapatw),
which implies that the matrix 0y, associated to L = o*(P) is

ax
Qp:=p | a2 | (a1,a2,a3). (12)
as
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Thus to find, for example, Qr, it suffices to apply (12) to the map
m : (Z17227Z3) = CZZ — 23!

0\ 0 0 0
QFl =p C (07 <7 _1) =p 0 17 _C
1 0 —C 1

Similarly, one finds Qg,, Qa, and Qp, (the map associated to each of these
divisors is given in (1)). In this way one finds that if L = Z?Zl(ai@ +
b;\; + Ciri); then Qf, = aiQ(bi + biQA,— + CiQFi is given by

a1+ by +b3—l-62+03 —b3 — (c3 —by — ZCQ
Qr=p —b3 — (Ces az+bi+bs+cites —b1 — (1
—bs — (e —b1 — Cer as3+by+ba+c1+c2

(13)

Now an explicit computation shows that for each divisor L € Pic(E?), the
determinant of {2 is, up to a constant, the intersection form computed
in (4),

3
1
I3 = E\/ —3det (Z(CLZ'Q@Z. +0,Qn, + CiQFi)) (14)

i=1
and this concludes the proof of Theorem 3.1.

Remark 3.2. The compatibility between the group structures of Pic(FE?)
and Mats 3(Q[(]) is because of the properties of the skew-symmetric form
Ep, defined by a divisor L and of the trace Tr. Indeed Ergy(z) = Er(x) +
Ey(z) = Tr(t2Qrz) + Tr(taQpnz) = Trtx(Qp + Qa)Z), and so to the line
bundle L ® M, we associate the matrix 7, + Q.

We observe that the Picard group of the singular quotient E3/@3 has
rank 9 and is induced by the one on Pic(E3). The Picard group of E3/¢3
can be identified with the subgroup of Pic(Z) generated by F;, D;, G;. In
Section 2.3, we proved that the trilinear intersection form on
(Fi, Di, Gi)i=123 C Pic(Z) is, up to a constant (multiplication by 9), the
trilinear form on Pic(E3). We deduce that the trilinear form on Pic(E3/p3)
is, up to a constant, the determinant of the matrix as in (13). Since
H?9(E3/p3) = 0, Pic(E3/p3) ® C ~ HYY(E3/p3) and the cup product on
HYY(E3/p3) coincides with the C-linear extension of the trilinear form. So
the cup product on H'!'(E3/p3) can be represented as determinant of a
matrix in Mats 3(Q[¢]). This is of a certain interest because of its relation
with the Yukawa coupling on H%!(E3/¢3), obtained as the sum of the cup
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product and another addend, involving the Gromov—Witten invariants. The
values of a;, b;, ¢;, where the determinant of the matrix (13) is zero corre-
spond to (1,1) forms, where the cup product is zero. The set of such val-
ues is described by the cubic C3 := V(det(Zf’:l(aiﬂcpi +b;Qna,; +¢iQr,))) in
P8 (projective space with coordinates (ay : ag:ag:by:by:bs:cy:co:cs)).
This cubic is singular, where the matrix 325, (a;Qa, + b:;Qa, + ¢;Qr,) has
rank 1, hence along the intersection of the nine quadrics in P® defined by
requiring that the nine 2 x 2 minors of the matrix are zero. The matrices of
rank 1 are of type p(*a)(a) for a certain vector a = (a1, az,a3). We already
showed that the matrix associated to the divisors ®;, A;, I'; are of this type
and hence, they correspond to singular points of the cubic. We notice that
these divisors define a fibration on the three-fold.

Remark 3.3. Let Y be a Calabi-Yau three-fold. In [36], the cubic hyper-
surface W in P(Pic(Y') ® C), consisting of the points representing divisors
L with L? = 0, is analyzed. Here, we are considering the cubic C3 defined
in the same way as W, but in the case of the Abelian variety E3. By the
relations between Pic(E?) and Pic(Z) given in Section 2.3, the cubic Cs is
also related to the cubic W in case ¥ = Z.

4 Projective models of Z

The aim of this section is to give explicit relations and equations for Z. To
do this we describe some (singular) projective models of the three-fold Z
and more in general maps f: Z — PV. Each of these maps is associated
to a line bundle L := f*(Opn (1)), and hence f is given by global sections
80y 8N € HY(Z, L), ie., f:zr (s0(2) :...5n5(2)).

Our strategy will be to construct line bundles L (and maps mj, associ-
ated to L) on E® and use these to induce line bundles (and hence maps)
on Z. Let L be a line bundle on E3 such that ¢5L ~ L. Then, ¢} acts on
HO(E3, L) and hence the space H(E?, L) is naturally decomposed in three
eigenspaces H(E3,L)g, HY(E3, L)y, H°(E3, L)3. By construction the maps
(m1)o : B — P(HO(E, L)o), (my)y : E® — P(HO(ES, L)1), (mp)s : ES —
P(HY(E3, L)s) identify points on E? which are in the same orbit for 3.
This implies that these maps (or better the maps induced by these maps

on E3) are well defined on Z and thus are associated to line bundles on
Z. Tt is moreover clear that the map (mp)., e =0,1,2, is the composi-
tion of B3 — my, (E3) followed by the projection of m,(E?) on the subspace
P(H°(E3, L)).. First of all, we point out the relations between the line bun-
dle and its global sections on E? and on Z and then we focus our attention
on a specific case.
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Remark 4.1. We said that the space H°(E3, L) is naturally decomposed
in eigenspaces by the action of ¢3, and indeed there are three subspaces of
H°(E3, L), such that the action of o3 is the same on all the elements in
the same subspace and is different on two elements chosen in two different
subspaces. However, the choice of the eigenvalue of each eigenspace is not
canonical, but depends on the lift of ¢j on H%(E3, L) chosen.

Lemma 4.2 ([5, Lemma 1.17.2]). Let 7 : X — Y be an n-cyclic covering of
Y branched along a smooth divisor C' and determined by Oy (L), where L is
a divisor such that Oy (nL) ~ Oy (C). Then m(Ox) = &} Oy (—kL).

Since 3 acts as a multiplication by ¢ on the local equation of each rami-

fication divisor B; j , we can apply the previous lemma to X = E3, Y = Z,
C =B, L= M (cf. (6)), obtaining

T(Op) = 0z @ Oz(—M) ® Oz(—2M). (15)

Indeed Oz, Oz(—M), Oz(—2M) correspond to the subbundles of 7.(O ),
which are stable with respect to the action of 3. In particular, Oz
corresponds to the subbundle of the eigenvalue 1.

Let L € Pic(E'/?’) be such that there exists L € Pic(Z) satisfying L = 7*(L).
Then

To(L) = m(7™(L) ® Op3) = L@ MO = L& L(—M) & L(-2M), (16)
where the last equality follows from (15). This implies that

HO(E3,L) = HY(Z,m,(L)) = HY(Z,L) ® H*(Z,L — M) ® H(Z, L — 2M)

(17)
where in the first equality we used, Vlewmg L as invertible sheaf, HY(Z, .
(E)) (W*(L))(Z) = L( “1(2)) = L(E3) HD(E3 L) and in the last (16).

Now, we concentrate on a specific choice of divisors on E3 and Z: let
P := §; + Oy + ®3 € Pic(E?) and F := Fy + F, + F3 € Pic(2).

