ANALYSIS OF EXTREME VALUES

By W. J. Dixon!
University of Oregon

1. Introduction. It is well recognized by those who collect or analyze data
that values occur in a sample of n observations which are so far removed from
the remaining values that the analyst is not willing to believe that these values
have come from the same population. Many times values occur which are “du-
bious” in the eyes of the analyst and he feels that he should make a decision as
to whether to accept or reject these values as part of his sample. On the other
hand he may not be looking for an error, but may wish to recognize a situation
when an occasional observation occurs which is from a different population.
He may wish to discover whether a significant analysis of variance indicates an
extreme value significantly different from the remainder. Also, of course, the
extreme value may differ significantly without causing a significant analysis
of variance and he may wish to discover' this. It is reasonable to suppose that a
criterion for rejecting observations would be useful here also. The choice of a
suitable criterion for rejecting observations introduces a number of questions.

1. Should any observations be removed if we wish a representative sample in-
cluding whatever contamination arises naturally? In other words, it may be
desirable to describe the population including all observations, for only in that
way do we describe what is actually happening.

2. If the analyst wishes to sample the population unaffected by contamination
he must either remove the contaminating items or employ statistical procedures
which reduce to a minimum the effect of the contamination on the estimates of
the population. That is, he may wish to describe only 959, of his population
if the description is altered radically by the remaining 59, of the observations.
He may have external reasons which are good and sufficient for wishing to de-
sceribe only 959, of his observations. Suppose he wishes to use the sample for a
statistical inference; the inclusion of all the data may sufficiently violate the
assumptions underlying the inference to exclude the possibility of making a valid
inference.

This paper will concern itself only with those problems which arise from Ques-
tion 2.

If we wish to follow some procedure which attempts to remove contamination
we must consider the performance of any proposed criterion with respect to the
proportion of contamination the criterion will discover and, of course, the propor-
tion of the “good’ observations which are removed by the use of the criterion.
But, perhaps more important, we must consider what sort of bias will result
when the standard statistical procedures are applied to samples of observations
which have been processed in this manner.

1 This paper was prepared under a contract with the Office of Naval Research.
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If we wish to follow a procedure which will not search for particular values to
be excluded but will minimize their effect if present, we must investigate the
sampling distributions of these modified statistics and estimate the loss in in-
formation resulting from their use when all observations are ‘“good.” We must
also investigate the expected bias which will result when ‘“bad” items are present
even though essentially excluded. Perhaps most disturbing about the avoidance
of “bad” items is the fact that a decision must still be made as to whether a
“bad” item was present or not in order to know in which way our estimates may
be biased. For example, a sample mean computed by avoiding the two end ob-
servations will not be a biased estimate of the mean of a symmetric population
if both end items should actually be included or if both end items should not be
included. However, if only one of the two should not be included this estimate of
the mean will be biased.

2. Models of contamination. The performance of the various criteria for dis-
covery of one or more contaminators will be measured with reference to con-
taminations of the following two types entering into samples of observations
from a normal population with mean z and variance o°, N(u, ¢°)

A. One or more observations from N(u + Mo, ¢°),
B. One or more observations from N(u, Ad%).

A represents the occurrence of an “error”’ in mean value such as will occur in
dial readings when errors are made in reading incorrectly digits other than the
last one or two digits. Errors of this sort may result from momentary shifts in
line voltage or from the inclusion among a group of objects of one or two items
of completely different origin. This type of contamination will be referred to as
“location error.” B represents the occurrence of an “error’ from a population
with the same mean but with a greater variance than the remainder of the sample.
This type of error will be referred to as a ‘“‘scalar error.” It is likely that many
errors could be better described as a combination of A and B, but a study of these
two errors separately should throw considerable light on the question of “gross
errors” or ‘blunders.”

