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§ 0. Introduction and summary of results

0.1. Let T be a finitely generated non-elementary Kleinian group with region of
discontinuity Q=Q(T) and limit set A=A(T). Let A(z)|dz| be the Poincaré metric on Q
(normalized to have constant negative curvature —1). Fix g €Z, g=2. A cusp form for.T
of weight (—2q) is a holomorphic function ¢ on Q that satisfies

p(y2)v' (2)2=¢(z), all ZEQ, all yET, 0.1.1)

and
f f A2 @) dz A d7] < . 0.1.2)
QT

Condition (0.1.2) is equivalent to
sup {4(2) " ?|e(2)|; zZEQ} <. 0.1.3)

Denote by A,(Q2,T') the space of cusp forms for I of weight (—2g).
If © €Q, then for p €A, 1),

P(2) =0(|z| %9, z—> 0.

We will be studying spaces of rational functions. A rational function f will be consid-
ered to be holomorphic at = if

f@=0(z]7%), z— .

We will consider it to have a simple pole at » if

(') Research partially supported by NSF grant MCS 8102621.
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lim 297'f(2)
R
is finite and non zero.
It will be convenient to work with the following set that contains the limit set. Let
A, =A,(I) denote the union of the limit set A with the set of fixed points zo€Q of
elliptic elements whose stabilizers in I are subgroups of order v not a factor of g—1;
that is, with v satisfying

qg—1%0 (modv). 0.1.4)

Note that A, contains all elliptic fixed points in Q; while A;, for example, does not
contain the elliptic fixed points in  whose stabilizers are of order 2.

We let %,(A,) denote the space of rational functions f that satisfy the following
conditions:

(i) fis holomorphic on CU{=}\A,,

(i) all the poles of f at finite points in A, are simple,
(iii) f(z)=0(z|7%9), z—> if = ¢A,, and
(iv) f(2)=O(lz| %7V, z>> if ©EA,.

In view of the convention introduced earlier, we can reformulate the definition of
Rg(Ag)- A rational function f€ R, (A,) if and only if all the poles are simple and are
located in A,,.

To simplify notation, we introduce an operator on functions as follows. If A is a

Moébius transformation and 2n,2m€Z with n+m€Z, then for every function f on a
domain D, we define

Ay N@D=fA)A'@"A'@", z€ AT'D). (0.1.5)

Abbreviate A ; by A%,
We note that R,(A,) is invariant under the set of linear operators {AXA€ I'}.
We can hence define for f€ Z,(A,),

f(®) = (=1)?1lim z(2). (0.1.6)

zo®

This is a well defined concept; the limit takes values in the extended plane.
If § is a subset of A, we let

RAS) = {fERLA,; f is holomorphic on A, \S}.
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If f€ RLA,), the then Poincaré series

> fry@?, € Q, ©0.1.7)

yET

converges absolutely and uniformly on compact subsets of Q, and yields a cusp form
0©,fEALRQ,T) (see Proposition 1.5). Bers [4] has shown that

O, Ry(A) > ALQ,T)

is surjective. The starting point of this investigation was the following quantitative
improvement of Bers’ result.

THEOREM 1. Let ay,...,a24—1 be (2q—1) distinct points in A, Let yo=I,
Y1s ..., YN be generators for T. Let

S={yfan); k=1,...,2g—1,j=0,...,N}. 0.1.8)
Then
O ,(R(5) = A, RQ,D).
Note that
dim Z,(S)<(2g-1)N. 0.1.9

We will see that in many instances it is possible, as a consequence of Theorem 1,
to choose from a presentation for I, a set S consisting of precisely (2g—1)+
dim A ,(Q,T) points, the points in S depending on only finitely many choices (see § 7
and § 8) so that

B, RYS)— ALQ,T)

is an isomorphism. The points of S will depend holomorphically on moduli and will give
a global trivialization of the vector bundle of cusp forms of weight (—2g) over the
deformation space of I (see § 11).