Proposition 4.3. The map mse : B> — P?0 is an embedding. The auto-
morphism @3 of E3 extends to an automorphism, called again @3, on P20,
Let (P?6), be the eigenspace for the eigenvalue (¢, € = 0,1,2, for 3. The
composition of mse with projection P26 — PgG (resp. P26, P26) is the map
defined on Z, which is associated to the divisor F (resp. F — M, F —2M ).
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Proof. The diagram:

B B

g3 £ B3 HO(E3,30) 5 HO(E3,38%(®))
| = induces T
zZ H°(Z,F)

The map 3* is an isomorphism. A section s € HY(E3,3®) with divisor D,
which has mult1phc1ty a; jk in the pomt Dijk pulls back to a section §*s
with divisor 5*D = D+ ZZ e Qi g, szgk, where D is the strict transform
of D. Since 35*(®) == (F), using (16) and (17), we have 7. (38*(®)) =
F® 7r*OE~3 and

HO(EB,36*(®)) = H'(Z,F ® 10 ,)
= HY%Z,F)® H(Z2,F(—M)) ® H*(Z, F(-2M)).

Thus

HO(E?, 3<1>) HO(E3 36°®)~ HY(Z,F)® H*(Z,F — M)
® HY(Z,F —2M) (18)

and the last decomposition is a decomposition in eigenspaces of H(E3, 3®).
So H'(Z,F —aM) C H°(E3,3®) corresponds to the space of the sections
of 3® on E? with zeros with multiplicity at least a in the points Di jk and
which are in the same eigenspace for 3. The map associated to 3® is very
explicit: Every elliptic curve is embedded in P? as a cubic, by the linear
system associated to the divisor 3P. In particular, the curve E has the

curve 3 + 33 + 23 = 0 as image in ]P’xyz So we can embed E? in ]P’g%1 e X
]P’?th%z2 x P2, s.us.25 (embedding each factor of E3 in the correspondent copy

of P2). Now, it is well known that there exists an embedding of P? x P? x [P?
in P?® given by the Segre map

s:((x1:y1:21), (w2 Y2t 22), (w3 : Y3 : 23))

— (z1T2ms : T1T2Y3 : T1T223 1 T1Y2TS © . .. 1 Z12223).

Hence, there is an embedding of E3 in P?%, which is the restriction of s to E3.
By construction, this map is associated to the very ample divisor 3¢ on E3.

This map extends to a map defined on E3, which contracts the exceptional

divisors Ez\]/k (which are in fact orthogonal to the divisor §*(3®) defining
the map).

The action of the automorphism 3 on E3 is given by o : ((z1:91:21), (22 :
Y2 i 22), (x3:y3:23)) — ((T1:91:C21), (T2 1 Y2 1 (22), (w3 : Y3 : (23)) and this
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automorphism extends to an automorphism on P?6. The eigenspaces with
eigenvalue 1, ¢, ¢? for o3 on P?6 are

(5E1$2$3 CX1X2Y3 1 X1Y2X3 L X1Y2Y3 L Y1X2X3 L Y1X2Y3 - Y1Y2X3 L Y1Y2y3 - 2122Z3)
(211‘2333 CZ1T2Y3 L Z21Y2X3 1 Z1Y2Y3 L X122X3 1 X1R2Y3 L Y122T3 1 Y1R2Y3 L X1X223 -
T1Y223 + Y122Z23 : y1y223)

(33122»23 T Y12223 1 21X223 1 21Y223 1 212273 - 2122313)

respectively. We observe that the first eigenspace is defined by sections of 3P,
which are not necessarily zero in the points p; ;5 (for example the monomial
x1x2x3 is not zero in the points p; 1), the second is defined by sections
passing through p; ;, with multiplicity 1 and the third by sections passing
through the points p; ;, with multiplicity 2. Hence, the first eigenspace is
identified (under the isomorphisms (18)) with H°(Z, F), the second with
H°(Z,F — M) and the third with H°(Z, F — 2M). O

Remark 4.4. From this description of H*(Z, F — kM) we obtain:
dim(H(Z,F)) =9, dim(H°(Z,F — M)) = 12, dim(H°(Z,F —2M)) = 6.

If we apply the Riemann-Roch theorem (cf. (11)) to the divisor F', F' — M,
F —2M, we find x(F) =9, x(F — M) =12, x(F —2M) = 6. This in par-
ticular implies that for a divisor L among F, F — M, F —2M, h?(Z,L) —
h'(Z,L) = 0, indeed by Serre duality we have h3(Z, L) = 0. For the divisors
F and F — M this is a trivial consequence of the fact that they are big and
nef, as we will see in Propositions 4.6 and 4.8, and of the Kawamata—Viehweg
vanishing theorem.

Remark 4.5. Analogously, we can consider the sections of the line bundles
hF — kM, h,k > 0, over Z. These correspond (as showed for F' — kM) to
sections of 3h® over E3, which vanish at least of degree k in the points Dijk-
We denote by IV}, i, the space of such a sections. In case k = 0, 1,2, this gives
a decomposition in eigenspaces of H?(E3, h®) relative to the eigenvalue ¢*.

Let k=0,1,2. We denote by (Sym"(E)); := (Sym” < z,y,z >) the
monomials of degree h in the coordinates of E, which belong to the
eigenspace of the eigenvalue ¢*. Now (Sym”(E));, is generated by the mono-
mials of the form 2%y”27, such that & + 34+~ = h and v = k mod 3. Since
23 = —23 — 3 on E, we can assume that v = k. Thus the eigenspaces have
the following dimensions: dim(Sym”(FE))y =h+1, h, h —1 for k =0,1,2,
respectively. The sections of 3h® on E? are given by Sym”(E) x Sym"(E) x
Sym"(E) and hence Njj = Sym"(E), x Sym"(E), x Sym"(F), with
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a,b,c=0,1,2anda + b+ c=k mod 3. After direct computation, we obtain
the following dimensions

9h3 k=0,
dim(Np i) = 9h3 +3 k=1,
O3 -3 k=2,

which add up to H°(E3,3h®) = (3h)3.

Now x(hF — kM) = 9h®+ 3k(3 — k?) by the Riemann-Roch theorem
(cf. (11)): we notice that dim(Nyy) equals x(hE — kM) for k=0,1,2,
h > 0. This generalizes the result of Remark 4.4 and allows one to describe

projective models of Z obtained from the maps associated to the divisors
hF — kM, for each h >0, k=0,1,2.

4.1 The first eigenspace

We now analyze the projection to the eigenspace relative to the eigenvalue 1,
i.e., the map mg on E3 given by (T129T3 : T1T2Y3 : T1Y2T3 © T1Y2Y3 © Y1L2T3
Y1T2Y3 : Y1Y2T3 : Y1Y2y3 1 212223)-

Considering the coordinate functions of mg, we observe that they are
invariant not only under the action of ¢3, but also under the action of ¢ :
(x1:y1:21), (w2:y2: 22), (T3:y3:23)) — (21 : 91 : C21), (@20 Y2t (P2o), (23
y3 : 23)). It is easy to see that the map is 9 : 1 on E3, and hence the image
gives a model of the Calabi-Yau variety ), which desingularizes E3/(@, ¢3).
So Z is a 3:1 cover of mg(E3). The Calabi-Yau Y, of which mg(E3) is
a birational model, is still interesting, so we describe the map mg in some
details. In this section we prove the following:

Proposition 4.6. The map mg : E3 — P® is well defined on E3, and is a

9 : 1 map on its image. Its differential fails to be injective only on the curves
Cix (cf. Example 2.3).