Many authors have written on the subject of the rejection of outlying observa-
tions. Apparently none have been successful in obtaining a general solution to
the problem. Nor has there been success in the development of a criterion for
discovery of outliers by means of a general statistical theory; e.g., maximum
likelihood. A large number of criteria have been advanced on more or less intui-
tive grounds-as appropriate criteria for this purpose. In no case was investigation
made of the performance of these criteria except for a few illustrative examples.

References for the criteria discussed in the next section are given at the end
of this paper. Indications are given as to the significance values available in
those papers.
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3. Criteria to be considered. The performance of two types of criteria has
been investigated for samples contaminated with location or scalar errors.

a) o known or estimated independently,

b) ¢ unknown.

The n observations are ordered z; < z» < -+ < x,. The criteria involving
external knowledge of ¢ are:

A. X’ test,

2 z(ﬁ—f)z
X = —.

o2

B. Extreme deviation,

Tn — T T —z
B = z or 1,
g g

Tn — Tp— T2 — X1
By, == ”_(or )

g g
C. Range,
Clzg’ w =2z, — 2,
. g
-\ 2
Cy = %’ §? = E_(H)_ (s independently estimated).

The criteria involving only the information of a single sample of n observations
are:

D. Modified F test.

1. For single outlier z; ,

2 n n
_ 5 where St = ; (x — )% T = ;x/(n - 1),
7 =

Di=le
Z (x - j)zy
1

n

S? > z/n

Il

S'_2 .
2. For double outliers z; , 2. ,
2

D, = S—I;, where Sie = 2 (@ — &)Y Z1,2 = Zx/(n—-?)
3 3

<or for z,, D, = S;‘>

Si,n—l
(or for z,, nay, D; = )

E. Ratios of ranges and subranges.

1. For single outlier z; ,
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e — X1
Ty = ——
Tn — X1
Tn — T
or for z,, rp = —=—="=),
Ty — T1
2. For single outlier z; avoiding z, ,
o — 1
rll = ,——
Tp—1 — 1

. 30 Tn — Tp-1
or for z, avoiding z;, ry = =——= ),
X, — X2

3. For single outlier z, , avoiding z, , Zn-1,

Xo — X1
Tp—2 — T1

T2 =
. qe Tn — Tp—
or for z, avoiding z;, 2, 12 = —-=2 ).
Ty — T3
4. For outlier z; avoiding x, ,

T3 — Ty
r, — X

Tao =

0 3. Ln — Tns
or for z, avoiding z,_;, rp = ——"]).
Tn — T1
5. For outlier z; avoiding xz, and z, ,

T3 — X1
Tp—1 — 21

T =
.y Xpn — Tn-2
or for z, avoiding xn—1, &1, 15y = —-""7"]).
Tn — 2o
6. For outlier z; avoiding z, and z,, .1,

T3 — 1
Tpn—2 — X1

Too =

. e Tp — Tp—2
or for x, avoiding ,—; , &1, T2, reg = —— = ),
Tn — X3

F. Extreme deviation and standard deviation.
For single outlier z,, ,

Tpn — X T —x
F =" <orfor:v1,F= —————l>
s

S

The performance of the large number of criteria listed here will be assessed
with respect to discovery of contamination of the type given in Section 2.
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4. Performance of criteria (estimate of ¢ available). The x? test will of course
give an indication of a large dispersion and since the extreme values are chief
contributors to the sum of squares, it is possible to use this test as a criterion for
rejecting a value or values which are at the greatest distance from the mean.
It might be supposed the B; and B, would give better results since particular
attention is paid to the end item. The same argument would influence one in
favor of C; or C, . The performance of C; can, of course, be expected to vary with
the degrees of freedom in the independent estimate of . For this study the de-
grees of freedom for this estimate were held to the single value 9 d.f.

x” may be used since if the value of x* is too large (greater than some upper per-
centage point for x°) we might reject the value most distant from the mean.
x* tables may be used for percentage points. Percentage points for the other
statistics considered here are given in the references at the end of this paper.