In [17] bases for A,(Q,T) were obtained by different methods for I' geometrically
finite function groups. Hejhal [11] has obtained spanning sets for Poincaré series for
Fuchsian groups, also by different methods. Bases for Schottky groups were found by
Bers [5], for arbitrary g, and Hejhal {10], for low values of q. Wolpert [27] obtained
bases for g=2 and I" Fuchsian, by studying deformations of conformal structures. The
methods of this paper are cohomological (see § 0.2). The idea for Theorem 1 is already

4—848282 Acta Mathematica 153. Imprimé le 8 aoat 1984



50 I. KRA

present in Bers [4], where cohomological ideas were used but not pushed to the limit,
and Hejhal [11, p. 357, example 2], where an explicit basis is constructed for g=2 and I’
a generic Fuchsian group of type (2,0). The reader is referred to [17] for more
bibliographical remarks about this and some other problems considered in this paper.

Remark. Using the notation introduced in (0.1.5), we can rewrite (0.1.7) as

©,f= D vif, fERLN).

yeET

0.2. We turn now to the more interesting vanishing problem raised by Poincaré
[24, p. 249] (see also Petersson [23] and Hejhal [11]): Let A be a I'-invariant union of
components of the Kieinian group I'. Find necessary and sufficient conditions for
©,f|A to vanish (identically) for a given f€ R, (A,).

To begin the discussion of the vanishing problem, we introduce the subspace

ALA,T) = {@€EALQ,D); o=00n Q\A},

and proceed to describe the Eichler cohomology groups.
Let D be an arbitrary I'-invariant subset of CU{>}. We let I" act on the right on
functions F on D by the formula

Fy=y}{ F, y€T.() 0.2.1)

The vector space IT,,_, of polynomials in one complex variable of degree at most
2g—2 is invariant under this action; that is,

p-y€Illq_> whenever p€Il,,_, and y€T. 0.2.2)

Of course, formula (0.2.2) is valid on CU{>}. A mapping y:T'—II,,_, is a cocycle
provided

110y =x() v2+x(r2), y1, 72€L.
Such a cocycle is a coboundary if
xy)=p-y-p, vE€L,

for some fixed p€Il,,-,. The cohomology space H\T, I,,-,) is defined as the

(") The action of I on I',,_, and on Eichler integrals (defined below) will be denoted by a dot (-). This
should not be confused with composition of mappings denoted by the usual symbol (©).
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vector space of cocycles modulo the vector space of coboundaries. We remark that if T
is generated by N elements, then

dim H'(T, I, < Qq—D(N-1), 0.2.3)

and equality holds in (0.2.3) whenever T is a free group on N generators. Inequality
(0.2.3) should be compared with (0.1.9).

Let AET be a parabolic element. A cocycle y is parabolic with respect to A
provided there is a v €II,,_, such that

2A)=v-A—v. 0.2.4)

A cocycle is called parabolic if it is parabolic with respect to all parabolic elements of
I'; while it is called A-parabolic if it is parabolic with respect to every parabolic element
in I' determined by a puncture on AT (here A is, as before, an invariant union of
components of I'). The image in H'(T, I1,,-») of the set of parabolic (respectively, A-
parabolic) cocycles is denoted by PH'(T', IL,,_,) (respectively, PH\(T, I1,,_,).

A function F on D (a I'-invariant subset of CU{x}) will be called an Eichler
integral (for T', with support on D, of order 1—q) provided that for each y €T, there is a
polynomial x(y) €II,,_, so that

F-y—F=y(y)|D. 0.2.5)

In this case y is a cocycle for I' and we will call it, the period of the Eichler integral F,
pd F. Every cocycle is the period of some smooth Eichler integral supported on Q (see

[14, pp. 180-186]).(>) We will be mostly interested in Eichler integrals supported on
A

e
We note that every p €Il,,_, is an Eichler integral (supported on CU{}) and

that the value of an Eichler integral at « is given by
F() = (=1)""71im 22~%F(z), (0.2.6)
7™
provided that this limit exists.

For p €AL(Q,T), y=12‘2"¢> is called canonical generalized Beltrami differential
for I'.(>) A continuous function F on C is called a potential for u provided

(> In [14], the term Eichler integral was reserved for holomorphic and meromorphic functions F that
satisfy (0.2.5). It seems appropriate to consider more general functions under the same title.

() In [14], generalized Beltrami differentials were called generalized Beltrami coefficients. It is
traditional for g=2 to call a Beltrami differential, a Beltrami coefficient, if and only if its norm is less than
one.
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F(z) = 0(z]*?7%), z—>°, 0.2.7)
and
oF
a—z. =up 0.2.8)

in the sense of generalized derivatives. Such a potential F is said to vanish at o if
(0.2.7) is strengthened to

F(2)=o(|z*7%), z— .

