On some L’-estimates for hyperbolic equations

Mitsuru Sugimoto

Introduction

The aim of this work is to show some L?-estimates for the operators which aré
used to represent the solutions of Cauchy problems for hyperbolic equations with
constant coefficients.

Now, we set for d=0, k€R, €R”

¢)) my, (&) = eiiéldak(f)a

where @,()€S~* and Ogsuppa,. (S* is the class of smooth functions which
satisfy the estimates |D*a(&)|=C,(1+£))7* 1% for all derivations D*.) The opera-
tors M 4(D)=F ~'m, 4F (F denotes the Fourier transform, and F~! its inverse)
are used to represent the fundamental solutions of Cauchy problems for Schrddinger
equations (d=1) and wave equations (d=2). It was not so easy to obtain LP-
estimates for them because we cannot apply the famous Marcinkiewicz theorem:
“If IDPmEN=CIET1 for |o|=[nj2)+1, the operator M(D)=F~-‘mF is LP-
bounded (1<p<<)." (See, for example, Stein{15].) But many authors such as
Hirshmann [5], Wainger [17], Fefferman—Stein [3], Sjostrand [14], Miyachi[10],
[11], and Peral [12] contributed to it and gave

Theorem A. (i) In the case d1, the operator M, ,(D) is LP-bounded if and
only if k=nd|;:—%|. (i) In the case d=1, the operator M, 4(D) is L?-bounded
if and only if kz(n—1)|>—%

P 217
We remark that theorem A in the case (i) is valid even if we replace the
phase function {¢|? in the symbol (1) by any real function ¢(&) which is homo-
geneous of degree d (that is, @(p&)=0¢(£) for ¢=0), while the case (ii) does not
have such a generalization. (See Miyachi [10].) This fact, as well as the dif-
ference of the critical order for k, expresses the specialty of the case (ii). In

this paper, we shall consider to what extent we can generalize the phase function
in the case (ii).
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This problem is deeply related to the Cauchy problem for hyperbolic equa-
tions. Let p(z, £) be a strictly hyperbolic polynomial of degree m, that is, p(t, )=
(r—1(8)...(r— (&), where the characteristic roots {g;}j., are homogeneous
of degree 1 and are ordered as @,(£)>...>@,(£) (£50). Then the solution of the
following Cauchy problem

P(D,, Dy)u(t, x) = 0,

@ {D{u(o,x)=g,(x); j=0,1,2,...,m—1,

associated with the polynomial p(z, £) is represented as

u(t,x) = S, 3770 M (D)g;
up to a regular term. Here the symbol of the operator M"/(D) is of the form

mf'f(é) = eite)(d) al,j(&)’

where g, ;(£)¢S~/ and O¢supp a; ;. So, in order to obtain LP-estimates for them,
we need to extend Theorem A in the case (ii), replacing the phase function |¢|
in the symbol (1) by such functions as characteristic roots of strictly hyperbolic
polynomials,

Now, we shall show some properties of characteristic roots {¢,};=,, especially
of @, (accordingly of ¢,(&)=—¢,(—&). If p(z, &) is complete, that is, depends
on essentially all variables T and &, we can write ¢,(§)=¢(&)+a(f) with some
homogeneous function ¢(£)=0 of degree 1 which is real analytic at {0, and
with some polynomial «(¢) of degree 1. Furthermore, the hypersurface X=
{€€R"; @(&)=1} is strictly convex, that is, every tangent plane of Z never lies on
Z except for the tangent point. Particularly, in case of m=2, the Gaussian curva-
ture of X never vanishes. On the other hand, the factor €**® corresponds to the
translation of variables, so it is negligible for LP-estimates. About the properties
of strictly hyperbolic polynomials described here, consult Beals [1, Section 5] and
the papers cited therein.