The criteria A, B;, B;, C1, C, were investigated for o = 19, 59, and 109,
for A = 2, 3, 5, 7, where one or more items are selected from a population N (u +
Ao, o) and the remainder from N (u, ¢°). Investigations were also made for one
item from N (u, N’6") for A = 2, 4, 8, 12. The investigation was carried out by
sampling methods. The performances of different criteria were assessed for the
same group of samples in order to obtain more precision in the comparison of the
different tests. All of the points appearing on the graphs in the subsequent sec-
tions of this paper were based on from 66 to 200 determinations.

The performance of the above criteria is measured by computing the propor-
tion of the time the contaminating distribution provides an extreme value and
the test discovers this value. Of course, performance could be measured by the
proportion of the time the test gives a significant value when a member of the
contaminating population is present in the sample, even though not at an ex-
treme. However, since it is assumed that discovery of an outlier will frequently
be followed by the rejection of an extreme we shall consider discovery a success
only when the extreme value is from the contaminating distribution.

The performance was judged by applying the criteria to each sample, always
suspecting an outlier in the direction of the shifted mean for location error.
Since the location errors were inserted by adding a fixed value to one or more
of the observations, the largest value was tested as an outlier. The measure of
performance was the percentage of location errors identified. When the location
error was not an outlier, no test was performed and a failure for the test recorded.

In the case of the model of contamination involving the scalar error, the value
was suspected which was farthest from the mean. This of course, alters somewhat
the level of significance, but this procedure was followed alike for all criteria
investigated. The performance was measured in the same fashion as for location
€errors.

Considering first, location errors, a study of the performance curves showing
the per cent discovery of contaminators plotted against N (the number of standard
deviation units the population of contaminators is removed from the remainder),
shows that the level of performance for ¢ known is considerably above the level
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of performance when ¢ is not known. The difference is greater for n = 5 than
for » = 15 and, of course, the difference will diminish as the sample size increases.
Figure 1 shows the performance curves for @« = 5%, (59, significance level for
the test for an outlier) of B; = (x, — Z)/oc forn = 5and n = 15 and of ryp =
In 7 Inttorm = 5and n = 15.
Tn — X1

The graphs for o = 19, and 109, would be similar in appearance. Figure 2
indicates the change in performance for @ = 1%, 5%, and 109%,. The curves
plotted are for B, = (x, — Z)/s. The curves for 4, B, , Cy, C; show very similar
results.

The curve for test B; was used in Figures 1 and 2 since it gives the best per-
formance of all criteria which are considered here if a single location error is
present. The curves showing the comparative performance of these criteria as
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Fic. 1. Improvement in performance ob- Fic. 2. The effect of the level of signifi-
tained with knowledge of ¢, & = 5%, n = 5, cance on the performance of B; ; a = 1%,
15. 5%, 10%; n = 5, 15.

well as one to be considered later () are given in Figure 3 for « = 59, and for
n = 5and n = 15.

The following statements can be made from inspection of Figure 3:

a) The differences among 4, B,, B., and C; are not great.

b) The knowledge of ¢ is less important in larger samples.

¢) The curve for C, lies above that of ri for n = 5 and below that of 7 for

n = 15. This is consistent with the use of 9 d.f. in the independent estimate
of g.

If the question of ease in computation or application is important, it may be
desirable to use B, or C, in place of B, for they are slightly easier to compute
and it is not necessary to measure all observations to obtain the value of these
statistics. From Figure 3 it will be noted that the performances of these criteria
are nearly as good as for B; . If two outliers may be expected in a single sample,
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Fic. 3. Comparison of the performance of criteria using ¢ known (or using external
estimates of ¢) and ry for samples of size 5 and 15, a = 5%,.

the performance of B, will be lowered and the performance of B; and C; will be
improved. Any differences between the performance of B, and the performance
of Ci when two outliers are present was not discernable for n = 5 or 15. Figure 4
illustrates the improvement in performance for B; for o = 5% and n = 15.