The variety mo(E?) is a 3:1 cover of o(P! x P! x PY) where o : P! x
P! x P! — P7 is the Segre embedding. Moreover, mo(E?) is contained in the
Fermat cubic hypersurface in P3.

The map mg induces the 3 : 1 map mp : Z — P® associated to the nef and
big divisor F.

It is immediate to check that the map mg is 9 : 1. To analyze its differential,
we first consider mg as defined on P? x P? x P? and then we will restrict it to
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E3. We recall that P? is covered by its open subsets Uy, := {(z : y : 2)|x # 0},
Uy, and U,. Since the point (0:0:1) ¢ E, it suffices to consider the open
sets U, and U, but the map is totally symmetric in the x; and y;, so it is
enough to study the map on the open set U, x U, x U, of P? x P? x P?:

U, X U, X U, — Ucc8
(y1,21) X (y2,22) % (y3,23) = (y3, Y2, Y2u3, Y1, Y1Y3, Y192,
y1y2y3,212223).

The Jacobian is given by

0 0 0 0 1 0
0 0 1 0 0 0
0 0 Y3 0 Y2 0
o1 0 0 0 0 0
o ys 0 0 0O w0
2 0y 0 0 0
voys 0 wyiys 0 wiy2 O

0 2923 0 2123 0 2122

Now we restrict our attention to the tangent space to E*: the tangent vec-
tors (u,v) to E in (y,z) satisfy uaf —|—vg£ =0, where f=1+y>+ 23 is

the equation of E in U,, thus (u, v) = )\(—%, 3—5) = \(—322,35%), A e C.

Hence the tangent vectors of E? in the point q := (y1, 21, Yo, 22, y3, 23) are

0 0 0 0, 0,
(Ul,’l}l,UQ,UQ,U3,U3) = (_672)\7 %Aa 32/% a;z/% 3£§pa 853:0)7 where ()‘7

p, p) € C3 ~T,E3.

The Jacobian fails to be injective, where Jy,,(u1,v1, uz, ve, uz, v3)t = 0,
which gives the following equations:

( O0fs

92" ="

ofs

92" ="

8f1

821 =0
0 0 0

222’3i)\ + ZlZgﬁ,u + leQEp =

oy 0y 0ys3

23=0(=ys=¢"#0) orp=0
S0 =0(=y=C#0) orpu=0
21=0(=y1=C¢*#0) orA=0
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Thus, if either z; # 0Vior z; = 0, 25, 2z, # 0 for {i,7,k} = {1,2,3}, then A =
p = p =0, which gives no points where (Jy,)gs is not injective. On the
other hand, the condition 21 # 0, z; = 0 for j # 1 (resp. z; = 0 Vi) implies
A =0, but does not give conditions on p,p (resp. A, u,p). We recall that
the condition z; = 0 gives exactly the fixed points p; on the ith copy of E
in E3. Therefore the map (Jm0)|E3, and also my, fails to be injective on the
curves Cl-’fj (and in particular at the fixed points p; X p; x py). The reason

is that these curves are invariant not only under the action of 3, but also
under ¢.

The map mg can also be described in a different way, which exhibits
mo(E3) as 3:1 cover of a subvariety in P7. Consider the composition =y
of the projection a : E3 — P! of each elliptic curve E C P? on the first two
coordinates and the Segre embedding o : (P')3 — P7

o B3 & Pl Pl ox P!
w42l =0 = ((21:y1), (22:92), (23:93))
R P7
= (12203 1 T122Y3 1 ... L Y1Y2Y3)

The Segre map o is well known to be an embedding and the map « is clearly
3% : 1, hence, v is 33 : 1.

Let us denote by X, ..., Xg the coordinates on the target projective space
of the map mg. The map ~ is the composition of projection of my with the
projection on the hyperplane P” C P® with coordinates Xj, ..., X7. Thanks
to this description one can show that mg(E?) is contained in certain quadrics
and a cubic hypersurface. Indeed the variety o(P! x P! x P!) is contained
in the quadrics

XoX3 = X1X2, XoX5=X1X4, XoX7=XoX5 XoX7=X1Xp,
XoXe = Xo Xy, XoX7=X3Xy, X1X7=X3X5 XoX7=X3Xg,
Xy X7 = X5Xg
and since x}+yP+27 =0, we have —(Xg)?= —(212223)% = —(—23}
—y)(—23 —y3)(—ad — i) = X§ + X7 + X3 + X3 + XJ + X3 + X§ + X7,
so mo(E3) is contained in the Fermat cubic in P®, Fy := V(Z?:o X3).
It is now clear that the projection (X : ... : Xg) — (Xp : ... X7) restricted

to Fg and to mg(E3) is a cyclic 3 : 1 map with cover transformation (Xj :
i X7 Xg) — (Xo: . X7 (Xs).
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Remark 4.7. The map mpr induced by mg on Z does not contract curves.
This guarantees that F is a big and nef divisor, indeed F? > 0 (i.e., F is big)
and for each curve C € Z, FC = 3deg(mp(C)) > 0, and by [12, Theorem
1.26] this suffices to conclude that F' is nef.

The inclusion mg(E3) C Fy is interesting in view of the paper [8], where
the authors suggest that a generalized mirror for the Calabi—Yau three-fold
Z is a quotient of the Fermat cubic in P® by an automorphism of order 3.
Here, we proved that there exists a 3 : 1 map from Z to a singular model

of the Calabi—Yau variety ) = Z/Zs, which is contained in this cubic in PS.
The Hodge numbers of ) are h! = 84 and h?! = 0.

In [8], the authors observe that the middle cohomology of the desingu-

larization Fg/G of the quotient of Fg by certain groups G has the following
Hodge numbers:

H: 0013310 0. (19)

For a certain choice of the action of the group G ~ Zs, the value of 3 is
36 and hence h*3(Fy/G) = h'(Z). The space H*3(Fg/G) is the complex

P

moduli space of F3/G and has the same dimension of the Kahler moduli
space of Z. Requiring that the dimension of the complex moduli space of a
variety coincides with the dimension of the Kéhler moduli space of another
variety is one of the necessary conditions for the two varieties to be mirrors.

—_—

In [8], deeper relations between the complex moduli of Fg/G and the Kéhler
moduli of Z are found using the Yukawa coupling. Because of this, the

authors suggest that Fg/G could be a “generalized mirror” of Z.

Now we observe that, if G is trivial, then 8 in (19) is 84 and h*3(Fy) =
h11(Y). Thus, we observe that Fy has the Hodge numbers of the generalized
mirror of ) (a desingularization of Z/Zs). This was already noticed in [26,
Section 6.1.3], where the authors analyze a deeper relation between ) and
Fg based on their L-functions (cf. [26, Theorem 2]).

We observe that in these two generalized mirrors the desingularization of
a quotient by Zjs is involved:

CY Conjectured generalized mirror
Z Fg/Zs
Y =2Z/7s Fy
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The fact that the Calabi—Yau variety ) admits a birational model inside the
variety S5 o X2 =0 (and Z a 3: 1 map to a subvariety of 3> X3 = 0)
could be useful to give a geometric explanation of the relations between Z
and its generalized mirror and between ) and F3.

4.2 The second eigenspace

We now analyze the projection on the eigenspace of the eigenvalue (, i.e the
map 1mjp on E3 given by (2’1$2£L‘3 L R1T2Y3 L 21Y2X3 L 21Y2Y3 L L1223 L T1R2Y3
Y1223 1 Y122Y3 1 L1223 : L1Y223 : Y1223 : y1y223). ‘We summarize the prop-
erties of this map in the following Proposition, which is proved in this
section:

Proposition 4.8. The base locus of the map my : B> — P consists of the
27 points p; jr. The map my contracts the 27 curves C’k and is 3:1 on
E3 away from these curves. Its differential is injective away from the 27
contracted curves. The image m1(E®) has 27 singular points, the images of
the curves C” ko which are ordinary double points.