Then we set a symbol on R” as

(€) m(§) = €*9a, (),

where ¢(£)=0 is homogeneous of degree 1 and real analytic at ¢=0, and
a()eS~*, O¢suppa,. When is the operator M,(D)=F'mF LP-bounded?
And what effect does the hypersurface X={(€R"; ¢(£)=1} have on this problem?
There have already been the following answers to this given by Miyachi[11] and
Beals [1].
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Theorem B. (i) In the case that the Gaussian curvature of X never vanishes,
the operator M, (D) is L?-bounded if kz(n——l)l%—~%|. (ii) In the case that X is
strictly convex, the operator M, (D) is LP-bounded if k>(n—1)[>+—5l.

p
The condition that the Gaussian curvature of X never vanishes implies that
X is strictly convex, but not vice versa. See, for example, Kobayashi—Nomizu
[7, Chapter 7]. The following is our main theorem which claims that theorem B
in the case (ii) is valid for k=(n—1)|>—3| as well.

Main Theorem. If the hypersurface I is strictly convex and k;(n—l)l—;——% ,
the operator M, (D) is bounded on the Sobolev spaces H ;(R") (l<p<oo, s€R) and

the Besov spaces B}, ,(R") (1=p, g=-o, s€R).

Here the Besov spaces are a generalization of classes of Ho6lder continuous
functions. For instance, B:, . (s>0) is “almost” the same as the class of func-
tions which are [s]-times differentiable and whose derivatives are Hélder contin-
uous of order s—[s]. So the boundedness theorems on these spaces are useful to
discuss the regularity of the solution of problem (2) in a classical sense. For more
information about Sobolev spaces and Besov spaces, see Bergh—Lofstrém [2] and
Triebel [16].

We cannot show any results about the case when the hypersurface Z is not nec-
essary convex. Although Marshall[9] treated this case and gave some estimates,
our results are not included in his results. Recently, without any assumptions on
the hypersurface X, Seeger—Sogge—Stein [13] have shown some results which
contains our main theorem.

The proof of our main theorem is based on two theories. One is the analysis
of Fourier integrals with degenerating phase functions, and the other is the theory
of Hardy spaces. The following sections are devoted to the details of them.

Finally, we remark on notation. Throughout this paper, the capital “C” (with
some indices) in estimates always denotes a constant (depending on the indices)
which may be different in each occasion.

1. Fourier integral

As we will see later in the following sections, we need estimates for the con-
volution kernel K(x)=F ~*m,(x) to prove the main theorem, and we can reduce
it to the analysis of a Fourier integral which we shall describe hereafter.

Let UcR® be an open neighbourhood of the origin, and let h: U-R be
a real analytic function which is convex or concave, that is, the Hessian matrix
h” is semi-definite (not necessary definite). Then we set for €R and z€U,

.1 I(t; 2) = [ eE0ing(y)dy.
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Here the phase function E(y;z) is defined by

E(y; z2) = h(y))—h(z)-H (2)- (¥ — 2),

and the amplitude function g(y)€Cy (U).

We shall investigate the asymptotic behavior of the function I(z; z) with respect
to the variable ¢ at infinity. In this case, the parameter z€U denotes the critical
point of the function y—E(y;z), but there is a possibility that the Hessian matrix
E, (y;2)=h"(y) degenerates there. So we cannot use the stationary phase method
as used in Hérmander [6], but need more precise discussions. For our aim, we shall
split the integral (1.1) into two parts, the part near the critical point z and the other

part away from it:
(1.2) L(t; 2) = 1778 [ B raing (1= By + 2) y(Iyl) dy,
(1.3) L(t; 2) = 177 [[enEa 4509 (7 1Py 4 2)(1 = ) () .

Here x(2)€Cy (R) and y=1 near the origin. Then for the functions I; and I;=dl,/dt
(j=1, 2) we have the following proposition.

Proposition 1.1. If 6=>0 is sufficiently small, then for t=0, z€ B;= {x€U; |x] =6},
g€Cy (B;), and I=n/2

(1.4) |1,(1; 2)| = Ct="2|det " (2)| 712,
(1.5) 11 (15 z)| = Ct="2(|det " (2)| 12+ 13 |det h" (2)| =%3),
(1.6) \L(t; 2)l, |t (15 2)] = Cpr~"2L,(r)|det b7 (z)] ="+ DI,

Here the constants C and C, are independent of the variables t and z, and

l(2n+1—41)/6 lf _;_ = l< n-;»l ,
— - 5 . +1
L) = (@208 log f|m+2=202 jf =1 < 241,
(=206 if l=%+1.