The performance curves of these criteria if a scalar error is present are very
similar to those above except that:

1. A high level of performance is approached very slowly. For example, see
Figure 5 showing the performance of B, and i, forn = 5andn = 15 and « = 59,.

2. There is a smaller difference in the performance between the criteria ‘with
o known and ¢ unknown (see Figure 5).

The performance of B; and C; are noticeably increased by the introduction
of more contaminators while that of B, decreases. No difference in the perform-
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Fia. 4. Comparison of the performance of B, for one and two location errors in samples
of size 15, a = 5%,.
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ance of B; and C; were noted for either n = 5 or n = 15. Figure 6 shows the in-
crease in performance of two contaminators for B; for n = 15, @ = 59.

The general recommendations for possibilities of either type of contamina-
tion, location or scalar errors, would lead one to the use of B; or C} if ¢ is known.

Criterion C; is recommended since:

1. Its performance is almost as good as the performance of B; for a single
outlier. Their performances are about equal for two outliers and C; affords pro-
tection for outliers either above or below the mean.

2. It is simple to compute.

If ease of computation is not essential and maximum performance is desired,
the criterion B; should be used. The performance of C, will approach that of
B, as the number of degrees of freedom in the denominator increases.

/07 - /70 %
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o s 2 3 4 5 e 7 8 © 2 3 4 5 e 7 8
F16. 5. Comparison of the performance of F1c. 6. Comparison of the perfo. mance
B, and 7y for one scalar error for samples of B, for one and two scalar errors in samples of
size 5 and 15, o = 5%. size 15, « = 5%.

5. Performance of criteria (no external estimate of o). Criteria D; and D,
have strong intuitive reasons for their use since the dispersion is estimated by
s*. The r ratios are attractive because of their simplicity and their preoccupation
with the extreme values. Test F is the “studentized’ ratio corresponding to B, ,
and is equivalent to D since D; = 1 — F*/(n — 1). There is no apparent dif-
ference in the performance of D; and 7, when one outlier is present and no
apparent difference in D, and ry when two outliers are present. This is true for
both models of contamination and for the three levels of significance investigated.
However the comparison of D, and ry was made only for » = 5 since critical
values are not available? for D, for n = 15. (Critical values are available for
n < 12.)

The performance of D; and 7y under the two models of contamination can
be obtained by reference to the curve for ryo in Figure 1 and Figure 5. The curve
for D, is practically identical with the curve for ry9 .

2 After this paper was submitted, the critical values of D, have been extended to n < 20
(see references).
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There is no question that r is simpler to use, so that if this condition of
contamination (scalar errors) exists, r,o would probably be chosen. However, as
before, we should investigate what happens when more than one error is present.
D, is designed for this case as is 7y . Since the performance of these two criteria
is approximately the same, ry would probably be chosen because of its simplicity.
Critical values for this statistic are available for n < 30.

Ti1, Tz, T2, Ta1 , 7o Were designed for use in situations where additional out-
liers may occur and we wish to minimize the effect of these outliers on the in-
vestigation of the particular value being tested.

It has been suggested that D; could be used repeatedly to remove more than
one outlier from a sample. This procedure cannot be recommended since the
presence of additional outliers handicaps the performance of both D; and 4
for small sample sizes and therefore the process of rejection might never get
started. For larger sample sizes the performance of D, is affected much less by
the presence of two errors than is the performance of ry . The repetitive use of
D, is not recommended in this case either since 7y performs in a superior man-
ner to D; in such situations. This difference in performance of D; and ry de-
pends markedly on the level of significance used as well as the sample size.
For small samples there is little difference in performance for any of the levels
of significance one might use. For the larger sample sizes there is no appreciable
difference for very high levels of significance. The difference is however very
great for lower levels of significance. In fact as A increases for two errors of the
location type, the level of significance which divides the region of approach to
zero performance from the region of approach to perfect performance of D; is

