TABLES FOR COMPUTING BIVARIATE NORMAL PROBABILITIES

By DonaLp B. OweN

Sandia Corporation

1. Introduction. Various tables have been published for obtaining proba-
bilities over rectangles for correlated bivariate normal variables. Some of these

tables give the probabilities as functions of three parameters (see [1], [2], and.

[3]). Others tabulate related two-parameter families from which these proba-
bilities may be computed (see [3], [4], [5], [6], and [7]). The tables given here
are of the latter type. They have been computed for use with a special two-
dimensional interpolation scheme, which is described in Section 4. These new
tabulations reduce considerably the amount of interpolation work required
over that needed with previous tables. The function tabulated also eliminates
an arctangent function from the formula for the bivariate normal over a region
outside of a rectangle as compared with the formula for Nicholson’s tabulation
in [5]. Section 3 contains a derivation of the formulas given in Section 2 for
using a two-parameter table to compute probabilities over rectangles. The
tables given below should prove very useful, since examples where bivariate
normal integrals over polygons are needed to solve practical problems abound
in the literature. For example, see [6], [8], [9], and [10].

The usefulness of the T'(h, a) function tabulated below was also recognized
by Professor Harry A. Bender, University of Rhode Island, who submitted,
after this paper was received by the editor, a somewhat shorter tabulation
than given here. An abstract of Professor Bender’s paper appears in [15].

For h and a > 0, T(h, a), the function tabulated, gives the volume of an un-
correlated bivariate normal distribution with zero means and unit variances
over the area between y = ax and y = 0 and to the right of = &, i.e., the
area shaded in Fig. 1.

Cadwell in [11] gives a method for obtaining the volume of a bivariate normal
over any polygon. In Fig. 2, if AB is a side of any polygon, then the volume
over the shaded area for an uncorrelated bivariate normal with zero means and
unit variances is given by

T(h'; a2) - T(h1 al)

for az > @y, where k is the length of the perpendicular from the origin to the
line through AB and a;h is the distance from the foot of the perpendicular, C,
to B and azh is CA. If C lies between A and B, then the T-functions are added
instead of subtracted. By composition of volumes like this, it is possible to
obtain the volume over the area outside of any polygon. Section 2 includes
some useful formulas for doing this.
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Fia. 1 ‘ Fig. 2
F1a. 1. The area over which T'(k, a) gives the volume of a standardized bivariate normal
with correlation zero.
Fia. 2. A typical area for computing the bivariate normal over a polygon.

2. Summary of formulas. The fundamental formﬁla for finding volumes
over rectangles is

@1) Bl ko) = 36() + 36K — T(h, @) — T(l, a0) — {2

where the upper choice is made if /& > O or if hk = O but # + &k = 0, and the
lower choice is made otherwise, where

k ) h p
@D o= T—p " Vies *TEVi-g Vi-&

and where B(h, k; p) is the volume of a bivariate normal with zero means and
unit variances and correlation p over the lower left-hand quadrant of the zy-plane
when divided at £ = h and y = k, G(h) is the univariate normal with zero mean
and unit variance integral from minus infinity to h, and T'(h, a) is the function
tabulated below.

The T-function is tabulated only for 0 < @ = 1, and «, but it is possible to
obtain values for 1 < @ < » by use of the following formula:

@3) Tk o) = 3G(®) + 3G(ah) — GRIG(H) — T (ah, %) .
Values for negative a or & may be obtained by using

(2.4) T(h, —a) = —T(h, a)

and

(2.5) T(—h, a) = T(h, a).

Note that (2.3) requires a to be positive and hence when a is negative, first apply
(2.4) and then (2.3).
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Other useful formulas are:

T(h,0) = 0,
T(0, a) = L arctan a,
2w

T(h, 1) = 361 — G(R)],
and

30 - 6] ifh20,
Th, =) = {%G(h) ifh <o

For finding volumes of the general correlated bivariate normal over polygons,
the first step is to make a rotation and stretching of the axes to reduce the
function under the integral to the form of the T-function. A transformation

that will do this is
_ 1 T —px Y — #r]
“—\/2+2p|: a o I

9 = —1 [x—ﬂx_y—ﬂr]
V2 —2 ox oy ’

for p* < 1, where ux , py are the means of the X and Y ‘variables and ox, oy
are the standard deviations of the X and Y variables, respectively. This will
take the original polygon into another polygon in the u» plane. The vertices of
the new polygon should be computed and a graph drawn. For each side of the
polygon the volume over a region like that shown in Fig. 2 may be computed
with the aid of these formulas:

. | hiks — hoky |

T V(e = h)? F (ka — kp)?’
o = L1alle = ) + (ke — o) |
! [Raks — haky | ’
0y = LTalls = 1) + (ks — B |

| hake — hoky | ’

where the vertical bars indicate absolute value and where (h, k1) and (ke , k2)
are the coordinates of two adjacent vertices on the polygon. With the aid of
the graph, these volumes are then easily combined to give the volume over the
outside (or inside) of the polygon.