We remark that the estimates (1.6) with /=n/2 and /=(n+1)/2 give re-
spectively

(1.6 \L(t; 2)), |t (t; 2)] = Cp~m2+18|det B (2)| 7V/2,
(1.6”) (5 2)I, 111585 ) = Cyt =2 o log 1|2 |det h" (2)] .

The proofs of estimates (1.4) and (1.5) are carried out by the usual stationary
phase method. If we set

LS ’h
(s 1,2) = 2.,|=3%f0 (1= 8= (0r"2y +2)d0
and
S t,2) = eieving(t=By 4 23 (Iyl),
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equality (1.2) is transformed as
I(t; 2) = 1= [ W@ f(y: 1, 2)dy

27t]"l2 ei(r/d) sgnh’(z) .
|2 T T [ oG- V3 - ) s 1, z)dn,
(t e i fns t,2)dn

where f(n;t,2) is the Fourier transform of the function y—f(y; t,z). Here we
have used Taylor’s formula, Fourier’s inversion formula and Fresnel’s integral.
(See Hormander [6, p. 145].) Estimates (1.4) and (1.5) are easily obtained from
this if we notice the estimates ||5|* ) vy =C |l flazer (=0, s>n/2+k).

In order to obtain estimate (1.6), we rewrite equality (1.3) with polar co-
ordinates as

a.7n IL(t; z) = 1B fs"_lG(t; z, w) do,
where

G(t; 2, ) = [ eF6ei2w f(g, 1; 2, ) de,
F(g; z, w) = h(gw +2)—h(z) - ol (2) - »,
Ble, t; z, ) = g(t™Pow +2)(1-2)(e)e" "
For the sake of simplicity, we shall often omit the parameters z and w.

Now, for /=0, 1,2, ..., integration by parts yields

(1.8) G() = [, e« oL (e, 1) de.
Here

_ 1 /]
T ArRBF (t73) de
and L* is the transpose of L. By induction, we easily have
A+s) | F+sy)

(1.9) I = (’7) >R —F————G;)q——(t“’“e) %,

where the summation 3 is a finite sum of the cases s,+...+s,+r=I, ¢g—p=I. By

the analyticity and the convexity (concavity) of the function h, the derivatives F™
satisfy the following lemma.

Lemma 1.2, If 6=0 issufficiently small and if |p|, |z2| =8, then for m=0, 1,2, ...
IF’ (@] = Col(h (), w)l,
[F™ ()| = Cpe*~"|F (0).

Here the constants C and C,, are independent of the variables p, z and .
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Proof. See Beals [1, lemma 3.2, 3.3].
We may assume that 1~'3p is sufficiently small and ¢ is sufficiently large. Then
if we use lemma 1.2, we obtain from equalities (1.8) and (1.9)

— oo | L F(1+sl)"’F~(1+SP) _ 6rﬂ
WWéQNZAzm—Tﬂf—Om@W@ﬂM
- le_l/a o l arﬂ dQ
= e ar 2= 3 @ ) 7=

(=B | <
Ct—3

5
§m logt if IZE,

For /=n/2, which is not necessarily integer, we have by interpolation

Clt—n/G

Gl = W G-

From this and equality (1.7), we can obtain estimate (1.6) with the function I,(¢; z)
if we use the following lemma.

Lemma 1.3. Let Q be a positive-definite quadratic form on R", and let X be the
maximal eigenvalue of Q. Then, if 1=n/2,

dow ;((Zl—n)(n—l))/2
[t e,
sn-1 (Qa), w)l ", (det Q)(21—n+1)/2

Proof. Let {4;}}_, be the eigenvalues of the quadratic form Q. Then we have
do 2 -
— . —¢¥Qo, 0) n21—1
fS"-l (0w, 0)>1 IR0 fS"-l dw fo e ¢ Q do

2 s
_ r([) f . e—-(,llx1+..‘+).nxf,)|x|21—n dxl...dx,,

n —(AgxE LAY 2l — .
= n,12j=1 Rne s n"lle ndll...dx"

f-n dx,...dx,
V... Ay

n —Ixl2 lxl
J

J@l=m(n—-1))/2

= C"J (det Q)(21-n+1)/2 .