given by the level of significance corresponding to a significance value of %(n iL_ 1)

for D;. Thus, for example, in samples of size 15, —;(n—ﬁ 1) = ;—g = .536.
This value lies between the values for the 2.59, and 59, level of significance.
These values are .503 and .556 respectively. Therefore the use of the 19, or
2.59%, levels will give poorer and poorer performance as A increases, and the
use of the 59, or 109, levels will give better and better performance as \ increases
when two errors are present. The dividing point is such that for samples of
size 11 or less the use of any of the given levels of significance will cause the
performance to decrease as A increases. For samples of size n < 14 the 19,
2.5% and 59, levels have the same effect, and for samples of size n < 16 the 19,
and 2.5%, for samples of size n < 19 just the 19, level. For three such errors

3\n —1
ance of D; will approach zero for all levels of significance and for all sample
sizes for which critical values are known except the 109, level of significance
for sample sizes larger than 21. An indication of these limiting values ’i%—l ” 12_ i
for k contaminations present can be obtained by considering these k values to

2
the limit approached by D; as A increases is *( n > Therefore, the perform-
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Fic. 7. Comparison of the performance of Fic. 8. Comparison of the performance of
the r criteria for one location error in the r criteria for one scalar error in samples
samples of size 5, a = 5%. of size 5, @ = 5%.

be at a distance k from the population mean, computing D; and allowing A to
increase indefinitely.

The comparative performance of the r criteria, @ = 5%, in samples of size 5
for the two models of contamination (one contaminator present) are given in
Figures 7 and 8. For samples of size 15 the curves are given in Figures 9 and 10.
A single curve suffices here since there is no discernable difference in the curves
for the different r criteria. There is considerable difference in the performance
curves if more than one outlier is present. However, the performances of ry,
ru, T2 are essentially the same when two location outliers are present as are
the performances of g, 721, 722 . Figures 11 and 12 show the comparative per-
formance of ry9, 1, 712 for one and two contaminators for @ = 5%, and n = 5.
Figures 13 and 14 are for n = 15. Figures 15 and 16 show the comparative per-
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Fic. 9. Performance of the r criteria for Fic. 10. Performance of the r criteria for
one location error in samples of size 15, « = one scalar error in samples of size 15, « = 5%.
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Fig. 11. Comparison of the performance Fia. 12. Comparison of the performance
of the 7. criteria for one and two location of the 1. criteria for one and two scalar
errors in samples of size 5, a = 5%. errors in samples of size 5, & = 5%.

formance for ry , ra, (r22 is not a test for n = 5) for one and two contaminators
for a« = 5% and n = 5. Figures 17 and 18 are for T, To1, 722 for n = 15. The
six curves represented by the single curve of Figure 17 lie within 5% of the
curve shown. The same is true of the three curves represented by each of the
two curves of Figure 18.

Since no loss in performance results for larger samples from the use of T20
T2, 722 in place of ry, ru, r2, and further, these criteria are not appreciably
affected by the presence of another outlier it would seem unwise to recommend
the use of ry, 711, 71 . However, note that for small samples (see Figures 11 and
12) the performances of r and r1; and 7y, are considerably better when a single
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o 2 3 45 6 7 8 o /7 2 3 4 S5 6 7 8
F1c. 13. Comparison of the performance F1a. 14. Comparison of the performance

of the r;. criteria for one and two location of the r;. criteria for one and two scalar
errors in samples of size 15, a = 5%. errors in samples of size 15, a = 5%.
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Fie. 15. Comparison of the performance F1c. 16. Comparison of the performance
of the .. criteria for one and two location of the r,. criteria for one and two scalar er-
errors in samples of size 5, o = 59%,. rors in samples of size 5, « = 5%,.

outlier is present. Therefore in larger (n > 10) samples ry or ry would appear
to be the best criteria. In samples of size 10 or less, rio or rs should be used;
o1 if the extreme value at the opposite end should be avoided.