The map mq ind@gs/a well defined map over E3, which sends the 27

exceptional divisors B; ;. to 27 copies of P? and whose differential is injec-
tive away from the contracted curves.

The map mq induces the map fr_pr on Z associated to the nef and big
divisor F — M. It contracts the curves Al Sk and s the isomorphism Z —

U?’W,€ 1 i- — fr_m (Z U k1A ) away from the contracted curves.

By the definition of mq, it is clear that the base locus is given by the
condition z; = zo = z3 = 0 and hence the base locus consists of the 27 points

Pijk- Let g be one of the following 27 points (0:---:0:1: —¢b o
C“er),(O:---:O:1:—CC:—C‘1:<“+C:O:---:O)and( —(C o —¢b o ghte
0:---:0). Then the inverse image of ¢ is a curve C” i (for example C’l 1
is sent to (1: —C:—C:¢2:0:...:0)). The inverse image of all the other

points in m; (E?) consists of 3 points, so the map is generically 3 : 1.

To study the Jacobian, we consider the open subset U, x U, x U, (where
the map is surely defined, because the base locus is defined by z1 = 29 = 23 =
0). Since the tangent vectors to E? in (21, y1, Y2, 22, ¥3, 23) are (u1, v1, ug, va,

0, 0, 0 0, 0,
uz,v3) = (— 33]2 A, TQ)H aic;/% azjjz.ua 32/07 3539)7 where (A, u, p) € C3

TpE3, the restriction of the differential of m to the tangent space of E3
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has kernel:
_Ofs
8Z3p
L0h 5=0(=y=C#0) orp=0
0z 2=0(=y=¢#0) orp=0
-z %A + %u =0
2oy "By . — 2 A + 215 =0
—Zz%)\+y1%u =0 27+ y1ysp =0
0 0 2 2
of ofs —23YiA +x1y3p =0
—z3=—A+x1=—p=0 ) ,
oy dy3 —2327A +y1y5p = 0
8fl 8f3
35 . + 1 Dy

Thus, for 29, z3 # 0 = u = p = 0 and, considering for example the third and
the fourth equation, we obtain

—20Y2A =0 _
= X =0 (since z1, y; cannot be both zero),
—29miN =0

which implies A = p =p =0. This condition gives no points, where the
differential is not injective. Similarly, if zo = 0, 23 # 0, then p = 0 and (by
the previous argument) A = p = 0, On the contrary, in case zo = z3 = 0 one
obtains p = p =0, but no conditions on A, which corresponds to curves
where the differential is not injective. The curves Cj’k are contracted to 27

singular points of m1(E?), which are the only singular points of the image.

In order to prove that these singular points are ordinary double points, we
consider some relations among the coordinate functions N;, fori =0,..., 11,
of my. There are 15 quadratic relations involving these monomials, which
are induced by the Segre embedding:

i = V(NoNajr1 — N1Ng;), i =1,2,3 | Q;:= V(NoNajr1 — NoNg;), i =4,5
Qi := V(N1 N2j—3 — N3Ng(;_2y), i = 6,7 | Q; := V(NaNa;—11 — N3Ny(i_g)), i = 8,9
Q10 := V(N4N7 — N;5Ng) | Qi := V(N4yN;j—1 — N6N;_3), i =11,12

Q; :=V(NsN;_3 — N7N;_5), i = 13,14 | Q5 := V(NgN11 — NgN1o)
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We observe that, due to z + 3 + 25 =0, i = 1,2,3, we obtain also 6
cubic equations relating the monomials:

C1 = V(NG + N} — (N + Ni}y)) | Co:= V(N3 + N§ — (N§ + Ni}))
Cs = V(N8+N23 N4 +N6 ‘ = N1+N37(N53+N$))
Cs:= V(N} + N2 — (N3 + Ng)) | Co := V(NG + N2 — (N, + N})))

So m1(FE?) is contained in the intersection of all the varieties defined by
these equations. As done before one can compute the Jacobian of these
relations and analyze it at the singular points (for example at the point p :=
(0:...:0:1:—1:—1:1), which is image of the curve C§’73). We get seven
independent relations among the 12 variables IV;, for example choosing Qy,
Qs, Q10, @13, C1, C2 and C3. Hence dim(kerJ,) =12 — 7 =5 and kerJ, =<
(a:b:—a:=b:c:d:—c:—d:e:—e:—e:e) >, a,bc,decC. Once we
projectivize this yields T),(Q4, Q¢, Qi0, 213, C1, C2, C3) ~ P?a:b:c:d:e)‘ In the
affine coordinate chart Ni; = 1 the tangent vectors are given by (a,b, ¢, d).
Considering the quadric Qs, we obtain that ab — c¢d = 0. Thus, the points
we obtain by contracting one of the 27 curves are ordinary double points.

We already said that the map m; is not defined in the 27 points p; ;

i,j,k =1,2,3, and hence we consider the blow up, E3, of E? in the base
locus of my. As in Section 4.1 we consider the map m; extended to (P?)3
and we restrict it to the open subset U, x U, x U,, which obviously contains
the 27 points we wish to examine:

U, x U, x U, M, opll
(y1,21) % (y2,22) X (y3,23) +— (21:21Y3:21Y2 : 21Y2Yy3 © 22
22Y3 1 22Y1 L 22Y1Y3 -
23 23y 1 Z3Y1 ¢ Z3Y1Y2).

In U, x U, x U, the fixed points are given by p; ;= ((—(%,0),(—¢’,0),
(—¢*,0)). We study what happens locally when we approach the point
Pij k- We consider the parametrized line through p = p(0), p(t) = ((—¢* +

tug, tUl)a (_Cj + tug, th)a (_gk + tus, tUB))? where ((Ul, U1)7 (u2> UQ)a (U3, U3))
€ (C%)3 and t € C. Under m; the point p(t) is mapped to

m1(p(t)) = (tvy : tog (—CF 4+ tug) : tog (—C% + tug) : tog (=7 + tug) (—CF + tus) :
twg : tvg(—CF + tug) s tug(—=CF + tug) : twg(—C* + tug ) (—CF + tus) :
tvg: tvg(—Cj + tUQ) :t’Ug(—Ci + tul) Ztv3(—<i + tul)(—Cj + tUQ)).
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Let E, := ENU,. The coordinates on 7,(E, x E, x E,) are vq, v, v3, since

u1; = up = uz = 0, and thus the exceptional divisor of E3 over p is mapped to
a P? = P(7,E3) = P? linearly embedded in P!'. It remains to prove

(v1:v2:v3)
that the differential of the map m; : E3 — P is injective on the exceptional
divisors. To do this, let us choose the complex coordinates of E® on E, x

E, x E,, the coordinates z;. So E® is locally isomorphic to (C?thwii) and

3
(21,22,23
isomorphic to C(zlﬁb@), where zo = bz; and 23 = cz;. The action of 3 on the

coordinates (z1,b, ¢) is (21, b, ¢) — ({z1, b, c). Hence, the quotient C?zl,b,c)/(p?’

zi = {/—1 —y3. Blowing up C ) in (0,0,0), we obtain a variety locally

is locally isomorphic to a copy of C? with coordinates (z3,b, c). Computing
the Jacobian of the map induced by m on this quotient, one finds that the
rank of the Jacobian is 3 (i.e., is maximal), hence the map induced by m;

on E3 has an injective differential (except on the contracted curves).