Letay, ..., ax,-1 be (2g—1) distinct points in A, (as in Theorem 1). Then for z€C,

(z—ay)...(z—a,, ) f f u(@) de A dE
F(7) = q 0.2.9
@ 2 0 €2 (C—a) ... (C—ay ) ©29

defines the unique potential F=F, for u that vanishes at a;, k=1,...,2q—1. We
introduce the convention that if g,=« for some k, then the terms (z—ay) and ({—ay)
are dropped from the formula (0.2.9).

We define f*(@) to be the cohomology class of pd F,. We obtain this way the Bers
map

B*: Al(A,T)— PH\(T, I5,-5). (%) (0.2.10)

The map 8* is conjugate linear, and injective. The injectivity of 8* is the crucial fact
that will yield (among other things) Theorem 1. This deep result is due to Ahifors [1] for
g=2 and to Bers [3] for g>2. A reference for most of the material of this section is the
monograph [14].

Having fixed (2g—1) distinct points ay, ..., a4 in A4, we define

Fi_ (A, D)= {restrictions to A, of potentials F v that vanish
at a;, k=1,...,2g—1, with y € A (A, T)}.

We construct next a basis for R, (A,) adapted to the (2q—1) distinct points
aip, ..., a29—1. For zEA,, z¥a;, 2+, EQ, set
11

_ 2g-1 z—a
=1 _1 , 0.2.11
fat) =5 7 Ij, = 0.2.11)

(with the usual convention if a;=« for some j) and if ® €A, ® +aj,

(%) It is shown in [12], [13] that B* is the splitting map for a map 8: H ur, I, 2)—ALA, D).
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2g-1
fle, D) =(=1) f_[ ! 0.2.12)

Al
If f€ER,(A,), then we can find m=1 distinct points

b], ...,meAq\{al, ...,azq_l}

and complex numbers i, ..., 8, so that
f©=> B,fb,8), LEC. 0.2.13)
=1

The points by, ..., b,, and the constants 8,...,5,, are uniquely determined by f. We
define a surjective linear map

K: Ry(Ag)— Fr_f(Q,T)*

from Z,(A,) to the dual space F,_,(Q,)* of F1_4(Q,T) by the formula

HS)E)=D BFb), FEF_[Q,D), (0.2.14)

j=1
where f€ R,(A,) is given by (0.2.13).

Remark. In defining % we must insist that the same (2g—1) distinct points be used
for normalization of the functions in %;_,(Q2, ') (that is, all the potentials must vanish
at these points) and for the basis for R,(A,) (that is, all functions appearing in the basis
must have poles at these points).

THEOREM 2. Given f€ R A,), then

0,fIA=0 < Hf)|Fi_,(A,T)=0.

Since J is such a simple algebraic operator, the solution to the vanishing problem
is hence reduced to describing a basis for the space %,_,(A,T). The above theorem is
a little more than an exercise in definition chasing. However, when combined with
Theorems 3 and 4, it will turn out to be a powerful tool in attacking the vanishing
problem (see, for example, § 0.7).

0.3. In many cases, the spaces %;_,(Q,I) can be determined by essentially
algebraic data.
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THEOREM 3. If the Bers map
B*: A (Q,T)— PH\(T,I1,,_») 0.3.1)

is surjective, then F,_,(Q,T) can be determined algebraically from the parabolic
cocycles for T.

We must explain the content of the theorem. Let ay, ..., ay,—1 be fixed points of
loxodromic elements of I'. Given a basis for the parabolic cocycles for I', we can from
this basis construct the values, at the loxodromic fixed points (and certain other
points), of functions that form a basis for #,_,(Q,T). (See § 4.1.)

In many cases (for Schottky groups, § 7, and quasi-Fuchsian groups, § 8, for
example), the description of PH'(I' ,IT,,—>) involves only linear algebra—the evalua-
tion of kernels of linear operators, mostly. Thus, for groups with rather simple
algebraic presentations, and for rational functions with poles only at (loxodromic) fixed
points, Poincaré’s vanishing problem has a purely algebraic solution.

