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LIf there are many independent, identically distributed observations
governed by a smooth, finite-dimensional statistical model, the Bayes esti-
mate and the maximum likelihood estimate will be close. Furthermore, the
posterior distribution of the parameter vector around the posterior mean
will be close to the distribution of the maximum likelihood estimate around
truth. Thus, Bayesian confidence sets have good frequentist coverage prop-
erties, and conversely. However, even for the simplest infinite-dimensional
models, such results do not hold. The object here is to give some examples.

1. Introduction. With a large sample from a smooth, finite-dimensional
statistical model, the Bayes estimate and the maximum likelihood estimate
will be close. Furthermore, the posterior distribution of the parameter vector
around the posterior mean must be close to the distribution of the maximum
likelihood estimate around truth: both are asymptotically normal with mean
0, and both have the same asymptotic covariance matrix. That is the con-
tent of the Bernstein—von Mises theorem. Thus, a Bayesian 95%-confidence
set must have frequentist coverage of about 95%, and conversely. In partic-
ular, Bayesians and frequentists are free to use each other’s confidence sets.
(Bayesians may view this as an advantage of their approach, since Bayesian
confidence sets are relatively easy to obtain by simulation.) However, even for
the simplest infinite-dimensional models, the Bernstein—von Mises theorem
does not hold [Cox (1993)]. The object here is to give some examples, which
may help to clarify Cox’s arguments.

The sad lesson for inference is this. If frequentist coverage probabilities are
wanted in an infinite-dimensional problem, then frequentist coverage proba-
bilities must be computed. Bayesians, too, need to proceed with caution in the
infinite-dimensional case, unless they are convinced of the fine details of their
priors. Indeed, the consistency of their estimates and the coverage probability
of their confidence sets depend on the details of their priors. Similar conclu-
sions apply to models with a finite, but large, number of parameters. The data
swamp the prior only when the sample size is large relative to the number of
parameters.

The examples in Cox (1993) involve continuous-time stochastic processes.
Basically, there is an unknown smooth function, observed subject to random
error at n points; the function is estimated using Bayesian techniques with
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a Gaussian prior. The examples here involve only sequences of independent
normal variables, so that calculations can be done more or less explicitly. (Sec-
tion 3 below indicates how Cox’s examples connect with ours.) The setup is an
extension of Lindley and Smith (1973) to infinitely many dimensions, and the
model can be stated as follows:

Y, =B,+¢ fori =1,2,.... The ¢; are independent, iden-
(1) tically distributed normal random variables, with mean 0

and positive variance o2 — 0, while ¥, B? < 00.

In principle, the variables Y; and ¢; in (1) need a second subscript, n. For
each n, the data consist of an infinite sequence {Y, ;,Y,,,...} with Y, ; =
B; + &, ;. Intuitively, n stands for sample size. In the leading special case,
{Y,1,Y,9,...} equals the mean of n observations on a parameter vector of
infinite length. The parameter vector 8 does not depend on the sample size, but
the law of the sampling error ¢, ; certainly does. The theorems only involve
the distribution of {¢,;: i = 1,2,...}, which are taken to be independent,
identically distributed random variables, having mean 0 and variance o2 —
0. The joint distribution of the doubly-infinite array {¢,;: n = 1,2,...,1 =
1,2,...} does not seem to matter for the results presented here. For finer
estimates, however, assumptions would be needed on the doubly-infinite array.
The subscript n will usually be omitted in what follows, to ease the notation.

The MLE for B is, of course, Y. We also consider a Bayesian analysis of (1),
with the following prior:

The B; are independent normal variables, with mean 0 and
(2) variance 72, where 72 > 0 and ¥_; 7 < cc. The S’s are inde-
pendent of the &’s.

If (2) holds, then Y~ 8% < oo almost surely. It is of some importance that there
are two variance scales, an “objective” one for the &’s and a “subjective” one for
the B’s. The leading special case has 2 = 1/n and fri2 = 1/i2, corresponding to
the average of n independent observations on one sequence of B;’s, the prior
being specified by the choice of 7,’s. Most of the inferential difficulties already
appear when i is restricted to the finite but growing range i = 1,..., J/n.
Tain Johnstone has suggested a variation on this setup which makes the cal-
culations easier: set 7i2 = 1/n for i = 1,...,n; now the prior too depends
on n. Further examples with interesting behavior can be obtained by setting
Tiz =A,/nfori=1,...,n;when A, grows with n, Johnstone’s example seems
to have different asymptotics from ours.

Given (1) and (2), the posterior is readily computed, as in Proposition 1.
Indeed, from the Bayesian perspective, Y; has conditional mean B; and con-
ditional variance o2 given B; unconditionally, however, Y; has mean 0 and
variance o2 + 72. Furthermore, cov(Y;, 8;) = 72.

PROPOSITION 1 (For the Bayesian). Assume (1) and (2). Given the data Y,
the B’s are independent and normal. Moreover:

(@) B; = E{B|Y} = w,;Y;, with w,; = 72/(c2 + 12);
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®) B —Bi =1 —w,)B; —wye; LY;
(c) var{B;|Y} = v,;, where v,; = o277 /(02 + 77) = (1/02 + 1/77)"L.

In effect, the proposition defines a regular conditional distribution @y (dB)
for the parameter vector B8 given the data Y. If we consider only a finite
number of B’s, say B, ..., By, the Qy-distribution of {8, — B; :i =1,..., k}
is asymptotically the same as the frequentist distribution of {Y; — B;: i =
1,..., k}, namely, these are %k independent normal variables with mean 0
and variance o2. For the frequentist and the Bayesian, 8; — Y; = op(0,). In
other words, the difference between the MLE and the Bayes estimate is small
compared to the randomness in either. Consequently, the posterior distribution
of B around B is essentially the same as the frequentist distribution of B
around B. That is (a very special case of) the Bernstein—von Mises theorem.
For a brief history of this theorem, see Lehmann [(1991), page 482]; for its
technical details, see LeCam and Yang (1990) or Prakasa Rao (1987).