Remark 4.9. As in the case of mg, one proves that F'— M is big and
nef. Indeed m; contracts the curves Aﬁj and (F — M)Aﬁj =0. All the
non contracted curves have positive intersection with F' — M (cf. Remark
4.7). Hence for each curve C' in Z, (F — M)C >0, so F'— M is nef. Since
(F — M)3 > 0, it is also big. In particular h'(F — M) =0, i > 0.

We observe that using the intersection form on Pic(Z) one immediately
finds that the image of the divisor B; ;; under m; is a linear subspace (we
computed explicitly this result on the blow up), indeed (F' — M )2Bm-k =1.

4.3 The third eigenspace

We now analyze the projection on the eigenspace of the eigenvalue (2,
i.e., the map mo on E3 given by (T12923 1 Y12223 : 2129X3 © 2122Y3 : 21L223
21Y223). We summarize the properties of this map in the following proposi-
tion, which is proved in this section. Let us denote by Sjl- (resp. S’JZ, S’f) the
surface pj x E x E (resp. E x p; x E, E x E X pj).

Proposition 4.10. The base locus of the map my : E? — ]P5 consists of the
27 curves C]Z-k. The map my contracts the nine surfaces S; and is 3:1 on

E3 away from these surfaces. Its differential is injective away from the nine
contracted surfaces. The map mg is a 3 :1 dominant rational map between

E3 and the desingularization V33 of the three-fold

)

X3 -X3 +X3 +X3 =0
v:{ 0 (cf. [25]). (20)
X3 +X§ —-X; -X? =0
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Let B3 f? the blow up of E3 along the curves CA’;; The map mo induces

a map B3 V3.3, defined everywhere, which sends the strict transform of
the exceptional divisors B; ;. to the 27 linear subspaces P?S:t:u) ~ (—s: (s

—t: It —u: CFu) C Va3 and the strict transform of the curves C;k to the
27 rational curves'(O 20 =N N =), (AN 00— ud),
(XN —p:p¢? 2 0:0).

The variety Va s has 9 singular points of type (3,3,3,3), which are the
contractions of the strict transforms of the surfaces S; and whose tangent
cone is the cone over the Fermat cubic Del Pezzo surface.

The map mg induces a generically 1 : 1 map on Z associated to the dwvisor
F—2M. It is not defined on the curves A;k and contracts the surfaces

W(S;), where S]i» is the strict transform of S; over EB.

By the definition of ms, it is clear that the base locus is given by the
condition z; = z; =0, ¢, = 1,2,3, ¢ # 7 and hence the base locus consists
of the 27 curves C;:’k. Moreover, one immediately sees that the surfaces
with z; =0, ¢ = 1,2, 3, are contracted to points by the map mgy. Under the
condition z; # 0, for each i € {1,2,3}, mg is 3: 1. As in Sections 4.1, 4.2
one can prove that the Jacobian J,,, restricted to E? is injective away from
the contracted surfaces S;

In [25], a dominant rational map of degree three between E3 and the
three-fold V3 3 is given. Comparing the map described in [25] with mg, one
observes that they coincide, up to a choice of the signs of the coordinate
functions of P°. In [25], Kimura observes that the existence of this map
is predicted by the Tate conjecture. The variety V33 has nine singularities
of type (3,3,3,3) at the points (1: —¢*:0:0:0:0), (0:0:0:0:1:—¢?)
and (0:0:1:—=¢:0:0) (a,b,c=0,1,2), which can be resolved by a simul-
taneous blow up. By a direct computation, one shows that the tangent cone
over the singularity is a Del Pezzo cubic in P? and more precisely the Fermat
cubic in P3. We also observe that there are 27 curves (—s: (% : —t: (% :
0:0),(0:0:—t:¢%: —u:C),(—s:¢%:0:0:—u: ) and 27 surfaces
(—s:(¢%:—t: (% —u: (%), a,b,c=1,2,3, on V33 which contain the sin-
gular points and which do not appear in the image ma(E?3). We will show

that these curves and surfaces are contained in the image of E3.

It suffices to consider the problem locally: locally E® is isomorphic

to a copy of (C?Z1 20,78)" Blowing up the origin, one obtains the variety
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V(bz1 —aze) NV (cz1 —az3) NV (czo —bzs) C C?zl,ZQ,Z3) X P%a:b:c), which is
isomorphic to a copy of C? with coordinates (z1,b, ¢), in the affine set a = 1.
Applying the map msy to these new coordinates ((z1,y1,21); (22, y2,bz1);
(x3,ys,cz1)), one obtains (x1bc : y1be : x3b : ysb : xac : yac). It is clear that,
in the affine set a = 1, the map is not defined on the curve b = ¢ = 0 and that
the exceptional divisor ]P’%a:b:c) over the point p; ;. identified by x; =1, h =
1,2,3, y1 = —C', yo = =7, y3 = (¥ is sent to (—bc : C'be: —ab : (Jab : —ac :
Cac) ~ ]P)%ab:ac:bc)' The map restricted to the exceptional divisor IP’%a:b:C) is

(a:b:c)— (bc:ac: ab), so it is a Cremona transformation.

Blowing up (C:()’Z ) along the curve b = ¢ = 0 one finds, as an open subset,

lvbvc
a third copy of C? with coordinates (z1,b,7), related to the previous ones
by ¢ =~b. Applying the map induced by my one obtains the everywhere

defined map on E%, locally given by (x1b : y1b : x2y : Y2y : @3 : y3). Now one

—~

can directly check that the images of the strict transforms of B; ;. and of
C’; ;. are the ones given in the statement. The intersection of the contracted

surface S}L with the strict transform of E;;/k is given by the lines contracted

by the Cremona transformation induced by mso on E\J/k

Remark 4.11. The divisor F' — 2M, associated to ma, is a big divisor, but
it is not nef, indeed (F —2M)Aj; < 0.

The three-fold V3 3 is studied by several authors, who give different models
and descriptions of this three-folds. In [37], it is proved that this Calabi-
Yau is isomorphic to a 3°:1 cover of P? branched along the configura-
tion of six planes which was constructed in [24]. The map associated to
this coverisc: (Xo: X1: Xo: X3: Xy : X5) — (X5 — X3 : X3 - X5 : X -
X321 X3+ X3), hence there exists a 3% : 1 rational dominant map between
E3 and P3, obtained by the composition ¢ o m3, defined by ((2223)3(—3 +

yi) : (z122)3 (23 — 03) : (2123)° (=23 + 13) : (z122)° (23 + 43)).-

Another construction of the same Calabi-Yau is given in [29], where it
is shown that the 3° : 1 map Va3 -—» P3 is the composition of a 3* : 1 map
V3z--+T and a 3:1 map T — P3, the last map being a 3 : 1 cover of P3
branched along the six planes which are the faces of a cube.

4.4 Other maps

In the previous sections, we analyzed the maps defined on Z associated to
the divisors F', F' — M and F' — 2M. These divisors give 3: 1 or 1 : 1 maps,
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but they do not give an image which is isomorphic to Z. Indeed, the divisors
F and F' — M are big and nef, but not ample and F' — 2M is not nef. In
particular, none of them is very ample. Here, we want to prove that the
divisor 2F — M is a very ample divisor and hence fop_p/(Z) is isomorphic
to Z, where fop_ s is the map defined by the divisor 2F — M. In general, it
is not easy to find criteria which assure that a given divisor is very ample, and
indeed we will prefer to consider explicitly the map associated to 2F — M
and prove that it is an isomorphism on the image. However, it is clear that
since F' and F' — M are both nef and big, the sum of these divisors 2F — M
is nef and big.

