The Annals of Probability
1996, Vol. 24, No. 3, 1049-1103

SPECIAL INVITED PAPER
MAJORIZING MEASURES: THE GENERIC CHAINING
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Majorizing measures provide bounds for the supremum of stochastic
processes. They represent the most general possible form of the chaining
argument going back to Kolmogorov. Majorizing measures arose from the
theory of Gaussian processes, but they now have applications far beyond
this setting. The fundamental question is the construction of these mea-
sures. This paper focuses on the tools that have been developed for this
purpose and, in particular, the use of geometric ideas. Applications are
given to several natural problems where entropy methods are powerless.
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1. Introduction. The purpose of majorizing measures is to give sharp
bounds for the supremum of a process (X,);,.r when T is provided with a
distance d that controls the increments of the process. Typically, we will have
a condition of the type

2
11) Vs teT,Vu>0, P(X,—X,|>u)<2 exp(—dzé’t)).

The most important case is when (X,),.r is a Gaussian process, in which case
(1.1) holds for the distance

(1.2) d(s,t) = (E(X, - X,)*)12.

In that case we can even replace the right-hand side of (1.1) by 2 exp(—u2/
2d?(s, t)). The factor 2 is irrelevant and has purposely been omitted in (1.1).
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Majorizing measures allow us to find correct orders of magnitude, but are not
adapted to the pursuit of sharp numerical constants.

Majorizing measures have long been considered as an obscure and exotic
topic. The first few sections of this paper, written in considerable detail and
self-contained, attempt to show that actually the theory of majorizing mea-
sures relies on a few simple ideas.

Majorizing measures originated in the theory of Gaussian processes (where
they play an important role). They have, however, been successfully applied
in settings increasingly far from the Gaussian case. We will present two such
applications (based on a common geometric idea), which appear today as the
core of the theory, and which fortunately now have simple proofs. Due to space
limitations, it has not been possible to make the last sections of the paper com-
pletely self-contained. Yet we have included a complete treatment of (almost)
all the ingredients pertaining to the theory of majorizing measures, and the
reader having penetrated the present paper should find no difficulty in access-
ing the more specialized literature.

Majorizing measures are simply an elaboration of the traditional chaining
argument. Unfortunately, both their name and their definition are rather mis-
leading (we feel that the name “generic chaining” would be more appropriate,
since majorizing measures represent the most general possible form of chain-
ing). For this reason we have decided not to run the risk of discouraging the
reader at such an early stage, and to give the definition only after its meaning
has been made clear. This will be done in Section 2, where we discuss chain-
ing at length, we prove the majorizing measure bound and we compare it
with Dudley’s entropy integral. This choice prevents the precise statement of
any theorem in this introduction, which therefore constitutes only a high-level
description of the contents of the paper.

We certainly wish to dispel the myth that majorizing measures are “fancy
stuff” that can safely be ignored for all practical purposes. As a first step
in that direction, we will explain in Section 3 why entropy methods fail to
explain on which ellipsoids of Hilbert space the canonical Gaussian process is
bounded.

The first major success of majorizing measures was to characterize sam-
ple boundedness and sample continuity of Gaussian processes (a problem go-
ing back to Kolmogorov). The meaning of this result is simply that, for any
Gaussian process (X,),cr, there exists a “generic chaining” (i.e., majorizing
measure) that provides a bound for E sup,.r X, which is of the correct order.
This is nice to know, because we no longer have to seek other methods to
bound Gaussian processes. This, however, does not address the more impor-
tant question of how to construct such chainings, and how to determine in
practical situations the order of E sup,.; X,;. Very much remains to be done
in that direction. There has, however, been one successful idea, of a geometric
nature, relying on proper use of convexity. This idea is closely connected to the
correct understanding of the ellipsoids of Section 3. It is quite interesting that
a single construction allows one to treat both the “geometric” case and the case
of general Gaussian processes. This construction is presented in Section 4, the
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characterization of boundedness of Gaussian processes is given in Section 5,
and in Section 6 we explain the structure of ellipsoids with respect to majoriz-
ing measures. As an application we sketch how to derive a theorem of Ajtai,
Komlos and Tusnady, with an approach rather different from the original one.

Majorizing measures have recently made it possible to clarify and generalize
an extremely difficult result of Bourgain [3] in harmonic analysis, in a setting
very different from the Gaussian one. Due to a lack of space, we will not discuss
the entire problem, but rather we will concentrate on a result (of independent
interest) which is the main step of the new approach. This result (Section 7)
involves the construction of a majorizing measure using geometric ideas in
the spirit of Section 6.

As we have mentioned, much remains to be understood concerning the con-
struction of majorizing measures. In Section 8 we will describe a few open
questions in that direction, some of which have deceptively simple statements.

For many processes of interest, the increments are not controlled as simply
as (1.1), by one single distance, but rather by several distances. Yet in several
cases the lower bounds of Section 5 have been extended. In Section 9 we will
provide motivation for the necessary adaptations in this direction.

This paper will not discuss the history of the topic. This history, up to 1985,
is sketched in [14]; the subsequent progress discussed here is the author’s
work, and can be tracked down in the author’s publications given in the Ref-
erences ([14]-[24]).

2. Chaining, generic chaining, majorizing measures. In this section
we consider a metric space (7', d) and a process (X;),cr- The word “process”
means here only a collection of r.v’s. The notation 7' (= time) for the index
set has historical reasons, but does not mean that T is a subset of R or R".
For specificity we assume that the increment condition (1.1) holds, although
there is certainly nothing magical about this special condition. Our objective
is to find upper bounds for the “size” of the r.v. sup,.y X,. For the purposes of
this paper a good measure of this size is E sup,.p X,. To avoid problems with
the supremum of possibly uncountably many r.v’s (each of them being defined
a.e.), we define

Esup X, = sup{Esup X FcCcT, F ﬁnite}.
teT teF

We will assume that EX, = 0 for each ¢ € T. Then, given any point ¢, in
T, we have

Esup X, = Esup(X, — X, ).
teT teT

The latter form has the advantage that we seek estimates for the expectation
of the nonnegative random variable Y = sup,.p(X,; — X, ) (where F is a finite
subset of T').

Then

EY = [ P(Y > u)du.
0
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Thus we look for bounds of

pP (sup(Xt -X,) = u) .
teT

The first bound that comes to mind is

(2.1) P(sup(X, - X,)zu) = ¥ P(X,— X,, = u).
teF teF

This bound is not going to be so bad if the variables X, — X, are rather
uncorrelated. However, it is a disaster if the variables (X,),.r are nearly iden-
tical. Thus it seems a good idea to regroup those variables X, that are nearly
identical. To do this, we consider a finite subset T; of T, and for ¢ in T we
find p(¢) in T';, which we can think of as a (first) approximation of ¢. Those
values of T to which correspond the same p;(¢) are, at this first level of ap-
proximation, considered as identical. We then write

(2.2) Xt - Xto = Xt - XP1(5) + Xpl(t) - Xto'

The idea is that the terms X, ;) — X, will be handled through (2.1), since
there are not too many of them, and since the variables (X,),cr, are really
different. On the other hand, the variables X, — X, (; are “smaller” than the
original variables X, — X, , so their supremum should be easier to handle.
The procedure will then be iterated.

How do we measure that p(¢) is close to t? One could require something
like

(2.3) v t, d(t, pi(%)) < Tl()diam T,

where the diameter diam T of T is sup{d(x, y); x,y € T'}.

Writing (2.3) means that we measure distances with the size of T as unit
scale. This is notationally not a good idea; rather we measure distances by
comparing them with numbers r~%, i € Z. For the purposes of the present
section, we could take r = 2. It will, however, be convenient for the sequel to
allow larger values of r. (Thus we assume r > 2.) To measure the size of T', we
consider the largest i € Z such that diam 7' < 2r~%. The factor 2 is convenient
but unimportant. For j > i, we consider a finite set I1; of T', and for ¢ € T,
we consider points 7;(¢) € I ;. The idea is that the points 7 ;(¢) are successive
approximations of ¢. The fundamental relation is

(2.4) X=Xy =2 X0~ Xa 00
J>i

which decomposes the increments of the processes as one moves from ¢, to
¢t along the “chain” ;(¢). To make (2.4) true, we require that ;(¢) = ¢, for
every t in T. The potentially infinite series in (2.4) could also create problems;
but in fact (2.4) holds a.s. under the mild condition

(2.5) lim d(¢, 7)) = 0.
J—>o0
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To express that 7 ;(¢) approximates ¢, we could control the distance of # and
m;(¢). From (2.4), we see that what matters is the distance between 7 ;(¢) and
m;_1(t). It turns out to be convenient to assume

(2.6) VteT, VY j>i, d(m(t), mi_y(t)) < 2r I+L,

The factor 2 is convenient but unimportant.
The traditional way to use (2.4) is as follows. Assume that for certain posi-
tive numbers a ;, we have, for some u > 0,

2.7 Vite T, \4 J > 1, X’)Tj(t) — X7Tj71(t) < ua;.

Then, if F is a finite subset of T' on which (2.4) holds, we have, setting S =
> j-ia;, that

(2.8) VieF, X,-X, <S5u

Consider the number M ; of all possible pairs (7 ;(¢), 7;_1(¢)) as t varies
through T'. Then, using (2.6) and (1.1), we get

u?a’®
PEteT, X, — Xy ,1)>ua;)<2M; exp—m
and thus
u?a?
(2.9) P<StlelpPXt_Xt° zuS) §§2Mjexp—m.

We see then that it is a good choice to take
a;= 2r‘j+1\/10g 2/-IM ;.
In that case, the right-hand side of (2.9) becomes
S 2M (27T M )

J>i

For »? > 1, this is at most

Y202/ ) <227 ( 3 2—j+i+1>

j>i j>i
<4.27%
and thus, in particular,
(2.10) Esup X, < KS.
teT

Here, as well as in the rest of the paper, K denotes a universal constant, not
necessarily the same at each occurrence.

How, then, does one construct the points 7 ;(¢)? A simple method is to choose
I1; such that

VteT, ¥V j>i, Jucll, d(t,u) <r.
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One then picks 7,(t) € I, such that d(¢, 7;(¢)) < r~/. This implies (2.5) and,
by the triangle inequality, this implies (2.6).

How does one control the number M ;? We see that, if we set N ; = cardIl},
we have Mj < NJ-Nj,l, so that

S <Y 27" flog 21N N,

J>i

It is more elegant to express this bound in a simpler manner. Using that

Vab < Ja + /b, we have
S < er—f“(/j “i/log 2 +\/log N; +\/10g Nj1>

J>i

(2.11)

< K(r)(ri + 7 flog NJ).

Jj=i
Here, as well as in the rest of the paper, K(r) denotes a constant that depends
on r only. Let us now make a simple observation: the definition of i shows that

2r~i71 < diam T.
Thus we cannot have N,,; = 1, since then we would have diam 7' < 2r=i-1,
Thus N;,.; > 2, and thus
ri < K(r)r_i_l\/m
and (2.11) becomes
(2.12) S<K(r)Y.r /log N,.

Jj=i

Certainly it is to our benefit to take N ; as small as possible. Let us recall
the definition of covering numbers. Given a metric space (7, d), we denote by
N(T, d, ¢) the smallest number N such that for a certain subset U of T' with
cardU < N we have

VteT, 3uecl, d(t,u) < e.

Equivalently, N is the smallest integer such that T' can be covered by N closed
balls of radius & (for the distance d). Then we can take N; = N(T,d,r/).
Certainly the numbers N(7T, d, ¢) increase when & decreases. Thus

e<r /= N(T,d,e)> N;.
Thus

/0 Jlog N(T. . e)de = Y (r 7 =771 flog N,

Jj=i

so that (2.12) becomes

S < K(r)/or Jlog N(T. d, o) de.
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We observe that N(T', d, ¢) = 1 for ¢ > 2r—' > diam 7, so that there is no loss

in writing [;° rather than [ . Taking r = 2, we have proved the following
result.

