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On the T'(1)-theorem for the Cauchy integral

Joan Verdera

Abstract. The main goal of this paper is to present an alternative, real variable proof
of the T'(1)-theorem for the Cauchy integral. We then prove that the estimate from below of
analytic capacity in terms of total Menger curvature is a direct consequence of the T(1)-theorem.
An example shows that the L°-BMO estimate for the Cauchy integral does not follow from L2
boundedness when the underlying measure is not doubling.

Introduction

In this paper we present an alternative proof of the T'(1)-theorem for the Cauchy
integral operator with respect to an underlying measure which is not assumed to
satisfy the standard doubling condition. This result has been proved recently in [T3]
and, independently, in [NTV1] where fairly general Calder6n—Zygmund operators
are considered. The proof in [T3] exploits a tool specific to the Cauchy kernel,
called Menger curvature (see Section 1 for the definition) and is based on two main
ingredients: a good X inequality and a special argument, which is designed to make
the transition from an L? estimate to a weak (1,1) inequality. This argument
involves analytic capacity (concretely, the inequality (18) below) and consequently
is of a complex analytic nature. Our approach avoids use of complex analysis. In
fact, our strategy consists in finding in any given disc a “big piece”, in the sense of
Guy David [D1], [D2], on which the operator is bounded on L?. We then plug in the
standard good X inequality to control the maximal Cauchy integral by the centered
maximal operator, as in [D1], [D2]. In this second step one only needs to check that
the doubling condition is not really used in the classical arguments. Thus our proof
is actually reduced to the construction of a “big piece”, which turns out to be fairly
simple because of the good positivity properties of Menger curvature. We proceed
now to state precisely the main result.

Let u be a positive Radon measure in the plane. Our goal is to estimate the
Cauchy integral operator on L*(u). In view of the singularity of the Cauchy kernel
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1/(z—() we assume that yu satisfies the growth condition
(1) p(D)<Cr(D) for each disc D,
where r(D) stands for the radius of D and C is some positive constant independent
of D. Indeed, if & has no atoms then (1) is necessary for the L?(u) boundedness

of the Cauchy integral [D2, p. 56]. We say that the Cauchy integral operator is
bounded on L?(p) whenever, for some positive constant C, one has

@) /c Co(fp)P dp<C /C FPdu, feI(u), =0,
where

_ /() .
) = [ e, o

Notice that the integral in (3) is absolutely convergent for each z, as can readily be
seen applying the Schwarz inequality and then using (1).

A necessary condition for (2) is obtained by taking as f the characteristic
function yp of a disc D and restricting the domain of integration in the left-hand
side of (2) to D,

(4) / |C.(xpw)|? du < Cu(D) for each disc D, > 0.
D

The T'(1)-theorem for the Cauchy integral can now be stated as follows.

Theorem. Let i be a positive Radon measure satisfying (1). Then (2) follows
from (4).

We remark that if p satisfies the doubling condition
(5) w(2D) < Cu(D) for each disc D,

where 2D stands for the disc concentric with D of twice the radius, then (4) is
easily seen to be equivalent to requiring that C.(p) belongs to BMO(y), uniformly
in e. Hence we recover the familiar condition in the standard formulation of the
T(1)-theorem for the operator T'=C [D2, p. 30],

C(1) =C(u) belongs to BMO =BMO(p).

In the doubling context the theorem can readily be proved using Menger curvature
and interpolation between H' and BMO (see Section 4).

In Section 1 we gather some preliminaries including notation, terminology and
background. Section 2 contains the proof of the theorem. In Section 3 we remark
that the estimate from below for analytic capacity in terms of Merger curvature
(inequality (18) below) follows readily from the theorem by purely real variable
arguments. Section 4 shows that if the doubling condition (5) fails then L? bound-
edness of C' does not imply the L>°-BMO estimate.
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1. Preliminaries
Given three distinct points 21, z2, 23€C one has the identity [Me]
1

(6) —_ :C<Z1,22723)2,
; (20(2)_20(1))(20(3)_20(1))

where the sum is taken over the six permutations of {1,2,3} and c(z1, 22, 23) is
the Menger curvature of the given triple, that is, the inverse of the radius of the
circumference passing through z;, z9 and z3. For a positive Radon measure v the
quantity

c(y)Qz///CS (21, 72, 2)2 dv(z1) dv(22) di(23)

is called the total Menger curvature of v or simply the curvature of v. Note that
we have not defined ¢(z1, 29, 23) for triples where at least two of the points are the
same; for such triples we may set ¢(zy, 2q, 23)=0.

