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NONCOMMUTATIVE BURKHOLDER/ROSENTHAL INEQUALITIES

BY MARIUS JUNGE AND QUANHUA XU
University of Illinois and Université de Franche—Comté

We investigate martingale inequalities in noncommutative LP-spaces
associated with a von Neumann algebra equipped with a faithful normal
state. We prove the noncommutative analogue of the classical Burkholder
inequality on the conditioned (or little) square function and extend the
noncommutative Burkholder—-Gundy inequalities from Comm. Math. Phys.
189 (1997) 667-698 to this nontracial setting. We include several related
results.

0. Introduction. Inspired by mathematical physics, noncommutative (or
quantum) probability is, today, an independent field of mathematical research.
We refer to the recent books [27, 30], the successive conference proceedings [2]
for the interplay between mathematical physics, noncommutative probability and
classical (i.e., commutative) probability, to the books [17, 18, 10] about the almost
sure convergence of noncommutative martingales, and to [28] for the connection
with harmonic analysis. A further example of the fruitful interaction of probability
and operator algebras is the fast developing theory of free probability introduced
by Voiculescu in the beginning of the 1980s; see [44] and [45]. Finally, we should
point out that noncommutative probability is intimately related to the recent theory
of operator spaces, developed mainly during the last decade (cf. [11, 32]).

In this paper our main attention is on classical martingale inequalities and
their noncommutative counterparts. In the classical probability theory, Burkholder
and his coauthors developed powerful tools of martingale transforms, maximal
functions and stopping times which are well established in the modern theory
of stochastic processes (cf. [4] and the references given therein). We should
emphasize that it is often highly nontrivial and requires additional functional
analytic or combinatorial insight to transfer classical martingale inequalities to
the noncommutative setting. Indeed, most of the stopping time arguments are
no longer available. It is well known that martingale inequalities are closely
related to problems in harmonic analysis (cf. [5, 37]). Indeed, the noncommutative
version of Stein’s inequality is a key building block in the approach towards
the noncommutative Burkholder—Gundy inequalities in [34]. Carlen and Krée [7]
obtained, independently and almost at the same time, results related to those
in [34] on the It6—Clifford integral. Very shortly after [34], Biane and Speicher [3]
developed the stochastic analysis on Wigner space (=free probability space).

Received May 2001; revised July 2002.

AMS2000 subject classification 46L.53.

Key words and phrases. (Noncommutative) martingale inequalities, noncommutative L, spaces,
(noncommutative) Burkholder inequality, (noncommutative) Rosenthal inequality.

948



NONCOMMUTATIVE BURKHOLDER INEQUALITY 949

Pisier [33] extended some results in [34] to a more general setting. Very
recently, the noncommutative analogue of the classical Doob inequality has been
established in [19].

We continue this line of research by establishing the noncommutative analogue
of the Rosenthal/Burkholder inequality. Interested in new examples for £,
spaces in the theory of Banach spaces, Rosenthal [36] established an inequality
for the p-norm of independent mean-zero random variables. Aware of this
inequality, Burkholder (cf. [4] and [6]) generalized this inequality to the context
of martingales as follows. Let 2 < p < oo and (¥) be a filtration on a probability
space (€2, ). Given x € L?, the conditional expectations (Ey) and the martingale
differences are given by

Er(x) =Ex|F) and  dp =di(x) = Ex(x) — Ex—1(x).

Then the L?P-norm of x satisfies

1/p
Xl p ~e, (Z mnz) - H (ZEk_1<d£>)
k k

The second term on the right-hand side above is called the conditioned square
function. Rosenthal’s inequality for independent mean-zero random variables is a
special case where dy = f; and Ek_l(d,f) = ||fk||% is just a scalar. In Section 5,
we prove the noncommutative analogue of Burkholder’s inequality by replacing
conditional expectations onto the subalgebras generated by filtrations by the
conditional expectations onto an increasing sequence of von Neumann subalgebras
of a given von Neumann algebra (using the appropriate noncommutative analogue
of the conditioned square function). In Section 6, we extend these results to the
case 1 < p < 2. In this range, the appropriate formulation is motivated by the
K -functional in interpolation theory. This might be new even in the commutative
case. In a subsequent paper [21], we will show that the noncommutative version
of Rosenthal’s original inequality has far reaching applications in particular to the
L?-norms of random matrices. Namely, for a matrix (f; j):‘l, =1 of independent
mean-zero random variables and 2 < p < o0,

1/p p/2\ 1/p
BN =g 12) P ~ (an,,n") +<Z<Z||f,,nz) )
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Ever since the discovery of type III, -factors realized as infinite tensor products
of 2 x 2-matrices, martingale theory is important in operator algebras and in
particular for noncommutative L?”-spaces. As in many other applications it is
therefore natural to assume that a W*-noncommutative probability space (M, ¢)
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is given by a von Neumann algebra M and a normal faithful state ¢ (or even
a weight, but we will concentrate on states in this paper). Given an increasing
sequence of von Neumann subalgebras (M) of M, the existence of normal
conditional expectations from M onto M,, is guaranteed if the M,,’s are invariant
under the modular group of the given state ¢. We will consider noncommutative
martingale inequalities in this setting, and in particular, prove the corresponding
Burkholder inequality. The pattern of our proof of this latter inequality is similar
to that set up in [34]. However, the results in [34] were only obtained for the
tracial case. In Section 3, we indicate the necessary modifications needed to extend
the Burkholder—Gundy inequality to the nontracial case, thereby extending these
results. Let us mention that this approach still only provides exponential estimates
for the constants. Due to very recent results by Randrianantoanina [35] the order
of constants is now better understood in the tracial case, see also the forthcoming
publication [22]. Using a very deep crossed product argument of Haagerup [15]
(unfortunately unpublished), one can deduce the nontracial case from the tracial
one. This alternative approach seems to be the right one in terms of constants.
In this paper (accomplished before Randrianantoanina’s results) we pursue a
different strategy and show that the abstract Haagerup L”-space provides the
right framework for understanding algebraic properties of (invariant) conditional
expectations and their extensions to L”-spaces; see Section 2 for details.

In Section 4, we give a description of the dual of the Hardy space H? and the
connection to BMO spaces, revealing the relations between the various martingale
inequalities. This part is closely related to results in [19] and in fact the underlying
duality concept for conditioned square functions is central in both papers, in
particular for the dual form of Burkholder’s inequality for 1 < p < 2; see Section 6.

Section 7 contains a norm inequality on conditional expectations on L? for
p < 1. This inequality is closely linked to the above mentioned dual form of the
noncommutative Doob inequalities in [19].

The last section contains a brief discussion of the nonfaithful case, motivated
by natural examples of invariant finite dimensional subalgebras in B(£?). In these
cases the conditional expectations can no longer be assumed to be faithful and the
dual Burkholder inequality turns out to be wrong in general. However, for p > 2,
the results can be deduced from the faithful case.

In the subsequent paper [21], we will present the noncommutative Rosenthal
inequalities (which are consequences of the noncommutative Burkholder inequal-
ity), and various applications, especially those to the linear structure of symmetric
subspaces of noncommutative L”-spaces.

1. Preliminaries. We use standard notation in operator algebras. We refer to
[23, 31, 38-40] for modular theory, to [14, 42] for the Haagerup noncommutative
L?-spaces. Let us recall some basic facts about these spaces and fix the relevant
notation used throughout this paper. Let M be a o-finite von Neumann algebra
and ¢ a distinguished normal faithful state on M. Let o, = o/, t € R, denote the
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one parameter modular automorphism group of R on M associated with ¢. We
consider the crossed product R = M x,R. We recall briefly the definition of R.
If M acts on a Hilbert space H, R is a von Neumann algebra acting on L*(R, H),
generated by the operators 7 (x), x € M, and the operators A(s), s € R, defined by
the following conditions: for every & € L>(R, H) and ¢ € R,

m(x)(§)(@) =0_;(x)E@) and A(s)(E)(1) =&(r —5).

Note that 7 is a normal faithful representation of M on L?(R, H). Thus we may
identify M with 7 (M). Then the one parameter modular automorphism group

{07}icr is given by
o1 (x) = A(D)xA (D)™, xeM, teR.

There is a dual action {6;};cr of R on R. This is a one parameter automorphism
group of R on R, implemented by the unitary representation {W (¢)};cr of R on
L*(R, H):

o(x)=WmxW(@e)*, teR, x e R,
where
W(t)(E)(s) = e E(s), £eL*R, H), t,s eR.
Note that the dual action &y is also uniquely determined by the following conditions
G(x)=x and G, (A(s)) =€ "'A(s), xeM, s, teR.

Thus M is invariant under {G;};cr. In fact, M is exactly the space of the fixed
points of {G;};cr, namely,

M={xeR:6;(x)=x, YVt e R}.

Recall that the crossed product R is semifinite (cf.[31]), and moreover there is a
canonical normal semifinite faithful (abbreviated as nsf) trace satisfying

Too;=e 1, teR.

Any normal positive functional @ on M induces a dual nsf weight @ on R
which admits a Radon—Nikodym derivative with respect to t. In particular, the
dual weight ¢ of our distinguished state has a Radon—Nikodym derivative D with
respect to 7. In this paper, D will be exclusively reserved to denote this derivative.
Then

¢(x) =1(Dx), X € R,.

Recall that D is an invertible positive selfadjoint operator on L>(R, H), affiliated
with &R, and that the regular representation A () above is given by

A(t) = D', r eR.
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Now we are ready to define the Haagerup noncommutative L”-spaces. Let
LO(R, ) denote the topological *-algebra of all operators on L>(R, H) measur-
able with respect to (R, 7). Then the Haagerup L?-space 0 < p < oo is defined
as

LP(M,p)={x e L'(R,1):6;(x) =¢ /Px, Vi €R}.

It is clear that LP(M,¢) is a vector subspace of LO(R, ), invariant under
the x-operation. The algebraic structure of L”(M, ¢) is inherited from that of
LO(R, 7). Let x € LP(M, @), and let x = u|x| be its polar decomposition, where
|x| = (x*x)'/2 is the modulus of x. Then u € M and |x| € LP(M, ¢). Recall that

L®(M,9)=M and L'(M,q)=M,.

The latter equality is understood as follows. As mentioned previously, for any
w € M}, the dual weight @ has a Radon-Nikodym derivative with respect to T,
denoted by A,:

@ (x) =1(hyx), X € Ry.
Then
hy € L%(R,7v) and G,(hy) =e 'hy,, t eR.

Thus h, € LI(M,(p)+. This correspondence between M} and Ll(eM,(p)+
extends to a bijection between M, and Ll(M,go). Then for any w € M,, if
w = u|w| is its polar decomposition, the corresponding h,, € L' (M, ¢) admits
the polar decomposition

he =ulhy| =uh|y).
Thus we may define a norm on L' (M, ¢) by
lholll = lol(1) = o]+, w € My.

In this way, L'(M, @) = M, isometrically. Now let 0 < p < oco. Since x €
LP(M, @) iff |x|? € LY(M, @), we define

1
Ixl, = xI”1)/7, xeLP(M, ).

Then | -], is a norm (resp. a p-norm) on LP(M,¢) for 1 < p < co (resp.
0 < p < 1). Equipped with | - || ,, L? (M, ¢) becomes a Banach space or a quasi-
Banach space, according to whether 1 < p < oo or 0 < p < 1. Clearly,

Ixllp = llx™ 1l = llxTll . x € LP(M, ).

It is well known that L? (M, ¢) is independent of ¢ up to isometry (see [42]).
Thus, following Haagerup, we will use the notation L? (M) for the abstract
Haagerup LP-space L? (M, ¢). As usual, for 1 < p < oo the dual space of L? (M)
is L” (M), 1 /p + 1/p" = 1. To describe this duality, we use the distinguished
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linear functional on L' (M), called trace and denoted by tr, which is given by
@) =wx(1),  xeL'(M),

where wy, € M, is the unique normal functional associated with x by the above
identification between M, and L!(M). Then tr is a continuous functional on
L' (M) satisfying

[ <t(x)=lxlli,  xeL'(M).