PROPOSITION 2.1 (Dudley’s entropy bound). Under (1.1) we have

(2.13) EsupX, <K [ Jlog N(T.d, &) de.
teT 0

When we look back at the above proof, we realize that we have not been
very cautious. A first observation is that, since by the chaining equation (2.4)
we try to control the increments X ) X =,1(t) 1t 18 to our advantage to
arrange that

(2.14) Vs, te T, 7TJ(t) = ’77'](3) = 7TJ71(t) = ’77']'71(8),

because this ensures that there will be fewer such increments to control. It
seems also a very minor restriction to assume

(2.15) Vouell,, mi(v) =v,
so that, by (2.14),
(2.16) 7TJ_1(t) = 7TJ_1(7TJ(t)),

since 7 ;(7;(¢)) = 7;(t) by (2.15).

Thus, by (2.14), controlling the increments X, ;) — X, ;) means control-
ling the increments X, — X ) for v e Il ;.

We should observe in passing that there are now at most N ; = cardII; such
increments. This is better than our previous estimate N ;N ;_;. This observa-
tion does not allow us to improve upon (2.11). (It is, however, essential when
one attempts to extend (2.11) to cases where (1.1) is replaced by a moment
condition || X, — X[, < d(s, t); see [16] and [13].)

We observe that, under (2.16), (2.7) becomes
2.17) VveHj, X, - X <ua;.

7T_/-1(”) —
The crucial new idea of the majorizing measure bound is to replace (2.17) by
(2.18) Voell, X,—-X

ﬂ'j—l(v) = uaj(v)’

where the number a j(v) > 0 depends on j, v. We observe under (2.18) that, if
(2.5) holds for each ¢ in F, we have

ViteF, X, — X, <uS,
where

S = sup > a;(m;(2)).

eT j>i
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Thus
P(sup(Xt -X,)= uS) <) Y P(X,- X, ) = ua;(v))
teF J>ivell;
(2.19) (o)
<X % 2o~ oy )
J>1 vell;

This bound brings information only when the right-hand side is less than
or equal to 1. Thus it is natural to require that this is the case for u = 1, and
thus

a’(v)
JZ>,- UEXH:? exp(—(2r_j+l)2> <1.
In other words, setting
a%(v)
— J

we want to have > w ;(v) < 1. This condition reminds us of a “total weight
at most 1,” and this is where the idea of probability comes in. Consider a
probability w on T, and set

vVji>1 Vovell, w;(v) = p({v}).
Thus, by (2.20),

. 2
a:(v)=2r7* [log .
i) / ee)
Thus, by the definition of S,
. 2
(2.21) S=2sup r 7/ [log——F————.
P2 ({7 (OD

For u > 1, the right-hand side of (2.19) is
w;(v)\*
J 1-u?
22 2( 2 ) =27,
Jj>i vell;

since

w (v) u? 2
o{22) mon
and this ensures that

Esup(X, - X, )< KS.
teF

Thus we have proved the following result.
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PROPOSITION 2.2. If w is a probability measure on T, then, under (1.1),
(2.5), (2.6) and (2.15), we have

(2.22) Esup X, < Ksup)_ r”l\/log e, (t)})

teT teT J>i

This is, in essence, the majorizing measure bound. The formulation is, how-
ever, neither the most useful nor the simplest possible. It thus remains to
reformulate this result.

We observe that each map ; defines a partition .o7; of T'. The partition =7;
is the collection of sets (A,),cr1,, where

A, ={teT; m;(t)=v}.

We have o/, = {T'}, and condition (2.16) implies that the sequence (.%7;);.; is
increasing.
We note also that, by (2.5), (2.6) and the triangle inequality,

VieT, dt,m@t)<2)rt<4r/
{>]

since r > 2. Thus
(2.23) VA-c L, diam A < 8r7 /.

This explains why increasing sequences of partitions that satisfy (2.23) will
play such an important role in the sequel. Rather than (2.23) we will use (for
unimportant reasons)

(2.24) VAeo/, diamA<2r .

Given an increasing sequence of partitions (.2;) ;.;, we will, throughout the
paper, denote by A ;(¢) the unique element of .27; that contains ¢. The following
is a simple reformulation of Proposition 2.2.

PROPOSITION 2.3. Consider an increasing sequence of partitions (%7;) j-; of
T, such that of; = {T}. Assume (1.1) and (2.24), and consider a probability
measure u on T. Then

1
(2.25) Esu X, < K(r)su r~7 |log ————.
pX: = K(rjsup) / & WA, ()

In the statement we, of course, implicitly assume that the sets of the par-
titions are w-measurable.

PROOF. In order to apply Proposition 2.2, we choose, for each j > i and
each A € o/}, an arbitrary point x4 € A. For each ¢ € T, we define

Thus (2.5) and (2.6) hold and (2.15) holds since the sequence (/) .; increases.
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Since Y. Y acw, 2777 1(A) < 1, it should be obvious that there exists a
probability u’ on T such that

Vi>i,VAeo,  p({xa}) =27 u(A).

We now apply (2.22) to u' rather than u to get

, 9j—i+1
(2.27) EsupX,<Ksup) r /! [log—— .
et teT ng (A ;(2))

This is not quite (2.25). However, we observe that

9j—i+1
\/1 S\/j—i+1\/log2+\/log

1
%8 WA (1) w(A (1)

Thus the right-hand side of (2.27) is at most [using Ej>ir‘f\/j— i+1 <

K(r)r7]
i 1
K(r) ( +i§£§\/1°gw)’

To complete the proof, it suffices to show that

. 1
r<K(r)su log ———.
(r)sup 2.\ o8 L @)

This is a variation of the argument used at the same place in the proof of
Proposition 2.1. By (2.4) and since diam 7' > 2r~'~!, we must have card .+, ; >
1. Thus there is A € &7 with n(A) <1/2.If t € A, then

—i o —i- 1
’ —K(”<r 1\/1°gu<Ai+1(t>>)' -

Thus we have shown that increasing sequences of partitions of 7" are closely
linked to the “generic chaining” argument we have presented in this section.
Moreover, the main result of this paper will be an efficient method to con-
struct such sequences of partitions. Nonetheless, there is a stronger form of
Proposition 2.3 that is sometimes useful, and is more elegant, in the sense
that it forgets the partitions and remembers only w. It is due to Fernique [5].
To formulate it, we denote by B(Z, ¢) the ball of radius ¢ centered at ¢.

PROPOSITION 2.4. Consider a probability won T. Then, under (1.1), we have

oo 1
(2.28) Esup X, < K sup log —————de.
el teT /o n(B(t, £))
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Thus the measure u provides a bound for E sup,.x X,, and hence is called
a majorizing measure (although the name is implicitly reserved for those u
that give a decent bound!). We observe that if ¢ > diam 7', then B(¢, &) = T, so
that w(B(t, £€)) = 1 and the integrand is 0. Thus the integral is in fact between
0 and diam T'. The link with (2.25) is that

A (t) C B(t,2r™).

Thus, after comparison of the integral with a series, (2.28) appears as an
improvement upon (2.25). It must be stressed, however, that, the historical
and elegant formulation of (2.28) notwithstanding, it is the formulation of
majorizing measures through a sequence of partitions and a family of weights
that now appears as the important concept.

To prove that (2.28) follows from (2.5), we will have, given u, to construct an
appropriate sequence of partitions of 7'. This is not a triviality. The possibility
of this construction was observed around 1985, independently in [1] and [15]
(although (2.28) was known much earlier [6]). Quite remarkably, a similar
construction is now at the center of the theory (Section 4). In order to avoid
repetition, we will delay the proof of Proposition 2.4 until Section 4.

Certainly in (2.28) we are interested in the case where the right-hand side
is as small as possible. We define the quantity y,(7', d) as

00 1
T,d) =inf su log —————de,
7T, d) J/o / & W(B( #))

where the infimum is taken over all probability measures, and we reformulate
Proposition 2.4 as follows.

THEOREM 2.5 (The majorizing measure bound). Under (1.1), we have

Esup X, < Kyy(T, d).
teT
It should be pointed out that if we consider another metric space (7", d’),
such that there exists a contraction ¢ from T onto 7', it is obvious that
vo(T",d") < vo(T, d). (This is about the only result where the formuation
of Proposition 2.4 is easier to use than the formulation of Proposition 2.3.)

3. A first look at ellipsoids. In this section we explain a natural way
to look at Gaussian processes, as indexed by a subset T of the space ¢2 of
sequences ¢ = (¢,) for which [¢]| = (3,21 ¢2)"/? < co. We then demonstrate
that when T is an ellipsoid, Proposition 2.1 is not sharp.

Consider a sequence (g,),-; of independent standard normal r.v’s. For ¢ =
(¢tn)n>1, We can define

(3.1) X, =Y t,g,

n>1

(convergence in L? and a.e.). Formula (3.1) defines a Gaussian process (X, );c.2-
We observe that EX? =", ¢2. Since X, — X, = X,_,, the distance induced
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by the process on ¢2 following (1.2) coincides with the distance induced by the
norm of ¢2.

To each subset T of ¢2 we associate a Gaussian process (X,),.r and
we would like to understand, as a function of the “geometry” of 7', when
E sup,.; X, is finite. The reason this is an important question is that this
amounts in fact to studying E sup,.y; Y, for any Gaussian process (Y,);cy. In-
deed, it can be shown that if (4,),-; is an orthonormal basis of L%(2), where
() is the basic probability space, and if, for ¢ € U, we set ¢(t) = (E(X,;h,)),>1,
then

EsupY,=Esup X, = E sup X,.
teU teU tep(U)

The traditional example used to demonstrate the superiority of Proposition
2.4 over Proposition 2.1 is the case where

e
T = ~—; n>2t,
{\/logn }

where (e,) denotes the canonical basis of ¢2. It is left to the reader to check
that

1
log N(T =
Jlog N(T.d.2) =

(where d denotes, of course, the distance induced by H), so that the integral
in Proposition 2.1 is infinite. On the other hand, y,(7', d) < oo, as is witnessed
by a measure u such that

M<{\/10gn}> = Kn(1<1>gn)2

(through a simple calculation). This example is somewhat canonical, but it is
also somewhat artificial. We will rather consider here the case of the ellipsoids

2
(3.2) o”:{t:(tn); Zt;g}
n>1 an

(where a,, > 0). Certainly it is difficult to argue that ellipsoids are unnatural.
Using (3.1), we have, by the Cauchy—Schwarz inequality,

1/2
sup X, = ( 3 aigi) ,
te& n>1

so that

12 12
Esup X, = E( > aig%) < <E > aig%)

ted n>1 n>1

1/2
()"
n>1

(3.3)
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It is not difficult to show (using the tail properties of Gaussian processes)
that (3.2) is sharp in the sense that

1/2
(3.4) ( 3 aﬁ) < KEsup X,.

n>1 tes

Thus we may feel that we understand the behavior of ellipsoids with respect
to the process (X,). This is a very dangerous illusion. We actually benefited
from a kind of coincidence that allows the computation of (3.3). We will show
that Proposition 2.1 does not explain (3.3). It turns out that for the ellipsoid
(3.2) we have

1/2
(3.5) yo(&) < K( 3 ai) ,

n>1

where we make the convention (valid throughout the paper) that we omit the

mention of the distance when we deal with subsets of Hilbert space and the

distance induced by the norm. Only after (3.5), which is not trivial, is proved,

can we say that we really understand (3.3) through Theorem 2.4. The rest of

this section is devoted to estimates of entropy numbers for ellipsoids (which

were discovered around 1960—see [12] and [9]) and a discussion of the results.
Consider the ellipsoid (3.1). For k € Z, we consider

I,={n; 2% <a, <27%1},
J,={n; a, >27"}

We set n, =cardl;,, m, =cardJ, =3, n,.
LEMMA 3.1. We have N(&,27%71) > 2™,

PRrROOF. Consider the space H) of sequences (Z,),cs, provided with the
Euclidean norm. The map ¢: ¢* — H,, that sends (¢,),-1 to (¢,),c J, satisfies

le) = e(@)] < It - ull-
Thus
N(¢, 27" = N(g(£), 274,
Now, if we denote by B the unit ball of H,, we see that 27*B c ¢(&). Thus
N(e(£),27F 1) > N@27*B,27%1).