Let m : E3 — PN be the composition of the map Jo(3¢) defined on E3
and the projection on the eigenspace of the eigenvalue ¢ (with respect to
the action of ¢3). By Remark 4.5, we know that the map induced by m on
Z is the map fop_j;.

Proposition 4.12. The base locus of the map m consists of the 27 points

Pijk- It induces an everywhere defined 3 : 1 map over E3, whose differential
1s injective. The map induced on Z is an isomorphism on the image and is
associated to the divisor 2F — M which is very ample.

Proof. By Remark 4.5 we have
m:E> — PY=P(Ny,),
and we are considering monomials contained in the eigenspace relative to (.

We consider only the monomials with one z, namely of the form
: 2 2 2 2
vivju with v; € {zixi, ziyi}, vj € {25, 75y5,y7 ) and v € {T), kY, Vi }»

where {7, 7,k} = {1,2,3}. We restrict ourselves to the open subset defined
by zp =1 for h =1,2,3. The rank of the Jacobian of m is 3. Thus the
differential is injective, where the map is defined.

‘We recall that ' — M defines an isomorphism on Z except on the curves
A; 1-» Which are contracted, so 2F' — M is an isomorphism outside the curves

A;k and thus it suffices to prove that 2F — M = F + F' — M has an injective

differential on these curves. The blow up of E® in the points i jk is locally

the blow up of C?ng,Zs) in the origin and is isomorphic to C?zl,b,c) on an

open subset (cf. Subsection 4.3). The quotient by the map @3 is locally
isomorphic to C? Applying the map induced by m to C? and

(23,b,c)” 23.b,c)
computing the differential one obtains that it has rank 3 everywhere, in
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particular where b = ¢ = 0 (which is the curve corresponding to A}7k). So
the map m induces on Z a map which is an isomorphism everywhere, thus
divisor 2F — M is very ample. |

Remark 4.13. The divisor F'— M + F} is a nef and big divisor on Z.
It is easy to check that it contracts the curves A?,k and A?,k: (indeed it
acts essentially as F' — M on these curves), but is an isomorphism on A},k
(indeed it acts on these curves as 2F — M) and away from the curves A;k
(again because F' — M has the same property). One can also check that
(F— M + FI)2A},I€ =land (F—M + F1)2A§.?/,C = 01if ¢ = 2,3. Analogously
we have that F' — M + F;, ¢+ = 1,2, 3, contracts 18 curves among A;ﬁk and is
an isomorphism away from the contracted curves.

Similarly, the map associated to the divisor F' — M + F; + Fj, i # j,,j €
{1,2,3}, contracts nine curves among AZ ; and is an isomorphism away from
these curves.

5 Other Calabi—Yau three-folds

Until now, we considered the well known Calabi—Yau three-fold Z. The
aim of this section is to recall that, starting from the Abelian three-fold £3
or from the Calabi—Yau three-fold Z, one can construct other Calabi—Yau
three-folds with different Hodge numbers and properties. We will describe
some already known constructions and results. In Section 6, we present two
Calabi—Yau three-folds obtained from a singular model of Z by a smoothing.
One of these was unknown until now.

5.1 Quotient by automorphisms

To construct Z, we considered the desingularization of the quotient of the
Abelian variety E3 by the automorphism ¢3. Similarly, we can consider quo-
tients of E3 by other automorphisms, or quotients of Z by automorphisms
induced by the ones of E3.

Example 5.1. We already saw an example of this construction in 4.1.
Indeed the group G =~ (Z3)? = (p3,¢) = (( x { x (,¢ x (2 x 1) acts on E3
and E3/G is a singular three-fold which admits a desingularization ) which
is a Calabi-Yau. This three-fold is already known [9, 18, 33|, and its Hodge
numbers are computed in [33]: h*! =0, h1! =84. The automorphisms
3 and ¢ commute on E3, this implies that ¢ induces an automorphism
o of order 3 on E3/<p3 and also on Z. Thus the three-fold ) can be
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obtained also as desingularization of the quotient Z by the automorphism
«. The automorphism « preserves the three-holomorphic form on Z, and
this guarantees that the quotient Z/« has a desingularization, which is a
Calabi—Yau three-fold.

As in the previous example, one can construct automorphisms on Z con-
sidering the automorphisms of E3, which commute with 3. These auto-
morphisms induce automorphisms on Z.

On each Abelian variety A, and in particular on E3, the translations
by points are defined, indeed for each point r € A, the map ¢, : A — A
such that ¢,.(q) = ¢+ r for each ¢ € A is an automorphism of A. Let us
assume that the order of t, is finite. The quotient E3 /tr does not have the
Hodge numbers of a Calabi—Yau variety, indeed translations preserve all the
holomorphic forms on E3, thus h'0(E3/t,) = h?9(E3/t,) = 3. However the
translation ¢, commutes with the automorphism s, if and only if p3(r) = r.
In this case, the translation t, defines an automorphism on E3/p3 and a
desingularization of E3/{¢p3,t,) has the Hodge numbers of a Calabi-Yau
three-fold.

The Abelian variety E® admits a larger group of automorphisms: GL3
(Z[¢]) € Aut(E3). In particular, the automorphism o3 € GL3(Z[(]) is the
diagonal matrix (¢,¢,¢). Since all the matrices M € GL3(Z[¢]) commute
with the diagonal matrix (and in particular with ¢3), the automorphisms of
E3 given by the matrices M induce automorphisms on Z. Thus, GLs3(Z[¢]) C
Aut(2). If o € SL3(Z[(]) is of finite order, then Z/o has a desingulariza-
tion, which is a Calabi—Yau three-fold. It is in general an open (and non
trivial) problem to find explicitly such a desingularization and to compute
its Hodge numbers ALt h21,

In [31], some quotients of E3 by subgroups of SL3(Z[¢]) and their crepant
resolutions are analyzed ([31, Theorem 3.4]). We notice that the definition
of Calabi-Yau variety in [31] is slightly different from our definition, indeed
in [31], it is not required that h*° = 0 and some particular singularities are
admitted. Anyway, the three-folds X3 and X329 in [31, Theorem 3.4] have
h?0 = 0.

In [14], the finite subgroups of SL3(Z) are classified and the action of
some of these subgroups on the product of three elliptic curves is studied.

In [2], certain Calabi-Yau varieties obtained as desingularization of quo-
tients of an Abelian variety by a group of automorphisms are presented and
their cohomology is computed.
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5.2 Elementary modifications

In [15], two constructions are considered, both of them are related to the
presence of rational curves C on a Calabi—Yau three-fold X such that the
normal bundle of C'in X is N¢/x =~ Opi(—1) ® Op1(—1). The curves that
satisfy this property are said to be of type (—1,—1). The first construc-
tion is the elementary modification with respect to one of these curves, the
second one is the smoothing of the three-fold obtained by contracting these
curves. We will see later that the curves AZ]- on Z are rational curves of
type (—1,—1) and hence can be used for these constructions.