If we consider the full infinite-dimensional distribution, matters are quite
different. To simplify the calculations, we assume

(3a) o’ =1/n,

(3b) 2~ AJi®asi— oo, for0 < A <ocoand 1 < a < oo,

where s; ~ ¢; if s;/t; — 1 and s; ~ t; if s;/t; converges to a positive, finite limit.
As noted above, condition (3a) obtains if, for instance, the data are obtained by
averaging n iid observations on 8. The joint distribution in n does not matter
here. More general 72 and o2 are considered later.

Theorem 1 below gives the Bayesian analysis; Theorem 2, the frequentist.
Theorems 3 and 4 draw the implications. There is an [, consistency result
in Theorem 5. Section 2 has some complements and details. Section 3 makes
the connection with stochastic processes. We focus on one infinite-dimensional
functional, the square of the [, norm. To state Theorem 1, let

(4) T.(B,Y)=1B—BI>=2(B; — B:)*
i=1

For the frequentist, B € [, by assumption and T',, < oo a.e. by Proposition 1(b);
likewise for the Bayesian. On the other hand, Y ¢ [,, due to the action of &.

THEOREM 1 (For the Bayesian). Assume (1)-(3). In particular, B is ran-
dom. Then T, = C, + /D, Z,,, where
1

du,
1+ u~ “

00 00
Cn = Z Uy &~ n—l+1/aC with C = Al/a/o
i=1

oo 00 1
_ 2 ~ —2+41/a . — 1/
D,=2 ;:1 v, AR D with D =2A /0 A2 du.

The v,; are defined in Proposition 1(c); the random variable Z, has mean 0,
variance 1, and converges in law to N(0,1) as n — oo.
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PROOF. According to Proposition 1, given Y, T, is distributed as }_; mfm,
the ¢,; being for each n independent N 0,1) Varlables as i varies. (Random-
ness in T, is driven by randomness in B8.) Thus, E{T,|Y } = C,,, which can be
estimated as follows:

va'\’AZ

1

1
~ A -
An—i—z“ 0o An -+ x2

1+ u~

dx = Al/anflJrl/a /OO
0

To get the last equality, set x = (An)*u. This argument is heuristic but
rigorizable. A variant on the idea is given by Lemma 2 in Section 2; see Re-
mark (iii) there for details.

Moreover, var 5%”- = 2, so var{T,|Y} = D,,. This, too, can be estimated by
Lemma 2. Asymptotic normality follows from Lemma 3, with v,; for c,;; the
condition that max; v,; = o(Y; v2,)"/? follows from Lemma 2; see Remark (ii)
there. O

REMARKS. (i) Proposition 1 shows that T, is independent of Y. For the
Bayesian, the predictive distribution of T, coincides with its distribution given
the data; the data are needed only to determine S.

(ii) /D, <« C, because n~1+(1/20) « p=1+1/« If for instance, @ = 1/2,
then E{T,} ~ 1/n/2 but the randomness in T, is of order 1/n%*. (We write
Xp L Yn lfxn/yn —0.)

(iii) Fix 8 > 0 and B € l,. The posterior mass in a 8-ball around j tends
to 1 as n — oo, for almost all data sets generated by (1). Indeed, E{T',} ~
n~*l/e 0 and var T, ~ n=2*Y% so

1 1
PAT, = BT, 5,} = O( 57 )

which sums if, for instance, §, ~ 1/nY/% and 2—1/a—2/a’ > 1. Thus, posterior
mass concentrates around f3 in the weak-star topology generated by the I,
norm, for almost all data generated by the model. Frequentist consistency for
the Bayesian will follow once we show that j is consistent, as in Theorem 5.

(iv) A law of the iterated logarithm is available for 7', — E(T,)), as one sees
by looking at

Jn

Z Uni(geri - 1)

i=I,

with I,, J, chosen so that TI ~ &/n and 73 g ~1/ (6n). This would require

some appropriate joint distribution for the &’s across n. Compare Cox [(1993),
pages 913 and following].

We pursue now the frequentist analysis of the Bayes estimates. From this
perspective, 8 is an unknown parameter, not subject to random variation.
However, some results can be proved only for “most” B8, and the natural Gf
slightly confusing) measure to use is that defined by (2).
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THEOREM 2 (For the frequentist). Assume (1) and (3) but not (2), so B is
fixed but unknown. Then

(5) T, (B.#) = Co +VE,U,(B) +/ Go(B)V,(B. o).

where C,, is as in Theorem 1, while V (B, -) has mean 0 and variance 1. If B is
distributed according to (2), then U, (B) has mean 0, variance 1, and converges
in law to N(0,1) as n — oo. Furthermore,

00 2a
s p—2+1/a ; _ 9 Al/e u
6) F,~n " VF with F =24" [ Ty
. < 2u®+1
~ —241/a — 1/«
(7) G,(B)~n G with G = 2A /0 Trumy 2
and
(8) V,(B, -) converges in law to N(0, 1).

Displays (7) and (8) hold as n — oo, for almost all B’s generated by (2).

This theorem is proved like Theorem 1. Tedious details, along with ex-
plicit formulas for F,, G,,, U,, and V,,, are postponed to Section 2. The theo-
rem describes the asymptotic behavior of the Bayesian pivot, T, = |3 — B||?,
from a frequentist perspective. For this purpose, the frequentist agrees to
use the same joint distribution for 8 and Y as the Bayesian. Of course, the
Bayesian will compute L(7',,|Y). The frequentist cannot go that far, but con-
siders L(T,|B). Among other things, the frequentist has agreed to ignore bad
behavior for an exceptional null set of B’s relative to the prior (2). There are
results on minimax rates for Bayes estimates, suggesting that 8’s exist for
which the rate of convergence is slower than n=2t1/% so the Bayesian null set
may in some other sense be quite large. See Zhao (1997) or Brown, Low and
Zhao (1998); also see Section 4 below and compare Theorem 3.1 in Cox (1993).