Setting N = N(27*B, 2-%71), by definition we can find points ¢4, ..., £y such
that

27*Bc (J@*1B+¢).
(<N

Thus, denoting by Vol the m ,-dimensional volume, we get
Vol(27*B) < N Vol(27*71B).
Since Vol(aB) = a™+Vol B, we get N > 2™+ O
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It follows from Lemma 3.1 that
2+ [log N(&,2-+1) = 274 ymy = 27* /my.

In particular, we get

Y 2k g < K/OOO Jlog N(&, &) de.

keZ
On the other hand,
1/2 1/2
(Za,%) 52(222knk> :
n>1 keZ

In view of (3.3), this shows that Proposition 2.1 does not give a correct bound
in the case of ellipsoids, as is seen in the case Y.27% /n, = 0o, Y 27%n,, < oco.
We now turn to upper bounds for N(&, ¢).

LEMMA 3.2. log N(&,27"Y) < K'Y, _1(k — €+ 3)n,.

PROOF.
Step 1. We observe that, if ¢ € &, then
1> Y LA 22k 5" 42
> i P
ng¢gd, n n¢dy

so that (3., t2)%/% < 27%. It should then be clear that
N(¢, 27 < N(¢', 275),
where
/2
f/:{tEHk, ngl}
neJk n

and where H, has been defined in the proof of Lemma 3.1.

Step 2. Consider a subset Z of &’ with the following properties:

(3.6) Any two distinct points of Z are at mutual distance greater than 2.

(38.7) The cardinality of Z is as large as possible.

The last condition implies that the balls of radius 2% centered at Z cover &”.
Thus

N(&',27%) < card Z.

On the other hand, by (3.6) the balls of radius 2%~ centered at the points of
Z are disjoint. These balls are contained in &’ 4+ 27*~1B, where B is the unit
ball of H,. Thus, if we denote again by Vol the m;-dimensional volume,

(3.8) card Z Vol(27*"1B) < Vol(¢' + 27 %1 B).
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Since a,, > 2% for n € J,, we have 27*B C &, so that (crudely) ¢’ +2*1B ¢
2¢&" and

Vol(&' + 271 B) < 2™Vol(&").
Now
Vol(&') = ( I1 an>Vol(B)

ned,,

< [] 2 PmVol(B),
<k

since a, <2 ! forn e I,.
Combining with (3.8), we get

card Z < 4™ (2F+1yme [T 270 = [T 2%+,

<k 1<k
Thus
log N(&,27%1) <log card Z < log 2( d(k—t+ 3)n[>. |
<k

It turns out that ellipsoids for which }" a2 < oo do satisfy a certain condition
on their entropy numbers.

PROPOSITION 3.3. For the ellipsoid & of (3.2), we have

(3.9) [ elogN(& e)de <K Y al.
0

n>1

REMARK 1. We leave it to the reader to show, using Lemma 3.1, that

Y al < K/ elog N(&, ¢)de.
0

n>1

REMARK 2. In Section 6, we will prove, using the geometry of ellipsoids,
that

v2(&) = (/0008 log N(¢&, 8)da>1/2.

Combined with (3.9) and Theorem 2.4, this provides a considerably longer, but,
as will be demonstrated, considerably more instructive proof of (3.3) (with a
worse constant).

PrOOF. It is standard to show that

/ elog N(&,e)de < K'Y 22k log N(&,27").
0 keZ
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Using Lemma 3.2 and interverting summation, we get

Y 272k log N(&,27%) < K> Y. 27%(k — £+ 3)n,
keZ keZ t<k

=K Z( > 2728k — 0 4 3))715
LeZ \ k>t

<KY 2%n,<KY d2. O
LeZ neN

4. The partitioning scheme. The ancestor of the scheme we present in
this section was invented to study Gaussian processes, that is, as explained
before, subspaces of Hilbert space provided with the induced distance. Fortu-
nately, the method is valid in any metric space. It allows one, under general
conditions, to construct increasing sequences of partitions such as those of
Section 2.

Consider a metric space (7', d). We denote by B(¢, a) the ball centered at ¢
of radius a.

We assume that, for j € Z, we are given a map ¢;: T — R*. We assume
that

(4.1) S =sup{p;(t); jeZ, teT} <oo.
Consider a function §: N — R*, and assume that

(4.2) lim 6(n) = oc.

n—oo

We assume that, for certain numbers r > 4, 8 > 0, the following holds, for
any point s of T, any j € Z and any n € N:

(4.3) Given any points ¢y, ..., ¢, of B(s, r~/) such that
Vp,g<n, pFEg=d(t,t)=r i
we have
(4.4) ¢(s)=rPo(n)+ min e ;5(t).
The parameter 8 will be used for later purposes; for the moment the reader
should assume B = 1. The most important case is when 6(n) = ,/log n [or

6(n) = K—',/log n]. Before we comment on the more subtle aspects of condi-
tion (4.4), we state a typical result.

THEOREM 4.1. Assume that condition (4.4) holds for B =1, 6(n) = \/log n.
Consider the largest i € 7 such that diam T < 2r~'. Then one can find an
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increasing sequence of partitions (/) ;-; of T and a probability measure u on
T such that

(4.5) sup > r7/ log(1//LL(AJ~(t)))1/2 < K(r)S.

teT jog

To make the case that this is useful, we must demonstrate that (4.4) is a
weak condition, and explain what these mysterious maps ¢ ; are and how to
find them. First, (4.4) is weak because there is a min rather than a max on
the right-hand side. The second (and crucial) reason is that on the right-hand
side of (4.4) there is the index j + 2 rather than j + 1. The point here is that
in all the cases we will consider ¢ ;(s) will be a kind of measure of the size of
B(s, 3r=/). The number ¢ »(¢,) then depends only on the ball B(t,, 3r=7/~2).
Since d(t,,t,) > r~/7! for ¢ # ¢/, these balls are well separated from each
other, at least for » > 8, and lie well inside B(s, 3r~/). How, then, does one
choose the maps ¢ ;? In the setting of Theorem 4.1, the choice

(4.6) ¢ ;(s) = vo(T, d) — vo(B(s, 2r™7))

always yields an essentially optimal result (and is essentially the choice made
in Section 5). However, in many cases, we want to use Theorem 4.1 to get an
upper bound on y5(7T', d), because this quantity is so elusive; for this reason,
we cannot use the choice (4.6). Rather, one has to make a guess (based on the
geometry of the situation) of useful functions ¢ ;, a task that I could carry out
in several situations of interest. Other situations of interest, where I did not
succeed, are presented in Section 8.

Before proving Theorem 4.1, we feel it appropriate to provide a natural
example of a situation where condition (4.4) holds. This will help to illustrate
why it is rather weak.

PROPOSITION 4.2. Assume that u is a probability measure on T, and that

o0 1
S =su log ——— de < 0.
te%’/o / & w(B(t, 2) *°

We take r = 8, and we define

¢ ,(t) = sup !fo \/log m de; d(t,u) < 2r—f} .
Then conditions (4.1)—(4.4) hold with 6(n) = (1/r%),/log n.
Together with Proposition 2.3 and Theorem 4.1, this proves Proposition 2.4.
PrOOF. Conditions (4.1) and (4.2) are obvious. We prove (4.4). Consider

S,t1,...,t, asin (4.3). For £ < n, consider s, € B(t,, 2r—/72).
We observe that

d(s,s;) <d(s,t,)+d(t,,s)<r 7 +2r 72 <2r 7/,
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We also observe that, if £ £ ¢/,
d(s;, sp) = d(ty, ty)—4r 72> r 7t _4r 72 > 472

since r = 8. Thus the (open) balls B(s,, 2r~/~2) are disjoint for ¢ < n. Thus
we can find ¢ for which w(B(s,, 2r=/72)) < 1/n.
Now, since s, € B(s, 2r~/), we have

T
s [\t 0

log de+r72/log n,

N
w(B(s #))

since the integrand is at least /log n for r—7-2 < & < 2r~772,
Thus

<pj(s)> (r 7Jlog n n)+m1n/ \/1 gM(B(Sz 8))d

Taking the supremum over all possible choices of s, finishes the proof. O

We now perform the main construction using conditions (4.1)—(4.4) to pro-
duce a sequence of partitions, which, in some sense, is not too large.

PROPOSITION 4.3. Assume conditions (4.1)—(4.4). Assume that T has finite
diameter, and consider the largest i € 7 such that diam T' < 2r~". Then one can
find an increasing sequence of partitions (/) j-; of T, and, for each A € <7,
one can find a natural number £ j(A) such that the following properties hold:

(4.7) Each set of o/; has diameter at most 2r=J.

4.8) Given j > i, any two sets A, B of o/, that are contained in the
"’ same element of o/;, we have £, 1(A) # £;,1(B).

(4.9) VieT, 3 r Pt (A1) <48.

Jj=i

REMARK. One should observe that (4.3), (4.8) and (4.9) imply that each
partition 7 is finite.

PrROOF. Together with each set A € .o7;, we will also construct a distin-
guished point u j(A) € A such that

(4.10) Vte A, d(t,u;(A) <r .
This condition implies (4.7).
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The construction proceeds by induction over j. For j = i, we set &/ =
{T}, ¢;,(T) =1, and we choose «;(T") such that

@i20(ui(T)) > sup{e;,o(t); te T} g

We now assume that the partition o/, has been constructed, as well as
the points u;(A), A € ;. To construct o7, 4, it suffices to partition any
given element A of .2/, into elements of »/; ;. This will be done by a kind of
exhaustion argument that will produce pieces of A one at a time. The index
of any piece will simply be the rank at which it is constructed.

At the first step, we pick ¢; € A such that

®jia(t1) = sup{e;o(t); t € A} — 2077718,
Our first piece of A is then
D, =ANB(t, r /.

We then repeat this procedure replacing A by A\D;, and we continue until

A is exhausted. More formally, we construct ¢, ..., ¢ pin A such that
tp € A\ U B(¢, r7h
l<p
and
41D ¢ja(ty) = SUP{‘PJ+2(t); te A\ U B(, r_j_l)} —2i=i-18,
l<p
and we set

D,=B(t,, r’Hn <A\ U B(t,, rjl)).

l<p

The sets (D,),-; are disjoint by construction, and form the partition of A
we wanted to construct. [It follows from (4.3) and (4.4) that the construction
eventually stops.]

We set

(4.12) uj(Dy)=t,,  £;1(Dy)=p.

In particular, (4.8) holds. Thus, it remains to prove (4.9).

We observe that, by (4.10), we have d(u ;(A), t,) < r~J for each p. Also, by
construction, for ¢ < ¢’ we have d(t,,t,) > r~/~'. Thus, by (4.4), for each p we
have

(4.13) ¢ (u;(A) =rPo(p)+ min ¢ ;. 5(2).
On the other hand, we have
t, € A\ | B(¢, r=i7h),

l<p
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so that, by (4.11) (used for ¢, rather than ¢, where ¢ < p), we have
®ia(te) = ¢ ji0(t,) — 27718
and thus, by (4.13),
(4.14) 0 (;(A)) = ©:a(ty) + rPI0(p) — 279718,
Consider now ¢ € D,. Then
A=A{), Dp=A;u(), 11(A () = £ (Dp) = b,
so that (4.14) can be rewritten
(4.15)  ¢;(u;(A[(D) = ¢ jya(ty) +rPI0(E;,1(A,1(8)) — 279718,
We now observe that
u=1u;(A;2(t) € Aja(t) CAj(8) =D,
so that, by (4.10),
®ja(ty) = @ a(u) — 277718
and combining with (4.15) gives
¢ (u(A;(1)) = ¢t jia(A () + P70 ;11 (A (1) — 27778,
This holds for any ¢ in T. We sum this relation for j > i to get

2P0 (A 1 (0) = 28 + 0 (i (A1) + @ii1 (11 (A (1)) < 4S. D

J=zi
Here is another version of Proposition 4.3.
PROPOSITION 4.4. Consider a metric space (T, d). Assume that for j € Z

we are given a map s ; from T to R*. Assume that pi(t)<Sfor jeZ,teT,
and that under (4.3) we have

(4.4bis) max Wio(ty) = P (s)+ r~Pio(n).
Then the conclusion of Proposition 4.3 holds.
PrROOF. Use Proposition 4.3 for ¢ ;(¢) = S — ¢ ;(¢). O
We now relate condition (4.9) with majorizing measures.