The usual Holder inequality also holds for these noncommutative L”-spaces. Let
0<p,q,r<ocosuchthat1/r=1/p+1/q. Then

x€LP(M) and yelI(M) = xyeL (M) and [xyllr <lxllplylg.
In particular, for any 1 < p < oo we have
[trGey) | < llxylle < llxlipliylly, x € LP(M), y € LP (M).

Thus, (x, y) — tr(xy) defines a duality between L” (M) and Lp/(eM), with respect
to which

(LP(M))" = L” (M) isometrically, 1<p<oo.

The functional tr on L'(M) plays the role of a trace. Indeed, it satisfies the
following tracial property

tr(xy) =tr(yx),  x € LP(M), y e LP (M).

Moreover, our distinguished state ¢ can be recovered from tr (recalling that D is
the Radon—Nikodym derivative of ¢ with respect to t), namely,

(1.1) o(x) =tr(Dx), X € M.

All properties described above will be repeatedly used throughout this paper
without any reference.

In this paper, all notation introduced previously will be kept fixed, unless
explicitly indicated otherwise. For our development, we will need some more
preliminaries on the Haagerup L?-spaces. Let M, be the family of analytic vectors
in M. Recall that x € M, iff the function # — o;(x) extends to an analytic function
from C to M. Then M, is a w*-dense *x-subalgebra of M (cf. [31]).

LEMMA 1.1. Let0O< p <00,0<6 <1. Then:
@) D(l—e)/PMaDG/P :MaDl/p;
(i) M,DYP isdensein LP(M).
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PROOF. (i) Let x € M,. Then
xDV/P = D(1—9)/17[D—(I—G)/pr(l—Q)/P]DQ/P

— D(1—9)/P[Gi(1_9)/p(x)]DQ/P c D(1—9)/PMQD9/P

whence M,D'P c DU=9/P p,D?/P . The reverse inclusion can be proved in a
similar way.

(i) Since D € L1(M), by the Holder inequality, MyDV'P c LP(M). To show
the density of M DYP in LP(M), we first consider the case 1 < p < 0o. Let
y € (LP(M))* = L? (M) such that

tr(xD'/Py) =0, X €M,.

Note that Dl/”y e L'(M). Thus, by the w*-density of M, in M, we deduce
D'/Py = 0. Since D'/? is injective, we obtain y = 0, and so M,D'/? is dense
in L?(M).

Now, suppose 1/2 < p < 1. Letx € L? (M), and write its polar decomposition:
x = ul|x|. Then we can write x = yz, where y = u|x|'/? and z = |x|'/2. Since
y,z € L??(M) and 2p > 1, by (i) and the preceding part already proved, there are
Vn, Zn € My such that

i 12py, _ - i 120 _ 11, =
Jim [DYPy, —yl2p =0, lim ||z, D zll2p = 0.

Then D'/?Py, z,D'/?P € D'/2P M,D'/?P, and by the Holder inequality,
. 1/2 1/2
Jim [[DV2P vz, DY — x]), = 0.

Therefore, by (i), we deduce the desired density in the case 1/2 < p < 1. Iterating
this procedure, we obtain the density of M,D'/? in LP(M) for all 0 < p < oo.
OJ

We will need some spaces formed of sequences in L? (M), as introduced in [34]
(see also [26]) in the case where the state ¢ is tracial. Let a = (a,)n>0 C LP (M)
be a finite sequence (i.e., only finitely many terms of a are not zero). It is clear that
(Cnzolanl®'/? € LP(M). Put

1/2
2
||a||Lp(M;eg) = H(Z lan| )
n>0 P
As in the case where ¢ is tracial, we easily see that || - ||;»(4.¢2) defines a norm

(if p > 1) on the family of all finite sequences in L” (M). To justify this, let B(£?)
denote the space of all bounded operators on £2 and Tr be the usual trace on B(£?).
Consider the von Neumann tensor product M ® B(£?), equipped with the tensor
product weight ¢ ® Tr. Note that ¢ ® Tr is no longer a state, but an nsf weight.
All the previous discussion about the Haagerup L”-spaces associated with a state
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is still valid in the case of nsf weights. However, if one wishes, for what follows
one may keep oneself in the case of states, simply by considering B(Eﬁ) instead of
B(¢?) with an arbitrary positive integer n. Let ¥ = ¢ ® Tr. Then the corresponding
one parameter automorphism group is

O';// :O}®id3(62), teR.
Thus, it follows that
[M ® B4R = (Mx,R) ® B(£?) = R @ B(£?).

The canonical nsf trace v on [M ® B(£?)] x v R is the tensor product T @ Tr
(recalling that t is the canonical trace on R). Let LP(M ® B(£?)) denote
the Haagerup L?-space associated with ¢ ® Tr. Observe that the distinguished
tracial functional on L' (M @ B(£?)) is equal to tr ®Tr. Consequently, (x, y)
tr®Tr(xy) defines a duality between L”(M ® B(£?)) and Lpl(eM ® B(£2)) for
1 <p<oo.

Elements in LP(M ® B(£?)) can be considered as matrices with entries in
LP(M), and L? (M) can be identified as an isometric subspace of L? (M ® B(£%))
via the following map

x 00 -
xr—>(0 0 0 ), x € LP(M).

In the same way, any finite sequence a = (a,),>0 C L? (M) can be regarded as a
column matrix in L? (M ® B(£?)):
ap O
ar>T@=]a 0

Then

||a||Lp(M;eg) = |||Ta|||LP(M®B(£2)) = ||Ta||Lp(=M®B(z2))'
Therefore, || - [l r o) defines a norm for p > 1 and a quasi-norm for 0 < p < 1

on the family of all finite sequences in L”(M). The corresponding completion,
for 0 < p < o0, is denoted by L?P(M; E%). Then, LP(M; Z%) is identified, via
the above map 7', with a closed subspace of L? (M & B(£?)), called the column
subspace of L (M ® B(£?%)). For p = o0, we denote by L (M; Eg) the Banach
space of (possible infinite) sequences in L°°(M) such that ), ara, converges
in the w*-topology. Thus L (M; ¢2) is isometric to the column subspace of
L®(M ® B(£?)) consisting of column matrices.
Similarly, given a finite sequence a = (a,) C L? (M), we set

1/2
n>0

||a||Lp(M;gg) =‘
p
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This is again a norm or a quasi-norm according to whether p > 1 or p < 1.
The corresponding completion (relative to the w*-topology in the case p = c0)
is denoted by L?(M; E%). Then, LP?(M; E%) is naturally identified with the row
subspace of L (M ® B(£%)).

The above tensor product argument shows the following Holder-type inequality,
which will be frequently used in this paper. Let 0 < p,q,s < oo such that
1/s =1/p + 1/q. Then for any finite sequences a = (a,)y>0 € LP(M; Eg) and
b= (by)n=0 € LP(M; f%)’

> akby
n>0

The same inequality holds with L?(M; Zf) instead of L (M; E%). In particular, if
1 < p <ooand g = p/, the conjugate index of p, we get

(1.2) = ||a||Lp(M;eg)||b||Lq(M;gg)-

N

> tr(agby)

n>0

(1.3) = ||a||LP(M;E%)”b”Lp/(M;g%)a

aeLP(M;€2), be LV (M; 2.
This last inequality yields a natural anti-linear duality between L”(M; £2) and

LY (M; Eg). As a consequence of Lemma 1.2 below, the dual space of L?(M; Eg)

is indeed L? (M; Zg) with respect to this anti-linear duality.

The following lemma might be known to specialists. We include a proof for the
sake of completeness. Note that it is obvious in the tracial case (i.e., when ¢ is
tracial).

LEMMA 1.2. Let 1 < p < 00. For any finite matrix x = (x;j); j>0 € LP(M ®
B(£%)) we define

xo0 O
Px)=|Xw0 0 -,

that is, P(x) is the matrix whose first column is that of x and all others are 0.
Then P extends to a contractive projection from LP (M & B(£?)) onto LP (M Zf).
Consequently, LP(M; Eg) is one-complemented in LP (M ® B(£%)). Similarly,
LP(M; Zf) is one-complemented in LP? (M ® B(£?)).

PROOF. This is easy (and well known for p = oo and p = 1). More precisely,
we consider the projection e = (1 ® egg) and note that

LP(M ® B(£%))e = LP(M; €2).
Clearly, the map T (x) = xe is a projection onto L” (M; £2). [

We record the following immediate consequence of (1.3) and Lemma 1.2.
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COROLLARY 1.3. Let 1 < p < 00, and let p' be the conjugate index of p.
Then

(LP(M; 2)) =LV (M: €2 and (LP(M; £2))* = LV (M; £2)

isometrically. The anti-linear duality is given by (a, b) = 3~ tr(byay).
2. Conditional expectations. Let M, ¢, o, be fixed as in the previous section.
Let & C M be a von Neumann subalgebra. By von Neumann subalgebras we

mean unital w*-closed x-subalgebras. Assume N is invariant under {o;},cRr, that
1s,

2.1 or(N) C N, teR.

It is well known (cf. [40]) that (2.1) is equivalent to the existence of a (unique)
normal conditional expectation & : M — N such that

2.2) po& =q.
This conditional expectation & commutes with {o;};cr (cf. [9]):
(23) 800—1‘:0—;08, teR.

Now let ¢ = ¢|» be the restriction of ¢ to N. (2.1) implies that the modular
automorphism group associated with i is the restriction of o; to N, namely,

o*lw:otu VteR.

It follows that the crossed product § = N ¢ R is a von Neumann subalgebra
of R = M X, R. Let v be the canonical nsf trace on 4. Then v is equal to the
restriction of 7 to 4 (recalling that t is the canonical trace on ). Observe that the
conditional expectation & extends to a normal faithful conditional expectation &
from R onto &, satisfying 7 o & = 7, that is, v o & = 7. Let ¢ and ¥ be the dual
weights of ¢ and ¥ respectively. Then ¥ o & = @, and by [9],

(D@:D1); = A(t) = (DY : Dv),, teR.

Therefore, the Radon-Nikodym derivative of i with respect to v is equal to D,
the Radon—Nikodym derivative of ¢ with respect to t.

The discussion above shows, in particular, that LO(8,v) is naturally identified
with a subspace of LO(R, 7). Then, since 0}” =o¢|y (t €R), the space LP(N) =
LP (N, ) can be naturally isometrically identified with a subspace of L7 (M),
0 < p < co. In the sequel we will not distinguish between ¢, o;, 7 and their
respective restrictions.

It is well known that in the tracial case, the conditional expectation & extends
to a contractive projection from L? (M) onto L?(N) for any 1 < p < oo, which
still is positive and has the modular property & (axb) = a&(x)b for all a,b e N,
x € LP(M). In view of the commutative theory these are very desirable properties
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and important tools in the investigation of martingales. In our first attempt
to formulate these properties using Kosaki’s (or Terp’s) interpolation spaces,
these properties seemed inexplicable or appeared in a rather awkward algebraic
formulation involving the modular automorphism group of ¢. This is due to the
fact that the interpolated L”-spaces do not have positive cones and that either the
left or the right module action (or even both actions) of M on the interpolated
L?-spaces are difficult to describe. We refer to [1, 8, 16, 13] for some related
results in this direction. Moreover, for 0 < p < 1, L? itself and the extension of
the conditional expectation & to a large dense subspace of L? can not be recovered
by this interpolation approach. Since these tools turned out to be crucial, we are
forced to work in the context of Haagerup LP-spaces. The rest of this section is
devoted to establishing the usual algebraic properties of conditional expectations
in this setting.

Recall that M, denotes the family of all analytic vectors of M. For 0 <6 <1
and 0 < p < oo we define &, ¢ : M DYP — M,DVP by

&, G(D(I—Q)/PXDWP) — D(1—9)/Pg(x)D9/P’ X €M,.
LEMMA 2.1. LetO<p<o0oand0<0,n<1.Then&,9=E&, .