Contrary to experience with the finite-dimensional case, there is a radical
difference between the asymptotic behavior of L(7,]Y) and the asymptotic
behavior of L(T,,|B), even if we ignore the null set of bad f’s. Our next main
result is Theorem 3, which shows that the Bernstein—von Mises theorem does
not apply in the infinite-dimensional context. There will be two reasons:

(i) For the frequentist, the variance of B is driven by &, that is, by the
last term in (5). And this variance is smaller than the Bayes variance. See
Theorem 3.

(ii) The middle term in (5) wobbles on the scale of interest, namely,
n~141/(29) 5o the frequentist distribution of T, is offset from the Bayesian
distribution by arbitrarily large amounts. This a consequence of “Bayes bias.”

Corollary 1 demonstrates the wobble, the proof being deferred to Section 2.
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COROLLARY 1. Assume (1) and (3). Then

limsupU,(B) =00 and liminfU,(B)= -0

n—oo

for almost all B drawn from (2).

THEOREM 3 (For the frequentist). Assume (1) and (3). The Bayesian poste-
rior is computed from (2), and the frequentist conclusions apply to almost all B
drawn from (2). The asymptotic variances D and G are defined in Theorems 1
and 2.

(a) G < D. In particular, the asymptotic frequentist variance is smaller than
the asymptotic Bayes variance.

(b) There is almost surely a sequence of n’s tending to infinity such that the
frequentist distribution of T, is centered to the right of the Bayes distribution
by arbitrarily large multiples of n=*Y(% and likewise to the left.

PROOF. The inequality in (a) is elementary: 2u® + 1 < (14 u*)?. Then use
Corollary 1 to prove claim (b). O

The first part of the theorem, G < D, already shows that the conclusions of
the Bernstein—von Mises theorem do not hold. More particularly, F + G = D.
A posteriori, the Bayesian sees B as centered at 3, so A = 8 — 8 is centered
at 0, and ||A||? is the squared length of a noise vector. For the frequentist,
on the other hand, § is biased, A is not centered at 0, some of ||A[|? comes
from bias and some from randomness. In effect, some Bayesian randomness
is reinterpreted as bias. This effect is harder to see in a finite number of
dimensions. For results showing that the Bayes bias term matters when rates
of convergence are slower than 1/./n, see Brown and Liu (1993) or Pfanzagl
(1998).

The second part of Theorem 3 shows that for certain random times, the
posterior distribution of B around B is nearly orthogonal to the frequentist
distribution of 8 around B; recall that two probabilities u and v are othogonal
if there is a set A with u(A) = 1 and v(A) = 0. This is perhaps a more
poignant version of the failure in the conclusions of the Bernstein—von Mises
theorem.

We now sharpen the orthogonality result. Consider the random variables

W,i=(Bi—Bi)/vVoni 1=1,2,....

Let 7, stand for the Bayesian distribution of W, ;, W, o, ... . This is the poste-
rior distribution, centered and standardized; the randomness is in the param-
eters, not the data. (From the Bayesian perspective, the W’s are independent
of the data.) Technically, 7, is a probability on R*, the space of sequences of
real numbers. Let ¢, ; be the frequentist distribution for the same random
variables with the signs reversed,

Wi = (Bi — Bi)/vmi i=1,2,....



THE BERNSTEIN-VON MISES THEOREM 1125

Now, g is fixed and the randomness is in the data. Again, ¢, g is a probability
on R*. There is a third distribution to consider: ,,(B), the law of

Woi= (Y= B)/VVni 1=1,2,....
For the frequentist, ¢ is the law of the Bayes estimates, centered at the true
parameters; ¢ is the law of the MLE, also centered at truth. For mathematical

convenience, all three laws are standardized using the Bayesian variance; this
common standardization cannot affect the orthogonality.

THEOREM 4 (For the neutral observer). Assume (1). The Bayesian posterior
is computed from (2). Condition (3) is not needed:

(a) For the Bayesian, m, makes the coordinates independent N (0, 1) vari-
ables.

(b) For the frequentist, ¢, g makes the coordinates independent normal vari-
ables. The ith variable has mean —(1 — w,;)B;/\/V,; and variance w,;.

(c) For the frequentist, i, s makes the coordinates independent normal vari-
ables. The ith variable has mean 0 and variance 1/w,;.

(d) For any n and any B, B* € ly, the probabilities m,, ¢, 5 and ¢, g are
pairwise orthogonal.

Claims (a), (b) and (c) are immediate from Proposition 1. The proof of (d) is
deferred to Section 2, but the idea is simple: although the three probabilities
merge on any fixed number of coordinates, the scales are radically different
at co. The curious centering for ¢ cannot undo the scaling. In the frequen-
tist vision of things, the MLE and the Bayes estimate are radically different.
Moreover, the Bayesian a posteriori distribution for the parameters around
the Bayes estimate is radically different from the frequentist distribution of
the MLE around truth, or the frequentist distribution of the Bayes estimate
around truth.

The last result in this section establishes the frequentist consistency of the
Bayes estimates: the chance that j is close to B in I, tends to 1 as n gets
large. This theorem can be proved for any B € Is.

THEOREM 5. Assume (1); The Bayes estimate computed from (2) is consis-
tent for all B in Ly, namely, | —B|?> — 0in probability. If (3) holds, convergence
a.e. will obtain.

PROOF. To begin with, by Proposition 1(b),

9 IB=BI> <23 (1 —w,)*BF +2) whi&}.

i=1 i
But w,; — 1 as n — 0 for each i. By dominated convergence, the first sum on
the right in (9) tends to 0. The expection of the second sum is

00 2.2

(10) Z 0,T; 2

— 2
S(ar+T)?