The first application of (6) to the L? theory of the Cauchy integral operator
was the author’s proof of the L? boundedness of the Cauchy integral on Lipschitz
graphs (see [V2] and [MV]). There we showed that the arc length measure on an
arc of a Lipschitz graph has finite curvature.

Later on the identity (6) was used to obtain estimates from below for analytic
capacity [Me] and to describe uniform rectifiability via the mapping properties of
the Cauchy integral operator [MMV]. The results in [V2] or [MV] were explicitly
mentioned in [Me, pp. 828-829] but unfortunately no reference was made to [V2]
or [MV], which already existed in preprint form. This has caused some misunder-
standing of the real sequence of events and some inaccuracies in attributing the
results. Impressive progress has been made, using (6), in recent work by several
authors [DM], [JM], [L], [Ma], [T1], [T2], [T3], culminating in David’s solution of
Vitushkin’s conjecture [D3].

In our estimates we will use two variants of the Hardy-Littlewood maximal
operator acting on a complex Radon measure v, namely,

D(z,1))

Mu(z)—sup MPED) 6
>0 T

and

o wl(D(z,7))
Myv(2) =sup = )

where D(z,r) is the open disc centered at z of radius r and spt u is the closed
support of p.

z €spt i,
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It follows from the Besicovitch covering lemma that M, satisfies the weak type
estimate [J, p. §]

(7) plz:Mu(z) >t} < %U”,

and since
Mv(z) <CM,v(z), =z€sptp,

because of (5), (7) also holds when M, is replaced by M.

Actually the weak type (1,1) estimate for M is a consequence of the simplest
standard covering lemma [S, Lemma 1, p. 12] and so there is nothing deep in it.
Although we could work only with M,, we prefer to keep the distinction between M
and M, to emphasize those steps where the Besicovitch covering lemma necessarily
comes into play. Notice that (7) coupled with the obvious L estimate gives, by
interpolation, the inequality

[ s dnsce [ 1fran 1<p<oc
C C

The letter C will denote either the Cauchy integral operator or a constant
which may be different at each occurrence and that is independent of the relevant
variables under consideration. The precise meaning of C will always be clear from
the context.

2. The proof

Let v be a complex Radon measure. Set

(8) Covlz) = /K Wl Lec.

—z|>e <_Z ’

The integral in (8) is absolutely convergent for all z provided v is a finite measure
or, more generally, provided

dvl(Q)
9) /C ) <o
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Lemma 1. Let v;, j=1, 2, 3, be three real Radon measures satisfying (9) with
v replaced by v;, j=1, 2, 3. Then

Z/ Vo(1))C 0(2 /// (21,29, 23) dvi(21) dve(z2) dvs(23)+R
where the sum is laken over the permutations of {1,2,3},

S, ={(z1,22,23) €C3:|z1—23| > ¢, |21 —23| > and |zo—23| >}
and

|R| SCZ/C Mvg(9y(201)) MVs(3)(25(1)) o (1) (25(1) ),

C being an absolute constant.
Proof. Set
T. = {(21,202,23) € C¥: |21 — 23| > ¢ and |22 — 23] > €},

U.= {(21,22,’23) S C3 : |21—221 <eg, ‘21—Z3| > 2¢ and |2’2723| >€}
and

Ve ={(21,22,23) €C3: |21 — 2| <¢, £ <|z1~23| <2¢ and |z2—23| > €}.