PROOF. It suffices to consider the case n = 1. Let a € M, D'/?. Then (see the
proof of Lemma 1.1)

a=DU=0/rypflr — ai(l_g)/p(x)Dl/p for some x € M,.
Thus
€p.1(a) = &p,1(0i(1-0)/p(x)D'/P)
= €(0i(1-6)/p(x)) D"
= 0i(1-0)/p(E)DYP by (2.3)]
= DU=/Pg(x)DYP = &, 4(a).
This completes the proof. [

Lemma 2.1 enables us to drop the subscript 6 from &), 9. Thus we will denote
& p.,0 by & p-

LEMMA 2.2. Forany 1 < p < o0, &, extends to a contractive projection from
LP(M) onto LP(N).

PROOF. First consider the case p = 1. Let x € M, and y € N. Then by
(1.1) and (2.2),
tr(y€1(xD)) =tr(y&(x)D)
=p(yE(X)) = 9(E(yx))
= ¢(yx) =tr(yx D).
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Therefore,
[tr (y&1(xD))| < lyllocllx D11,
whence
I€1(xD)l[1 < lxDll1, X €M,

By Lemma 1.1, M, D is dense in L'(M). Thus, &; extends to a contraction on
LY(M). It is then clear that & is a projection of range equal to LY(N).

Next, assume 1 < p < oo.Letx € M, and y € LP'(N) (1/p+1/p’=1). Then
D'/Py e LY(N). Thus, by Lemma 1.1, there is y, € N such that

lim y,D = D'Py  in LY(W).
Therefore, it follows that
tr(é’p(xDl/p)y) = tr(é’(x)Dl/py)
= lim tr(€(x)y, D)

= nll)rréo tr(& (xyn) D)
= nll)ngo (p(g(x)’n))

— 1 — 1/p

= lim ¢(xy,) =tr(xD""y).
This implies, as before in the case p = 1, that &, extends to a contractive
projection from L? (M) onto LP(N). [

REMARK. It is easy to see that & is the orthogonal projection from L2(M)
onto L2(N), and that & is the adjoint of &,,.

In order to simplify the notation in the sequel, we will use the same letter & to
denote the family {&),} (thus drop the subscript p from &),). This should not cause
any ambiguity. During the proof of Lemma 2.1, we have proved the following
equality, which will be repeatedly used later:

2.4) tr(8(x)) =tr(x), x e L' (M).
We now show that the conditional expectations on L? (M) posses all the usual
algebraic properties.
PROPOSITION 2.3. (i) Let1 < p <oc and x € LP(M). Then
ECXN*=€6Ex*) and x>0=Ex)>0.
(i) Let 1 < p, q,rfoosuchthat%—i—é—i—%f 1. Then
&(axb) =a&(x)b, ac€L?(N), be LY(N), x € L"(M).

(iii) Let 0 < p < 00 and x € MyD'/'P. Then €(x)*€(x) < &(x*x). Conse-
quently, if p>2, E(x)*€(x) < &(x*x) forall x € LP(M).
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PROOF. (i) Let x € M. Then, by Lemma 2.1,
(E(xD'/P))* = (€(x)D/P)* = D'/Pg(x*) = (DVPx*) = &((x D'/ P)¥).

Therefore, by Lemma 1.1 and the continuity of &, we get the first part of (i). We
delay the second part to the end of the proof of (ii).

(i1) First consider the case p = g = oo. If r = 00, we go back to the classical
case in M. Assume r < co. Then by Lemma 1.1, it suffices to consider x = x’D!/"
with x’ € M,. Leta,b € L®°(N) = N. Then

€(ax) =E(ax'DV")y = &(ax") D" =a&(x)DV" = a&(x).
On the other hand, by the first part of (i) above,
(E(xb))" = E(b*x*) =b*E(x*) = b*(E(x))* = (E(x)b)",

whence & (xb) = & (x)b. Thus (ii) is proved in the case p = g = o0.

Nextassume p < oo and g < oo (the case where one of p, g is finite and another
infinite can be treated similarly). Again, by Lemma 1.1, it suffices to consider
a=a'D"?, b= Db’ with a’, b’ € N. Then, by the case p = g = oo already
proved, we get

&(axb) =d' &(DYPxD' b .
Thus, it remains to show
&(D'/PxD'1y = pYrPg(x)D'/4, x €L (M).

We do this by considering » < oo and r = oo separately. If » < co, again by
Lemma 1.1, we may assume x = x'DYV" with x’ € M. Then, by Lemma 2.1,

as desired. For r = oo, we use duality. Let y € L“/(,N ), where s is determined by

% = % + é + % and s’ the conjugate index of s. Note that s < 0o; so by what we

have already proved,
&(yD''PxDV%) = yg(D'/PxD"9).
Thus, by (2.4),
tr(y€(D'/Px D)) = tr(yD/Px D7)
=tr(DY4yDPx)
=u[e(D"1yD'/Px)].
Now Dl/qul/” e L'(W). Hence
g(D'1yD'Px)y= D1y DYPg(x).
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Therefore
tw[y&(D/PxD)] =u(yD'/Pe(x)D9),  yeL*(N)
whence
g(D'/PxDV1y = DYrg(x)D'4.

This completes the proof of (ii). Now we come back to the second part of (i). Let
x € LP(M), x > 0. Then by (ii) and (2.4),

tr(y€(x)) =tr (&(yx)) =tr(yx) >0, y e Lp,(e/\/), y >0.

It follows that x > 0.
(iii) This is well known for p = co. Now let x =aD'/?. Then

Ex)*6(x)=D"P&()*€(@)D'? < D'/P&(a*a)D"/? = &(x*x).

The second assertion of (iii) then follows by density. [

In the rest of this section, we introduce noncommutative martingales that we
will deal with in the subsequent sections. Let M, ¢, {0/} be fixed as before. Let
{M,}n>0 be an increasing filtration of von Neumann subalgebras of M such that
U,>0 My is w*-dense in M. We assume that every M, is invariant under {o;};ecr
[i.e._, (2.1) holds with N = M, for every n > 0]. Then by the preceding discussion,
for each n > 0, there is a normal faithful conditional expectation &, from M
onto M, such that ¢ o §, = ¢. We have

(2.5) Embn = &&= 8min(m,n)a m,n > 0.

By Proposition 2.3, each &, induces a contractive projection from L? (M) onto
LP(M,) for all 1 < p < oo. Then all the notions of noncommutative martingales
from [34] can be transferred to the present setting without any modification. For
instance, a noncommutative L”-martingale is a sequence x = (x,)n>0 C LP (M)
such that &,,(x,) = x,, for all 0 < m < n. This implies that the sequence x is
adapted, that is, x,, € L? (M) forall n > 0. Set || x|, = sup,, [|x, |l ,. If [ x|, < 00,
x is said to be bounded. The difference sequence of x is dx = (dx,),>0, Where
dx, = x, — xy—1 for n > 0 (with x_; =0, by convention).

REMARK. Let1 < p < o0 and xo € LP(M). Define x,, = &,(x00),n > 0.
Then x = (x,),>0 is a bounded L”-martingale and lim,_, oo X, = Xoo in LP (M)
(with respect to the w*-topology in the case p = oo). Conversely, for 1 < p < oo,
using the uniform convexity of L? (M) we deduce that any bounded L”-martingale
X converges to an element xoo in LP (M), and thus is of this form. As usual, we
often identify a martingale with its final value, whenever the latter exists.
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We close this section by two conventions used throughout this paper. First,
unless explicitly indicated otherwise, M, @, {0;}, {My},>0 and {&,},>0 Will be
fixed as before, except in Section 8, where we will consider nonfaithful conditional
expectations; all noncommutative martingales will be with respect to {M},>0.
Second, letters like o, B, ... will denote absolute positive constants, which
depend only on p and may change from line to line.

3. Noncommutative Burkholder-Gundy inequalities. This section is de-
voted to extending the noncommutative Burkholder—-Gundy inequalities proved

in [34] to the case of Haagerup L”-spaces. We first recall the two square functions
introduced in [34]. Let x be an L?-martingale. We define

Sen(x) = (Z |dxk|2) and  Sy,(x) = (Z |dx,i‘|2)
k=0 k=0

Ifdx € LP(M; E%) [equivalently, if sup, - [|Sc.n (X)) < 00], we set

Se(x) = (Z |dxk|2)

k=0

172 172

1/2

Similarly, if dx € L? (M; E%), set

Sy (x) = (Z |dx;:|2)

k=0

172

Then S¢.(x) and S, (x) are elements in L?(M). Let 1 < p < o0o. Define FHE (M)
[resp. #} (M)] to be the space of all L”-martingales x with respect to the filtration
(My)n>0 such that dx € LP(M;; Zg) [resp. dx € LP(M; Zf)], and set

X1l 567 a0y = ||dx||LP(M;eg) and x| gor (40) = ||dx||Lp(M;zg)-

From the discussion in Section 1, || - ”J&f’(a%) and || - ||J€rp(M) are two norms, for
which #2 (M) and H#/ (M) become Banach spaces. Note that if x € HE (M),

1 lge2 (300 = $UP 1Sen () = 1Se (),
n>0

and similarly for ¢/ (:M). Then we define the Hardy spaces of noncommutative
martingales as

HP (M) = HP (M) + FHFP (M) forl<p<2
equipped with the norm

[lx|] =inf{||y||}ff(M) + ||Z||J€r17(M) x=y+z, ye HI (M), z € ﬂrp(eM)},
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and
HP (M) = HP (M) N FHP (M) for2<p<oo
equipped with the norm

Il = max {1x 1l go ey 12N g2 (pe }-

Now we can transfer the main results in Section 2 of [34] to the present setting.

THEOREM 3.1. Let 1l < p < 00. Let x = (xp)n>0 be an LP-martingale with
respect to {Mu}y>0. Then x is bounded in LP (M) iff x belongs to HP(M);
moreover, if this is the case,

(BGy) Ot;lllxllﬂp(m < Ixllp < Bpllxllserm)-

Identifying bounded LP”-martingales with their limits, we may reformulate
Theorem 3.1 as follows.

COROLLARY 3.2. Let1 < p <o00. Then P (M) = LP (M) with equivalent
norms.

The noncommutative Stein inequality in [34] also holds now.

THEOREM 3.3. Let 1 < p < 0. Define the map Q on all finite sequences
a = (ap)n>0 in LP(M) by Q(a) = (Enan)n=0. Then

(Sp) ||Q(a)||Lp(M;1g) = Vp||a||Lp(M;1g), ||Q(a)||Lp(M;eg) = Vp||a||Lp(M;gg)-

Thus Q extends to a bounded projection on LP(M; 13) and LP (M, E%); conse-
quently, HP (M) is complemented in LP(M; lcz) + L”(eM,E%) or LP(M; lcz) N
LP(M; E%) accordingto 1l < p<2or2<p <oo.

Our proof below for Theorems 3.1 and 3.3 follows the same pattern as in [34].
The only modifications which require a new justification are the interpolation
arguments used in [34]. Although interpolation arguments cannot directly be
applied for Haagerup L?-spaces, a direct application of the three lines lemma as in
Lemma 1.2 is possible in all the modifications we need here. Of course, this idea
is not new (see, e.g., [42] for the proof of the Clarkson inequality), and it will be
used several times in the sequel.