This yields the lemma.
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Estimate (1.6) with the derivative I,(r;z) is obtained in a similar way if we
notice the equality

G'() = if ” nrC 0 F(r10) B (o, 1) de

13

311/3 fo euF(t-l/Jo)F’([—1/3 )Oﬂ(l) ) do +f eitF(t- 1/:(,) (Q, f)do
= if: eitF(t-llse)(L*)Hl(F(t_l/sg)ﬁ(g, 1))dg

L = girre- ) o op

., itF( Vs ) *y! i 1/3 1 9P
+ 3 fo eitF=1"e) ([*) 90 (o, I)dg+f0 eitF= %) ([ %) S (0, ) do.

We shall omit the details.

2, Convolution kernel

In this section, we shall investigate the properties of the convolution kernel

2.1 K(x) = F7lmy(x) = eltxe+elelq, (&) de,

1
2rm)* J r
especially the relationship with the geometrical properties of the hypersurface
I={(cR"; ¢(&)=1}. We may assume, without loss of generality, that a,(&) is
homogeneous of degree —k for large |¢| and vanishes near the origin. Since the
main theorem in the case n=1 is trivial, we shall assume n=2 throughout this
section.
Let the Gauss map v of the hypersurface X be

Vo(p) y
_— 5"
Ve (p)l
and let %(p) be the Gaussian curvature at the point pc X with respect to the Gauss
map v. By the strict convexity of the hypersurface X, the Gauss map v is homeo-
morphism. The following proposition says that the kernel K(x) has a singularity
on the hypersurface

V. Eap o ——

2 = {=Vo(&); £€Z} = {x; H(x) = 0},

H(x) = |x|— Vo (v (—x/|x]))]-
Proposition 2.1. (i) The kernel K(x) is smooth in R™\X* and we have

where

B
2.2) (Z) ke = 00xi¥) as 151~
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for every derivative (3‘3‘—)“3 K(x) and for every M=0. (i) There exists a decomposi-
tion K(x)=27_, K;(x) such that, for sufficiently small e, 1=0, every term K;(x)
has the estimate

2.3 = Cy., qz]((n—l)/z—k+|ﬂ|—e)‘

JAS

B
K xtx)H O () K

Here the constant Cy , , is independent of the number j.

The expression (2.1) of the kernel K(x) is in the sense of an oscillatory integral,
therefore we can rewrite it as

(2.4) K(x) = ﬁ . eilx-Ere@®N LM g (&) dE
for all positive integers M. Here
ilx+Vopl|?

and L* is the transpose of L. From this we can easily obtain the property (2.2).

In order to prove estimates (2.3), we shali (micro)localize the problem. That
is, by the compactness of the sphere S"! and the rotation invariance of the geo-
metrical properties, we may assume that the function a,() in equality (2.1) is
supported in a sufficiently small open conic neighbourhood I' of the point
e,=(0, ...,0,1)¢ 5", Then by equality (2.4) again, we can see that we have only
to pay attention to x near the point —Ve¢(e,)¢X*. Since Euler’s identity ¢()=
¢-Vo(d) yields ¢; (e,)=¢(e,)>0, the hypersurface X can be expressed locally as

ZnI = {(y h(»); yeU)

by the implicit function theorem. Here UcR"™! is a sufficiently small open neigh-
bourhood of the origin and h: U—~R is a real analytic function. The strict con-
vexity of the hypersurface X implies that the function k is concave and the map
K: UK (U)cR"? is homeomorphism.