d )d d
/ ()T VQ)dV?ﬁ/// vi(21) dva(22) dvs(23)
(21*23 2’2* 3)
/// dv(z1) dva(22) dvs(zs)
2’1*23 22423)
/// dvi(z1) dvs(22) dvs(zs)
. 21‘23 22‘23)
/// dl/1 21 dl/2 Zg)dl/3(23>
21—23 22—2’3)
/// dl/1 Zl) dl/g 22) dI/g(Zg) +I€—f—]]6,
21—2’3 22—2’3)
where the last identity is a definition of I.-and II.. To estimate I. and II. we
assume, without loss of generality, that the v; are positive measures. Then

L < C’/// dvy ( 21)|CzilV2(ZZ;)2dV3(23)
// Muy(z1) din (1) dva(z2)
|1 —z2|<e

£

Then

<

S C/MI/Q(Zl)MV3(Z1) dV1(2’1).
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For Il we write

1
]IIEIS—Z/// dvi dvy dvs
& V.

C
S ? / MV3 (Zl) dl/1 (Zl) dI/Q (22)
|z1—22|<e

< C/MZ/Q(Zl)MVg(Zl) dvy (z1).

Operating in a similar way for any ¢ and then summing over o we get the conclusion
of the lemma. [

We apply Lemma 1 to vy =vp=fu with f a (real function) in L?(u) and v5=
xpp with D a fixed disc. We then have
(10) 2 /D (Cel f10) 2 dp+4Re /C Co(f 1) Celxom) f di

= /// e, OF ) o () du(z) du(w) CWHO(/C r d“>‘

In particular taking f=yxp one gets

6 1CtcomiPdn= [[[ .0 dute) dutw) du()+O(u(D),
and thus
(1) [ .0 dutz) dutw) du(c < cuo),

provided (4) holds.

It is worth pointing out that (11) was inexactly attributed in [NTV1, p. 705].
Indeed, a first version of (11) appears in [V2] and [MV] and later on in [MMYV] in
the form at hand.

We come now to the core of the argument that produces a “big piece” inside a
given disc D.

Set

e = [[ P, zcc.
By Chebyshev
pzeDien(:) > tor (o) > 1< ([ b duta) s [ 16 0ol dn

L CuD)
<=5
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Hence, given 0<f<1 (6 will be chosen later), there exists a compact ECD such

that
z) </ C and (xpp)(z)| </ C zel,
and
1(D\E) <0u(D).
Set, as in [T3],
Hevw) = [ w0 du(0),
D
so that
, zZ€E.

=|Q

/E (2 w) dp(w) < &3 (2) <

Since k(z,w)=Fk(w, ), Schur’s lemma now gives that if f€ L?(E) (=L*(F, du)) then

1/// (z,w, ) f (2) f(w)x D(C)dﬂ(z)du(w)du(g)}
< [ 176 [ 15kt dutw) dut <€ [ 7 a

where C'=C(8) does not depend on &.
Therefore from (10)

A iCs(fM)|2dMSC( /D \Ce(fu«)|2>l/2( I fzdu)l/2+0 | an

and consequently

/ICE(fu)PduSC/deu, feI?(m).
JD C

By duality this implies

(12) [E C(fp)P du<C /C Pdu. fel?(D).

We now need an appropriate Cotlar type inequality. For a complex Radon
measure v satisfying (9) set, for zeC,

Civ(z) =sup |Csv(z)|
§>e

and
C"v(z) =sup Clv(z).
e>0
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Lemma 2. Let p and v be positive Radon measures satisfying the growth
condition
w(D)+v(D)<Cr(D), for each disc D,

and such that for some £>0

/ICs(fdu)IQdVSC/ P, fel?(w).
C C

Then
C2 (f1)(2) < CIM(|C(F)[* dv) 2+ M, (| f [ dps) /).

For a proof for the case p=v, which can be seen to work under our hypothesis,
we refer the reader to [T'1, Lemma 3 and Theorem 4].