PROPOSITION 4.5. Consider a metric space (T,d) and an increasing se-
quence (7;)-; of partitions of T, and assume that, to each A € <7}, j > 1,
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we associate a number £ ;(A) € N that satisfies (4.8). Then there is a probabil-
ity measure w on T such that, given o, B > 0, we have

sup > r~F/(log(1/m(A ;())))"*

teT J>i
(4.16) | |
< K(a, B, r)(r—ﬁ‘ +sup Y rPi(log zj(A,-(t)»““),

teT g

where K(a, B, r) depends on «, B, r only.
REMARK. For now, we care only about the case a =2, g =1.

PrROOF. For j >1i, A € o/;, we construct numbers w ;(A) as follows.
We start the construction by setting w;(7') = 1. Assuming that the numbers
wj_1(A) have been constructed for A € o7 4, if B € &/}, we set

1
(4.17) w;(B) = WWJA(A),
J

where A is the element of .o7;_; that contains B. Since

we see from (4.17) that
YA{w;(B); Be o/;, BC A} < %wj,l(A).
Thus, by induction over j, we see that

Y wi(A) <27

Acd;

and thus

Y Y wiA) <L

Jj>i Aess;
It follows that there exists a probability u on 7' such that
Vjzi, YVAe, r(A) > w;(A).
Consider now ¢t € T, j > i. Then, by (4.17), we have
wi(A;(1) =477 T[] t(Ax) 72,

i<k<j

so that
(4.18) log i)log 442 Z log ¢,(AL(2)).

i<k<j

444}444,< (‘_,
WAt =
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We first consider the case a > 1. This is the most important and also the
easiest, because in this case, setting § = 1/a, we have (x + y)® < x® + y°%, so
that

1 d - Y ) 1)
(4.19) <log M(Aj(t))) <K(j—-i)+2° ) (log £,(A,(2)))°.

i<k<j

Thus, by changing the order of summations,

. 1 8 . .
> 94 log ) KT iy +2 (X ) dog tu(an(e)’
j>i n(A;(2)) j>i k=i \ j=k
which finishes the proof.

In the case @ < 1 (which should be omitted at a first reading), we need a

substitute for (4.19). We observe that the function x — x° is convex, so that,
for numbers y, > 0 and numbers a; > 0, with > a, = 1, we have

(Z leyk)(s = Zaky;i-
Thus, taking a;, = arf*=)/2% where a™! = ¥_,.; r#Y?% we see that (setting
Y = xi/ap)
5
< > xk) < Y @ap’y}
i<k<j i<k<j
and thus

<log M)S < K(a, B, r)[(j —iY 4 Y AR <log M(Alj(t))>3]

i<k<j

and the proof is then finished as before. O

PROOF OF PROPOSITION 2.4. Combining Propositions 4.2 and 4.5, we obtain
a bound

K(r)(r'i4+8)

for the left-hand side of (4.5). To prove that r—/ < K(r)S, one then uses an
argument similar to the one given after (2.11).

5. Gaussian processes. In this section we go back to general Gaussian
processes (X, );cr. There is no special advantage in considering the “canonical”
setting where T is a subset of ¢2, so here (X,),.y is simply a jointly Gaussian
family of centered r.v’s indexed by 7. We provide the index set 7' with the
distance (1.1).

THEOREM 5.1 (The majorizing measure theorem). For some universal con-
stant K, we have

1
(5.1) —v(T,d) < Esup X, < Kvy(T, d).
K teT
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This statement characterizes the sample boundedness of the process as a
function of the geometry of (7', d) (and results about continuity follow easily).

We observe that Theorem 5.1 does not say how to evaluate the quantity
(5.1) in concrete examples. Rather, the content of Theorem 5.1 is that there
is no other way to bound E sup,.r X, than to find a good majorizing measure
onT.

PROOF OF THEOREM 5.1. The right-hand inequality is a special case of
Proposition 2.4. To prove the left-hand inequality, by Theorem 5.1, it suffices
to prove that the functions ¢ ;(¢) on T' given by

¢ (t) = Esup{X,; d(u,t) < 2r~7}
satisfy (4.4) for
o) = ologn,  B=1,

provided r is large enough.
There are two key ingredients to this proof.

LEMMA 5.2 (Sudakov minoration). Assume that
¢, <n, C#£0 = d(t, ty) > a.

Then we have, for some universal constant K,

1
(5.2) Esup X, > —a\/log n.
l<n ¢ Kl
We refer to [10], page 83, for a proof. In what follows, the suprema of col-
lections of r.v.’s are essential suprema.

LEMMA 5.3. Consider a Gaussian process (Z,);cy- Let 0 = supey | Z|ls-
Then, for some universal constant Ko, we have

2

supZ,— Esup Z,| > KZucr) <2e7%.

teV teV

(5.3) P <

This is a very important property of Gaussian processes. We purposely do
not give a sharp form of (5.3), but rather what makes the proof work; this
is important for further extensions of the method, where sharp forms will
not be available. This property follows either from the deviation inequality of
Ibragimov, Sudakov and Tsirelson [8] or the Gaussian isoperimetric inequality.

LEMMA 5.4. Consider points (t;),<,. Assume that £,{' < n, £ # {' =
d(t,, ty) > a. Consider o > 0 and for £ < n consider a set A, C B(t,, o).
Then, setting A = U,_,A,, we have

Esup X, > Ki\/log n— oKs3y/log n—i—r?inEsupXt.
1

tcA SN teA,
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PrROOF. For ¢ < n, we consider

(5.4) Y, =sup(X, - X,) = (sup Xt) - X,.

teA, ted,
We now apply (6.3) to Z, = X, - X, , V = A, so that
P(|Y,— EY,| > Kouo) < 2e .
Setting
h= max Y, - EY,|,

we then have, by (5.3),
P(h> Kouo) < 2ne™".

Using the fact that Eh = [;° P(h > v)dv and a routine computation, we see
that

(5.5) Eh < Ky04/log n,
where K is universal. Now, for each ¢ < n,

Y,z EY,—h=minEY, - h

Thus

supX, =Y, + X, > X, +minEY, - h
teA, t=n

and thus

sup X; > max X, + min EY, — h.
teA l<n ¢ i<n

Taking expectation, using Lemma 5.2 and (5.5) yield the result. O

It is possible to give a proof of Lemma 5.4 based on the comparison prop-
erties of Gaussian processes [7]. This is, however, missing the main point.
Comparison properties are quite specific to Gaussian processes, while general
principles used in the present approach are much more general, and conse-
quently, allow for considerable extensions of Theorem 5.1 (see [18] and [20]).

PRrROOF OF (4.4). We use Lemma 5.4 with
A, ={ueT; du,t,) <2r 2}

Since d(s, t,) < r~/ and since r > 2, we have A, C B(s, 2r~/), so that, by the
definition of ¢ ; and Lemma 5.3, we have
r=i—1

QDj(A) = K,

Vlog n—2r 72K ,\/log n + r?in @ ().
>n
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Thus (4.4) holds for
1 .
=—/1
o(n) 2rK1Jogn,
provided r > 4K K,. O

6. The ellipsoid theorem and matchings. In this section we will use
the partitioning scheme of Section 4 and geometry to explain the structure of
ellipsoids in Hilbert space with respect to majorizing measures. The geometry
will occur in the form of convexity properties, an idea that will be used again
in the next section. We will then outline why the structure of ellipsoids is the
key to deep matching theorems.

For purposes that will become apparent later, it is of importance to consider
functionals related to y4(7', d) but where the integral condition is replaced by
a more general one.

Consider a metric space (T, d), and @, 8 > 0. We define vy, 5(T', d) as the
infimum over all choices of the probability measure w on T of the quantity

. 1 Bla g o\ 1/B
b(10g L \de
(6.1) S;E}?(/o ) (l"g u(B(z, a))) > '

Thus vy, 1(T, d) coincides with the functional y,(T, d). Consider the ellip-
soid of ¢2 defined by (3.2). The purpose of the present section is to show how
to compute v, (¢’). (We do not mention the distance when it is naturally in-
duced by Hilbert space.) In the case @« = 2, B = 1, it follows from (3.5) and
Theorem 5.1 that

12
6.2) 1ol&) = K( Y ai) -

n>1

We are, however, mostly interested in the case 8 = 2, for which we must
find an entirely different proof. This proof will be mostly geometric. The geo-
metric proof will also yield (6.2), and thereby a satisfactory understanding of
ellipsoids.

For x € €2, we set | x|, = (X, aZx2)V/2.

LEMMA 6.1. We have

2
le+ylle _; Ix—yle

6.3
(6.3) e 1y N < .

s<1=

PROOF. By the parallelogram identity we have

7+ lx+ yllz = 2)x)Z + 20 y17 < 4,

x -
so that

le+ yl% <4 —llx - ylZ
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and

1 1/2 o2
”x+ﬂws2(r—gu—yﬁ) szQ_ﬂxSN&) -

As it turns out, (6.3) is the only property of ellipsoids that will be important
to us. This motivates the following definition.

DEFINITION 6.2. A norm || -| in a Banach space X is called 2-convex if, for
a certain number v, it satisfies

6.4) lall ol =15 | 52 <1 o 12

We now consider the following setting. The set T is the unit ball of a Banach
space W for a 2-convex norm || - ||. The distance d on T is induced by another
norm || - ||y, that is, d(x, y) = ||x — ¥||y, where V is the unit ball of || - ||y.

THEOREM 6.3. In the setting above, for any o > 0,
Ya2(T,d) < K(a, y)sup e(log N(T, d, g))e.
e>0

To understand this result, one should observe that it is always true that
00 d 1/B
Yus(Td) = Kl p)( [ o8 log N(T,d, 02 )
0 £
This fact is an extension of the well-known fact (which simple proof we will
not give) that the integral of (2.13) dominates y4(7, d). However, the bound

of Theorem 6.3 is quite a bit smaller than the previous integral. In fact, it is
always true that

sup e(log N(T, d, £))"/* < K(B)a (T, d).

>0

To see this, we note that if for some number n > 0 the balls B(¢,, ) are
disjoint (¢ < N) and if u is a probability measure on T, then for some ¢ < N
we have u(B(¢,, 1)) <1/N.

Then

(/OOO &P (log W)B/a ‘f)w > </O” & (log N)B/ad:“)l/ﬁ

— K(B)n(log N)™.

The content of Theorem 6.3 is that this inequality can be reversed under the
conditions of this theorem.

COROLLARY 6.4. If & is the ellipsoid (3.2), then
Ya2(€) < K(a)supa,n'/c.
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PROOF. We use Theorem 6.3 with
12
Il = lxlls = ( S anxi) . Ve{xef |zl =1},
n>1

so that ||x||y is the norm of x in ¢2. We observe that, if B = sup, a,n'/®, then
—1/a

a, < Bn~Y%, so that, with the notation of Lemma 3.2, we have 2% < Bn, ",
so that n;, < (2*B)*, and, by Lemma 3.2,

(log N(&, 27 1)V* < K(«)2*B
and thus

sup e(log N(T,d, ))"/* < K(«)B. O

>0

To prove Theorem 6.3, we will use Proposition 4.4 with the functionals
¢ ;(t) = inf{||v[l; d(¢,v) < 2r~7}.

It is obvious that (4.1) holds for S = 1.
For n > 2, we set

e(n)y=sup{e>0; 3¢;,...,t, €T, VL, 1<t<t <n, d(t,t,) > &}

We observe the following simple relations:

(6.5) 8<@=>N(T,d,s)zn,
(6.6) e>¢e(n)= N(T,d, e) <n.

The center of the proof is to establish condition (4.4bis) with an appropriate
choice of 6. This is the object of the following lemma.