It should be noted in the comparisons that no model of contamination was
investigated which would cause one or more errors at both extremes in the
sample. It is obvious that the performance of D; and D, would be considerably
decreased while the performance of 711, 712, and a1 , 72 would not be materially
affected since these criteria avoid values at the opposite extreme. Their repeated
use might discover most of such outliers, while D; or D, might fail on the first
trial.
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Fic. 17. Comparison of the performance F1g. 18. Comparison of the performance

of the ;. criteria for one and two location er- of the r.. criteria for one and two scalar er-
rors in samples of size 15, « = 5%,. rors in samples of size 15, o = 59%,.
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Fic. 19. Performance of B, for various levels of significance when the population is 109,
contaminated with location errors.

6. Sampling from a contaminated population. In the previous sections the
performance of the various criteria were assessed for samples where a certain
number of contaminators were present. One might well ask why a test is needed
is it is known that contaminators are present. It would seem more realistic to
state that a certain per cent of contamination will occur in the long run and
that one will not know in any particular case whether 0, 1, 2, - - - contaminators
will be present. One would then wish a criterion to indicate the presence of
contamination in a particular sample. }

The performances of these criteria will be investigated for the same two
models of contamination and their performances will be reported as per cent of

7 %
700 /700
75 75
/
50 = /j,; 50
z / ‘o | /;’-—-’.

25 2s
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] //

Z BpZ4 |
O~/23456'7'ésA0/23456?¢5;\
n=35 n =15

F1a. 20. Performance of B, for various levels of significance when the population is 10%,
contaminated with scalar errors.
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F1G. 21. Performance of B; for various levels of contamination for location errors and
using the 5% level of significance.

total contamination discovered. The tests will be applied only once to each
sample. Repeated use of the criterion would in many cases increase the per cent
of total contamination discovered. It is not known what effect such a procedure
would have on the level of significance.

Investigation has been made for 5, 10, and 209, contamination. For example,
in samples of size 5 which have 109, contamination, on the average, 59.09, of
the samples will contain no “errors”, 32.89, will contain one, 7.3, two, 0.89,
three, 0.19 four, and 0.09, five. Thus in 100 samples of 5 which are 109, con-
taminated with location errors having mean u + 5¢, about 59 contain no errors.
If the ry criteria is used with a 59, level of significance one value will be “dis-

©,

o,
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Fi1c. 22. Performance of B; for various levels of contamination for scalar errors and
using the 5% level of significance.



502 W. J. DIXON

o
Q

(4 P
/00 /700
75+———F—|— 75
s0. 4 ] 50
3 i
2
[ 177
D D’ 10
P= 2 - //{ 25 LT
%/’! Go| A5,
B | o) Vo é/ Yo
B o) | I 1
12 S S A — } 2
o /s 2 3 4 5 6 7 8 © / 2 3 4 5 6 7 8

(Location) (Scalar)

F1a. 23. Performance of 719 , Dy , 72 , D in samples of size 5 using the 5% level of signifi-
cance and sampling from a population which is 10% contaminated.

covered” in 3.0 of the samples containing no errors. Of the 33 samples containing
one ‘“‘error’”’ the “error’” would by discovered in 18 of these samples. This criteria
would discover none of the “errors” in samples containing more than one “er-
ror”. We would have obtained 18 of the 50 contaminating values and 3 which
were members of the original population.

When ¢ is known the performance will increase when more contaminators
are present. Performance however has been measured in terms of finding a
single contaminator; i.e., the test has been used only once. Therefore even with
increasing percent contamination the level of performance will decrease with
increasing contamination. Repeated use of the test criteria has not been in-
vestigated.
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Fia. 24. Performance of ry(Dy) and re2(D; , 72 , r21) for various levels of significance
when the population is 109 contaminated with location errors.
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Fig. 25. Performance of rio(D1) and ra2(D1, % , ra) for various levels of significanc®
when the population is 10% contaminated with scalar errors.