Combining (12) with Lemma 2 applied to v=xgu and p=xpp we get, for each
feL*(D),

e o <€ eg [ g2
| MEEECRY <G ([ ieutrmp dus [ 1au)

We now want to have the above inequality at our disposal for a general feL?(p).
This essentially means that, for each open disc D, C. boundedly maps L%(D¢) into
L?(D) with a constant independent of e. This is clear if C. is replaced by

C(fw)(2)=lim C.(fu)(2), z€D, feL*(D").

The reason is that, C( fu) being holomorphic on D, we only need to apply Carleson’s
theorem twice,

[rcuwransc [ cuapia<c [ i
D 8D De

However we wish to have a real variable proof, which could be extended to R™ and
n—1 dimensional kernels. This can be done painlessly and in fact is implicit in
David’s paper [D1].

Lemma 3. Let A be an open disc and let u and v be positive Radon measures
satisfying
w(DY+v(D)<Cr(D) for each disc D,

and p(A®)=v(A)=0.
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Then
/C*(fy)zdugc/ |f12dv, fecL?®).
C C

Proof. Assume, without loss of generality, that A is centered at the origin and
let » be its radius. Given z€A let d be the distance from z to dA. We claim that

(14) Cr(fv)(2) <C(fr)(w)+CM(fr)(w), |w—2|<2d.
Fix £>0. Assume first that e<d. Then for |w—z|<2d,
|Ce(fv)(2)] = Calfr)(2)| <|Caa(fV)(2)|+ M (fr)(w).

The same inequality holds for d<e<4d, so that we are left with the case 4d<e. Set
J1=XD(ze)f> fo=F—J1. Thus, for jw—2z|<2d,

|Ce(fr)(2) = Ce(fov) (w)| < CM(fr)(w)

and

Ce(fov)(w) = Ce(fr)(w)| < CM(fv)(w)

because of standard simple estimates. Therefore the claim follows.
Set
F(w) =C*(fr)(w)+CM (fv)(w).

Using (14), the simplest covering lemma [S, Lemma 1, p. 12] and the growth con-
dition on p, one proves that (see for example [S, pp. 59-60])

plz e A:C*(fov)(z) >t} <CHw € A : Flw) > i},

where | - | denotes one dimensional Lebesgue measure. Then
/ C*(fv)*(2) dp(2) < C'</ C*(fV)2(W)|dw|+/ M(fv)*(w) Idw|>
A an oA

SC/ |fI? dv
c

by [D1, Proposition 5, p. 164] and [D1, Proposition 3, p. 161]. O

Lemma 3 and (13) now give

(15) ,u{zeE:C;‘(fu)(z)>t}§tg2/de,u, feLl*(u),
C
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which shows that E is indeed a “big piece”.

The proof of the theorem is practically complete. One last step is left: we
have to check that (15) allows us to prove an appropriate good A inequality without
resorting to a doubling condition on y. For the reader’s convenience we present the
well-known argument, which can be found in [D2, pp. 61-62]. The good X inequality
we need is the following.

For each 1>0 there exists y=v(1)>0 small enough so that

(16) pu{z:C2(fu)(=2) > (1)t and My (f2)/2(2) <t} < Lu{z: C2(Fu)(2) > th.

Once (16) is established we deduce that C* satisfies the same LP inequalities as
M, (f?1)'/? [D2, p. 60]. Then

/Ce*(fﬂ)pduﬁcp/Iflpd,u, 2 < p < oo.
C C

In particular
/C\Ce(fu)I”duéCp/ |fIPdpu, 2<p<oo,
c

and by duality we get the same estimate for 1<p<2 and so for p=2 by interpolation.

Let us prove (16). The set Q={z:C>(fu)(t)>1t} is open. Given a€SNQ, S the
support of y, let D(a) be the disc with center a and radius 1 dist(a,Q°). By the
Besicovitch covering lemma QNS can be covered by a family of discs D;j=D(a;)
which is almost disjoint, that is, such that each point in the plane belongs to at
most NV discs Dy, N being an absolute constant. Notice that then the family {4D;}
is almost disjoint too, because the discs 4D, are Whitney discs, in the sense that
their radii are comparable to their distances to 2°. This is one of the key facts in
order to allow us to dispense with the doubling condition.