SKETCH OF THE PROOF OF THEOREMS 3.1 AND 3.3. Below, we indicate
the places in the proof of Theorem 2.1 and Theorem 2.3 in [34] which require
modifications. The reader will easily be able to complete the omitted details.
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(1) Lemmas 1.1,2.6 and 2.7 in [34] are still valid. In the state case, Lemma 2.6
in [34] is proved by the tensor product argument given in Section 1. Let us indicate
the modifications in the interpolation arguments of the proofs in Lemma 1.1 and
Lemma 2.7 of [34] exemplary for Lemma 2.7. This means we have to prove the
following inequality. Given 2 < p < 0o and a finite L”-martingale x = (x),>0
then

1/p
3.1) (Z ||dxn||§) <2727 x| .

n>0

This is trivial for p = co as well as for p = 2 [since for any L>-martingale x,
(dx,)n=0 is an orthogonal sequence in L?(M)]. Now assume 2 < p < oo. Let
x be a finite L”-martingale with [|x||, < 1. Then there is an n such that x; = x,

for all k > n. Choose a finite sequence b = (bx)o<k<n C LP,(eM) (1/p+1/p'=1)
such that

1/p
Y lIbllf, <1 and (anxknz) = Y tr(bdxy).

0<k=<n k>0 0<k=<n
By approximation and in view of Kosaki’s results [24], we may assume by =
Bk(%)Dl/ P" and the By, are continuous functions with values in M defined on
the strip S = {z € C:0 < Rez < 1}, analytic in the interior, such that
} -1

172
supmax{ > IBen)D]1, ( > IB(1 + ir)DWH%)
t
Similarly, we can assume x, = DYrx (%) and X is an analytic function on the

0<k<n 0<k<n
strip with values in M, such that
supmax { | X (it) oo, | D'2X (1 +it)[l2} < 1.
t

Then we consider the analytic function
F(z)= ) t[Bi(2)D(& — &—DX(2)].
0<k=<n
Using the Holder inequality and the case p = oo, we deduce
IFGDl< Y I1BeGO)DI (& — Ex—D) X (iD)loo
0<k=n
=2/ X()llc =2

for all + € R. Similarly, |F(1 +it)| <1 for all ¢+ € R. Thus, by the three lines
lemma,

IFQ/p)l= Y tr(bedxy) <2727,

0<k=n

whence (3.1) by the choice of the (by)’s.
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(i) The inequality (Sp) can be interpolated. By this we mean that if 1 <
Po < p1 < oo, then the validity of (S,,) and (S,,) implies that of (S,) for all
po < p < p1. Fix a finite sequence a = (a,) € L? (M; lcz) of norm < 1. Let x be
the finite column matrix represented by a (see Lemma 1.2). Choose a row matrix
y € LP/(M ® B(Zﬁ)) of norm 1 such that

n
lallzr a2y = IXlLr(moBE2)) =t @Tr(yx) = Ztr(ykak)~
k=1

We could still work with the state ¢, = ¢ ® % and therefore apply Kosaki’s results
with the density D,, = D ® 1. Let 0 be determined by 1/p = (1 —6)/po + 60/ p1.
Again by approximation (and complementation of the column subspace), we can
assume a; = Ax(0)DYP and

max [ [(AxGir)D/Po)| LPO(M,£2)>

(Ar(1+ it)Dl/pl)”Ll’l(eMﬁ)] =1

for all + € R. Similarly, y = (y1,...,y,) can be assumed to satisfy y; =
D'/P'y,(6) and

max {|[(D/70Yy (in))| (D7 y,(1 + in)]|

<1
LPO(M,2) L (M,ez)] =

for all ¢+ € R. Then, we consider

F(z) =) tr(DYi(2)Ek(Ak(2))).

k=1

For any 7 € R, by the Holder inequality, (S ,,) and Lemma 1.2, we deduce

[FGnl < [(DV7Yin)| [(Ec(ALGD) DY) | Lo (ag.2) = Vo

/
LPO(M,€2)

Similarly, |F(1 +it)| < yp, for all 1 € R. Therefore, by the three lines lemma,

IFO)] <y, vy

Since F(0) = r® Tr(yx) and by the choice of y, we deduce (S,) with y, <
Ymy Vi |

(i) The first inequality of (BG,) can be interpolated. This can be done by
combining the arguments in the last step and those in the proof of (3.1).

(iv) (BGp) implies (S, ). The proof given in [34] works as well in the present
setting. However, we prefer to give a slightly different proof of this fact with a
better estimate for the constant y,, in (S,) in terms of o, and B, in (BG,). Let
1 < p < o0. Suppose (BG,) holds. We will show (S ;) holds as well. To this end,
fix a finite sequence a = (ax)o<k<n C LP(M). We consider the tensor product
(M, 9) ® (N,o0), where N = B(lzﬂ) and 0 = (n + 1)~ 'Tr is the normalized

trace on B(lﬁH). Note that v = ¢ ® ¢ is a normal state on M Q@ N (see Section 1).
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Let ék = & ® id y denote the conditional expectation of M ® N with respect to
My = My ® N. Then we have (BG) for all martingales relative to the filtration
(Mi @ N)ik=0. Now set

Ar=m+D"Pay @ ey, 0<k<n.

Let (r;)n>0 be the sequence of Rademacher functions on [0, 1]. Then for any
tel0, 1],

1Q@) N r a2y = || Y Exre() Ax)
k=0 )4
n . n—1ln—1 B _
=Y (e Ar) = DY (Ej1 — € (re(1) Ag)
k=0 k=0 j=k p

< llallLr a2y +

n—1 J
Y (€1 — éJ-)(Zrk(r)Ak)

j=0 k=0

p
Let

n—1
f= Z reAg.
k=0
Now we consider the filtration

1/\7(()@?'0, M1®?0, M1®?1, J‘Zz@fﬂ, J\Zz@ffvz,...

where F; is the o-field generated by {ro,...,r;}. Denoting by (df;);>o the
difference sequence of f with respect to this filtration, we have

n—1 j ne1
Z(éj-i-l - éj)(Zrk(l‘)Ak) = deZj—i-L
j=0 k=0

j=0

Now note that (BG,) implies the unconditionality of all martingale differences
with constant majorized by o, 8,,. Therefore, it follows that

n—1 n—1
Y dfrjn > dfi

j=0 j=0

<aphp
p

= apﬁp”f”p = O‘p,Bp||a||Lp(M;zg)-
p

Combining the preceding inequalities, we obtain (S ) with y, < (1 +a,8,). This
estimate is better than that in [34], which is y, < (a,f,)°. O

REMARK. The arguments in [33] also work for martingale differences
considered here. Note that Pisier’s proof is written with respect to a tracial state,
but replacing t by tr, the same combinatorial arguments carry through, because
we still have ||x||%z = tr((x*x)") and the 2n-orthogonality tr(ds(1)---dyon))
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is satisfied for injective functions. Hence, we deduce that the constant B,
in (BG,) is of order O(p) for even integers p. However, using the recent
results of Radrianantoanina [35] in combination with [15], it follows that y, <
Cmax{p, p'}. We refer to the forthcoming paper [22] for the fact that these
constants are optimal. The same approach also provides good (or optimal)
constants 8, < Cp, a), < Cp for p > 2.

We end this section by the noncommutative Khintchine inequalities.

THEOREM 3.4. There are absolute constants  and a with the following
property. Let (rp)n>0 be the sequence of Rademacher functions on [0, 1]. Let
1 < p <o0. Let a = (ap)n>0 be a finite sequence in LP (M).

2
)
P

=< ,3\/5”0||LP(M;eg)mLp(M;gg)-

2
dO
p

= ||a||Lp(<M;ZZ)+LP(=M;ZE)'

(i) If2<p<oo,

1/2

> ra(t)ay

n>0

1
lallzraee2ynre a2y < (/0

() Ifl<p<2,

1/2

Zrn(t)an

n>0

1
allallpr ey rrr ey < (/0

In the tracial case, this theorem is contained in [25, 26, 32]. The nontracial
case can be reduced to the tracial one in virtue of [15] (as mentioned above) or
using a direct proof based on [26]. Note that Theorem 3.1 implies Theorem 3.4 for
1 < p < oo but with a worse constant. Also note that the first inequality in (i) and
the second in (ii) above are easy to check (cf. [26]). Finally, we should point out
that the theorem in the Appendix of [26] yields the first inequality in (ii) for p = 1.
We omit all details. The subsequent paper [21] contains more related inequalities.

4. A description of the dual of #67, 1 < p <2. In the Appendix of [34],
the classical Fefferman duality between H'! and BMO was extended to the
noncommutative martingale setting (with a trace). This result was further extended
to the nontracial case in [19]. In fact, the duality result proved in [19] describes
more generally the dual of #7 for every 1 < p < 2. Using this duality, we can
show that the second inequality of (BG,) holds for p =1 (as the tracial case
in [34]), and moreover, the constant 8, there remains bounded for 1 < p < 2.
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We begin with a notation introduced in [19]. Let 1 < p < oo, and let (a,),>0 be
a finite sequence of positive elements in L”(M). Set (with p’ the index conjugate

to p)
51}.
p/

We should call the reader’s attention to the fact that sup, a, does not make any
sense in the noncommutative setting, and the above || sup, a,||, is just a (useful
and suggestive) notation.

Now let 2 < g < co. We define LIMO(M) (mean oscillation in L7 in the
column sense) as the space of all martingale difference sequences (dj) in L9 such
that the sequence x = (x,),>0 defined by x, = >_}_, di satisfies

2 bn

n>0

= supi > " t(anbn) :by € LY (M), by = 0,
p

n>0

supay,
n

2
x5 4 = sup < 00.
LEMOMO — 00

q/2

2
sup 8n(|xm — Xn—1| )
0<n<m

Note that
m

(4.1) En(lXm — xn—11%) = Sn(Z |dk|2>-
k=n

One can check that || - ”L‘E’M(Q(M) is a norm, which makes LI M©O (M) a Banach

space. Similarly, we define L} MO (M) as the space of all x such that x* €
LIMO(M), equipped with the norm

11 24 o aey = 1671 L9 po a0 -
Finally, we set

LIMO(M)=LIMOM)NLIMO(M)

equipped with the intersection norm

XMl 29 g0 ) = maX{||x||LZM(9(M)v ||x||L?M0(M)}-

If ¢ = oo, all these spaces LCMO(M) = BMOM), LEMOM) =
BMO (M), L2MO(M) = BMO, (M) coincide with those introduced in [34]
(at least in the tracial case).

Any y € LEMO(M) defines a linear functional &y on the family of all
finite L?-martingales as follows (p = g’ being conjugate to ¢). Let x be a finite
L?-martingale, say x, = x,, for all n > m. Then &,(x) = tr(y,,x,,). Clearly,
&y (x) =tr(yyx,) for all n > m. Thus we can write

(4.2) §y(x) = lim_ tr(y,x,).

The following result shows that &, extends to a continuous functional on HE (M),
and conversely, any continuous functional on #Z (M) is given by some &y. One
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part of this result is a special application of [19] Proposition 4.2 to martingale
difference sequences. It is the noncommutative analogue of a classical result in
commutative martingale theory (cf. [12]).

THEOREM 4.1. Let 1 < p <2 and q = p’ the index conjugate to p.

(i) Lety € LIMO(M). Then &, defined by (4.2) for all finite LP-martingales
X extends to a continuous linear functional on HE (M).

(ii) Conversely,any & € (KL (M))* is given as above by some y € LEMO(M).
Moreover,

—1
(4.3) )xp ”y”LgCMO(:M) = ”S)’”(Rf(M))* = \/EHYHLZ{M@(M),

where X, > 0 is a constant depending only on p and A, = O(1) as p — 1.
Consequently, (HL (M))* = LIMO (M) with equivalent norms.

(iii) The same duality holds between HF (M), HP (M) and LI MOM),
LIMQO (M), respectively,

(HP (M) =LIMOM) and (HP(M))" = LIMOM).