1126 D. FREEDMAN

Again, this goes to zero by dominated convergence: fr? sums in i, while the

coefficients are bounded above by 1/2 because ab/(a + b)? < 1/2. This proves
convergence in probability, and we turn to the a.e. result.
The variance of the second sum on the right in (9) is 8¢q,,, where

an R e

If (3) holds, g, ~ 1/n?~/% by Lemma 2 in Section 2, and Y_ g, < 0o; conver-
gence a.e. follows from the Borel-Cantelli lemma. O

2. Complements and details.

LEMMA 1l Letl<a<oo,l<b<ooand0 <c < oco. Suppose ab > ¢ + 1.
Let f(u) =u¢/(1+u®)®. Let h > 0. Then

lim 3 /(ih)h = /:o f(u)du.

PROOF. Let L be a large, positive real number. Of course,

L/h

. . L
lim 3 £(ih)h = J| ) du
and
lim [ f(u)du =0.
L—ooJ],

Abbreviate y = ab—c > 1, and let C,, be a suitable positive constant depending
only on y. We let 2~ — 0 first, and then L — oco. Since f(u) < u™?,

S FGRR < B Y 1/i7 < C,RYY(h/LY ' = C, /LY,
i=L/h i=L/h

which is small for large L. O

LEMMA 2. Letl <a<oo,1l <b<ooand 0 <c < oco. Suppose ab > ¢ + 1.

Let vy, — oo. Let s; ~ i* and t; ~ i¢. Let g, = 727(1“)/&. Let i, be a positive
integer:
y o) ti y 00 i€ o0 u’ d
a im ———— = lim —— = / ——du;
® oo B i;:l (vn +8;)8  nooo &n i;:l (Yo +i%)? Jo (L+uv)®
l; (¢/a)—b
(b) max ———— ~ vy, .

i (‘Yn + Si)b
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PrROOF. For the first equality in (a), an upper bound can be obtained if s; >
(1-¢)i* and ¢; < (14 ¢)i€ for i > i;; likewise for lower bounds. Set A = yrfl/a
and define f as in Lemma 1. By tedious algebra, g,i¢/(y, + i%)? = hf(ih),
and Lemma 1 completes the proof of part (a). For (b), it is easy to verify
that f has a maximum on [0, c©). So the max in (b) is O(%/g, ). However,

a)—b
hig, =" O

REMARKS. (i) The y in the proof of Lemma 1 is unrelated to the vy, in the
statement of Lemma 2.

(ii) The max in i of ¢;/(y, + s;)° is smaller than the sum of these terms,

by a factor asymptotically of order y,l/ ‘.

(iii) To estimate C,, in Theorem 1, take y, = A/o2, ¢ =0and b = 1; for D,,,
take b = 2.

(iv) Lemma 1 can of course be generalized, for instance, to functions convex
on (xg, 00). In our applications «, b > 1, but all that seems to be needed here
isa, b > 0.

LEMMA 3. Let c,; be constants with 0 < c¢2 = ¥, ¢%. < 00, and max; |c,;| =
o(c,) as n — oo. Let X,,; be random variables which are independent in i for
each n and have common distribution for all n and i. Suppose E{X,;} =0
and E{X?2,} = 0% < co. Then

1 o0
— > X — N(O, a?)
n =1

in law as n — oo.
The proof is immediate from Lindeberg’s theorem.

REMARK. It is enough that the X,; are uniformly L,, with constant vari-
ance.

LEMMA 4. Let U, be independent N (0, 1) variables. Let c; be real numbers
with ¢ = Y;¢? < oo. Let 8 > 0 with 8|c;|/c? < 1 for all i, and let V =

1

> ¢;(U? —1). Then
P{V > 8} < exp[—82/(12¢?)],
where exp(x) = e*. Likewise, P{V < —8} < exp[—82/(12¢?)].

Proor. If U is N(0,1) and A < 0.2, we claim
exp(—A)
V1=2A

The inequality is strict except at A = 0. To prove the inequality, square both
sides and take logs: we have to prove f > 0, with f(A) = log(1—2A)+2A 4612

(12) E{exp[MU% - 1]} = < exp(3A2).
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Now £(0) = '(0) = 0 and
4

f”()\) =12 — m

>0,
provided A < (1 — \/ m) /2 =0.21.... In this range, f’ is strictly increasing
and f is strictly convex, decreasing for A < 0 and increasing for A > 0. So
f(A) > 0 except at A = 0, proving the inequality in (12).

Next,

(13) E{exp(0V)} = [ E{exp[0c;(U? — 1)]} < exp(36°c?),
provided 6c; < 0.2 for all ;. Now
P{V > &} < exp(36°c? — 05)

by Chebyshev’s inequality. Choose 6 = 8/(6¢?), which satisfies the condition
Oc; < 0.2 by assumption. The bound on P{V < —§} follows, on changing the
signs of all the ¢;. O

PROOF OF THEOREM 2. To ease notation, we consider 02 = 1/n and 77 =
1/i%, sow,; =n/(n+i*) and v,; = 1/(n+1i%) from Proposition 1. Modifications
of the proof for 72 = A/i® are obvious, and then 72 ~ A/i“ is quite easy. Recall
the definition (4) of T',,. By Proposition 1,

T,=)(1- w,;)?B7 — 2 Y (A —wy)wyBisi + wh,e?

i=1 i=1 i=1

= Cn + Qn(ﬁ) + Rn(B? 8)7

where
o0 o0 o0 1
C, = 1-w,;)*r? 2N w? = ,
n ;( nl) Ti +0—n; ni g (n+ia)

o0

Qn(B) = Z(l - wnl)Z(B? - Tiz)’

i=1

R,(B, &)=Y —2w,;(1—w,;)B;s +w: (s — op).
i=1

REMARK. In the finite-dimensional case, w,; ~ 1 for n large; from either
the Bayesian or the frequentist perspective, only the £2-terms in R, (8, &)
contribute to the asymptotic variance of T',,. In the infinite case, @, matters,
and so do the Be terms. That is the novelty.