3. Derivation of the relationship between thie bivariate normal and the
tabulated function.
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Let
B(h, k; p)

3.1) bk )

( " or \/11-—“;‘2 f.,, f_w exp [—$(z* — 202y + ¥")/(1 — p")] de dy,

(32) 0@ = = [ ep (1) 0

and

(33) T(h, a) = exp [—3r*(1 + 2%)] i

21r 14 22

It is also convenient to have a second form of (3.3), which is the function in
Tables A, B and C. It may be obtained by differentiating with respect to A
and then reintegrating. The result is

a,rctan a

(34) T(h, a) = :—f f exp [—3(" + o)) dy dx +

The T-function is related to the V-function tabulated by Nicholson in [5] as
follows:

T(h, @) = %r arctan a — V(h, ah).

If (3.4) is integrated by parts,

3G(h) + 3G(ah) — G(h)G(ah) — T(ah, 1/a) ifa =0,
3G(h) + 3G(ah) — G(h)G(ah) — T(ah, 1/a) — % ifa <0.
It will be shown that (3.1) can be expressed as a function of expressions like
(3.2) and (3.3). If (3.1) is differentiated with respect to p, then integration with

respect to = and y can be effected. Integrating that result with respect to p
yields

B(h’ k; P)

(3.5) T(h,a) = {

(.6) = 5-11; fop (1 — )™ exp [-1(h* — 2hkz + )/ = D] dz + Gh)Gk).

From this B(0, 0; p) = 1/(27) arcsin p'+ %, a well-known result (see [12], [13],
and [14]). Now (3.6) may be rewritten as

B(h, k; p)

f 1 — —(ZWICTZ{Z—F exp [—3(K* — 2hkz + K)/(1 — )] dz

+ 1 f (1 — A % exp [—3(2 — 2hkz + B)/(1 — 2)] dz
+ G'(h)G(k)-
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In the integrals above, making the substitutions
__k—he d __h—ke
YChvi-2 W "ThvI- 2

respectively, produces

sk =70 +7(eD) 70572

(3.7) _
-7 (k, ’T‘\/T—i—:pé> + G(R)G(K).

Applying (3.5) to (3.7), gives

k — ph h — pk
1 —_ —_—— 1 — —_—
1G(h) T(h,h r————l_p2)+_2G(k) T(k’k ,————l_p2>,
if hk > Qorif hk = 0,hork =2 0

160 — 7 (h a2 + 4609

h — ok . .
- T(k,rﬁ)—%, ifhk <OQorif hk =0,hork <0

which expresses the bivariate normal in terms of the G- and T-functions in a
compact, form.

A series expression for 7'(h, @) may be obtained by expanding the numerator
of the integrand of (3.3) in the usual exponential series, dividing by the de-
nominator, and integrating term by term. Rearrangement of the terms of this
series gives

(39) T(h, o) = 2ctana _ 1§~ pin

27 27 =0

(3.8) Bk k;p) =

where

2¢
e e [T ) L

0 2]
which converges rapidly for small values of @ and A.

The values of T(h, a) given in Tables A, B, and C were computed using the
series (3.9). They were checked by using Gauss’ seven-point integration formula
on (3.3). The tables were also checked by taking differences. These checks show
that at the points of tabulation the table is accurate to as many places as given,
i.e., to six decimal places.

4. Interpolation in the tables. Table A has a coarse interval in the parameter
a and an interval fine enough for ordinary linear interpolation in the parameter
h. Table B has intervals in parameter a fine enough for ordinary linear inter-
polation and has parameter A at a coarse interval. Ordinary linear interpolation
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may be used throughout Table C. Tables A and B were designed for interpola-
tion as follows: To interpolate for a value T'(hy, az), say, a; and a; should be
picked closest to a; from Table A so that a; < a, < a3, and hy and h; should be
picked closest to h, from Table B so that h; = hs < hs.' Then the interpolated
value of T'(h, a,) is obtained from