LEMMA 6.5. Assume r = 8. Consider s € T, n > 2, points ty,...,t, in
B(s, r=7) such that
1<t<t <n=d(t,t,)=r 71
Then
yr—2]
(6.7) S{g}? llljJrZ(tZ) = wj(s) + W

ProOOF. Consider u > sup,, ¥ j;2(¢,). Then, for £ < n, by the definition of
19, we can find a point w, € uT with d(w,, t,) < 2r~/=2. Thus, if ¢ < ¢’ and
since r = 8,

(6.8) d(wg, wz/) 2 d(tz, te/) - 4l‘_j_2 Z I‘_j_l - 4r_j_2 = i‘_j_l/2.
Also,
(6.9) d(s,w,) <d(s,t,) +d(t,w,)=r"7 +2r 72 <2r7J,
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We now use (6.4) for x = w,/u, y = w,/u, to get

Y 2
=< u(l— ﬁ”we —wy| >

Now (6.9) means that for each ¢ we have w, € s + 2r—/V. The convexity of
V implies

w, + wy |

o0 e

w,+wey
2
for any ¢, ¢’ < n, so that, by definition,

ces+2r /v

W, + wpy
2

P i(s) < ”
Combining with (6.10), we see that, setting
u
RZ = 7(u - !!fj(s))>
Y
we have
lw, — w, || < R*.

Thus, in particular, the points x, = (w, — w,)/R belong to T'.
If we recall that d comes from a norm, by (6.8) we have

1<t¢<t <n=d(x,x,)>r7'"1/2R.
Thus, by definition, we have r~/~1/2R < &(n), that is, by the definition of R,

(G =t (o),

Taking the infimum over u and realizing that ¢ ;,, < 1, we get the result. O

COROLLARY 6.6. There exist an increasing sequence of partitions (7;) j~o of
T that satisfies (4.7) and indexes { ;(A) that satisfy (4.8) such that

r2J 16r2
(6.11) VteT, < s
D NV 0)))

where we make the convention that 1/e(1) = 0.

PrOOF. We apply Proposition 4.4, noticing that i = 0.

PROOF OF THEOREM 6.3. If g(log N(T,d, £))'/* < S for each & > 0, then
by (6.5) we have g(n)(log n)Y/* < 28, so that (6.11) implies
: 3282r2
VieT, Y r¥(log €y (AL (8))He s o
Jj=0

To conclude the proof, we appeal to Proposition 4.5. O
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We have singled out Theorem 6.3 because it has significant applications.
However, we can prove much more. Here is another statement.

THEOREM 6.7. Under the conditions of Theorem 6.3, we have

00 2
yo(T, d) < K(y)(/o ¢ log N(T,d, s)ds) .

REMARK 1. When specialized to ellipsoids, this proves (3.9).

REMARK 2. Theorems 6.3 and 6.7 are special cases of a general result (with
essentially the same proof). See [21].

ProOOF. Consider a sequence of partitions such as in Corollary 6.5. In order
to apply Proposition 4.5, we try to bound, for a given ¢ € T, the quantity

S=r flog £;.1(A (1)),

Jj=0

Consider, for & > 0, the smallest integer m, such that e(m;) < 27*. Con-
sider, for £ > 1, the set

I, ={j=0; my <€;1(A;1() < mpqa}.

When I, is not empty, denote by j(%) its smallest element. Then

Z ri'j\/log £]+1(A]+1(t)) =< \/log mk+1 Z rij

jel, Jely

<20 flog e

S <2 r ™ Jlog my,q,

k>0

and thus

where we make the convention that only the terms for which I, # & appear.
Now, by Cauchy—Schwarz,

F2i(k) N 1/2 o 1/2
5’52(22%) (22_ 10gmk+1) :
k>0 k>0
We have, since j(k) € I,
e(€ jy11(A jrys1 (1)) < &(my) <275,
so that, by (6.11),
r—2J(k) r-2i 1672

2 = e (A )
k>0 j=0 J+1 J+1 Y
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Also, by the definition of m,, we have ¢(m, — 1) > 2%, so that by (6.5) we
have

N(T,d, 27" > my, — 1,
so that
log my,,q <log(1+ N(T,d,27*2)).
It then follows easily that

S 22k log my,; < K / elog N(T,d, ¢)de.
k=0 0

This finishes the proof. O

We now turn to the application of Theorem 6.3 to the Ajtai—-Komlos—
Tusnady matching theorem. Consider points (X;),., that are independently
uniformly distributed over [0, 1]2. The problem is to understand the “trans-
portation cost” C,, from the empirical measure 6y = (1/n) ;_, 0x, to the
uniform measure on [0, 1]?, when the cost of moving a unit mass is simply
the distance by which it travels. Through duality (i.e., the Hahn—Banach
theorem) this cost is

(6.12) C, — sup|® S f(X,) - Ef|,

fes i<n

where ./ is the class of Lipschitz functions on [0, 1], that is, functions that
satisfy

[f(x) = f(¥)] = d(x, y)

for all x, y in [0, 1], and where Ef is the average of f over the unit square.
(For a simple proof of (6.12), one can, e.g., see [22], where the link between
transportation cost and matching is explained.)

THEOREM 6.8 (Ajtai, Komlos and Tusnady [2]). EC, < K\/log n/n.

We will only sketch the proof, and we refer the reader to [19], Section 4, for
the missing details. Consider a sequence (s;);-, of independent Bernoulli r.v’s
[P(e; = 1) = P(g; = —1) = 1]. The first step of the proof is to establish that

EC, <2E sup

fe4

1
n Z g f(X;)

i<n

- 2E<E8 sup 1 Yo &f (X))

fesl M i<

)

where E | is conditional expectation given (X;);., and £ is {f € .£; Ef = 0}.
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Next, we recall the “sub-Gaussian inequality” ([10], page 90)

u2
ga;|>u) <2exp|l ——-—= ).
2 siai| = >— p( 22i§na?)

i<n
Consider the random distance dy; on £, given by

dy(f, 8 = S(F(X) - g(X)

i<n

(6.13) P<

We see that if we set
Xf = Z & f(X;),
i<n

we have to estimate

1 1

—E.sup |X;|=—-E, sup X,

nfesh N fesh
by symmetry.

Now, by (6.13),

u? )
2ndy(f, 8))

so that we are essentially in the situation of Section 1. Before using Proposition
2.4, we have to take care of a few details. First, we need to control the random
distance dy;. This is done through the following easy lemma.

Puxy—-xg|zu>szemp(—

LEMMA 6.9 (Talagrand [19]). There exists a random variable R with ER <
K such that

]
(6.14) Vi gel, du(f,g)SR(||f_g”2+\/Oin>'

Consider then a subset Z of .4, that is maximal for the property

1
(6.15) VigeZ -l

Then, by maximality, given f in .4, there exists g in Z with |f — gy <
Vlog n/n. Thus, by (6.14), we get dy(f, g) < 2R./log n/n and by Cauchy—
Schwarz

HS erx) - a(x0)

i<n

= 1Y IAK) - a(X))

i<n

< (Axirexo-scxr)

i<n

<dy(f.8) < 2R\/ g n,
n
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Thus we obtain

1 1
§2R\/ 0gn—l——sup
n n fez

ZSif(Xi)

i<n

Z 13

i<n

1
— sup
fes

and it suffices to prove that

1
—E . sup Z K\/ ogn
fezZli<n
We observe that, by (6.14) and (6.15), we have
(6.16) Vf,g€Z, dy(f,8) <2R|f — glls-

Consider a probability measure w on Z. Then, in order to use Proposition 2.4,
we compute

o0 1
1= | /“gM(BU(f,e»dg

where By denotes the ball for dy. By (6.16) we have By(f,e) N Z D
B(f, e/2R) N Z, where the latter ball is for the L2-distance. Thus

o0 1 K 1
1)< [ oo =2y

by a change of variable and since the diameter of ., is less than or equal to
K.
Setting a,, = \/log n/n, for & < a,, we have B(f, ) = {f} by (6.15), so that

1) _
ar = “\ 8 L) ({f}) +, / M(B(f SN

To evaluate the latter integral, we write

/. \/ o8 gy @ = (/) : d>/ (f eos B ) :

= (108 i)m (e os (B(lf 9 )1/2

< K“"g”(/omg o2 LB(F. &) M(B(f 5)

Now,

a)
(" e 108 emrr ey ) : / og ”ls)m = \/ o8 3y

so that
I(f) < KR{log nd(f),
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where

o 1 1/2
J(f):(fo slogM(B(f,g))ds> :

What the previous discussion shows when combined with Proposition 2.4 is
that

< K\/log ny, 5(2).

1
—E sup
n fezZ

> e f(X,)

i<n

There is a simple argument showing that ys o(U) < Ky o(T) if U C T, so the
only concern now is to prove that vy, o(4) < oo.

This will be done by using the Fourier transform, proving that # is a subset
of an ellipsoid to which Theorem 6.3 applies. For a function £ in Ly([0, 1]?),
we define

ann(£)=[ [ I y)exp 2imnx +my) dady,

so that, by the Planchel theorem,

Ifls = % |an,m(f)|2)1/2.

n,mez

Thus it should be obvious that it suffices to prove that y, o(7T") < 0, where T" is
the set of sequences 7 (1) = (a,,;u(f))n.mez for f € 4. To avoid messy details,
but keep the central point, we will prove the weaker result that y, 5(7) < oo,
where T is the set of sequences 7 (f) for f € £, where 4 is the set of
functions of .4, that are 0 on the boundary of [0, 1]2. Then integration by

parts yields
1 af
an,m(f) - _man,m<(9x>'

Since f is Lipschitz, |df/dx| < 1, so that, in particular,
2

of af

g an7m<0’)x> = ‘ —

n,mez dx
Thus Y, ez 72|, (f)? < 1. A similar argument yields Y, .z m?|a, . (f)* <
1. Thus

2
<1.
2

aeT= Y (RP+m?)a, > <1
n,mez
That is, T is contained in a certain ellipsoid.

For k£ > 0, the number of values of n, m such that m? + n? < 22* is crudely
at most (2% + 1)2, since |n|, |m| < 2%, so it is at most 224, Relabeling the
coordinates and splitting into real and imaginary parts, we view T' as a subset
of the set of (real) sequences (x,),-; such that " nx? < K, and this concludes
the proof by Theorem 6.3.
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It can be argued that the previous approach is not superior to the original
“transportation method” of [2]. It is, however, more “generic” and thus can be
used in many situations, some of which are described in [19].

7. Restriction of operators. One towering success of the “probabilistic
method” is Bourgain’s [3] construction of A(p)-sets of large density. A new
approach, based on the ideas of the present paper, has made this result more
accessible (see [23]). Several issues related to the A(p)-set problem are not
connected with the present circle of ideas, so, rather than discussing this prob-
lem, we will concentrate on another result that is actually the essential step
of the proof given in [23]. The natural setting of this result is the class of
2-smooth Banach spaces. The reader who wishes to avoid the minimal effort
of understanding what this means can assume instead that all Banach spaces
are Hilbert spaces; the proofs are identical.

We say that a Banach space W is 2-smooth if, given two vectors x, y in W,
with ||x|| = 1, we have

(7.1) slx+yl+lx = yl) <1+ Cllyl?,

where C is independent of x, y. We will never use (7.1) directly. Rather we
will use the following classical facts (see Lindenstrauss and Tzafriri [11]).

Fact 1. If W is 2-smooth, it is of type 2; that is, for each n, each sequence
(Y;);<y of centered, independent r.v’s valued in W, we have

I 12
(7.2) E|>Y,| <K(C)Y E|Y,|*
I I

There, as well as in the remainder of this section, we denote by K(C) a number
that depends only on the number C of (7.1).

Fact 2. If W is 2-smooth, its dual W* is 2-convex; that is, if x*, y* €
W=, [l [[y*]l < 1, then

(7.3) 5

lac* — )12

SR ()

Consider now an operator U from ¢2, to W. We denote by (e;);-,, the canon-
ical basis of ¢2. Consider a number 0 < § < 1. We select a random sub-
set I of {1,...,m} as follows. For each i < m, we include (independently)
i in I with probability 8. In other words, if (§;);-, are independent, with
ESs;, =6, 6; € {0,1}, then I = {i < m; 5, = 1}. We consider the subspace ¢;
of ¢2, generated by the vectors (e;);.;. In other words, ¢; identifies with the
sequences (¥;);<, for which x; = 0 whenever i ¢ I. We consider the restriction
U; of the operator U to ¢;.
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THEOREM 7.1.