The elementary modification on a rational curve C' C X of type (—1,—1)
consists of a blow up of C and a blow down: blowing up the curve C on X,
one obtains a variety X with an exceptional divisor D, which is isomorphic to
P! x P! (which is a P!-bundle over the curve C' >~ P'). Now one can contract
the first or the second copy of P! in the exceptional divisor P! x P'. One of
these contractions is the opposite of the blow up X — X, gives exactly X
and sends D to C' C X, the other one gives a new 3-fold X’ (in this case D
is sent to a rational curve C' C X'), which is said to be obtained by X by
an elementary modification (or a flop) on the curve C:

X « X — X
C —«— D — (O~

If X is projective, X’ is not necessarily a projective variety, (see for example
[15, Examples 7.6, 7.7]). In fact X’ may not even be Kéhler.

In [30], some fibrations on the three-fold Z are described. They are
induced by the projection of E3 on E x E, the product of two factors of E3,
and the general fiber is an elliptic curve. Thanks to the results in Section
2.3 we conclude that these elliptic fibrations are associated to the divisors
F; + F; on Z. These elliptic fibrations have some singular fibers which, are
the fibers over the points of E x E (the base of the fibration) which are
fixed by 3. These fibers consist of a rational curve and three planes. From
this geometric description it is immediate that the rational curve is one of
the curves A?,j and the planes are three of the B;;’s. More precisely, if
the fibration considered is obtained from the projection E? — E x E on
the second and the third factors, then the rational curves over the points
(pi,pj) € E X E are Azl,j and the planes in the fibers are B, ; j, a = 1,2, 3.
Once one fixes the projection E?> — E x E, the rational curves in the excep-
tional fibers depend only on i, j and these curves are denoted by /; j in [30].
In [30, Proposition 2.2] it is proved that the curves Aﬁ ; (denoted by [; ;
by Oguiso) are of type (—1,—1). Moreover in [30, Proposition 2.4] the
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three-folds X7, obtained by elementary modifications on certain subsets T’
of curves Aﬁ ;» are proved to be Calabi-Yau varieties with h>! = 0. By con-
struction, the three-folds Z and Xy are birational, but in [27, Theorem 3.1]
it is proved that they are not homeomorphic, i.e., they are not equivalent
from a topological point of view.

6 The smoothings

In this Section, we construct a new Calabi—Yau three-fold obtained by
smoothing a singular model of Z.

In [15, Section 8] the smoothing of a singular variety obtained by the
contraction of certain curves on a three-fold with trivial canonical bundle is
analyzed. Let V' be a three-fold with trivial canonical bundle and let C; be
rational curves on it. Let V be the three-fold obtained contracting the C;
and let us assume that the C; contract to singular ordinary double points, p;,
on V. Let r : V — V be the contraction. Let V; be the three-fold obtained
by smoothing V, i.e., V; is the fiber over t of a proper flat map f:V — A,
where A is the unit disc of C, such that f~1(0) =V and f~1(s) = V; is
smooth for each s € A, s # 0. Friedman proves the following results:

Lemma 6.1 ([15, Lemma 8.7]). Let V be a compact complez three-fold with
only ordinary double point singularities and let m : V — V be a small resolu-
tion such that the canonical bundle of V' is trivial. Let p; be the singularities
of V and C; be the curve m—Y(p;). Then there exists a first order deforma-
tion of V which is nontrivial for the p; (i.e., smooths them to first order)
if and only if the fundamental classes [Ci] in H?(V, Q%) satisfy a relation
> AilCs] = 0 such that for every i, A; # 0.

This Lemma gives a condition to assure that there exists a smoothing of
the three-fold V. The following two lemmas describe the properties of this
smoothing, if it exists.

Lemma 6.2 ([15, Lemma 8.1]). With the previous notations, let e : ©;ZC; —
Hy(V,Z) be the map which associates to each curve its class, then Ho(Vy,7)
is isomorphic to the cokernel of e and bs(V;) = b3(V) + 2s, where s is the
rank of the kernel of e.

Lemma 6.3 ([15, Lemma 8.2]). With the previous notations: 1) if RO(V) =
0 for a certain i, then h*°(V;) = 0 for any small t.

2) If the canonical bundle of V is trivial and h*°(V) = 0, then the canon-
ical bundle of Vi is trivial.
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The previous lemma implies that, if V' is a Calabi—Yau variety, then V;
is a Calabi—Yau variety. Moreover, if one can describe the map e, its kernel
and its cokernel, one immediately deduces ba(V;) and b3(V;). For a Calabi-
Yau variety, we have by = hb! and b3 = 2+ %! + h12 =2 4+ 2% Thus
knowing e, one determines the Hodge diamond of the Calabi—Yau variety V4.

Now the idea is to apply these results to V = Z and to the contraction
my of the 27 curves Aﬁj, i,j,k =1,2,3. Indeed Z := m;(Z) is a three-fold
with only ordinary double points (this was proved in Proposition 4.8, but
is also the consequence of the cited result by Oguiso, [30, Proposition 2.2],
who proved that the curves Aﬁj are of type (—1,—1)) and my : Z — Z is
the small resolution required by Lemma 6.1. Now it suffices to show that

there exists a relation in Hy(Z,Z) ~ H*(Z,7)

Z )\’LJ»k’Aﬁ] = 07 >\i7j7k‘ 7é Oa for each i7j7 k= 17 27 37 (21)
i k=1,2,3

to prove that there exists a smoothing of Z. If this smoothing exists, then its
fibers are Calabi—Yau three-folds, by Lemma 6.3. We described Af, ; as linear
combination of a basis of H%%(Z) in (10). Hence, it suffices to substitute
each Af, ; with its expression in (21) and to determine ); j 5 such that all the
coefficients of the basis of H?2(Z) are equal to zero. The following choice
for the A; jx, all nonzero, gives the relation:

3 3 3 3 3
4A%,1 + Z A%,i + A%,l -2 Z A%,i + Azls,l —2 Z A%),i -2 Z A%,i + Z A%,i
=2 i=2 i=1 i=1 i=1

3 3 3 3
+Y AR -2 A Y AR+ Af =0
=1 i=1 i=1 i=1

Hence, there exists a smoothing of Z and its fibers are Calabi-Yau vari-
eties. We compute the Hodge numbers of these Calabi—Yau three-folds,
using Lemma 6.2. Indeed the map e in this lemma is exactly the one
described by the relations (10). It is a trivial computation to show that
its kernel has dimension six and hence we have that b3(V;) =2+ 12 =14
and ba(V;) =36 — 21 = 15. Thus, the Hodge diamond of the Calabi-Yau
varieties which are smooth fibers of the smoothing of Z is the following:

(22)
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and Euler characteristic equal to 18.

Remark 6.4. In [4, figure 1], the known Calabi—Yau three-folds with small
Hodge numbers are listed. The Calabi—Yau three-fold obtained as smoothing
of Z with Hodge diamond (22) is unknown.

In a similar way, one can consider the map fr_p/+p, associated to the
divisor F' — M + F3. As proved in Section 4.4, this map contracts the 18
curves Aﬁj, 1,7 =1,2,3, k = 1,2 and is injective with an injective differential
away from these curves. The map fr_py+pm @ 2 — fr-m+rm(2) contracts
the curves Afi j» 4.5 =1,2,3, k=1,2 to ordinary double points (indeed all
these curves are of type (—1,—1)). Among these curves there exists the
following relation:

3 3 3 3
2 Z Aii - Z(Aéz +A3,) -2 Z AT+ Z(A%z +A43,)=0
i=1 =1

i=1 i=1

thus one can smooth fr_ps4p(2) to Calabi-Yau varieties. By Lemma 6.2,
we compute the Hodge numbers of such a smooth Calabi-Yau: b3 =244 =
6, bo = 36 — 16 = 20. Thus, the Hodge diamond is

and Euler characteristic equal to 36.