In this situation, we shall rewrite estimate (2.3) in terms of the function h.
For the point x near —Vg(e,)€2*, we define the point zcU by Z3(z, h(2))=
v (—x/|x]). If we write x=(x, x,), X’=(xy, ..., X,—1), this is equivalent to the
equality

, x
(2.5) K (z) = ~5
because of the trivial equality
- \Y
(2.6) X ‘ol (z, h(2))

X~ Ve
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and of the fact that the vector (—#’(z), 1) is normal to the hypersurface X at the
point (z, h(2)).
Then we know that the Gaussian curvature x is represented as

(= 1yt det A" (2)
(¥ VA@)e+Dr

2.7 x(v=1(=x/|x])) =
See, for example, Flanders [4, p. 126]. On the other hand, by Euler’s identity
(2, h(2))-Vo(z, h(z))=1 and by equalities (2.5) and (2.6), we have

(2.8) H(x) = —x,[Vo (v (= x/|x]))|(xs* + h(2) - H (2) - 2).

Besides, we set K;(x) as

K;(x) = F7 [m(8)®,(x, 0 (£))](x)
1 ;
- x-S +0(2)}
- (27[)" R» € ? ak(£)¢j(an) (é)) df
Here {®;(t)};, is a partition of unity of Littlewood—Paley, that is,

S(ECT({r; 1> 0)), @;(r) = &(t]/2) (j=1) and 3=, &,(5) = 1.

J
By the change of variables &—(ty, th(y)) and r—>x;'t (t=>0, ycU), we have
for large j

k—n Y , .
(2.9) K;(x) = _(_()%Sn_fo fveu(x,. +h(y) - H(2)-») t"‘l*"di(tZ‘J)g(y) di dy.

Here we have used equality (2.5) again, and geCy*(U) is a function which is sup-
ported in a sufficiently small neighbourhood of the origin.

Then, by equalities (2.5), (2.7), (2.8) and (2.9), the proof of estimate (2.3) in
the case f=0 is reduced to the estimate

(2.10) et B ()" FHI(t; " (27 DD mmxwy = C g 21O DARD),

(€R, z€U) if we change variables in the order x'w—x,x’, x—~171, X'+——h(2)
and t©—>t—h(z)+Hh (z).z. Here the function

It; 2) = [ eMO=rO-KD-0=g(y) dy

is the same as in equality (1.1) with n replaced by n—1. Furthermore, if we notice
the equality

I Bt 2)* "~ (12 )] (D) ey
= YO-1=k=9 e F-11(2 15 2) " * ()] (W] ry»
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and notice that the function [det h”(z)]~¢+™ is locally integrable for sufficiently
small & 7n=0 by the Weierstrass preparation theorem, we can see that estimate
(2.10) is obtained from the estimate

C
= T
= 2i=DiZ|det b7 (z)|1+e

(z€U). Here we have replaced "~'~*@(¢) by &(¢) again.
To obtain estimate (2.11), we shall use the following lemma.

(2.11) IR ) e(OI(Mw

Lemma 2.2. If 0§£<% , there exists a constant C such that the estimate

I/ @lvw = CUS ) (L lew) 2
holds for all functions f on R.

Proof. From the Schwarz inequality and the Plancherel theorem, we obtain
S e f@lde = [ et qf (@) de = G f e,
Similarly we have
[ i@l de = oo fis.

Choosing t=| fli ./l fll,., we have the lemma.

From this lemma, we obtain

(L0 e V(AT T [CITTEN B
= C{lIQ D= + (112 =) > (127 1 2 )le=c) ¥4,

where A=supp & {t; >0} and we omit the parameter z. On the other hand,
if we use proposition 1.1 with #n replaced by n—1, we have easily by estimates
(1.4) and (1.6”)

1O Lmcay, (M2 (27 Dlle=an) 57 (127 252 Dll =y} 242

c
[deth”(z)] ’

(@ D=l * (12 B @ Dle=w) *** = S5=mp
and by estimates (1.4) and (1.5),

(L@ Dle=n) (12 K (2 )| =) *H = PR Get i )

Furthermore, by estimates (1.5), (1.6”) and (1.6”), we have
(1722 Dl =co) =5 (127 I (27 )l Lm0 )12
= C2‘f("‘1)/2{(2‘f/6j1/2|det K (2|72 E5(|det B (z)] ~ YRR+

} = <
= JODE[det 7 ()]

+(2j/6|det h”(z)l—l/2)l/2—s(2—j/3[det h"(z)l—3/2)1/2+e
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From them all, we obtain estimate (2.11), therefore estimate (2.3) in the case
p=0. Since estimates (2.3) with the derivatives ( ) K;(x) are obtained from
the one in the case =0, the proposition has been proved

Finally, we shall show a property of the function H(x).