PROOF. (iii) follows from (i) and (ii) by standard arguments. (i) and the second
inequality of (4.3) were proved in [19]. Thus it remains to show (ii) and the first
inequality in (4.3). Suppose & € (#? (M))* with norm < 1. Then by the Hahn-
Banach theorem, & extends to a continuous functional on L? (M, Zg) of the same
norm. Thus by Corollary 1.3, there exists a sequence (b,) € LY (M, E%) such that

> 1bal?

n>0

<1 and &)=Y brdx, VxeHI(M).
q/2 n>0

Let y be the L?-martingale given by dyo = &p(bo) and dy,, = &,(b,) — &,—1(by)
for all n > 1. Then for any finite L?-martingale x, &§(x) = &, (x). Thus it remains

to show y € LM and to find a bound for ||y ||L§M0(M). This is done as follows.
If k —1>n=>0,by (2.5) and Proposition 2.3(ii)

EnlEkbiEk—1bK] = €, [Ek—1(EkDLEk—1Dr)] = EnlEk—1D) Ek—1bk];
similarly,
EnlEk—1b5 Exbi] = En[Ex—1b} Ex—1bx].

Here and in the sequel we will skip brackets in the use of &, whenever this is
possible. It then follows thatif k — 1 >n > 0,

Ea[ldyi|*] = Enl(Exbr — Ex—1b1)* (Exbr — Ex—1b1)]
(4.4) = E,[Exby Exbi — Ex—1b) Ex—1bk]
< Eu[6kb} Exbr] < &, |br|?,
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where for the last inequality we used Proposition 2.3(iii). Now let s be the
conjugate index of ¢/2, and let (a,) be a finite sequence of positive elements
in L’ (M) such that

<1

>

n>0

N

Fix a positive integer m. By (4.1), (4.4), (2.4) and Proposition 2.3(ii),

Z tr [8n|)’m - )’n—1|2an]

0<n<m
=Y tr[(& > |dyk|2>an}
0<n<m n<k<m
< 3 w[@ldyaPa] + Y. tr[(gn > Ibklz)an}
0<n<m 0<n<m n+1<k<m

= Y ulldyalf&an]+ Y tr|: 3 |bk|28,,a,,}

0<n<m 0<n<m n+1<k<m

=1+1I.
We majorize [ and Il separately. In order to estimate / we use the elementary

inequality (a — b)*(a — b) < 2(a*a + b*b) and &,(b})&,(b,) < &,(b}b,) and
deduce from Proposition 2.3 and (2.4)

1<2 ) uwl|&bul*8uan] +2 Y t[|8u—1bu—1l*Enan]

O<n=<m 1<n<m
<2 > w[lbal&uan]+2 Y tw[lba1PE 1]
0<n<m 1<n<m

<2t [(Ofnzfm |bn|2) (05’% &anﬂ

+2tr|:< > |b,,|2)( > 8,,_1an)}
I1<n<m 0<n<m
Z &qay Z En_1ay

0<n<m 1<n<m

<2

+2
)

N
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As for the second term /I, we have

II:tr|: ool Y Snan}

1<k<m k—1<n<m

ol (3 ) 2 )

Z &.a,

0<n<m

=<

N

However, by the dual form of the noncommutative Doob inequality proved in [19],

maxi Z &,a, Z &,_1a, }fks Z a,
R

0<n<m 0<n<m O<n=<m
where the constant Ay remains bounded when s is away from oo, that is, when p
is away from 2 [see the end of Section 7 for a simple proof of this inequality in the
(easier) range 1 < s < 2]. Combining the preceding inequalities, we obtain

Z tr [8n|)’m - )’n—1|2an] <5As

0<n<m

’ ’

N N

whence the desired result on y. Thus we have finished the proof of the theorem.
O

Combining Theorem 4.1 with Corollary 3.2, we see that LI MO (M) = LI (M)
with equivalent norms for any 2 < g < oo. In particular,

4.5) lallLasmowm) < dqllally VYae LY(M).

The constant §, obtained in this way goes to oo as ¢ — oo. However, if a = (x,)
is an L°°(M)-martingale and if 0 <m < n, then the triangle inequality from [19],
Proposition 18, implies

1€nlxm — Xn—1 212 < 11€alxm 1% + 180 1x0—11* 1'% < 2]l -
Therefore,
(4.6) lallsmomo <2lalloe,  a€L®(M).

Thus we are tempted to interpolate (4.5) for some fixed ¢ and (4.6) in the hope
of getting a constant §, in (4.5) which remains bounded as ¢ — oo. Fortunately,
this is possible, as shown by the following result, which is the noncommutative
analogue of the classical Fefferman—Stein inequality on the sharp function.

PROPOSITION 4.2. Let 2 < g < 00. Then there is a constant §; > 0 with
qg = 0(1) as g — oo such that (4.5) holds.
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PROOF. It suffices to consider large ¢, say 4 < g < oco. Using a highly
nontrivial interpolation argument as in [29] (see also [20] for the nontracial case),
we deduce from (4.5) for ¢ =4 and (4.6) that (4.5) holds with

5, <2834
For more details, see [29] and [20]. [
COROLLARY 4.3. Let 1 < p <2. Then HP(M) C LP(M) and there is an
absolute constant B > 0 such that
lxllp < Blixlizer ms x € HP.
Consequently, the constant B, in (BG,) remains bounded for 1 < p < 2.

PROOF. This follows immediately from Theorem 4.1 and Proposition 4.2 for
p close to 1. On the other hand, for p close to 2, this is nothing but (BG,). [

REMARK. In the case p =1, Corollary 4.3 is the corollary in the Appendix
of [34] (for the tracial case). We profit of this opportunity to point out a gap in the
corollary in the appendix of [34]. It is stated there that

Il < V2ldx ey iniaee VX € H (M)

However, the proof there does not give this. In fact, we do not know whether this
inequality holds (even with some constant instead of +/2).

We close this section with a problem concerning the constant in the inequality
reverse to (4.5). As already observed above, for 2 < g < oo there is a constant
A; > 0 such that

4.7) lally < A llallLasowm, aeLIMOM).

In the commutative case the optimal order is O(q). By duality ;s < Cq? implies
)\; < qu; see [22] for more details.

PROBLEM. What is the optimal order of)»/q in (4.7) as g — o0?

5. Noncommutative Burkholder inequalities: p > 2. This section and the
next one are devoted to the noncommutative analogue of the classical Burkholder
inequalities on conditioned square functions. In this section, we focus on the
range 2 < p < oo and finite martingales where this inequality is exactly the
noncommutative analogue of the classical Burkholder inequality (cf. [4, 6, 12]).
In the next section we will consider the case 1 < p < 2 (and general martingales).
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We begin by introducing the conditioned square functions. Let 2 < p < oo and
X = (Xp)n>0 a finite L”-martingale. Set

1/2
se(0) = (Z 8,,_1|dxn|2) and s, (x) = (Z 8,,_1|dx:;|2)

n>0 n>0

1/2

Here and till the end of Section 6 we set &_1 = &j. These are the conditioned
square functions. For notational convenience, we also set

1/p
sa(x) = (Z |dxn|P) :

n>0

The result of this section is the following noncommutative Burkholder inequal-
ity for 2 < p < oco.

THEOREM 5.1. Let2 < p < o0o. Then for any finite L”-martingale x we have
(Bp) 8, sp(x) < Nlxllp < mpsp(x),

where s, (x) = max{||sq(xX) [l p, lIsc )l p, ls- (X p}-
For the proof we will need the following lemma.

LEMMA 5.2. Let 1 < g < o0, and let a = (ay)n>0 C L* (M) be a finite
sequence. Then

Z 8n—1|an|4

0
(5.1 "= 1 20g—1)/2g—1) 1/2q—1)
4
<[> &tlanl? (Z ||an||43) :
n>0 2q n>0
PROOF. We will show that for § = qu—_l we have
Z &n—1lcnbnan]
n>0 q
1/2q 0/4q
2 4 4
(5.2) < (Z ||bn||23) ((Z ||an||4g) (Z ||cn||4;’))
n n n
(1-6)/2
x( Y&l D] En—tlanl )
n=>0 2¢1ln>0 2q

Clearly, this provides the assertion by setting ¢, = a;; and b, = aya, . For the
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proof of (5.2), we can assume by approximation that a, = DY%A,, b, =
D% B, DV/44 and ¢, = C,, D'/*? such that A,, and C,, are analytic elements. By
homogeneity, we also suppose Y, ||, |I§Z < 1. We define 1/r =1 — 1/2q. Using
Kosaki’s results [24], we may assume that there is an analytic function B defined
on the strip S = {z € C:0 < Rez < 1} with values N such that B,, = B, (9) and

1/r
}5 L

Let us consider y = DY/24'y p'/24" and assume again by Kosaki’s result that there
is an analytic function Y with values in M such that Y () =Y and

supmax { | D2y (i) DY) 1Y (1 +it)llso} < 1.
t

sup max { sup || B, (it) ] o, (Z |DY*" B, (1 4it)D/?" ||;>
t n ~

Then, we may consider the analytic function

F(2) =Yt (6s1[022ir (C)D' ¥ B, (2) DV ¥ 0 iy (A) DV Y () DV/).
n
We deduce from the conditioned Holder inequality in [19] that

\Ft)| < | Y €ni[01/2-(Ca)DV/* B, (it) D/ ¥ 5_y 13, (Ap)]

n>0

2q

IA

> &u—1[01/2-(Ca) DV * B, (it) B, (it)* D'/ ¥ 5115, (C)]

n>0

2q

x| Y &uci[o—ijor (A DVM D0, 5. (A)]

n>0

2q

1/2 1/2

A

Ot/2r Z €n—1 [CnCZ]

n>0

O—t/2r Z €n—1 [a:an]

2q n>0 2q

Since o; is an isometry on Lj,, we obtained the correct estimate for z = it. For
z=1+1it, we first observe

F(+in) =Y tr(&1[o-i/2r(01/2-(C)) D41 B, (1 + i)
n

x DY* 0,5, (01 /2 (A0)) DV Y (1 4 it)D1/2’>

=Y tr(&u1[o1/2 (C)DHIH2 B, (1 4 i)
n

x DYV (6_ . (A))]Y (1 +it)>.



NONCOMMUTATIVE BURKHOLDER INEQUALITY 975

Hence, by Holder’s inequality we deduce

IF(L+i0)] <Y |€u=1[o1/2-(C) DAV B (1 iy DV 46, o (A0)]|
n
< Y (1 +i)loo
<Y |oijar (CDYAHZ B, (1 + ity DV MG (A,
n

1/r

1/4q
< (Z |o1/2-(Co)D'/4 Hiij) (Z | D> B(1 +ir)D"/* Hi)
n n

1/4q
<(Z 10 e manl)
n

1/4q
4 4
< (2”071”43) (Z”an”43)
n n

Here we used again the isometric property of o;. With the three line lemma,

1/4q

Z tr(&8,—1lcnbnanly)

n>0

=|F(0)]
1-6 0

§<sup|F(it)|> (sup|F(1+it)|> .
t t

Therefore, we deduce (5.2) and thus the assertion. [

PROOF OF THEOREM 5.1. By Lemma 1.1, we only need to consider finite
martingales in M, D'/P . First we prove the second inequality of (B ). In fact, we
will show the following apparently stronger one: Let 1 < p < oco. Then for any
finite martingale x = (x,),>0 in M DVP,

(B}) 1l p < npmax {llsa Gl p 1seCO N, s GOl p -

Here s4(x), s¢(x) and s, (x) are defined in the same way as in the beginning of this
section. Note that since dx, € M,DY?, &,_1(|dx,|*) and 8,,_1(|dxj;|2) are well
defined. Note that in the case 1 < p <2, dualizing (3.1) yields

(5.3) Ixllp, <2277 Nisa ol

for any finite L”-martingale x. Therefore, we get (B’p) for 1 < p < 2. To prove
(B;) for 2 < p < oo we will proceed to prove the implication “(B;) — (B’z/p).”
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This will show (B;) for all 2 < p < oo by a standard iteration argument, starting
from the case 1 < p <2 established in (5.3).
Assume now (B;) for some 1 < p < o0o. Let x = (x,),>0 be a finite martingale

in M, D'/?P. By homogeneity, we assume s2p(x) < 1. By Theorem 3.1,

(5.4) Ixll2p < Bap max{[|Se(X)ll2p, 1S (x)ll2p}-
We first consider [|S¢(x)||2,. We have

Y ldx?

n>0

150113, = 1S, =

p

Now, write
|dxn|* = Eu—tldxnl* +dyy, >0,
where dy, = |dx,|* — Ep—1]dx,|*, n > 0. Then

Y Eucildxa|?

n>0

1S (0113, < + 11yl

P
= lIse@)I3, + Iyl < 1+ 1yl
Note that y is an L”-martingale. If 1 < p <2, applying (5.3) to y yields

Iyl <227~ isa)ll, =2%/77 - 20lsa ()15, <27/,

(5.5)

Therefore, in this case,

(5.6) 1S ()13, < 1+2%7.