By Proposition 1, C, matches the lead term in Theorem 1. We turn now to
Q,(B). Let 7 stand for the prior distribution on B, as defined in (2). Clearly,

[ee]

ia
(14) Q,() = z=Z1 m(éﬁz - 1),
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where {; = {;(B) = vi*B;. The {; are independent N (0, 1) variables relative
to 7. In particular, £_{Q,(-)} =0 and
20

i
(15) var,, Q()_z;(n—i-i“)‘“
which is (by definition) the F',, in Theorem 2. Lemma 2 can be used to estimate
F,, proving (6). The U, (B) in Theorem 2 is defined as @,(B)// F . Of course,
U, has mean 0 and variance 1 relative to 7. Asymptotic normality follows
from Lemma 3. The condition that max; |c,;| = o(c,,) follows, as before, from
Lemma 2.

Next, we need to consider R,. Here, the computation is more intricate. We
begin with the sum of the Be terms. Fix any B € [,. As before, let {;(B) =
VieB;. Also let

2v/ni*
C(n+i9)?

For motivation, —2w,,;(1—w,;)B;&; = [-2vni®/(n+i%)?];(B)E,;, where £, =
J/ne;is N(0, 1), so k,,; is the coefficient of an N (0, 1) variable in the expansion
of R,. In any event,

(16) kpi(B) = = — =55 Li(B)-

'0(

17 K2 =E_{k ) e ——
( ) nt 77{ nl() } (n+ la)4
By Lemma 2,
o0 o] 4ni® 1 00 4u?
18 K2 =Y K2 = A d
( ) n ; ni ;(n—ki“)“ n2—1/a_/0 (1+ua)4 u

We claim that
(19) A,(B) = [i kni(B)2:| — K% =0(1/n*"%) asn— oo,
i=1
for almost all B drawn from (2). Indeed,
A, = Z K2.(2 - 1).

Now use Lemma 4, with K2, for c;. Lemma 2 shows that max; K2, ~ 1/n?
and Y, K% ~ 1/n*Y% Fix §, > 0 but small, and use §,/n?"V/¢ for the § of
Lemma 4:

P{|A,| > 8o/n* Y*} < 2exp ( — const.n'*),

which sums in n, proving (19). The condition of the lemma holds if §, is small.
We turn now to the sum of the &? terms in R,,. Recall that ¢,; = \/ne;. Let
l,; =n/(n+i%)% Then

o]

(20) R,(B.&) = [Rui(B)én + 1,i(£2;, — 1))

i=1



1130 D. FREEDMAN

Here, k,;(B) depends on B while /,; is deterministic, and the two seem to be on
different scales. (With more effort, however, the scales can be seen as compa-
rable, for the i’s that matter. In any case, the total variances are comparable,
as will be seen below.)

Lemma 3 does not apply, and a direct appeal must be made to Lindeberg’s
theorem. First, however,

[} [} 2 1 00 1
21 L2=Y 12 = T~ du.
(21) n E ni 2 (n + ia)4 n2-1/a /0 (1 + ua)4 u

The G, (B) of Theorem 2 is defined as
i=1 i=1

the factor of 2 being the variance of ¢2; — 1. And the V (B, ¢) of the theorem is

R,(B. £)/\/G.(B).

Estimates (18), (19) and (21) give a (painful) verification of (7).

Fix 6§ > 0 small. Except for a set of B8’s of measure 0, |{;(8)| < i’ for
all but finitely many i, and A,(B) = o(1/n?7V/%) by (19). For the remaining
B’s, we claim, V,(B,-) converges in law to N(0, 1) as n — oo. This will be
demonstrated by verifying the Lindeberg condition. The condition involves
estimating a series of integrals of the form

[ WV
|[U+V|>2a

where a is a small multiple of the asymptotic standard deviation. Now |U +
V| > 2a entails |[U| > a or |V| > a, and (U + V)2 < 2(U? + V?2), so each
integral can be estimated according to the scheme

1

5 (U+V)2<

J 8y :
|U+V|>2a |U|>a |U|<a<|V|

(23)
+ 2 2,
|V]|>a /\.V\§a<|U|
To flesh this out, the variance of R,(B8, ) is s2 = G,(8) ~ 1/n?> V%, Let
i = kni(B)E,; and €,; = 1,;(¢2, — 1) in (20). We need to show that
(i + &0i)? = 0(53),

i=1 '/lgni+§ni|>Ksn

with k a generic small number. In view of (23), we need only show that

S, ,=o0(s) forv=1,2,3,4,
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where

2/ 2/

|€ni > K, €0 <Ks, <|§m\

z e B Z -,
7U|>Ks m‘<Ks <|§m

We begin with S; . Recall the definition (16) of ,,;. For our B’s, {;(B) < i°
eventually, so

max |k,;(B)] = O(1/n'~"')

by Lemma 2. Now s, ~ 1/n'"V/29 and |£,;| = |k,;(B)&,;| > ks, entails |£,;| >
const. n?, where y = (% —8)/a, which is positive when 0 < 6 < % Consequently,
the ith term in S , is bounded by

2 2
knl(B) »/\gni|>const.n‘/ gni’
from which it is immediate that S; , = o(s2). Indeed, for our B’s, 3_; k,,;(8)? ~
1/n?7 Ve ~ g2,
The argument for Ss , is similar but easier, because /,; = n/(n+i%)* < 1/n.
In S, ,, |€,i| > s, entails €2, — 1| > const. nV/(®), hence |&,;| > const. n'/(4®),
The ith term in S, , is therefore bounded by

2 2
kni / gni ’
|€,; |>const. n1/(4®)

from which it is immediate that S, ,, = o(s2). The argument for S, ,, is similar.
We have verified the Lindeberg condition, proving (8) and so the theorem. O

REMARKS. (i) As shown by Proposition 1(b), the term \/F, U, (8) = @,(8)
in (5) is the squared norm of the Bayes bias, centered at its mean relative
to the prior defined by (2). It is this deviation which wobbles on the scale of
interest.

(ii) The proof exploits the fact that £é2 — 1 is a function of ¢&. However, the
two variables are uncorrelated; asymptotically, the sum of the B¢ terms in R,
is therefore independent of the sum of the £ terms. This would follow from
the bivariate form of Lindeberg’s theorem. On the other hand, (23) is enough
to derive the requisite bivariate form of the theorem from the univariate.