Proposition 2.3. There exist a neighbourhood A of the hypersurface £* and a
constant C such that the estimate

ly = x|
H(y)—H(z) =C
|H(y)— H(2)| (Xl IxD)]

holds for all x,ycA.

Proof. We may assume that the points x and y are near the point —Ve(e,)cZ*.
Then all we have to show is the estimate
ly—xl|
P A=yl = C RS T

If we set (z, h(z))=v~'(—x/|x]) and (w, h(w))=v~1(—p/ly]), we can see that it is
reduced to the estimate

W (w)~H (2)|
[det h” (2)|

by equalities (2.5) and (2.7). On the other hand, lemma 1.2 yields

w—zl=C

-z w—2

<h 2 oy |w z]’ |w—2z|

From this, we can easily obtain the proposition.

KWW)h(L = Clw—1

3. Hardy space

In this section, we shall give a proof of the main theorem. We have only to
show it for k=k(p), where

k() = (=1 |5 3]

The boundedness of the operator M, ,,(D) on the Sobolev spaces H; is obtained
from the LP-estimate (1<p<<), and on the Besov spaces B; , from the uniform
LP-estimate (1=p=-<) for the operator M,,,(D)®;(D) with respect to the num-
ber j. Here {®;};2, is a partition of unity of Littlewood—Paley which is used to
construct the theory of Besov spaces. (See, for example, Bergh—Lofstrém [2] or
Triebel [16].)

In order to obtain these estimates, we shall use the theory of Hardy spaces
H?(R") introduced by Fefferman—Stein [3). Since the estimate in the case p=2
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is trivial, all we have to show is the boundedness of the operator M, (D) from
HP to L? for some O<p-<1. In fact, then we can have the required LP-estimates for
1=p=- by the interpolation theorem (see the proof of theorem 1 in Miyachi [10]
and the papers cited therein) and the duality argument. Here we note the fact H? = L?
(1<p<<=) and the characterization of H! by the Riesz transform (see Stein [15,
pp. 220—221)).

Furthermore, we shall use the characterization of H? by the atom decomposi-
tion proved by Latter [8] (see also [10, theorem A]). That is, for O<p=1, any
JEHP(R™) can be represented as

f=27_,4;8, 4;€C, g; p—atom,

and the norm | fll,, is equivalent to the /P-norm (37, 14,/?)"/?. Here we call
a function g on R" a p-atom if there is a ball B=B,CR" such that suppgCB, .
lgll~=|B|="/? (|B| is the Lebesgue measure of the ball B) and [ g(x)x"dx=0
for |a|=[n/p—n]. From this, all we have to show is reduced to the estimate

(3.1 Moy (D) flrwny = C,  f€S,,,
for some O<p<1 and some constant C which is independent of O<r<-<-. Here

&, , is the set of all functions f on R" such that

supp f < {x; x| =1}, [ f o= = 17",
and

ff(x)x’dx =0 for || =N= [%—n].
In the first place, suppose f€, , with r=b and O<p<1, where b=>0 will
be chosen later. Then we split R™ 0 into the following two parts:
4, = {x; |H(x)| = Ar},
4, = {x; Ar = |H(x)|},

H() = x|~ Vo (v (= x/I1xD)|
(see section 2) and A=3b"1|Vel|,~+1.