ENU,| < -2
= Vg (1/5)

Before we discuss the nature of Theorem 7.1, we explain why even the
weaker form

(1] + sup |U(e;) v/ 10g 7 ).

|- K©
= Vleg (1/6)

is sharp. Consider an integer k, and m = k2*. We think of {1,..., m} as 2*
consecutive blocks of length k. If i belongs to the ¢th such block, we define
U(e;) = k~Y2f,, where (f,),<2 is the canonical basis of ¢2,. It should be clear
that

(7.4) E|U (1] + Viog msup U (e, )

IUI <1,  Vlog msup|U(e)| < K.

Thus (7.4) implies
K
Jlog (1/5)
We will show that, for 8 > 2%, we have

1
(7-5) E U Z I —
V1= s
Consider 1 <r < k.
For each block B of length £, there is (crudely) a probability greater than
or equal to & that at least r values of §;,, i € B, are 1. If " > 2% with
probability greater than or equal to 1/K this will occur for at least one block,

and thus
P|U;| = —=) = —,
(=)= %

so that E||U;|| > «/r/K~+k. Taking r = [k log 2/1og(1/8)], we get 6" > 2%
and hence (7.5).
To explain Theorem 7.1, let us set for simplicity f; = U(e;). Then

[U;ll = sup{x*(U(y)); x* € Wi, yety, [lyll <1}
= sup x*(Zaifl); x* e Wi, Za? < 1}
iel iel
=sup| Y a;x*(f;); x* € W}; Za? < 1}

iel iel

_ sup (Zx*(fi)2>l/2; £ W’{},

iel

where Wi = {x* € W*; |x*|| < 1}.
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Equivalently,
(7.6) U7 = sup| 5 8,277 x° < Wi |,
Consider the set
T = {(x*(f)*)izms ** € Wi}.
For a sequence ¢ = (¢;);,,, consider the random variable X, =3",_,, §;¢;.
Thus we have

(1.7) E|U,|* = Esup X,
teT
which shows that the nature of the problem is familiar to us.

Setting X, = }";,,(6;, —8)¢; and since [as shown by the computation leading
to (7.6)] we have Y, t; < [|U||* for t € T, we get

(7.8) E|U,|I” < 8|U|*> + Esup X,.
teT
The first task to bound the last term is to understand the tails of X, — X, =

X,_;. This is done through the following lemma, which is a weak form of
Bennett’s inequality. For a sequence (¢;);,,, we set ||f[|., = sup,-,, |¢;|, [|t]2 =

(Zi<m t?)l/Z‘
LEMMA 7.2 (See [23]). For all u > 0, we have

| |
(7.9) P(| > (8 — 8| = u) < 2exp< “ og ulltlloo).
I

li<m el 8]

This bound is useless for u||¢||,, < 8|¢||5, but will never be used in that range.
What (7.9) brings to light is that the tails of X, — X, do not depend only on
s — t|l5, but also on ||s — ¢||... To find a useful bound, we need a somewhat
nontrivial adaptation of Theorem 2.4. This adaptation pertains to the material
of Section 9, and will be better discussed there.

LEMMA 7.3. We have, for each number A > 2,

(X - )
Esup X, < K[ oga T VAmX)|

Taking A = 1//6, we get

1
EsupX, < K[ (Xl + 61/4VQ(X>]

teT IOg(l/a)
Combining with (7.8), to prove Theorem 7.1, it suffices to prove that
(7.10) (T, - ) < K[ IUI? + sup |U(e))]*og i,

(7.11) ¥2(T) = K(C)[U]? + sup [U(e;)[log i
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It turns out that (7.11) is a consequence of (7.10) and of the fact that
Yi<m t; < ||U|? for t in T'. This follows, in particular, from [21]. (A more direct
proof is possible but apparently not trivial.) Thus we will concentrate on the
main point, that is, the proof of (7.10). The main idea of this proof is closely
related to the idea of Theorem 6.3. It is to combine a geometric argument and
the control of the numbers N(W7, || - ||« €), Wwhere || - |, is the norm on W*
given by

lx* [l = sup [l (£,
where we recall that f; = U(e;).
Thus the first step is to control the numbers N(W7, | - ||l €)-

LEMMA 7.4. We have

(7.12) g”log N(W1, |- s> &) < K(C)sup || f;]* log(i + 1).
1<m
It turns out (by geometric arguments that use the 2-convexity of W*—see
[4]) that, to prove (7.12), it suffices to prove the following “dual” statement.

LEMMA 7.5. Consider a 2-smooth Banach space W and vectors (f;);<p, in
W. Consider the balanced convex hull T of the vectors (f;);<,,. Then we have,
for all e > 0,

(7.13) e2log N(T, | - |, &) = K(C)sup | f;|*log(i + 1).

This lemma is an exception to the policy that we have used in the present
paper, not to give any complicated proof. The reason for this exception is that
Lemma 7.5 supports some conjectures that are of potential importance and
that will be discussed in Section 8. For the reader who contents himself with
(7.4) rather than with the full strength of Theorem 7.1, it suffices to prove the
following, which is simpler, and serves as an introduction to Lemma 7.5.

LEMMA 7.6. Under the hypothesis of Lemma 7.5, we have
g”log N(T, | - |, &) < K(C)log(m + 1)sup | £

i<m

PROOF. This is an argument of Maurey. By homogeneity, we can assume
[£:ll <1. Consider x € T. Then x =3Y_,_,, o;f;, where }_,_,, |a;| < 1. Consider
a sequence (Y ), of independent W-valued r.v’s, with P(Y, = (signa;)f;) =
lo;| and P(Y, =0)=1-3,_,, |o;|. Thus EY, = x. Consider Y, = Y, — x, and
observe that | Y| < |Y .|| + || < 2. Thus, by (7.2),

2

E < kK(C).

2. Y,

<k
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In particular, there exists a realization of }_,_, Y, that is of norm less than
or equal to K(C)vk. This means that, for this realization,
1 | K(C)
1=y, — x| < <e
Lo R

if k > K(C)/&?. Now, since each Y, can take at most m + 1 values, there are
at most (m + 1)* points of the type 271y ,_,Y,. Since each point x of T is
within distance & of such a point, this finishes the proof. O

PROOF OF LEMMA 7.5.

Step 1. For ¢ > 0, we set I, = {i < m, 2! < log(i + 1) < 2‘}. By ho-
mogeneity, we can assume | f;[|?log(i + 1) < 1, and we then have to prove
that e2log N(T,| - ||, &) < K(C). Consider & < 1/2 and the largest integer
£, with 2% > &, Consider a sequence ()¢, of integers 0 < n, < ¢ with
Y 1=027" < 4. Depending only on that sequence, we will construct a subset Z
of T, with card Z < exp(K/&?) such that, whenever we consider x = 3", _,, a; f;
with 3=,/ ;| <27, we can find y in Z with ||x — y|| < K(C)e. We explain
why this completes the proof. Consider the set Z’ that is the reunion of the
sets Z for all possible choices of the sequence (n,),,, . Since ¢, < K log(1/e),
very crudely, there are at most

(¢ +1)" < exp(K /&%)

choices of this sequence; thus card Z’ < exp(K /&?). Now, given x in A, we can
write x = ) ;_,, ;f; with 3, |a;| < 1. Thus, if n, is the largest integer less
than or equal to ¢ with 3-,.; |e;| < 27", we easily see that 3} ,_, 27 < 4.
Thus we can find y in Z’ with ||x — y|| < K(C)e.

This shows that

log N(T, || - ||, K(C)e) < exp(K/&?)

for ¢ < 1/2. Since N(T, | - ||, €) = 1 for & > 2, this finishes the proof.

Step 2. We observe that, given ¢ > 0, n, > 0, £ > 1 and x, =
Yier, @ifis Xier, la;| < 27", there exists an rv. Y,;, with the following
properties: 4

K(C) 2 2

14 E|Y,, —x,|?
(7 ) ” lk xé” = k 2£

(7.15) The random variable Y, , takes at most (1 + card I,)* possible
) values; these possible values depend only on n,.

This was shown in the proof of Lemma 7.5; observe simply that x, belongs
to the balanced convex hull of the set {27 f;; i € I,} and that |27 f;||? <
272 /2t

Step 3. For ¢ < ¢, set

k() =1+ [2282}
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Consider the r.v.

Y = Z Yz,k(z)

ety
and set y = > ,, x,. Combining (7.2) and (7.14), we see that
272n[

E|lY —y|*<K(C) Y PO

(7.16) t=to
<K(C)Y 27™¢& < K(C)&?,

<ty

since k(¢) > 27" /22, On the other hand, by (7.15), the number of possible
values that Y takes is at most

2-n:
[1(1+card I,)*® < exp(K > 2e<1 + 2%2))

£<t, €<ty

- K

exp —.

< exp

Moreover,
27 e
lx =yl = | X2 xf = 2 llwll = 22— =27 = Ke.
>0, >4, >0,

The proof is finished. O

We now turn to the proof of (7.10). Consider the function A from R to R
given by h(x) = (sign x)x? = x|x|. For x* in W}, we set
h(x") = (R(x*(f)))i<m
and we consider the set
T ={h(x"); x* € Wi}.

For technical reasons, rather than (7.10) we will prove

(7.17) N(Tr |- o) = K[ U + sup ;] log 7]

i<m

Since T'; is the image of T under the map

(x)i<m = (1%iDi<m>

which is a contraction, it is obvious by definition that v,(7, | - |ls) < v1(T1,

I lloo)-
The proof of (7.17) will rely on Proposition 4.4 with B8 = 1, 6(n) =

log n/K(C),r =8.
ForteT,, je€Z, we set

C,(t) ={x* € Wi; ||A(x") — t]l < 2r77}.
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We observe that
(7.18) C(t) is convex.

(This is why we replaced T by T';.) '
Also, given s in T';, such that ||t — s||, < r~/, we have for all x* that

[A(x*) = t]loo < [1R(x*) = 8]loo + 777,
so that
(7.19) It = sl <777 = Cjia(s) C Cy(2).

This is the reason for the factor 2 in the definition of C ;.
We now set, for ¢ € T,

¥i(8) = (It — min(|t;], 2r77)),

i<m

Pi(@) = inf{||x"[; x* € C (D)},
¥ (8) = 3(2) + SY'i(t),

where S = sup,. [|U(e;)[|?log(i + 1).

Since for ¢ in T we have Y°;_,, |t;| < [|U|?, it follows that ¢/,(¢) < [|U]|?, so
that ¢ ;(¢) < U2+ S. Thus it suffices to prove (4.4bis). Before we do this, we
collect a few facts. The following is well known.

LEMMA 7.7. Consider a Banach space Y of dimension k and its unit ball
B. Then

N(B, &) < <1+ i)k

Proor. Consider points x4, ..., x,, in B such that
6l <n=lx, —xpl > /2.

The balls of radius &/2, centered at the points x,, are disjoint and contained
in the ball of radius 1 + ¢/2. Thus

(7.20) nVol<;B) < Vol((l + ;)3),
that is,
E k & k

so that n < (1 +2/¢&)*. If the family {x,, ..., x,} is chosen maximal, the balls
of radius £/2 centered at these points cover B. This completes the proof. O
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LEMMA 7.8. If s> 2r—7, we have
(721)  |s—t|<r 7 = s—min(s,2r /) + % <t —min(¢, 2r /%),
PROOF. Since ¢t > 7/, this reduces to
3 ‘
gt < Sl _9pi2
S = 27' r )

but the right-hand side is greater than r—/. O

We consider s € T, points #;, ..., ¢, in T; such that |s—¢, <r 7/ for¢ <n
and
2,0 <n, £ = |ty —ty]l =r 77t
and we start the proof of (4.4bis). Since, for i < m, we have |s; —t,;| < rJ,
we have ||s;| — |t, ;|| < 77/, so that Lemma 7.8 shows that
(7.22) Pia(ty) = W'i(s) + card{z <m; |s;| = 2r 7},

We now consider a parameter K, to be determined later.