PrOOF OF COROLLARY 1. The argument starts from (14), where {;(B) =
JTiB; is a sequence of iid N(0, 1) variables that does not depend on n. The
F, in Theorem 2 is the right-hand side of (15), while U,(8) = Q,(8)/v/ F..
Fix a positive integer j. Now {U, > ji.o0.} is a tail set relative to the {’s, by
Lemma 2(b). This set has positive probability, by asymptotic normality; hence,
the probability is 1; likewise for —oco. O
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PROOF OF THEOREM 4(d). The two probabilities in a pair are either equiv-
alent or singular, and Kakutani’s criterion can be used to decide. See, for
instance, Williams (1991). Fix n and B € [,. By Proposition 1, w,; — 0 as
I — oo. If we compare 7 with ¢, the frequentist variance for the ith variable
is neglible relative to the Bayes variance; for equivalence to obtain, the ratio
of the variances would need to tend to 1; likewise for the other comparisons.

Faster decay rates. Theorem 2 depends on the assumed tail behavior of the
prior variances 772. In particular, if « is large, the wobbly middle term in (5)
is relatively small. As it turns out, with faster decay rates, this middle term
is negligible. So the conclusions of the Bernstein—von Mises theorem apply to
our quadratic functional even with infinitely many parameters. To simplify
the notation, we consider only o = 1/n and Tiz =e

LEMMA 5. (a) If a,b > 0, then

i 1 _logn
“(n+edi)  ant’

(b) If a,b,c > 0 and ab > c then

o0

eci
2

~ 7b+c/a‘
o (n+evi)

PROOF. Claim (a). The sum to be estimated is n=°S,,, where

1
Z: 1+ exp(a[i — log(nl/*)])]>’

Fix L, a large positive integer. Let L, be the integer part of log(n'/*) — L.
Each term in S, is bounded above by 1, and each of the first L, terms is
bounded below by 1/[1 + exp(—aLg)]?, which is rather close to 1. The sum of
the first L, terms in S, is therefore essentially L, =~ log(n'/%). The sum of
the remaining terms is bounded above by

o0

2

m = O(l) = 0(10g n)
i=—Ly-1

Let n — oo and then Lj — oc.

Claim (b). Let L, be the integer part of log(n'/*). The sum to be estimated
is n=0+¢/*§  where

exp(c[i — log(n'/*)])
[1+ exp(a[i — log(n'/*)])]t’

>

An upper bound on S, is

oo

exp(c[i — L,]) oy exp(¢/)
i; [1+exp(a(i — L, — )P j:Z_:oo [1+exp(a(j—1))]
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Similarly, an asymptotic lower bound is
00 ec( Jj-1)

(1+ex)”

J=—00

THEOREM 6. Assume (1). Instead of (3), suppose o2 = 1/n and v; = e~
where 0 < a < 0o. The posterior is computed from (2), and frequentist probabil-
ity statements about B are also made relative to (2). In probability, as n — oo,
the frequentist distribution of ||B — B||? merges with the Bayesian distribution.

PrOOF. Theorem 1 and its proof go through, with C, ~ (logn)/(an) and
D, ~ (2logn)/(an?). Theorem 2 also goes through; now, however, F, =
0O(1/n?) is too small to matter; in the notation of this section, @,(8) can
be ignored. We turn now to R, (8, €). The sum of the &? terms has asymptotic
variance (2log n)/(an?), like the Bayesian variance. It remains only to show
that the total frequentist variance of the Be terms in R, is O(1/n?), in prob-
ability, for B chosen from (2). Let V,(B) be the variance of these Be terms.
Then

B oo 4neai 9
Vn(B) - L:ZI (n + eai)4 gl(B) 5

where, as before, ¢;(8) = ve* g; are independent N(0, 1) variables. We com-
pute the expected value and variance of V, (-), relative to the probability 7 on

B defined by (2): E_{V,(-)} = O(1/n%) and

00 16n262ai
var {V,()} =

_ 4
Z ey O(1/n%),

by Lemma 5. O

REMARKS. (i) The statement of Theorem 6 can be clarified as follows. For
B € ly, let ¢, gz be the frequentist distribution of [T',(B8,Y) — C,1/v/D,:
the randomness is in Y. Likewise, let 7, be the Bayesian distribution of
[T,.(8,Y) - C,]/\/D,. Here, the randomness is in 38, because T, is, for the
Bayesian, independent of Y. Let p metrize the weak-star topology on probabil-
ities in R! and let » be the standard normal distribution. Then p(¢, g,v) — 0
in probability as n — 0, where “in probability” is relative to the probability
on B’s defined by (2). Furthermore, p(7,,v) — 0. Stronger metrics could be
used, but that is perhaps not the critical issue here.

(i1) Preliminary calculations suggest that Theorem 6 does not hold a.e.; that
is, p(¢,, 5, v) does not converge to 0 for almost all § drawn from (2) because
there are arbitrarily large random n with V, ~ logn/n?. In other words,
the Bayes bias term shows a limited degree of wobble, almost surely. Indeed,
n?V, = ¥, c,:{? where c,; = O(1), with a maximum at i = L, or L, + 1,
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where L, is the integer part
1
L, = int[— log E:|.
el 3

As i moves away from L,, the c,; decay exponentially. If K is a convenient
large positive integer, the i with | — L, | > K can be ignored, by Lemma 4. As
n increases, there are infinitely many disjoint segments I,, = {i: |i—L,| < K}.
The {’s in these segments are independent, and

P{ 3 el > Clogn}

iel,

is governed by the behavior for i = L, or L, + 1. Finally, there will almost
surely be arbitrarily large i with g’f ~logi.

(iii) There is another way to salvage Bernstein—von Mises. Suppose (1)—(2)—
(3), with 02 = 1/n and 72 = 1/i2. Instead of the l,-norm || — B||?, consider
B — B;l|2/i7. If y < 1/2, previous results apply, but Bayesians and fre-
quentists merge when y > 1/2. Of course, Theorem 4 remains in force; the
merging is only for a particular functional.