Then suppose 2 < p < oo. This time, we apply (B;,) to y to infer
(5.7 I¥llp < npmax{llsa(Wlp, llsc(Wlp}-
Again,

(5.8) lsallp < 20sa@)3, < 2.

To majorize [|s¢(y)l,, we observe that, by Proposition 2.3(ii),
Enildyn|® = Eui1ldxy|* — (En—1ldxy|*)? < &, 1ldxy|*.

Thus
1/2

lseclp <

(Z 8n_1|dxn|4)

n>0 p

By Lemma 5.1 (applied to ¢ = p/2), we have

2 -1 2(p—2 —1
seOlp < sa )30 P~V lsc @157~/ < 1.
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Combining this with (5.5) and (5.7)—(5.8), we get, in the case 2 < p < oo,

(5.9) IS5, <1+ 2n).

Therefore, (5.6) and (5.9) together imply that, for any 1 < p < oo,
1S3, < 1+ max(2*/7,2n,,).

Passing to adjoints, we see that the same inequality holds for S,(x) instead of
Sc(x). Hence, by (5.4) we finally obtain

1/2
Ixll2p < Bap[1 + max(2%/?, 2n,)]"/*.

This yields (B/Zp) with 12, = B2p[l1 + max(2%/7, 2np)]1/2. Thus the second
inequality of (B,) is proved.

Next we pass to the first inequality of (B ). In fact, this inequality immediately
follows from (BG,) and the dual form of the noncommutative Doob inequality
in [19]. However, we prefer to give a direct proof in the same spirit as the previous
one. Let x = (x,),>0 be a finite martingale in MyD'/P such that lxll, < 1.
By (3.1),

Isa ()l < 2'72/P|1x |, < 2'7%/P.

Thus, it remains to majorize [|s.(x)||, and [|s,(x)]|,. Clearly, it suffices to do this
for the former. We have

5.10)  Nsc@I5 < [1Se P, + 1312 = 1Sc @I + 1912,
where y is the finite LP/2-martingale defined by
dyn = |dx,|* = &, 1ldx,,  n>=0.

By Theorem 3.1,
(5.11) 1ScCOlp <epllxllp <cp.
If2<p<4,by(5.3)and (3.1),

1ylp/2 <277 isallpr2 < 2P [Isa ()15, < 4.
Thus, by (5.10) and (5.11), for 2 < p <4, we obtain
(5.12) 1Sc@)15 < +4.

Now assume 4 < p < 0o. Then, applying the second inequality of (B,) (already
proved above) to y, we get

(5.13) I¥llp/2 < npj2max{lisa( /2, el p/2}-
Clearly, by (3.1),
(5.14) lsa )l pj2 < 2lsa(0) 1l < 23747,
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Concerning |ls¢(y)llp/2, we deduce from Lemma 5.1 (applied to g = p/4)
and (3.1),

12
Isclp2 <

(Z 8n_1|dxn|4>

n>0

p/2
< Nsa )15/ P2 |lse ()| P~/ =2
< ||Sc(x)||5,p_4)/(p_2).
Combining this with (5.10)—(5.11) and (5.13)—(5.14), we obtain, for 4 < p < oo,

s (OIS < a3 + npamax (23747, s, () =/ P2).

Noting that ﬁ—j < 1, we then deduce

/
”x”hf(M) = 5p,

where 8;, is a constant depending only on «, and 1, /2. This, together with (5.12),
yields that for all 2 < p < oo,

lscCHllp < 6p.

Therefore, we have proved the first inequality of (B,), and thus Theorem 5.1. [

REMARK. Using the estimate 8, < Cp for p > 2, we deduce from 1, <

Bapy/1+2n, that n, < C'p? for some constant C’ = %Cz. We do not know
whether this order is optimal. For the lower estimate, we can use the dual version
of Doob’s inequality with the constant C p2 (see [22]) and deduce for p > 2 that

oz Xl <5y <Pl

for some universal constant C’. The estimate can be improved for sums of
independent random variables of mean O (see [21] for details), then the Khintchine
inequality applies and hence

‘ Z Xk Z TieXg
k

k
Using this improved estimate and denoting by nllf"s the noncommutative Rosenthal
constant for the upper estimate, we obtain UzR,?S <C.2p[l+ 27;]1305]1/ 2 and hence

2%

k

= Cy/pmax{||Sc (Il 1S ()11}
p

§2E‘
p

sp(x) < <C'psp(x)

p

C'p

for some universal constant C’ > 0 and all p > 2. In view of the optimal order
p/log(p) in the commutative case, this estimate seems not too bad.
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6. Noncommutative Burkholder inequalities: 1 < p <2. We continue our
study of the noncommutative Burkholder inequalities. The aim of this section is to
extend (B)) in the last section to the case p < 2, and to all martingales (not only
the finite ones). To this end we need to introduce some notation.

Let 1 < p < o00. Let a = (ay)n>0 be a finite sequence in MyDV/'P. We define
(recalling &_1 = &p)

1/2
_ *
”a”Lfond(M;@%) = H ( Z 8n—1(anan)>
n>0 p
It is shown in [19] that || - ||, » LM2) is a norm on the vector space of all finite
cont e

sequences in M, D!/P. Then let Lfond(eM; £2) be the corresponding completion.
Note that Lfond(M ; Eg) is the conditioned version of L?(M; Zf). Similarly, we
define the conditioned row space Lfond(eM; €2). As the column and row spaces,
Lfond(eM; Eg) and Lfond(M ; Zf) can be realized as spaces of matrices with operator

entries. In fact, Lfond(M; Eg) [resp. Lfond(M; Zf)] can be viewed as a closed
subspace of the column (resp. row) subspace of LP (M ® B(¢*(N?))). We refer
to [19] for more details on this.

Let x = (x,)5>0 be a finite martingale in M,DYP. We recall

sc<x>=(28n_1<|dxn|2>> and sr<x>=<28n_1<|dx:|2>)

n>0 n>0

1/2 1/2

Then

||Sc(x)||p = ||dx||Lé’ond(M;gg) and ||sr(x)||p = ”dx”Lé’md(M;E%)‘

Let hf (M) [resp. h? (M)] denote the closure in Lfond(M; Eg) [resp. Lfond(M; Zf)]
of all finite martingales in M, D'/?. (As usual, we have identified a martingale
with its difference sequence.) Then hZ (M) and hP (M) are Banach spaces. We

also need £7 (LP (M)), the space of all sequences a = (a,),>0 in L? (M) such that

1/p
lallerLriaey = (Z ||an||z) < o0.

n>0
Recall
1/p
sa(x) = (Z Idxnl”) :
n>0
Thus

s Gl p = lldx|lerLp (M) -
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Let hZ (M) be the subspace of £7 (L?(M)) consisting of martingale differences.

In virtue of the realization of Lfond(M ; Zf) and Lfond(M; E%) as subspaces of

LP?(M ® B(£*(N?))), mentioned above, all the previous spaces hE2 (M), hE (M)
and hZ(M) are compatible in the sense that they are all embedable into a large
Hausdorff topological vector space. Now we define the conditioned version A? (M)
of the Hardy spaces #” (M) introduced in Section 3. For 2 < p < 0o, we define

hP (M) = hL (M) NV RE (M) N hP (M)
equipped with
”x”hl’(M) = max { ||x||h5(M)’ ”x”hf,)(;M)’ ||x||hf(M)}'

Clearly, all finite martingales in MyDV/P are in hf; (M) for k € {d, c, r}, and thus
| - [ln»(m) defines a norm on the vector space of all such martingales. We will see
in Lemma 6.3 below that 2” (M) is exactly the corresponding completion.

On the other hand, for 1 < p < 2, we define

h? (M) = hE (M) + hE (M) + h? (M)
equipped with
lxlpp (M) = inf{llxdllhgw) + ||xc||hf(M) + ||xr||hf(M)}»

where the infimum runs over all triples (x4, x¢, x") such that dx, = dx,ff +dx§ +
dx) holds for all n € N. Then h” (M) is a Banach space.

REMARK. For 2 < p < oo all elements in h? (M) are LP-martingales, since
h? (M) C h (M).

Now we are ready to state Theorem 5.1 in the general case.

THEOREM 6.1. Let 1 < p < 00. Then an LP-martingale x is bounded in
LP (M) iff x belongs to h? (M); moreover, if this is the case, we have

(Bp) 8, 1l cay < 1xllp < mpllxline -
We can reformulate Theorem 6.1 simply as follows.

COROLLARY 6.2. For any 1 < p < oo we have LP(M) = hP (M) with
equivalent norms.

In the case p > 2, Theorem 6.1 is just Theorem 5.1, modulo a density result (i.e.,
Lemma 6.3 below). We will reduce the case p < 2 to the case p > 2 by duality.

LEMMA 6.3. Let 1 < p < 0o. Then all finite martingales in M,D''P are
dense in h? (M).
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PROOF. This is evident if 1 < p < 2, because all finite martingales in
M, DV/P are dense in each of the three spaces hg(M), h? (M) and hP (M). Now
assume 2 < p < oo. For any finite sequence a = (ay),>0 in M,DYP define

Py(a) = (ap,ai, ...,a,,0,...).
Then clearly,
||Pn(a)||Lé’ond(M;gg) = ||a||Lé’ond(M;ZZ)'

Thus, P, extends to a contractive projection on Lfond(M;Eg). Since finite

sequences in MyDV/P are dense in Lfond(M; Zg), we deduce that
: p .92
nll)ngo P,(a)=a Vae L, (M;L).

A similar statement holds for Lfond(M ; Zf) and €7 (LP(M)) as well. Therefore,
for any x € h? (M),

lim P,(dx)=dx  ine?(LP(M))NL!
n—oo

cond

(M; 2)NLE (M; £3).

cond

Thus, we may assume that x is a finite martingale, say, x; = x,, for all k > n. Next

observe that if a = (ag, ..., a,, 0, ...) is a finite sequence in M DYVP,
" 1/2
_ 2
lallr, o) = | 22 Ek-1laxl
k=0 p/2
1/2

< (énmﬁ,)

<+ DY VPl ay.-
Similarly,
lallzy, e = @+ DY Plaller e
It follows that
Pu[€P(LP (M) VLD (M €)LD (M €)] = €0 (LP(M)).

con con
Then we easily see that the given finite martingale x above can be approximated
by finite martingales in M DYP in Z,’fH(L”(eM)), and hence in h? (M) as well.
O

LEMMA 6.4. Let1 < p < o0o. For any finite sequence a = (a,) >0 in M,D'/P
define

R(a) = (Snan)nzo and R/(a) = (gn—lan)nzo-

Then R and R’ extend to contractive projections on Lfond(eM;Zg) and
Lfond(eM;E%). Consequently, h2(M) and hP(M) are respectively one-
complemented in LP (M Zg) and LP (M E%).

cond cond
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PROOF. Let a = (a,),>0 be a finite sequence in M DYP. Then by Proposi-
tion 2.3(ii1),

180an|* = (En(an))* En(an) < Enlan|?

whence
2 2
En—116nanl” < &n_1lanl”.
Therefore,
||R(a)||Lgond(M;£%) = ”a”Lgond(*M?E%)'
Thus, R extends to a contractive projection on Lfond(M; £2). The same argument

appliesto R’. [

We will also need the conditioned version of the duality for the column spaces
contained in Corollary 1.3. This is the following lemma, which is taken from [19]
and plays an essential role therein.