3 3
T(hs, a2) = Z‘i 21 wi; T(hi, a;),
tml j=

where the weights w,; are given by

—1=b00—=¢) 1—c —=b1—-¢)

Wi = (1 - b) 0 b ,
—(1 — b)e c —bc
where .
_ O — _ he — b
b= g and = TR

The weights were obtained by considering the result of ordinary linear inter-
polation where nearby values of the function are subtracted before interpolating,
say, T(hy, a1) — T(h1, a1) and T'(hz, a3) — T(h1, a3). These numbers are inter-
polated with respect to a to obtain T'(hs, a2) — T'(hy, @), and then T'(h, an)
is added. This process may also be followed with (ks , a1), (hs, as), and (ks , as).
If the two estimates of T'(h:, @;) are then combined as in linear interpolation
with respect to k,.i.e., (1 — c) times the first estimate plus ¢ times the second,
the above weights w,; follow. The interpolation on the differences could also
have been first, with respect to & to obtain the two estimates and then with
respect to a between these two. The same weights w;; are obtained by doing this.

This method of interpolation has resulted in approximately a 90 per .cent
reduction over the size of a table needed for linear interpolation. Quadratic
interpolation using Bessel’s formula would give comparable results to the new
method with approximately an additional 80 per cent reduction in the number
of entries, but the additional work involved more than outweighs that reduc-
tion in the number of entries, even though the table is used only a few times.
The procedure given here may be termed a compromise between linear and
quadratic interpolation.

Exampre. Find T'(.15, .625). From the tables, the following entries are
extracted: '

a

.50 .625 JI5
0 .073792 .088903 .102416
.15 .072902 .101082
.25 .071347 .085848 .098755



BIVARIATE NORMAL PROBABILITIES 1089

The weights to be applied are

a
h
.50 ) .625 15
0 -.2 4 -.2
.15 .5 .5
.25 -.3 .6 -.3

The result is 7'(.15, .625) = .0877898. Calculation of this number from the
series gives .0877919. The result of the interpolation therefore provides a dif-
ference of two in the sixth place. Further calculations show that this difference
could be reduced to five in the seventh place if the linear interpolations for
T(0, .625) and T(.25, .625) were eliminated and the exact values for these
points were used. The value for T'(0, .625) was rounded up during the linear
interpolation with respect to a in Table B, since second differences in the a
direction for all h are negative. A similar working rule for rounding when inter-
polating in the h direction is to round up the interpolated value when 0 < h <
.9 and 'to round down for A = .9 in Table A. The value obtained from the above
interpolation scheme should be rounded up for 0 < h < 1.50 and rounded
down for k = 1.50, for all values of a > 0.

Empirical examination of the errors in interpolation by this scheme shows
that the maximum error that would occur anywhere in Tables A and B is seven
in the sixth decimal place, and that this could be reduced to six in the sixth
decimal place if the linear interpolations in Tables A and B were eliminated
and the exact values were used. Linear interpolation in Table C gives errors
less than four in the sixth decimal place. Table D gives the maximum error
in the sixth decimal place, which will be committed when using the above

TABLE D
[
h

0.00-0.25 0.25-0.50 0.50-0.75 0.75-1.00
0.00-0.25 +0.9 +2.1 +2.8 +3.3
0.25-0.50 +1.3 +3.1 +4.4 +5.3
0.50-0.75 +1.7 +4.4 +6.2 +7.1
0.75-1.00 +2.0 +4.9 +6.5 +6.4
1.00-1.25 +1.8 " 44,2 +4.6 +3.1
1.25-1.50 +1.3 +2.5 +1.5 -1.3
1.50-1.75 +40.5 +40.5 -1.7 -3.9
1.75-2.00 —0.3 ~1.8 -3.6 —4.7
2.00-2.25 —0.8 —2.6 —4.0 -3.9
2.25-2.50 -1.0 —2.8 —3.4 —2.6
2.50-2.75 -1.0 —2.4 —2.4 —1.4
2.75-3.00 —0.8 -1.7 -1.4 -0.7
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interpolation scheme over the ranges of 4 and @ indicated. The sign preceding
the entry is the sign of the exact value of T'(h, a) minus the interpolated value
for that difference which is the largest in absolute value. These are empirical
results obtained on the digital computer by using the interpolation process
and the exact value for fifteen points systematically spaced in each block.
A number in Tables A, B, and C whose last nonzero digit is five is followed
by a plus or minus sign, respectively, to indicate that the number should be
rounded up or down when dropping the digit with the five. Any entry having
the first three digits the same as those of the entry directly above it has had
these digits dropped.
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