(iv) The a.e. consistency results, Theorem 5 and Remark (iii) to Theorem 1,
depend on the behavior of o2. For slow rates of convergence to 0, a.e. consis-
tency will depend on the joint distribution of the errors across n. A simple
example may illustrate the point: suppose U, is N(0, o2). If 02 = 1/n, then
U, — 0 a.e. for any joint distribution. On the other hand, suppose o7 = 2
and o2 = 1/logn for n > 1. If the U, are independent, convergence a.e. fails.
IfU, = Vi +---+V,, the V; being independent N(0, 7?) variables with
2 4 ... 4 12 = g2, convergence a.e. will hold.

3. Stochastic processes. The lead example in Cox (1993) is once-
integrated Brownian motion on the unit interval, which is used as a prior on
functions B in the model y; = B(i/n) + &;, the & being iid N(0, o) variables.
Eigenvalue expansions of the Karhunen—Loeéve type transform such problems
into discrete problems. We could not find the eigenvalues of integrated Brow-
nian motion in the literature and give an informal account here, with many
thanks to David Brillinger, who showed us all the interesting tricks. On the
equivalence between white-noise problems and nonparametric regression or
density estimation, see Brown and Low (1996) or Nussbaum (1996).

Let B, be standard Brownian motion, so E{B,} = 0 and cov(B,, B,) =
min(s, £). Once-integrated Brownian motion is X, = fé B_ds. Plainly,
E{X,} = 0. Furthermore,

t ou t ,u
_ _ _ 1,3
VarXt_Z/o/o E{Bqu}dvdu—2/0/o vdvdu = 3t°.
Then for 0 <s <,

cov(X,, X,) = %83 + %Sz(t — ).
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In short, if K(s, t) = cov(X,, X,),

3

K(s,t):%szt—%s for0<s<t

1,42 1,3
= 5st” — gt for0 <t <s.

Let A; be the ith eigenvalue of once-integrated Brownian motion on [0, 1]
and ¢;(¢) the corresponding eigenfunction. These eigenfunctions are orthonor-
mal in L?[0, 1],

(24) /0 " K(s, )by(5) ds = A,y (£)
and
X, = YR Zib o),
the Z, being iid N(0, 1) variables. Analytically,
K(s,t) = 3 hibi(5)bi(1).

i=1

For the existence of eigenfunctions and eigenvalues, and the expansion, see
Riesz and Nagy [(1955), Section 97].
Our objective is to solve (24). Dropping subscripts and rewriting, we get

(25) /Ot(%szt — 1% p(s)ds+ /l(%stz — 18 p(s)ds = A ().
t
Successive differentiations with respect to ¢ give
t 1
(26) /0 1s24(s) ds—i—/t (st — 1) p(s) ds = A'(2),
1
@7 [ (= 0d(s)ds = Ad"(0),
1
(28) — [ #(s)ds = 24(0),
t
(29) b(t) = 2™ (D).

The boundary conditions, from (25)—(28), are

(30) ¢(0)=0,  ¢'(0)=0, ¢"()=0, $(1)=0.

The solution to (29) is

(81)  (t) = Acos(¢/AY*) + Bsin(t/A"*) 4+ C cosh(t/AY*) 4+ D sinh(¢/A*),

where the constants A, B, C, D are chosen to satisfy the boundary conditions
(30). Since ¢(0) = 0, we have C = —A; and ¢'(0) = 0 entails D = —B. The
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remaining two boundary conditions lead to the following two equations, with
6 =1/\1/4:

A(cos 6 + cosh 0) + B(sin 6 + sinh ) = 0,
A(—sin 6 4 sinh ) + B(cos 6 + cosh 0) = 0.
Solve each equation for A/B in terms of 6 and equate the results, to see that
(sinh #)? — (sin #)? = (cos 6 + cosh )2,
that is,
(32) cos fcosh 6§ = —1.

Plainly, the roots 6; of (32) tend to co. If 6; is the ith root, then 0, = (2i —1)7/2
fori=1,2,....

THEOREM 7. The ith eigenvalue of once-integrated Brownian motion is A; =
1/ 0?, where 0; ~ i is the ith root of the transcendental equation (32). The
corresponding eigenfunction is given by (31), with

A =B, C=-D, A/B = —(sin 0 + sinh 6)/(cos 6 + cosh 0),

while B is chosen so the function has norm 1.

REMARK. In short, Tiz ~ 1/i* in Theorems 1-3 corresponds to integrated
Brownian motion. By a more direct calculation, Tl~2 ~ 1/i? corresponds to Brow-
nian motion itself. In this case, of course, everything can be written down
explicitly: the ith eigenvalue is A; = 1/[(2i — 1)7/2]?, and the corresponding
eigenfunction is ¢;(¢) = Asin(¢/\/\;).

4. The exceptional null set. We consider the structure of the excep-
tional null set in Theorem 2. To simplify matters, take

(33) o2=1/n and 77=1/i"%

Recall that 3, is the Bayes estimate computed from the prior defined by (2).
According to Theorem 2, for almost all 8 drawn from (2), |3, — 8|2 is of order
1/n'/2. There is a wobbly “Bayes bias” term \/F,U,(B), with F, ~ n=%2,
Being standard normal, U, (8) = O(,/log n) a.s. In short, the Bayes bias term
is O(y/logn/n*) a.s.; finer results, of course, can be proved. There is also
randomness of order 1/n%/4, due to the &’s. The next theorem shows that for
a dense set of exceptional B’s, |3, — B||? is of much larger order 1/n*, with
randomness of order 1/vnltr, where p is a small positive number at our
disposition.