For the part 4,, we have by Holder’s inequality (p~'=¢~'+27) and Planche-
rel’s theorem

"M"(P)(D)f”LP(Al) = ”l"L"(Al) "Mk(p)(D)f"L’
= Crl| fp = CPriatr>="p < C.

where

In order to obtain the estimate for the part 4,, we write

32 My (D)f (%) = [K(x—=»)1(»)dy,

where
K(x) = F my ().
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Since the conditions x€4, and |y|=r imply x—ycd={x; |[H(x)|=|Ve|, -} and
|H(x)|=C|H(x—y)|, we obtain from equality (3.2)

1My (D) f lLocay = CIH )™ MllLocap 1H M K= |l = Cr~"7? = C,

if M=0 is sufficiently large. Here we have used proposition 2.1 with (i) and the
relation n—n/p<0,

In the second place, suppose f€of, , with r=b and O<p<1. Then we spht
R™\ 0 into the following three parts:

E = {x; |HX)| =1},
2 = {x; r = |H(x)| = B},
s = {x; |H(x)| = B},

where B=>0 will be chosen later.
In order to obtain the estimate for the part Z,, we notice the estimates

LF©) = CLE+|IxV 2 £l = CEN+3 N +I+m=im)

[x]

[x]

and || f],.=Cr"*-"?, From them and Plancherel’s theorem, we obtain

IMinyD)f 12 = C (f)"+ [ ) 121 o) de

=C (,.2(1v+1+,,_"/p) fl/l'

" fel =m0 g 4 A0 £3,) 5 Cra,

Then by Hoélder’s inequality (p~'=¢~1+271) we have
IMio)(D)f ez, = Ilizace,) |1 Micpy (D) f Iz = Cri/at 24P = C.

For the part Z,, we shall decompose the kernel K(x)=22,K;(x) as in
proposition 2.1 with (ii), and take the numbers B, b>0 so small that the esti-
mate in proposition 2.3 holds with the neighbourhood {x—y; x€Z,, |y|=b} of
the hypersurface XZ*={x; H(x)=0}. Then by Holder’s inequality (p~1=14+4g7?),
we have

(3.3) |f Ki(x=») )y

LP(zyp
rz
'x (v‘l(—x/|x|))|‘

= C,.llq~e(21'((n—1)/2—k(p)—e) +rt 2j((n-1)/2—k(p))),n—n/p

= ClH®) llLay

(mcor + ) K6, 11
= C{(Zfr)(n—l)(l—l/p)—z + (2j r)(n—l)(l-lfp)}

if >0 is sufficiently small and eg=>1 (equivalently p=>(l1+¢)~1). On the other
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hand, if we use the equality

(34) [ K (x=2)1(»)dy

ﬂK@y)ZmﬂW)K(“m}ﬂw@

=N+) Zppiener [Lf

we have similarly

(3.5) IS &, (=) /() dy

('H(x)|£+ Te( -l(rcx/|x[))] J[ - )

= C{(zjr)(n—l)(l-l/p)+N+1—: + (2Jr)(n-l)(1—1/p)+‘\'+l}

(;]K(\ By) ﬂ, f(y)dl?dy

i

Loz = CIHHE) Loy

X sup
|8]=N+1

l|||}"N+1f”u

for the same ¢, p and ¢ as in estimate (3.3). Then taking the integer j, such that
2or=1<2v*'r, we have for (1+&) l<p<l

IMury(D) fliEesy = 25, | [ K, =0 D5

LP(Zy)

= Cz'lo (21,.)(n Dp-D+(N+1— S)p+C2' (zj,)(n—l)(p—l) =C,

=jo+1
by equality (3.2) and estimates (3.3), (3.5). Here we have used the relations
n—D(p-D+(N+1-gp=0 and (n—1)(p—1)<0 which are possible for suffi-
ciently small £=0.

Finally, we shall show the estimate for the part =,. Let the number b>0 be
chosen so small that the neighbourhood E={x—y; x¢Z,, [y|=b} of the set =,
is away from the hypersurface 2*={x; H(x)=0}. Then from equality (3.2) and
equality (3.4) with K replaced by K, we obtain

[Mip)(D) fllLe(zy = CH(I + IXI)—M”L”(Ea)

X sup

Bl==N+1 “IJ"!NHf“u = Cpr—netN+l < O,

1 () ko],

Here we have used proposition 2.1 with (i) and the relation n—n/p+N+1=0,
Thus we have obtained estimate (3.1) and finished the proof of the main theorem
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