The situation is essentially the same considering the maps induced by
F—M+Fyand F— M + F5.

Remark 6.5. In [6, Pag. 25, line 1 and Section 3.4.2] a Calabi—Yau three-
fold with the Hodge diamond mirror of the one in (23) is given. In particular
this Calabi—Yau is constructed as smooth quotient of a complete intersec-
tion. We do not know if this Calabi—Yau manifold is the mirror of the
one constructed as smoothing of fr_ar+m (Z) or if they only have specular
Hodge numbers.

In Section 4.4 we noticed that the map associated to F' — M + Fy + I3

contracts the nine curves A%, 1,7 =1,2,3, but we cannot use the map

fr—m+F+F, to construct a smoothing of fr_nrim+r (Z). Indeed, it is
immediate to check that the curves A;?” j» 67 =1,2,3, are linearly indepen-
dent and hence there exists no relation among them as required by Lemma

6.1, i.e., there exists no smoothing of fr_rr+r 1+ (Z).
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7 Conclusions

In this paper, we analyzed the geometry of the rigid Calabi-Yau three-
fold Z. This Calabi-Yau is well known, but the careful description of
its geometry allows us to give a different interpretation of known results
(for example of the generalized mirror) and to construct other Calabi-Yau
three-folds.

The mirror conjecture says that two families of Calabi—Yau three-folds are
mirror if the complex moduli space of one of them is locally isomorphic to
the Kéhler moduli space of the other one. The definition of the isomorphism
among these two moduli spaces implies that the instanton corrections defined
on H! of one of them can be reconstructed by the superpotential of the
complex moduli defined on H?*! of the other Calabi-Yau three-fold and
thus involve the Yukawa coupling on the Calabi—Yau three-folds. The mirror
conjecture is stated, and in particular cases proved, under two hypotheses on
the families of Calabi—Yau three-folds: the families have to be at least one—
dimensional and have to admit a point with maximal unipotent monodromy.
Families of Calabi—Yau three-folds without a point with maximal unipotent
monodromy are described for example in [17,18,33]. An extension of the
mirror conjecture to these families is until now unknown. On the contrary,
there are some ideas to extend the mirror conjecture to rigid Calabi—Yau
three-folds (see [1,7,32]). In particular in [7] a generalized mirror for the
three-fold Z is proposed. In the classical mirror symmetry there often is a
geometric link among families of Calabi—Yau three-folds and their mirrors
and this link is very useful in the mirror construction: the most famous
example is the mirror of the quintic in P*, which is the desingularization
of the quotient of a particular quintic by a group of automorphisms. In
this paper we have analyzed a lot of properties of the well known rigid
Calabi—Yau three-fold Z and we gave a geometric relation between it and
its generalized mirror.

The other problem we analyzed is the construction of families of Calabi—
Yau three-folds with given Hodge numbers. In [4] there is a list of the pairs
of small numbers which can be the Hodge numbers of Calabi—Yau three-
folds. Not all these pairs correspond to known Calabi—Yau three-folds. Here,
we constructed a new family with given Hodge numbers, starting from the
Calabi—Yau three-fold Z.

In this paper, we have obtained essentially three types of results: in Sec-
tions 2.1 and 3, we described the trilinear form on Pic(Z) and hence we
gave information on the Yukawa coupling of Z; in Section 4 we gave very
explicit equations of projective models of Z, related one of them with the
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generalized mirror of Z and suggested how to construct other models; in
Section 6 we constructed other Calabi—Yau three-folds starting from Z.

In Section 2, the trilinear form on Pic(Z) is computed. As we already
said this gives information on the Yukawa coupling of Z, but it is also
important in view of the construction of the projective models of Z. The
computation of this form is very explicit and we essentially proved that the
Picard group of Z splits in two parts, one of them comes from Pic(E?),
the other one from the resolution of the singularities of the quotient E3/¢s.
The trilinear form on the second part is very elementary, the one on the first
part depends only on the properties of the Abelian variety E2. We proved
that the trilinear form on Pic(E?) can be expressed in terms of determinants
of certain matrices in Matg 3(Q[(]). This is useful because, of course, makes
the computation easier, but could also have a deeper meaning, indeed this
creates a strong relation between a significative part of the Yukawa coupling
of Z and a group of matrices. This could help in clarifying the relation
between string theory and exceptional supergravities, cf. [16].

The three-fold Z is well known in the literature as desingularization of the
quotient of an Abelian variety by a group of automorphisms, but there are
not many explicit descriptions of its projective models. Here, we provided
three very explicit descriptions and suggested a strategy to obtain many
others: We wrote down the equations of maps from E? to projective spaces
and related them with divisors on E3. Thanks to the strong relation between
Z and E? these maps give (singular) models of Z. In particular, we analyzed
three maps: the first one exhibits Z as a 3 : 1 cover of another Calabi—Yau
three-fold ), which is contained in the cubic hypersurface Fg in P®. This
is interesting in view of the study of the mirror conjecture of rigid Calabi-
Yau three-folds, indeed in [7], a quotient of the cubic Fermat hypersurface
F3 is proved to be a generalized mirror of Z and the hypersurface Fy is
conjectured to be the generalized mirror of ) (see [26]). Here, we have
provided a geometric relation between these two rigid Calabi—Yau three-
folds (Z, ) and their generalized mirrors. The second map gave a singular
birational model of Z. It is embedded in P!! and its singular locus consists
of 27 ordinary double points. This model is used in Section 6 to construct
other Calabi—Yau three-folds. The third map was already considered by
Kimura in [25] and exhibits the birationality of Z and the variety V33, a
complete intersection of two particular cubics in P.

The richness of the results obtained from the study of these three maps
(such as the geometric relation between rigid Calabi-Yau three-folds and
their generalized mirrors or the possibility to construct other Calabi—Yau
varieties) suggests it might be interesting to analyze also other models,
constructed in a similar way (i.e., writing the explicit maps defined on E®).
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For this reason we introduced maps associated to other divisors (see Remark
4.5 and Section 4.4) and in particular we proved that one of these divisors is
very ample (and thus gives an isomorphism between Z and its image under
the induced map).

We think that our results on the connection between Pic(Z) and a group
of matrices and on the geometric relation between Z and its generalized
mirror could lead to a deeper understanding of the generalization of the
mirror conjecture to rigid Calabi—Yau three-folds.

The construction of several projective models is important to better
understand the geometry of Z, but also because from singular models of
Z we have constructed new Calabi—Yau three-folds. In Sections 5 and 6, we
presented some constructions that can be used to obtain Calabi—Yau three-
folds from a given one, in particular from Z. One of these constructions
is the smoothing of a singular model of Z. Considering singular models
constructed in Section 4 and applying the smoothing to these models, we
obtained two distinct Calabi—Yau three-folds with different Hodge numbers.
One of these Calabi—Yau three-folds was unknown until now. It is now
clear that the analysis of other singular projective models of Z (for example
associated to the divisors proposed in Section 4) could give other unknown
Calabi—Yau three-folds. As we said, one can obtain other models consider-
ing the maps presented in Section 4.4, but one can also apply the techniques
of Section 4 to other varieties, which are desingularizations of quotients of
known varieties. This should give a lot of Calabi—Yau three-folds and we
hope to find new Calabi—Yau varieties in this way.
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