CASE 1. We have

. 1
card{i < m; |s;| > 2r 7} > o8 n
K,

In that case, we have, by (7.22),

Wit = ¥5(s) + 5 log n.

Moreover, by (7.19), we have C; 4(¢,) C Cj(s), so that ¢ 5(¢,) = ¢¥'(s) by the
definition of ”. Thus

Vesn, it = i j(s) + 10g n
and (4.4bis) holds as soon as 6(n) <log n/2K;.

CASE 2. Case 1 does not occur, so that

log n
(7.23) card I < o

1

where I = {i <m; |s;| > 2r—/}.
The purpose of the functional ¢’ was to create this condition. The main
argument starts now.
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Step 1. Consider § = max,_y §'},5(¢,), and recall that 5 < 1. By com-
pactness, for each ¢ < n we can find x; in C; 4(¢,) with [|x7|| < 6. We set
s, = h(x}) € T. Since r = 8, we note that
pit

2

Step 2. Provided K, has been chosen appropriately, we show that we can
find a subset L of {1, ..., n} such that card L > /n, and that the following
property holds:

(7.24) (£ = sy —spll=r 7/t —4r /2=

r—/-1
2

(725) Ve, l'eL, t#¢=3i<m, i¢l, Se.; — sl =

To see this, consider the set
B = {(ti)ifm; Vie I’ |ti| = 1}’

which depends on card I coordinates. By Lemma 7.8, the set s+2r~/B can be
covered by sets W, = u, + %r’f’lB, p < nq, for

ny < (14 20r)cardl,
Thus, by (7.23), we see that n,; < /n provided K, is large enough. By the
“pigeon hole” principle, we can find a given set W, such that card L > /n,
where L = {¢ < n; s, € W,}. Given ¢,¢' € L, we have |s,;, — s, ;| < 2r -1

whenever i € I. Combining with (7.24), this proves (7.25).
Step 3. We show that

rf.j/z
(726) E, A GL, E#Z/:> ||x}<—xz,||oo > W.
Given ¢, ¢’ as above, we know that, for some i ¢ I,
. . r=J-1
(7.27) |5¢,i = Seil = [R(xy(f)) — h(xp ()] = 5

However, since i ¢ I, we have |s;| < 2r/, so that

<2r /4 i7l < 4p7J

Iseil [sei
and |xj(f)|, lxj(f) < 2r=7/2
It remains now to note that
|h(a) — h(b)| < |b— a|sup{h/(x); |x| < max(|al, |b])}
< 2 max(|al, |b])|b6 — al,
so that (7.26) implies
T R—

e (fi) — 2o (f)l =2 —g = = — 1

Step 4. We fix ¢, in L, and we consider

R = max ||x} — x7 ||.
nax |17 — 7|



MAJORIZING MEASURES 1091

The points y; = x, —x,, for £ in L belong to the ball centered at 0 of radius R.
Their mutual distances are at least r~7//2/64, as shown in step 3. Thus no ball
of radius r~//2/129 can cover any two of them. It then follows from Lemma
7.5 that

r_j/z 2
( . ) log L < K(C)8,

so that

- log n
2 -J
R zr SK(C)'

Thus there exists £; in L such that

* .0k |12 2 1
||x[1 x[0|| =R"> SK(C) og n.

We now appeal to (7.3) with x* = x7 /5, y* = xj, /9, to get

—-J —-J
r-7log m - r~Jlog m

=°T3K(C)S ~°T TK(C)S

since § < 1. Now, we have x; € C; 5(t,) C C(s), so that, since C ;(s) is convex,
(x7, +x7,)/2 € Cj(s), and the definition of ¢; shows that

1 rlogm

Vi) =i - g s
that is,
4 " "'7‘] log m

We now observe that
|s —t| < r/ = s —min(s, 2r /) < t — min(¢, 2r /2.

Indeed, if s < 2r~/ this is obvious; but if s > 2~/ more is true by Lemma 7.9.
Thus

¥ia(te) = ¥'5(s),
so that

r~7log m

This completes the proof. O
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8. Convex hull and open problems. Consider a sequence (Z;) of points
of ¢2, with

1
t E R ——
Il Jlog(% + 1)
We claim that

(8.1) Esup X, <K,
k>1

where, for ¢ in ¢2, X, is given by (8.1). To prove (8.1), it suffices to observe
that, for u > 0,

uZ
P(Xyzu) = exp(‘zntuz)

and hence
2

P(X, > u) < exp(—u210g(k n 1)),

so that
2
P(sup X, = u) <> exp(—L; log(k + 1))
k>1

k>1
(8.2)

u? u?
< exp(—4 log 2> > exp(—4 log(% + 1)>.
k>1

For u > 3, the latter series has a sum less than or equal to K, so that (8.2)
and integration imply (8.1).

If we set
(8.3) T = conv({¢t;; k> 1}),
we have
up X, = sup Xo,
so that
(8.4) Esup X, <K.

teT

The importance of that result is as follows. There exists a universal constant
K such that, given U C ¢2, containing 0, and such that

1
Esup X, < —,
teU ! K
we can find a set T of the type (8.3) such that U < T. This is a simple
consequence of Theorem 5.1 (see [14]).
If we combine (8.4) and Theorem 5.1 we see that y4(7") < K for all sets T'
of the type (8.3). It seems to me that one would gain deeper understanding by
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finding a “geometric” proof of this statement. To find such a proof, one should
(for example) study the following question.

PROBLEM 8.1. Consider a 2-smooth Banach space W. Consider a sequence
(Fr)r=1 in W, with ||f,]| < 1/,/log(k + 1), and consider the convex hull T of
this sequence. Is it true that y,(T, | - ||) < K(C), where K(C) depends only
on the constant C in (7.1)?

The hypothesis that the Banach space is 2-smooth is a natural geometric
weakening of the hypothesis that it is a Hilbert space. What is the “correct”
hypothesis is certainly not known. Possibly type 2 suffices.

We observe that we have proved in Section 7 that &?log N(T, | - ||, &) <
K(C). It is easily seen that this fact is weaker than the inequality y,(7T,
|- |D < K(C). This provides some (very weak) support for a positive answer
to Problem 8.1.

We now will give a “geometric” proof that, when f, = e,/,/log(k + 1), where
(ep) is the canonical basis of ¢2, the convex hull T of the set of vectors f,
satisfies y5(7T) < K. This proof unfortunately relies heavily on the special
position of the vectors e;. It is interesting to point out that, although there is
no convexity involved in the present case, the proof has a lot in common with
the proof of (7.17). This reflects the fact that, rather sadly, we apparently have
essentially only one useful technique.

The proof combines Propositions 4.4 and 4.5. We will take r = 12, 8 =
1, i=0, 6(n) = K~'\/log n for a suitable value of K. We define the function-
als

It_ Y agey

k>1

0,0 = it 3 apas 0y 20, <o),

k>1
where, for simplicity, we set a;, = /log(k + 1).

Since Y aje;, = > aza,fy, we see that ¢ ;(¢) < 1, and we now turn to the
proof of (4.4bis). Consider s in T and points ¢4, ..., t, in B(s, r~/) such that
Vp,gsn, p#qg=d(t,t,)=r "

We consider the number

§— ) apey

< 2rj}.
k>1

= inf{ Y agay; ay = 0;
k>1

Since
p<n= B(t,,3r /%) c B(s,2r /),

we have i ;,5(¢,) > .
Consider a parameter A, which will be determined later, and

—J
&= %\/log n.
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Consider (ay);-1 such that

<2r7J.

s— D apey

k>1

Z akak < l,[/ + &,
k>1

Consider the largest number u < 2 such that

3" min(ay, ua,)? < r?.
k>1

Setting b;, = min(ay, ua;), we see that || > 5.1 brel| < r=J.Thus, ifc, = a,—b,,
we have |s — ;.1 cpe| < 3r7/, so that

(8.5) (IIJ(S) < Zakckz Zakak— Zakbk < l,lf+8— Zakbk.

k>1 k>1 k>1 k>1
We first explore the main case, that is,

(8.6) Yo =r%.
k>1

Since b;, < ua;, we have

(8.7) u Z akbk > r_2j.
k>1

CASE 1. We have

r-2j  2rJ
>

u A
In this case, we have, by (8.5) and (8.7),

Vlog n.

—J -J
¥i(s) < ‘J/+8—72r Jlog n < ¢—L\/10g n.
A A
Thus, for all p < n, we have
r*‘j S—
Wia(ty) = = i(s)+ 7\/108“ n
and thus (4.4bis) is proved provided 6(n) < \/log n/A.
CASE 2. We have
r2i  ori

=

u A

\/log n,

so that 7=/ /u < 2,/log n/A.
Consider the set L = {k > 1; b, = ua;}. Thus, by (8.6),

(8.8) u? > a? <r ¥,
keL
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From (8.8) we see that
—2j

u? _A2

(8.9) > oz% <

keL

For each ¢ < n, consider a point s, € B(¢,, 3r7/72) and set s, = Y_}-1 a;, s€;.
We observe that

12 _
Z(ak,ﬁ_ak)zf ”S(—Zakek“ fKI"_ZJ.
keL It I

Thus, by Cauchy—Schwarz and (8.9),

> aplag, —apl < ( > a%)l/Z( S (ar - ak)2>1/2

keL keL keL

Krf

Vlog n.
We observe that

Do, < Y agay

k>1 keL

since ¢;, < a;, ¢, =0if k € L. Thus, using (8.5), we get

(810) Z apQyp ¢ > Z apQp — \/log n > lp (S)
keL keL
We set
(8.11) B =max ) aa,,.
b=n geL

Thus, combining with (8.10), we see that

Kr
(8.12) max 3- ayay, > (s) + B~ 7\/10g n.
=n k>1
Thus, if we can prove that B > r—/ \/ log n/K’, the proof will be finished by
taking A = 2KK/, since the point s, is arbitrary in B(¢,, 3r—/~2). To prove
this, we recall by Lemma 7.5 that

K
log N(T || -1l ) =

so that, by homogeneity,

KB2

(8.13) log N(BT, |-, ¢) < .

Consider, for ¢ < n, the point v, = 3,41, a; ey, so that v, € BT.

We are going to show that (provided A is large enough) we have
KB2
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where K is the constant of (8.13). As explained above, this concludes the proof.
Assume, for contradiction, that (8.14) fails. Then, by (8.13), we can cover BT
by at most /n balls of radius less than or equal to »~/~1/16. The “pigeon
hole” principle then implies that we can find a subset M of {1, ..., n}, with
card M > ./n and

(8.15) Vil eM, v, — ve| < r=7/71/8.
Now, we observe that
(8.16) ¢,¢ <n, (£ = |[sy—sy||=r 71 —6r72>r7712
Thus, if we set w, = s, — v,, combining (8.15) and (8.16), we see that
LU eM, (#£0=|w —w,|=r'1/4.

The points w, belong to the space H generated by the vectors {e,; &k € L}.
They belong to the ball B(w, r=/), where w = ;.1 aze;. Thus, by Lemma 7.7,
we have

card L
(8.17) card M < (1 + ) < Keardl,
r/4
Now, by (8.9), we have card L < K log n/A?2, so that, if A is large enough,
(8.17) contradicts the fact that card M > /n.

Thus the proof is finished in the case that (8.6) holds. If (8.6) fails, the
definition of u shows that this is because Y ;. a} < r~%/; thus ¢ ;(s) = 0. It
then suffices to show that, given an arbitrary point s, = }";.; a; ,e;, we have
B > r~J,/log n/K, where B is given by (8.11). This follows from Lemma 7.7
as above. O

To conclude this section, we would like to mention an open question related
to matching problems and to the transportation cost from the empirical mea-
sure to the uniform measure on [0, 1]? (for notions of transportation cost more
elaborate than the one studied in Section 7). The study of transportation costs
involves classes of functions; these classes are not so easy to describe, so we
will rather consider simpler related classes for which the nature of the diffi-
culty seems the same. Denoting by ¢, the function ,(x) = |x|log(1 + |x|)®
for a > 0, consider the class

c@v) = {1018 > =A< 1 [ [wa( )= 1, [ (2 ) ar <1},

PROBLEM 8.2. Is it true that, for a + b > 1/2, we have vy, o(C(a, b)) < 00?