We are going to show that, given >0 and 0<a <1, there exists y=~(n, a)>0
such that, for all 7,

(17)  ufz€ SND;:C2(fu)(z) > (Lm)t and My (F20)/2(2) <4t} < ap(4D;).
Then summing over 7,
1z € 8:CL(fu)(2) > (1+n)t and M, (f*u)'/?(2) <y} <aNu(Q),

where N now stands for the constant of almost disjointness of {4D,}. Choosing «
so that aN =2 we get (16).

Let us turn our attention to (17). Fix j and set D=D;, a=a;. Assume, without
loss of generality, that there exists b€ SND such that M, (f2u)/?(b)<+t. Let w be
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a point in Q° such that |w—a|=dist(a, 2°) and set B=D(w,9r), where r=1|w—a]
is the radius of . Hence DCA=D(b,3r)C4DCB. Set fi=fxp and fo=f—f1.
Then, for z€ D and 6 >¢,
1
lcs(flu)(Z)l:ICJ(XAf)(z)H;/Blf(C)ldﬂ(C)
<CX(xa @) +CM(fp)(b) < C(xaf)(2)+Ct,

and so
|Cs(f1)(2)| <[Cs(for)(2) |+ CZ (xa f)(2)+Ct.

To compare Cs(fop)(z) with Cs(fu)(w) we use the standard arguments (see [D1]
or [D2]). We obtain

|Cs(fop)(2) —Cs(fap) (w)| < CM(fu)(b)

and
Cs(fap)(w)] < CZ(fp)(w) <t.

Therefore
C2(fw)(z) S Cxafw)(2) +(1+Cy)t, zeD.

Now choose v so that 20v<7 and let E be a “big piece” associated to the disc D
and the number . Then

p{z € D:C(fu)(2) > (L+n)t} <p(D\E)+-p{z € E:CZ(xafu)(2) > 5nt}

¢ 2
SOu(D)+(nt)2/Af dp
C

<Ou(D)+ gAML (1) (b)

<(0+C(v/n)*)u(4D) < ap(4D)

provided ¢ and v are chosen small enough so that 6+ C(y/n)?<c.

3. Estimating analytic capacity from below

Let K be a compact subset of C, v(K) its analytic capacity, and let u be
a positive measure supported in K satisfying p(D)<r(D) for each disc D and
c(p)<oo. Then for some positive constant C' one has [Me]
JB/Q

I
. e (M
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The original proof of (18) is rather simple but relies on Garabedian’s L? description
of analytic capacity [G] and thus depends on complex analysis techniques. We give
here a quick derivation of an inequality slightly better than (18) from the T'(1)-
theorem described in the preceding sections, using purely real variable methods.
Therefore the T(1)-theorem for the Cauchy integral and (18) are equivalent state-
ments. Similar arguments have been used independently by Tolsa in [T2] for other
purposes.
Given a compactly supported positive measure p, set

20 = [ Mu@)dua)+ [ aulz) dua),
where
A ([ Pewdutw)du), zec.

The quantity E(u) and the function M, (z)+c,(z) seem to be appropriate candi-
dates to play the roles of “energy” and “potential” associated to the kernel 1/z.

Theorem. For each compact subset K of the plane,
(19) Y(K) > Csup{E(p)™ :spt u C K and |ul|=1}.

If i is a positive measure supported on K such p(D)<r(D) for all discs D,
then

() =20 o el _ il el
lell 7 Nl — le? ]372

and so (18) follows from (19).
Proof of the theorem. Take a probability measure g supported on K with
E(p)<oo. By Chebyshev there exists a compact subset J of K such that p(J)>3,

and Mpu(z)<A and ¢, (z)<A for all zeJ, where A=2E(1).
Set v=p|;. Then ||v|>3, v(D)<Ar(D) for each disc D and

(20) ()< A, zesptr
Clearly (20} gives (11) with u replaced by v and therefore the Cauchy integral is

bounded on L?(v) by the T'(1)-theorem discussed in the previous sections. We wish
now to have the weak L' inequality

(21) vz lC. 0> 13 < SR,
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where A is any finite measure in the plane and C some absolute constant.