LEMMA 6.5. Let1 < p < 00. Then forany b € L? (M; Zg) the functional

cond

gL (M; €3 — C,

cond

a—> Z tr(bray)

n>0

is continuous and

I8pll < 11211,

< , ,
Py =P 1€l

where y,y is the constant in (S 7). Conversely, any & € (Lfond(M; Zg))* is given by

some b € L? (M; Eg) in this way. Consequently,

cond

(LD (M €D)* = L” J(M; €2y with equivalent norms.

con con

A similar statement holds for the conditioned row spaces, too.
Now the proof of Theorem 6.1 is easy.

PROOF OF THEOREM 6.1. By Lemma 6.3, it suffices to prove (B ) for finite
martingales in M, D'/?. Thus for p > 2 Theorem 6.1 reduces to Theorem 5.1. In
the sequel, we suppose 1 < p < 2. Let us show the first inequality of (B,). Let
x = (xy)n>0 be a finite martingale in M,D'/? with ||x||, = 1 and x,, = x for all
n > N. Then x defines a linear functional on L”/(eM) of norm 1, denoted by w.
By the second inequality of (B,/),  can be also considered as a linear functional

on hp,(eM), and then o is of norm < n,/. By our definition of hp,(eM) (noting
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that 2 < p’ < 00), hl"(,M) is the intersection of the three spaces hg/(M), hf/(eM)
and hf (M). Recall that hg (M) [resp. hEZ (M), hE (M)] is a closed subspace
of £7' (LY (M)) [resp. L?_(M; €2), L? (M; £2)]. Hence, by the Hahn—Banach

cond cond
theorem, w extends to a continuous linear functional & of norm < n,/ on

gp’ (LPI(M)) @ Lfond(‘/%; ZE) @ Lfond(‘/%; Z%)
o0 o0

In particular, @ has three components & = (o, ¢, ®”) . It is evident that
[e7 (LP (M))] = £P(LP(M))  isometrically.
Here we use the anti-duality given by
(a,b) =tr [ 3 b:an}, a = (ay) € LP(LP (M), b= (b,) € £ (L” (M)).
n>0

On the other hand, by Lemma 6.5, we have isomorphically (with the same duality
as the previous one)

! . p2yT* .2 ' S .2
[L(I;ond(‘/%’ Ec)] = L(];ond(M’ Zc)’ [L(];ond(M’ Zr)] = L(];ond(M’ Zr)'
Thus we deduce
ol e tP(LP(M)), o elLl (M;€%), o eLl [(M;e?)
satisfying
o || + Nl || + Nl | < 1 ¥,

where y,, is the constant in (S ) (see Lemma 6.5). Now let y = (y,),>0 be a finite
martingale in MyDYVP' . Then

tr(xyyn) =tr { Z(dxn)*dyn}
n>0
= w(dy) = (dy, ") + (dy, o) + (dy, o).
Using the projections R and R’ in Lemma 6.4, we have
(dy, ") = ((R— R)dy, ") = (dy, (R - R)o"),  keld,c,r}.
Set
dx* = (R — R)o", kel{d,c,r).

Then

x*enl(M) and [Ix¥| <2]0, kel{d, c,r).
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Thus

tr(xyyn) = (dy, dx? +dx¢ +dx")
for all finite martingales y = (y,) in M DY P’ 1t then follows that x = x9 +
x“+x", and so x € h? (M) and || x [|p» (m) < 21,/Vp- This shows the first inequality
of (By) (for 1 < p <2).

The second inequality of (B,) for 1 < p < 2 follows from (BG,) in Section 3
and Theorem 7.1 below. However, we can give a proof similar to the previous one.
Again, we use duality. Let x = (x,),>0 be a finite martingale in M DYVP, say,
x, =xy foralln > N. Let

x=x% 4+ x+x" withxkeh,f(eM),kzd,c,r

be a decomposition of x. Let yy € eMNDl/I’/ with ||yn|,» < 1. Then yy defines a
finite martingale y = (dy,)n>0 With y, = &,(yn), n > 0. We have

tr(yyxn) =tr Z(dyn)*dxn = (dx,dy)

n>0
= (dx?,dy) + (dxC,dy) + (dx", dy).
Therefore,

e (yaxa) L < A+ 1T+ 1T DI L 0
< (x4 1x I+ 15" IDap iyl [by (Bp)]
< 0 (X1 =+ €1+ 71D,
whence
1x1lp < 011X llar (a0 -

Hence we have proved the first inequality of (B,) for I < p < 2, and so completed
the proof of Theorem 6.1. [J

REMARK. Using Corollary 4.3 and Theorem 7.1, we observe that the constant
np in (B,) remains bounded for 1 < p <2, and that the second inequality of (B )
holds for p = 1 as well. However, we do not know whether this can be extended
top<l.

7. A norm inequality on conditional expectations. One of the main results
in [19] is the following dual form of the noncommutative Doob inequality. Let
1 < p < co. Then for every finite sequence (a,,) of positive elements in L? (M),

Z &.a, Z a,

n>0 n>0

(7.1) <Aip ,
p p
where A, is a positive constant depending on p. In the case p < 1 we have the

following reverse inequality.
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THEOREM 7.1. Let 0 < p < 1. Then for all finite sequences of positive
elements in MaDl/p,

(7.2) <2l/p

>

n>0

Z &,a,

n>0

p p

The proof will be based on the following lemmas. The first one is a variant
of [19], Lemma 4.1.

LEMMA 7.2. Let s, t be two real numbers such that s <t and 0 <s <1<
t < 2. Let x,y be two positive operators such that x'=5, y'=5 € LY (M) and such
that the support of y is equal to 1. Then

(13) [y RO =y 2wy Ry )

PROOF. Letus first justify both operators in the brackets in (7.3) are in LY(M).
For this we recall that y € LO%(M x,R) (see Section 1). In particular, y is a positive
closed densely defined operator on L2(R, H). In this case, the support of y is
equal to 1 iff y is invertible with y~! being a closed densely defined operator on
L*(R, H), too. Moreover, y~! is also affiliated with M x,R. Now since x* < y*,
there is a contraction u € M x,R such that x*/> = uy*/2. Since x'~* and y'~*
are both in LI(M), u is in fact in M. By the invertibility of y, u = xs/zy_s/z.
Consequently,

y—S/ley—S/z — u*xl‘—su e LI(M).

This shows that the operator in the brackets on the left-hand side of (7.3) belongs
to L' (.M). Similar arguments apply to the right-hand side of (7.3).
Using x?>~* < y?>~!, we see that
v=xCD/2y=CD2 c [X(M) and |v]le < 1.
Now set
a=x""92y and b=yl
Then a, b € L?>(M). Using the traciality of tr, we have
tr(a*b) = tr [a*(vy(l_s)/z)y(’_l)/Z]
(t—l)/Za*(vy(l—S)/Z)]
_(s+1_t)/2xy_(s+l_t)/2],

=tr[y
=tr[y
Consequently, tr(a*b) > 0, so tr(a*b) = tr(b*a). On the other hand,

ata =y 2x'y ™2 and  brh =y 2yryy =92 < i,
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Combining the preceding inequalities we deduce
2 tr [y_(SH_’)/2xy_(s+1_’)/2] = tr(a*b) + tr(b*a)
<tr(a*a) + tr(b*b)
<ty 2y Fu(y )
whence (7.3). [
LEMMA 7.3. Letl <g < 00.Let0 < a < b suchthat the support of b is equal
to 1 and such that a'/4,b"/1 € LY (M). Then
(7.4) tr[b~ D2 — a)p==D/24] < 29 b/ — aV/4].
PROOF. Let n be a positive integer such that n < g <n+ 1. Then a*/? < b"/4.

Let

s=q_1, t=z, x =a", y=b"1.
n n

Then s, ¢, x, y satisfy the conditions in Lemma 7.2. Thus we get
tr [b—(q—l)/Zq(b _ a)b—(q—l)/Zq] —tr [y—S/Z(yl _ xl)y—S/Z]
<2t[y CTITN2(y — x)y~GH0/2]
—2tr [b—(n—l)/Zq b1 — an/q)b—(n—l)/Zq]'
Applying again Lemma 7.2 (n — 1) times, we deduce
tr [b—(q—l)/Zq(b _ a)b—(q—l)/Zq] < 2" [ — g1/
whence (7.4). O

LEMMA 7.4. Let0 < p <1, and let a, b be two positive elements in LP (M).

Suppose that the support of b is equal to 1 and that a < Mb for some positive real
number M. Then

(7.5) tr(aP) < [te(bP) = P[te(b= 1P 2ap=(1=P)/2)]P
PROOF. By approximation (with a 4+ ¢b), we may and will assume that also a
has full support. Then
aP'xb™P" e M and b P'xa'P' € M

because they are r-measurable and 6, invariant. Let z = s + it be a complex
number such that 0 < s < 1. Note that

b—s/Zasb—s/Z S]usb—s/stb—s/Z < M
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and therefore

%22 = it/2gs2p=s/2p=i1/2 ¢ g
and ||a*b~%/?|| < M*/?. Similarly, we have b~*/2a%/> € M. Let f, = 1[1 n](b) and
e, = 1[ 1@ be the spectral projection of a, b, respectively. Then

gn(z) = enaz/Zb—z/an

is norm differentiable (since e, loga and f;, logb are bounded) and therefore

g(2) = a*?b=7pP? = lim g, (2)b"/?

is a norm differentiable function in L3 o (M x4, R). Moreover, g(z) € La(M).
Since the embedding of Ly (M) into Ly oo(M X4, R) is isometric (see [42]), we
deduce that g has values in L(M) is continuous on the strip and analytic in the
interior. The same applies for /(z) = b?/>b~%/?a*/2, Therefore, we may define the
analytic function

f(2) = tr(g2(2)ha(2)) = tr(bP/2b~2ab™*/?pP/?),
For t € R, we have
|f(lt)| — ’tr(bp/Zb—it/ZaiZ/Zait/Zb—il‘/pr/Z)’

< ||bp/2||2||b—it/2ail/2||oo||ail/2b—it/2 bp/2

oo 6™~ 112

=tr(b?).
For z =1+ it we deduce from Holder’s inequality and [42], Lemma 20, that
|f(lt)| — ’tr (bp/2<b—l/2—il‘/2a1/2+il‘/2)(a1/2+it/2b—1/2—it/2)bp/2)’

<t (bp/Z(b—l/Z—it/Za1/2+it/2)(b—l/Z—it/Za1/2+it/2)>x<bp/2)’1/2
x | tr (bp/Z(a1/2+it/2b—1/2—it/2)*(a1/2+it/2b—1/2—it/2)bp/2)‘1/2
—|tr (bp/Zb—it/Zb—l/Za1/2a1/2b—1/2b+it/2bp/2)’1/2
% ‘tr(bp/Zbit/Zb—l/Za1/2a1/2b—1/2b—it/2bp/2)‘1/2
—|tr (bp/Zb—l/Za1/2a1/2b—1/2bp/2)“
Hence, by the three lines lemma,
£ ()] < [P Pl p™ =P 2ap™ =P/
This is exactly (7.5). O

Now we are ready to prove Theorem 7.1.
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PROOF OF THEOREM 7.1. Let (a,) C M,D'/? be a finite positive sequence.
Then by Lemma 1.1, a, = D'/2rp, DV/2P for some b, € M, with b, > 0; so

&,a, = D'/?P&,(b,) D'/?P.
Let ¢ > 0. Set
n n
An=Y ar,  By=eD""+> &a
k=0 k=0

and A = Ay, B = By. Note that (A4,) and (B,) are increasing sequences of

positive operators, and the B,’s are invertible. Consequently, B,(,l_"7 )2g-(1-p)/2
is a contraction in L*°(M) for every n > 0. Thus it follows that

tr (B—(I—P)/ZanB—(l—P)/z) <tr (Bn—(l—ﬁ)/zaan—(l—P)/z)'

On the other hand, since B, > ¢D'/?, for the same reason we see that the operator
U, = D(l_l’j)/an_(l_p)/2 belongs to L>(M;,) for every n. Hence, by (2.4) and
Proposition 2.3 [with r determined by 1/r =1/2p) — (1 — p)/2],

tr(Bn_(l_p)/Zaan_(l_p)/z) =tr (uZDl/ranl/run)
=tr (uXDV"&,(b,) D" uy)
—tr (Bn—(l—p)/Zgn (a,,)Bn_(l_”)/z).
Therefore, by Lemma 7.3 (applied with g = 1/p),
tr (B—(l—p)/ZAB—(l—p)/Z) < Z tr (Bn—(l—p)/2gn(an)Bn—(l—p)/Z)

n>0

— Ztr (Bn_(l_”)/z(B,, _ Bn—1)B,,_(1_p)/2)
n>0

<273 w(Bl - B )

n>0
=27 w(BP).
By the form of the a,,’s, we see that A and B satisfy the assumptions of Lemma 7.4.