It is proved in [18], Theorem 6.5, that the condition a + b > 4 suffices; but
the method there cannot yield optimal results. The case a =0, b = 1/2 would

yield new results on the transportation cost (improving upon Theorem 1.8 of
[18D.
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There is a kind of similarity between Problem 8.2 and the study of the
convex hull of a sequence, in the sense that the weak convexity properties
of the functions ¢, apparently make convexity useless (in contrast with the
case of Lipshitz functions of Section 7). The main challenge of Problem 8.2
is, however, that one must apparently take strongly into account not only the
integrability properties of df/dx and df /dy, but the fact (which is not used in
[18]) that these are the derivatives of the same function, a strong constraint
that is hard to use.

9. Families of distances. It is an unfortunate fact that, as exemplified
by Lemma 7.2, not all processes of interest satisfy tail conditions as simple
as (1.1). Yet the program of extending Theorem 5.1 has been successful in
two important situations (see [18] and [20]). Rather than reproducing here
the results of these papers, we have chosen to attempt to explain some of the
key ideas needed for this purpose. We will consider only the situation of [20].
Throughout this section we consider a number 1 < @« < oo and we denote
by (h,),-1 a sequence of independent symmetric random variables such that
P(|h,| > u) = a, exp(—u®), where a, is a normalizing constant. Thus, when
a =2, h, is Gaussian. The second most interesting case is « = 1. For ¢t = (¢,,)
in €2, we set

(9.1) X, =Y tyh,.

n>1

The following lemma is a standard exercise ([20], Corollary 2.9). In this lemma,
for ¢t = (¢,),21, we set ||tz = (X |tn|ﬁ)1/3, where S is the conjugate exponent
of . When @ =1, B = o0, and then |¢||, = sup,.1 |t,].

LEMMA 9.1. If t € €2, we have the following:
(@) If a > 2, for all u > 0, we have

1 u?  u®
P(X,] zu)§2exp<—max<, a))
' K(a) el liels
(b) If a < 2, for all u > 0, we have

u? u

1 . «
(9.2) P(1X,| Zu)SZGXp<—K(a)mm(”t”s“t”%>>-
2

Here K(«) is a constant depending on « only.

Consider now a subset T' of ¢2, and the problem of finding useful bounds
for sup,.; X,. We discuss only the case a < 2. Certainly we wish to try first
to mimic the arguments of Section 2. It is not clear now how to control the
size of the sets A ;(¢) considered there, so let us simply denote by dz(A) the
diameter of A C ¢2 for the distance induced by the norm | - || B
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In the chaining argument, in order to get a usable bound for

9.3 > P(X,- X, (9l zuas))

J>i, sell;
in view of (9.2) we have to take

a;(s) = K(a) [dZ(Ajl(s))\/log w;l(s)

(9.4)

+ dB(Aj—l(s))<log wjl(s))l/a]’

where w ;(s) is the term of (9.3) for u = 1, and to require 3 w ;(s) < 1. Thus,
working now with measures u on 7', what we need is to control both

/ 1
Sy = Stlel%)gl dz(Aj71(3)) log m

1 1/a
S,=supy. dB(Aj—l(s))<log ,u(A(S))> '

tel’ joi

and

An immediate problem is that, even if we have a sequence of partitions (.27;)
for which we control S,, and one (27}) for which we control S,,, it is unclear
how to construct one that controls both terms simultaneously. The partition
generated by ©7; and .27} does not work because of the different exponents of
log 1/u(A (s)). One way around the problem is to observe that, for conjugate
exponents p, q, we have ab < a? + b4, so that

1 1/p
M(Aj(s)))

<r/Pd (A; i(s)?+r ’log

4,4 1(5) o
(9.5)

1
(A ()

Thus we can try to control the quantity

. . 1
il , rilog — —
sup Jg( Pd (A 1(t)?+r "/ log (A0

when either p=g=2o0r p=a, g=8, a>1. When p=a=1, ¢ = 0,
we rather require that d (A ;_1(s)) < 2r~—J/*+1 [It could be more appropriate
in the present setting to require r/d (A j—1(8)) < 1; but the choice above is
consistent with Section 2.]

The first positive result is that such a sequence of partitions can be con-
structed using a majorizing measure condition on T'.
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PROPOSITION 9.2. Consider a metric space (T, d), and a > 1. Consider an
integer i € Z. Then we can find an increasing sequence of partitions (7;);;
and a probability measure w on T such that

. . 1
B/a . B -
(9.6) Stlelyp jgzi r/Prd(A;(t))F +r/ log NG < K(a)y,(T,d),

where d(A) denotes the diameter of A.

The proof of Proposition 9.2 requires a simple, yet nontrivial construction
(in the spirit of Proposition 4.3). See [18].

We pursue the discussion of chaining under condition (9.1). Consider a sub-
set T of ¢? and a number i to be determined later on.

First, we use Proposition 9.2 for the distance induced by the norm || - |g;
we obtain a sequence of partitions (#,) ;.; and a probability measure u; on T
such that

. , 1
9.7) sup Y. r/dy(B;(¢))2 +r 7 log ————— < Kyy(T).
teT JX:E, 2(B,(%)) pa(B;(1)) (1)
Using again Proposition 9.2 for the distance induced by the norm | - |5, we

obtain a sequence of partitions (¢’;) ;.;, and a probability measure u, on T such
that

. . 1
(9.8) su rifled (C(t)P +r7log——
up 2, r dgl(C(0) 8 a0 ()

Consider the sequence (.%7) ;; of partitions of T' such that A ;(¢) = B;(¢) N
C (t). Consider a probability measure u on T' such that

< Kyo(T, || - llp)-

Vjizi,YVAeos;, VBes;, wANB)>2"7"1u (A)uy(B).

A simple computation using (9.6) and (9.7) shows that

‘ 4 4 1
Td2(A (1) +r/Pldg(A(t)P +rIlog —
©9) s;gjngZir 2(Aj(0)+r p(A;()" +r %8 L(A,(0))

< K(va(T, |- llg) +v2(T) +770).

To use the chaining argument, we have to use a sequence of partitions for
which the first partition is T'; thus we set ©&/_; = T'. Using chaining and (9.2)
and (9.9), we then see by an easy adaptation of the arguments of Section 2
that

(9.10) EsupX, < K(va(T. | - llg) +va(T) + " + 1l d3(T) + r'P/* dy(T)P).
teT

Since do(T) < Ky5(T), dg(T) < v(T, |- llg), we then see that (since B/a =
B — 1) if we take i such that r=/ is of order yo(T) + v,(T, | - ), then we get

(9.11) Esu%) X, < K(vo(T) +vo(T, | - l1p))-
te
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The proof of Lemma 7.2 is similar to the proof of (9.11) (but somewhat
harder).

The proof of (9.11) does not really require Proposition 9.2. It is possible to
proceed directly (with essentially the same proof) as is done in [10], Chapter
11. The idea latent in the right-hand side of (9.6), however, becomes very
precious when trying to prove a converse for (9.11), as we will soon explain.

Before that, it is useful to simplify the notation and to set

(9.12) ¢ (s, t) = r2||s — t|3 + r7P||s — ¢||f,
(9.13) D;(A) =sup{ep(s, t); s, t € A},
so that controlling the left-hand side of (9.9) requires the control of
4 1
(9.14) su r-/ <D~ A (t))+ 1o )
op L\ DA s L)

A converse to (9.11) is a generalization of Theorem 5.1. To see how to pro-
ceed, let us first investigate how we could expect to extend the crucial inequal-
ity (5.2) which is a key step of the proof of Theorem 5.1. In order to find a lower
bound for E sup,., X, , where X, is given by (9.1), under the condition that
the points (¢,),-, are well separated, it seems reasonable to require that for
two numbers ay, ag we have

t# U = either ||t, —t, ]y > ay or |[t, — t,]lz = ag.
We can then hope that
1 .
9.15 E X, > ——mi 1 1 e
(9.15) ililr;: A ®) min (aQ\/ og n,ag(log n) )

Thus, in order to obtain Esup,., X, > A/K(a), it seems natural to require
as > AJlog n, ag > A/(log n)¥¢, so that

/ 5 A? riA P

1 riAN\? riA\P
=105 (1) * (g ) )
The appearance of the quantity r/A/log n at two different powers appar-

ently means that it would be wise to consider only the case where this quantity
is of order 1. Thus we see that we are led to conjecture that

(9.16) £l = ¢(t),ty) >logn= Esup X, > r~/log n.

1
t=n 7 K(a)
This is indeed true (see [20]). The most remarkable feature of this state-
ment is that, in contrast with Sudakov minoration (5.2), there is a precise
relationship between the number of points to consider and how well they are
separated.
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This success in extending (5.2) provides motivation to prove a suitable ex-
tension of Theorem 4.2. The setting is as follows. On a space T, we assume
that, for j € Z, we are given a function ¢ (s, ¢) on T'x T'. The function ¢ ; also
depends on a number r. This number is not indicated in the notation, because
it will remain fixed (after having been appropriately chosen). We assume that,
for some number « independent of r, we have

(9.17) ¢(s,t) < k(ej(s,v)+¢;(v,t))

for all s, ¢, v in T. This is a substitute for the triangle inequality which takes
into account the fact that ¢; resembles a power of a distance rather than a
distance. We assume that, for a certain number 6 > 0, we have, for all » and
all s,¢in T,

(9.18) @18, t) = 100 (s, 1).

This condition is obvious in the case (9.12); unfortunately, it does not hold
in many cases of interest, and in those cases many open problems remain, the
most important of which is the Bernoulli conjecture of [21]. We assume, for
simplicity, that r = 27, 7 € N. We assume that, for each subset S of T, there is
associated a number F(S). [Our typical choice for F(S) will be E sup,.g X,.]
We assume F(S) > 0, and that, if S ¢ S’, F(S) < F(S’). We assume that the
following holds, for certain numbers n, ¢ >0and all j >i, p>7—1:

(9.19) Assume that for some p > 7 — 1 there exists points ¢, ..., ¢, in
: T, with n = 22°, and assume that
(9.19a) CE U = @i(ty,tp) =27,
(9.19b) Vi, <n, @ 1(tg, ty) < k2P7TF2,
Consider then, for each ¢ < n, a subset A, of T such that
(9.19C) te A[ = QDJ(t, tg) < T’zp.
Then
(9.19d) F( U A£> > ErJor 4 min F(A,).
t=<n =n

We hope that (9.15) motivates (9.19a) and (9.19d). To understand these
conditions, it might also help to consider the case where T is a metric space
and where ¢ (s, t) = r?/d(s, t). In that case k = 2 and (9.19a)—(9.19¢) become,
respectively (since r = 27),

C#£ 0 =d(t,, ty)>r/2P2
d(t[, tg/) < r7j2p/225/2,

A, C B(t,, r~7 Jm2P/?).
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When T C ¢2, F(S) = Esup,.g X,, it follows from Lemma 5.4 that (9.19d)
holds when 7 is small enough. We observe that in this case condition (9.19b) is
actually not needed. In [21] the following extension of Theorem 4.2 is proved.
It is a key ingredient of the extensions of Theorem 5.1 considered in [18] and
[20] (although the original arguments of [18] are somewhat more complicated).

THEOREM 9.3. If, together with the previous conditions, we assume nr® > 4,
we can find an increasing sequence of finite partitions (/;);-; of T and a
probability measure w such that

. 1
VteT, gr‘1<Dj(Aj(t))+log M(Aj(t)))
< K(k, &)(F(T) +r ' (1+ D;_y(T))).

The way to use this result is first to determine 1 small enough such that
(9.19d) holds; then to take r large enough such that nr® > 4.

Acknowledgments. The way to introduce majorizing measures used in
Section 2 was shown to me by J. Zinn. I am grateful to T. Gowers and I. Pinelis
for numerous comments.
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