Criteria B, gives the best performance for both location and scalar errors for
the levels of contamination and levels of significance considered. 4 and C; are
only slightly inferior. B, is handicapped when more than one error is present
thus its performance is poorer for heavier contamination. Figure 19 shows the
performance of B for the different levels of significance, 10% contamination,
and the two sample sizes 5 and 15 for location errors. Figure 20 shows the results
for scalar errors. Figures 21 and 22 show the performance of By for the 5%
level of significance for the different levels of contamination.

When ¢ is not known the performance of various criteria will eventually
decrease as more and more contaminators are present in the sample even though
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Fic. 26. Performance of ro(D;) and 729(D; , o , 721) for various levels of contamination
for loeatien errors and using the 5% level of significance.



504 W. J. DIXON

% %
Jo0 /00
75 75~
S50 50 — 5%
5}:// /
%% /0%
25 g = 25 1
] 20%
/é/ | d 20%
=" A = — A
© s 2 3 & S5 6 7 8 4 2 3 4 5 6 7 8
r10(D1) r92(Dy s T2, 21)
n =25 n =15

F1e. 27. Performance of rio(Dy) and 729(D; , 720 , 721) for various levels of contamination
for scalar errors and the 5% level of significance, a = 5%.

several of the criteria show improvement in discovering a single error if two
are present. The performance of these criteria is greatly affected by the size
of the sample. For samples of size 5, 7o and D; perform alike, 7y, being superior
to the other 7’s (r» second best) for the levels of contamination considered,
and D, is inferior to ry . Figure 23 compares the performance of 71, Dy, 7y ,
and D, for the 5%, level of significance and 109, contamination. The results
for other levels of significance and contamination are comparable.

For samples of size 15, 7, 7z and 7z, perform alike as do 7y, ry and ry, . Dy
and 7y, 721, v perform approximately the same and are superior to 7y, 71 ,
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Fic. 28. A comparison of the performance of r3; and D; for two scalar contaminators
when tests are made at one extreme only, o = 5%, n = 15.
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and 7y, . Critical values are not available for D, for n > 12. The performances
of D1, ry , r1 and 7y are indicated by a single line in Figures 24, 25, 26, and 27
which show the effect of level of significance and level of contamination of the
performance of Dy, 7y, 71 and 7s for samples of size 15 and for ry (D;) for
samples of size 5.

7. Remarks and conclusions. Throughout the investigation of performance,
location errors were placed only at one extreme and scalar errors at either ex-
treme. The test for an error was made using as a suspected value the extreme
value in the direction of the location error or in the case of the scalar error the
value most distant from the mean. It can be expected then that if performance
were assessed when location errors could occur in either direction, different
results would be obtained. Also in the case of scalar errors if errors were always
sought at one particular extreme or at both extremes different results would be
obtained. If these changes were made in the models of contamination, those
criteria designed to avoid errors at the other extreme would have an advantage
over those which were not so designed for o unknown. If ¢ is known the criteria
which do not avoid the other extreme would have an advantage over those
which do avoid the other extreme. These points just mentioned will be used to
discriminate between those criteria which were judged to be equal in perform-
ance under the models used in the sampling study. For example, Figure 28
compares the performance of r» and D; for two scalar contaminators when
tests are made only at one extreme, a = 5%, n = 15.

1. For ¢ known:

B; or C should be used, or in small samples 4, B; or C; should be used.

2. For ¢ unknown:

10 should be used for very small samples. r2 should be used for sample sizes
over 15. Probably 7. would be best for sample sizes from about 8 to 13. If sim-
plicity in computation is not important and “errors’ are not expected at both
extremes D; would do equally well. When critical values are available for larger
n, D, should prove useful in the larger sample sizes.
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