Thus, applying this lemma, we conclude that tr(A?) <2 tr(B”); so letting ¢ — 0,
we finally get (7.2). O

In the same spirit as the proof of Theorem 7.1, we can give a very simple
proof of (7.1) in the case 1 < p < 2. The main point is the following elementary
inequality [similar to (7.3)]: Let 1 < p <2,x,y € LP(M) with 0 < x < y. Then

(7.6) tr(y? —xP) <2 tr (y?~1(y — x)).
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In fact, letting a = xP/2and b = x(z_”)/zyf’_l, we have
2 r(y?~'x) = tr(a*b) + tr(b*a)
<tr(a*a) + tr(b*b) < tr(x?) + tr(y?).

This yields (7.6). Then we can easily show (7.1) for 1 < p <2 as in the previous
proof of Theorem 7.1. Again let (a,) be a finite positive sequence in L?(M).
Define A,,, B, as in that proof (with ¢ = 0 now). Then by (7.5),

tr(B?) =Y tw(BY — B! ) <2 tr (B (B, — By-1)

n>0 n>0

<2 Ztr(B,f_la,,)

n>0

<2 Ztr(B”_la,,)

n>0
=2t(BP1A) <2 BIETAllp
whence || B[, <2||All,. Thisis (7.1) with 1, <2 for 1 < p <2.

8. The nonfaithful case. So far, we have only considered faithful conditional
expectation. However, in B(£?) nonfaithful conditional expectations which are
invariant under the modular group of a given state are very natural. In general,
the analysis of the L”-spaces of hyperfinite von Neumann algebras, requires the
investigation of nonfaithful states. The purpose of this section is to give a brief
discussion on the modifications needed to derive the nonfaithful from the faithful
case.

Let M, ¢ and o; be as before in Sections 1 and 2. Now let &N C M be a
w*-closed x-subalgebra (not necessarily unital). Our basic assumption on N is
still the invariance of A under the modular automorphism group {o;};cr, namely,
we again suppose (2.1) for N . Let e € N be the unit of N (e is then a projection
of M). Then  is a von Neumann subalgebra of eMe. By (2.1), o (e) = ¢, t € R.
Hence, e belongs to the centralizer of ¢. Let ¢, = ¢|cme- Then ¢, is a normal
faithful state on e.Me and

o*,(pe(x) =eor(x)e, teR, x eeMe.

Therefore, (2.1) implies that N is also invariant under {0, “};cr, and so we are
again in the faithful situation considered in Section 2 with (eMe, ¢.) in place
of (M, ¢). Hence, there is a normal faithful conditional expectation &, from eMe
onto N such that ¢, o & = ¢,. Define P,(x) = exe, x € M. Note that P, is a
normal conditional expectation from M onto e.Me. Finally, we define & = &, o P,.
Then, & is a normal conditional expectation from M onto N . This & is faithful iff
e = 1. Note that

po&=¢poP, and Eococ;o0P,=0,08, teR.
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Also, observe in the present setting, that the crossed product eMe Xs¢. R can
be naturally identified with the subalgebra (e ® 1)RR(e ® 1) of R (recalling that
R = M x5 R), and that the canonical trace on eMe Xyve R is equal to the
restriction of T to (e ® 1)R(e ® 1); moreover, the Radon—Nikodym derivative
of the dual weight of ¢, with respect to the canonical trace of eMe Xgve R is
equal to eDe = eD (since D and e commute). Thus we can, and will do regard
eMe Xgoe R, N Xgee R as subalgebras of R, and use 7 to denote the canonical
trace on each of these three crossed products. Accordingly, L? (eMe) and LP (N)
(associated with ¢,) are considered as subspaces of L?(M). Again, & induces a
contractive projection from L? (M) onto L?(N'). All the properties established for
the faithful case in Section 2 continue to hold in the present setting. In particular,
forany 0 <6 <1 and 0 < p < oo, we define

SP,Q(D(I_Q)/prQ/p) — D£1—9)/P8(X)D§/P’ X EeM,,

where D, = eDe. Then as in Lemma 2.1, &, is a well-defined mapping on
My D'/P and independent of 6. As before in Section 2, we will denote it simply
by &. Note that (2.4) now becomes

tr(8(x)) = tr(ex), x e LY (M).

Thus we still have tr(€ (x)) = tr(x) for all x € L' (M) whose left or right support is
dominated by e. Proposition 2.3 is still valid in the present setting with almost the
same proof. Alternatively, applying Lemma 2.1 and Proposition 2.3 to &, above
(which is faithful), we reduce the nonfaithful version of Proposition 2.3 to the
special case & = P,. In this latter case, everything is almost obvious.

We turn to our main concern on noncommutative martingales. Thus let {M,,},>0
be an increasing filtration of w*-closed *-subalgebras of M such that | J,,~ M, is
w*-dense in M. We assume that every JM,, is invariant under {o;};cr. Then by the
preceding discussions, for each n > 0, there is a normal conditional expectation
&, from M onto M, such that

0(€,(x)) =g(eyxey), XEM,
where ¢,, is the unit of M,,. As in the faithful case, we have
Enbn=6,6, = min(m,n)» m,n>0.

By Proposition 2.3 (used in the nonfaithful case), each &, induces a contractive
projection from L? (M) onto L?(M,), 1 < p < oo. Then all notions of noncom-
mutative martingales can be transferred to the present setting word by word.

Now we consider the problem of the validity of the results in the previous
sections for the nonfaithful conditional expectations. It is clear that Theorem 6.1
in the case p < 2 and Theorem 7.1 are no longer true. With these two exceptions,
all other results remain valid. One way to justify this is to examine the proofs of
these results given before. Then one can see that they still work in the nonfaithful
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case. However, there is a more interesting alternate way. It consists in reducing the
nonfaithful case to the faithful one. The rest of this section is devoted to explain
this reduction.

Let M, M,,e,, &, be fixed as above. Then (e,) is an increasing sequence of
projections converging to 1 in M. As already observed, each e, is in the centralizer
of ¢. Let D denote the (commutative) von Neumann subalgebra of M generated
by the e,’s. Then D is invariant under o;. Thus there is a unique faithful normal
conditional expectation from M onto £, which we denote especially by 7. It
will be useful to represent 7' as a sum of mutually orthogonal normal conditional
expectations of rank 1. To this end, let f;, = e, —e,—1 (with e_1 =0). Then (f;,)
is a sequence of orthogonal projections in M whose sum is 1. Set D,, = Cf;;, and

define 7, : M — D, by T, (x) = % fn. Note that 7}, is nothing but the normal

conditional expectation from M onto &D,. Then clearly
(8.1) Tx)=) T,(x), xeM.
n>0

Now we introduce a new filtration (J\Z,,)n of von Neumann subalgebras by
defining .M, as the von Neumann subalgebra generated by M,, and D. Since both
M, and D are invariant under o;, SO is 4\7(,1. Therefore, there is a faithful normal
conditional expectation &, from M onto M, preserving ¢. It is easy to check that

(8.2) En(x) =& (x)+ Y Th(x), xe€M.

k>n

As before, all these mappings extend to contractions on L?(.M). Then (8.1) and
(8.2) hold with L?(M) (1 < p < o0) instead of M, and moreover the series there
converge in L?(M). Let dy = &, 0?0 = éo andd, =&, — &,_1, dy =&, — &,_1
for n > 1. Note, that dx, = d,x for all n. Then for any x € LP (M), (d,x)n
[resp. (c?nx)n] is the martingale difference sequence with respect to (M,,) [resp.
(M,)]. We have the following easily checked relations between these martingale
differences

(8.3) dy=dox+Y Tix and dyx=dyx —Tyx,  n>1.
k>1

Also observe the following simple fact:
(8.4) T,(dyx)=d,(Tx) =T,x, n>0.

Let us now explain the reduction. We will only explain this reduction for
Theorems 3.1 and 6.1 and leave the rest to the interested reader. First, consider
(BG)). We claim that for any x € LP(M) (1 < p < 00),

() () 7}

8.5) ||Tx||,,smin{||x||p,

’

p
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Indeed, since T is contractive, ||Tx||, < |lx|/,. To see why ||Tx||, is majorized
by the second member in the brackets, we proceed as follows. Consider the tensor
product M ® B (£%) as in Section 1. Since T ®id is contractive on L? (M ® B(£2)),
we have

12 dox O

H(Z dxI?) H,, >|T@id|dx 0

p
T(dox) O
=l Tdx) O

p

(S )],

By (8.1),
Tx=Y T,(x)=Y_ Tu(dyx).
n>0 n>0
On the other hand,
n—1
T(dyx) = Ty (dpx) + Y Ti(dyx).
k=0

Since (Tx(dnx))k=0 are of disjoint support, |7 (d,x)| > |T,(dnx)|. Hence, we
deduce

[(Ziam?) | 27

Passing to adjoints, we get the last inequality in (8.3).
We have an inequality similar to (8.5) for (d,,x), namely

(8.6) ||Tx||psmin{H(Dc?nxP)m\ (anx*ﬂ)mwp}.

This is obvious for

)
p

(X |‘7nx|2)1/2H,, > 1€oxll, > 1T %,

Combining (8.3), (8.5) and (8.6), we get

(S )], < [(Sast) ] <3| (Sian?) ]

p

This clearly shows that the validity of (BG,) for x and (Jnx) implies that for x
and (d,x). Therefore, we have reduced (BG ) in the nonfaithful case to that in the
faithful case.
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Next we explain how to do the same for (B,) for 2 < p < oco. Fix x € LP(M).
By the definitions in (8.3), we obtain

687 (i) < (D) <3(Xdnrz)

On the other hand, again by (8.3) and also (8.4),

(8.8) &oldox|* = &oldox|* + Y | Tex |,
k>1

(8.9)  &i_1ldux|? = Eurldnx > + Ty (ldux)?) — | Tu(dpx)>, n>1.
Since |T,(dyx)|* < T,,(|d,x|?), it follows that
Eutldnx|* < &, _1ldux?,  n>0.

Therefore, the validity of the first inequality of (B) for x and (cf,,x) implies that
for x and (d,,x). To show the same is true concerning the second inequality of (B ),
it suffices to note that (8.9) yields

Hzé”_”d”yl H p/2 HZ&n 1ldnx] H /2+”ZT x| H p/2
= | X etz 4+ (X 1T ldux] AN
< | L e ridar?] o+ (i)™

Thus we have obtained (B,) for 2 < p < oo in the nonfaithful case.

REMARK. The previous arguments show that the first inequality in (B ) still
holds in the case 1 < p < 2. Concerning the second one, it is true for all x
satisfying Tx = 0. Even in the commutative situation one can easily construct
counterexamples if this condition is not satisfied.
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