THEOREM 8. Assume (1) and (33). Let p < 1/2 be any small positive num-
ber, and

oo y3-2p oo y3-2p
COZ/(; mdu and 0124/(; mdu



THE BERNSTEIN-VON MISES THEOREM 1137

Let A be any large positive number and let r be any small positive number.
For any B* € 1y, there is a parameter vector B € ly with | — B*|| < r and

@ Eg{llB, — BIP} ~ CoA/nr,
(b) varg{|B, — BI?} = C, A/n'*.

SKETCH OF PROOF. Let i, be a large positive integer. Let B; = B} for i < i,
while 82 = A/i'*? for i > i,. By taking i, large, we get |8 — 8*| to be small.
Next we use Proposition 1, with w,; = n/(n+i2). Let 3,, be the ith coordinate
of the Bayes estimate f3,,, so that

(34) (Bm - Bi)2 = (1 - wni)QBz2 - 2(1 - wni)wniﬁisi + wrzzisl2
and
(35) Eg{l|By — BI?Y = (1 — wy)*BE + Y wi, E{e?}.
Now Eg{|B, — BI*} = To+ T1 + T, where

ip—1 5 5 ip—1 i4 .2 1
(36) Ty= ,-:Zl(l_w”i) Bi = l; mﬁi = 0(;)

Aid2 C,A
— 2 — ~ 0

37) lzlo(l nl) B Z (n+L2)2 ne’

1 1 n2 1

This proves claim (a). For (b), there are two random terms in (34), with co-
variance 0. So

varg{||B, — BII® }_24(1— w,;)2w?; 7 var & +Zw . var &2

i=1 i=1

12 2 X
252 (1 —w,,;)’ws,;B? —22

As before,
zo 1 ) 1
is negligible, while

_24(1_ m)2w ﬁ _4A”Z

i=ig

% A
(n +1i2)*  nplte

and

2 & 4 e 1 _ 1
e S =20 (o = 0w

i=1 i=1
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is negligible. We have not checked details, but asymptotic normality must
follow. O

The situation is more manageable if we ignore the variances and consider
only

(39) b,(B) = E{lB, — BI*}.

As shown in Theorem 5, ¢, (8) — 0 as n — oo for any B € ;. However, the
rate of convergence can be arbitrarily slow for most B’s if “most” is defined in
a topological sense. That is the content of the next theorem. The setting is /o,
which is a complete separable metric space. A G; is a countable intersection of
open sets. If each of these open sets is dense, so is the intersection: that is the
“Baire property.” Dense G5’s are the topological analogs of sets of measure 1,
and are large “in the sense of category”; see Oxtoby (1980) for discussion.

THEOREM 9. Assume (1) and (33). Let 0 < a, 1 oo be a sequence of
real numbers that is strictly increasing to oo, no matter how slowly. Then
{B: limsup, a,,(B) = <} is a dense Gy.

Proor. By (35), ¢, is continuous. So

F(N, M) = () {a,é, < M}

n=N

is a closed set of B’s. We will show each F' to be nowhere dense. If so,

HB: limsupa, ,(B) <oo] = U U F(N, M)
n—0oo M=1N=1

is a countable union of closed nowhere dense sets, and the argument is done.
To show F(N, M) is nowhere dense, fix 8* € F(M, N). We will approximate
B* by B’s with lim, a,¢,(B8) > M. Let

1 4y3
(40) Co = /(; m du

and A = M/c,y. Take B; = Bf fori =1,...,iy — 1 while B? =A/a; —AJa;
for all i > i,. Abbreviate ¢, ; = (1 — w,;)?. By (35),

0 00 C, i X e i —Cp i
d’n(ﬁ) > Z(l_wnl)zﬁ? = Z Cn’iﬂlz :Aa_’0+A Z ;

i=i, i=i, 19 i=i, i+1

Let f(x) = x*/(n+x2)?, so ¢, ; = f(i). The dependence of f on n is suppressed
in the notation. Now

fl(x)=4nx3/(n +x?)® and f[’(x)=12nx%(n — x2)/(n + x%).
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Thus, [’ is increasing on [0, v/n] and f(x+1)—f(x) > f'(x) for 0 < x < /n—1.
As a result,

s(n) s(n)
08> A LD Ay,

i=i, Qi1 an io

where s(n) is the greatest integer that does not exceed /n — 1. Whatever i,
may be,

s(n)
2 @) = ¢
i=ig
and limsup, a,,¢,(B) > cyA = M, as required. O
The next result characterizes the lim inf. For most 8’s in the sense of cat-

egory, the mean squared error of the Bayes estimate, along a suitable subse-
quence of n’s, is ¢c;n"1/2, where

o0 1
(4D = Grepd

THEOREM 10. Assume (1) and (33). Define ¢,, by (39) and c; by (41).
(a) liminf, n'2¢, = ¢, on a dense Gy.

(b) liminf, n'/2¢,(B8) > ¢, for any B € l,.

ProOOF. Claim (a). The argument is essentially the same as for Theorem 9.
Let

F(N,M) = ﬁ {n1/2¢7n > + %}

n=N

These are closed sets, and

{B: lirrlrl)iorolfnl/zcl)n(ﬁ)>c1] G F(N,M).

||C8

To show that F(N, M) is nowhere dense, we approximate 8* € F(M, N) by
B’s with

lim n'2¢,(B) = ;.
Let B, = Bffori =1,...,ip— 1 and B; = 0 for i > i;,. We estimate ¢,(B)
using (35)—(38). As before, T, = O(1/n?), but now, T; = 0 so the dominant

term is Ty ~ n~Y2¢;. For claim (b), (35) and (38) give the lower bound, with
all Bi = 0. O



1140 D. FREEDMAN

To summarize, for most B’s in the sense of measure, the mean squared error
of the Bayes estimate is Cn~'/? with C = [;°1/(1 + u?)du. For most g’s in
the sense of category, the rate (along certain subsequences of n’s) is c;n =2,
where ¢; < C. Along other subsequences, the rate is much slower than n=1/2—
as much slower as you please. There are general results on minimax rates of
convergence and consistency of Bayes estimates in Zhao (1997) or Brown, Low
and Zhao (1998).
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