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FIRST PASSAGE TIME FOR A PARTICULAR GAUSSIAN PROCESS

By D. SLEpian

Bell Telephone Laboratories, Murray Hill, New Jersey

1. Introduction. Let z(¢) be a stationary Gaussian process with Ex(f) = 0 and
Elz(t)x(t')] = p(t — ¢'). Denote by Qu(T | z0) dT the conditional probability
that for ¢t > 0, z(t) first assumes the value a in the interval T <t £ T + dT
given that £(0) = . It is well known that the determination of the first pas-
sage time probability Q.(T | zo) dT is not an easy matter in general. To the
author’s knowledge, Q.(7T |xo) is known explicitly for stationary Gaussian
processes with continuous spectral densities only in the Markovian case o(7) =
¢ 1", See [1], [2], [3] and [4]. This note points out that an elementary solution
exists for the process with covariance

M i) = {g e =

for0 =T = 1.

2. Markoff-Like Property. The determination of the first passage time proba-
bility density Q.(T | zo) for the process with covariance (1) follows from a
peculiar Markoff-like property it possesses which may be described roughly as
follows. Let 0 < #; < & < 1 be two instants in the unit interval. Denote the
open interval (4, &) by A and the set (0, &) U (&,, 1) by B. Then for the
process at hand, given the values of z(#) and z(%;), events defined on A are
statistically independent of events defined on B.

More precisely, we show the following. Let

0<th<p < - <h < - <H < <t <1,
Then
) P(TL, ¢y Thmty Thgty ** 5 ity Tindy *** 5 Tn | Tu , T1)
=p(@1, L1, Tigr,t, Ta | Tey, T)P(Traa, o0, T | Tk, @)
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Here we have set z; = x(t;),7 = 1, 2, ---, n, and have followed the time-
honored (but often deplored) practice of denoting the conditional probability
density of z; given z; by p(x;|2;). The assumption of separability for the
process leads from (2) to the statement of conditional independence of events
defined on 4 and B.

Equation (2) can be established readily by a direct calculation. Let

=21+ Xn, 2; = 2 — Tja, J = 2,3, -+, n. One easily verifies from
(1) that Ez; = 0, Eziz; = 0, Ezf = 22 — (4, — &), B2 = 2(¢; — tj-1),
6(z1 s "ty 2

)) has the value 2.

i=1,2,---,m7j=23, ...,n.TheJacoblanm

Therefore,

plar, oy w) = 2(20) 2(2 — 4+ tl)]—%I"I 2t — )l
-exp — = [»._(_x_’_i_f’!__, Z (z; — xj-1) ]

2(2 — i, + tl) 2(t; — tj— 1)
" The factors occurring in (2) are ratios of probability densities each of the form
(3). Direct substitution results in the verification of (2).

Let 0 < & < ¢ < t3 < 1. The process at hand has the curious property that

(3)

(e, x| 21, x3) = p(aa| 21, x)p(2a | 21, 25)

ifts <ty =6+ lorif ¢ = t3 + 1, but this conditional independence does not
holdif ¢ + 1 < & < 3+ 1.

We note in passing that the process under consideration can also be written
as x(t) = y(t + 1) — y(t), where y(t) is the Wiener process, and that the
Markoff-like property just derived can be obtained from known properties of
the Wiener process.

3. First Passage Time. The first passage time probability density for this
process can be derived from an integral relation of the sort used by Siegert [4].
The process can pass from a value zo > @ at time ¢ = 0 to a value 2r £ a at
time ¢t = T only if at some time 6, with 0 < 6 < 7, the process assumes the
value a for the first time. If then R,(xr | zi, 8) dxr is the conditional probability
that xr £ 2(T) = zr + dzr given that 2(0) = xy and given that for ¢ = 0

the process first assumes the value ¢ for § = t = 6 4 d6, we have
r
p(zr | 2) = f 40 Qu(0 | o) Ra(¥r | 20, 60), @ >a 2> ar.
0

If now T < 1, Ro(xr | 2,0) = p(xr | 70,5 = @) because of the Markoff-like
property of z(t) already described. We have then

IA

T
(4) pler | 2) = fo d0 Qu(0 | zo)p(y |2y, 29 = a), 02T <=1,
a relationship in which Q,(6 | xo) is the only quantity not known.
Equation (3) can be used to determine the conditional densities appearing in
(4). After substituting for these quantities and cancelling some nonzero factors,
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one finds

exp I: 1 (xT — xo)

2 ] f d0(2 ) exp [(xo +i)—2:|

(2«T)* i2-=0)

eirz

1 (zr — a)®
e"p[" 32(T — e)].
Q0| 20) — s ey

Integrate on xr from — » to a to obtain

(a—zg) /(2T)} sy T
™ e"zf e du = f d8(2 — 9)* exp [(xo +a) ] Q0] 20) 5.
—00 0 4(2 )

Then Q.(T | zo) can be obtained directly by differentiation with respect to 7'
A similar derivation can be carried out under the assumption zo < a. The com-
bined result is

_ 1[z(1 = T) — af

QT lm) = cloof - =Gy
¢ TR2xT 2 — T)}¥

The author has been unable to obtain an expression for Q,(7T | zo) valid for
T>1.

},xo?fa, 0<T=1.
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A NOTE ON THE ERGODIC THEOREM OF INFORMATION THEORY!
By K. L. Cuung

Syracuse University

The purpose of this note is to extend the result of Breiman [1], [2] to an infinite
alphabet, or equivalently, the result of Carleson [3] to convergence with proba-
bility one.

Let{---,2_;, %, T, -} bea stationary stochastic process taking values in
a countable “alphabet” {a;,7 = 1, 2, ---}. Let

p(ai”“‘»ain) = y{$k=a1k’k’= L, nj,
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