This follows by standard Calderén-Zygmund theory if i is doubling and by a
simple argument found recently in [NTV2] in the general case. Dualizing the weak
type inequality (21), as in [T3] or [V1], we obtain that there exists a v-measurable
function h, 0<h<1, with v(J)<2 [ hdv and |C(hdv)(2)|<CA, for each zeC\J.
Here C'(h dv) is just the locally integrable function (1/z)xhA dv. Therefore, for some
absolute constant C

C C

PY(K)EZ:E—(;TY

as desired. O

4. Failure of the L*°-BMO estimate

When p is a doubling measure the proof of the T'(1)-theorem for the Cauchy
integral is very simple, as showed in [V2| and [MV]. The reasoning goes as follows.
Fix a disc D and take a bounded, y-measurable function f supported on D. Because
of (10) and (11) we get

[icmransa( [ c.mra)” ([ eoomran)

A [ w0 dute) duw) du()+ 1 D)

2

1/2
sCu(DW?( / ICe(fu)IQdu> LoD FIP
D
and so
(22) /D (Ce(fm) 2 dye < O\ F 2o D),

with C independent of .

The above inequality and standard arguments show that C. maps LOO(M)
boundedly into BMO(x) and maps the atomic version of H!(u) boundedly into
L'() (see [J, p. 49]). Interpolation between BMO and L' now gives that C. maps
L? into L2

By BMO{u) we understand the space of locally integrable functions with re-
spect to u, such that for each disc D centered at a point in spt 4 one has

/D 1F(2)~ fol du(2) < Cu(D),
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C being a positive constant independent of D and

T REG

An atom is a g-measurable function a, supported on some disc D centered at
a point in spt u, such that |a|<u(D)~! and [ adu=0. The atomic version H,,(u)
of H' is then the set of functions of the form

o0
> XNy,
i=1

where a; is an atom for all j and 77 |A;]<oco.

When the measure j is non-doubling one can still obtain (22) from the hypoth-
esis of the T'(1)-theorem, but we shall see that (22) implies neither the L*°-BMO
nor the H,-L' estimate. The example we shall describe is rather simple. In fact,
the measure u will be the one-dimensional Lebesgue measure restricted to a certain
subset of the real line.

Set A\,=4"%" n=0, 1, 2,..., and

I [)‘31 172>‘31 1]

J [ An 1)5)\77, 1+An 1] n:l’ 2, 3,... .

Define i as the one-dimensional Lebesgue measure restricted to

(-1,0)U <U(IUJ>

Let D,, denote the disc of radius %)\n,l centered at the point %/\n_l. Then the
function

h=> (X1, — Xz, )u(Dn)~r27"
n=1

lies in H}, (). We claim that



On the T(1)-theorem for the Cauchy integral 197

Fix a positive integer n, and write I,,=(a,b) and J,=(«, 3). Then

b _
x;logﬂ—§20 for £ <0.
a—x -

Clx1,)(x)—C(x,)(z) =log 5

A simple computation gives

0 b
/ C(an)(x)dw=/ 10g<1+%) dtzllog(1+21l>
_1 a

/_01 Clxs)(@) d:c:/j 10g<1—|——tl~) dt§l10g<1+%>,

where {=b—a.
Since p(Dy)~A2_,, we conclude that

and

0 0
/ |C(h){(z)|dx > C Z 2 " log A\, 1, = +o0,

-1 n=1

as claimed.

Thus C does not map H}, () into L*(u), although it maps L?(u) into L2(u).
To show that L°°(y) is not mapped boundedly into BMO(u) we resort, to the most
elementary fact concerning the duality between H}, (1) and BMO(u). Namely, given
an atom a and a disc D as in the definition of atom, there exists a function b in
L (1), |Ibllec=1, for which one has

[ lc@lan= [ ctapdu=- [ ac®au=— [ a(ct)-C)p)au

c
1
Sm/DW(b)_C(b)Dld#-

Then the L>°-BMO estimate would imply the H},-L! estimate, which fails.
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