0.4. The Bers map B* of (0.3.1) is surjective whenever I' is a Fuchsian, quasi-
Fuchsian, or Schottky group [14, p. 215]. Nakada [22] has shown that for g=2, the map
B* is surjective for every geometrically finite function group.(®) Thus in principle,
given such a group T, one should be able to construct a finite algorithm to decide
whether or not ®, f=0 for a given f€ RN, ). We state the most explicit construction
of such an algorithm in

THEOREM 4. Let T be a Schottky group or a finitely generated Fuchsian or quasi-
Fuchsian group of the first kind given by a standard presentation on a canonical set of
generators. Let f€ R (A,) have poles only at fixed points. Then there exists a finite
algebraic algorithm that determines whether or not ©, f=0.

Theorem 4 contains a solution to Poincaré’s vanishing problem. The first algebraic
decision procedure for the solution of the vanishing problem was obtained by Hejhal
[10], [11]. His methods apply to a more limited class of groups (covering groups of
compact Riemann surfaces of genus g>1 and Schottky groups) and low values of q.
Our approach has the advantage of greater algebraic simplicity (see § 0.7). Transcen-
dental methods involving information about Weierstrass point can lead to vanishing
theorems (see Petersson [23]). There are also formal reasons why a Poincaré series
vanishes. See Ljan [18] and Metzger [20], as well as § 6.

(°) The results of [21] should yield the same result for all g.
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0.5. Let I be a finitely generated Fuchsian group of the first kind acting on the unit
disk A. Then A=3A, the unit circle, and Q={z€CU{o};|z|*#1}. It is of interest to
determine when a Poincaré series vanishes only on A. This involves determining
F1-4(A,T) from F;_(Q,T).

THEOREM 5. Let T be a finitely generated Fuchsian group of the first kind acting

on the unit disk A. Then there exists a positive integer m=m(T',q) such that for
FE€F,_(Q,T), we have

2
FEF_[AT) < f e *2OF(e%)do= 0, for k=0,1,...,m.
0

0.6. Combining Theorems 1 and 2 can lead to interesting consequences. An
example is the theorem below.

Definition. A point a€A, will be called a g-uniqueness point (or a uniqueness
point) if either

(a) a is a fixed point of a loxodromic element of T, or
(b) a€Q, or
(c) the maximal finite cyclic subgroup stabilizing a has order v satisfying (0.1.4).

The set of g-uniqueness points for I’ will be denoted by AJ. Note that A} is a dense
subset of A,.

Remarks. (1) Non fixed points are never uniqueness points. We shall call them
non-uniqueness points.

(2) Parabolic and elliptic fixed points may or may not be uniqueness points.

THEOREM 6. Let T be a finitely generated non-elementary Kleinian group. As-
sume that

B*: A(Q,T)— H'(T', TT,,_,)

is surjective. Let AgcA, be a non-empty T-invariant set consisting only of q-unique-
ness points. Then

0, RAg) = AlRQ,T)
is surjective and its kernel is spanned by

(f-A%f; f€ R(Ay), AE T},
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0.7. In this paragraph we illustrate the main ideas in the proofs of Theorems 3 and
4, and outline the algebraic procedure for determining whether or not a Poincaré series
of a rational function vanishes. Let I' be a non-elementary finitely generated Kleinian
group with the following two properties.

(i) the map B* of (0.3.1) is surjective, and

(ii) one can construct algebraically a basis for PH'(T, I1,,_»).

Fix (2¢q—1) distinct points ay,...,ds,—1 in A. Assume there are loxodromic
elements L; in I with L{a;)=a;, j=1,...,2q—1. Let f€ R, (A) be given by (0.2.13) and
assume that there are loxodromic elements T;ET" with T{b)=b;, j=1,...,m. How do
we determine whether or not ¢, the Poincaré series of f, vanishes on Q? Note that (see
(2.4.1)

P& =, Bpb, L), LEQ,
j=1

where @(b;, ) is the Poincaré series of f(b;, -). Let {1/),(}Z=1 be any convenient basis for

A,(Q,T). This basis is needed in the proof of the theorems; net in the algorithm for
deciding whether =0 or p+0. Let F; be a potential for A*~24, that vanishes at a;,
Jj=1,...,2g—1, and use the Petersson scalar product (2.4.2) to conclude that (see (2.4.3))
Fi(b)= (@(bj, *), V)T
Thus
g=0 < > BFHb)=0, k=1,...d.

Jj=1

Let P,= pdF,, k=1,...,d. Let {Q,}¢_, be any explicit basis for PH'(T,11,,-5);
that is, the cohomology classes of these cocycles project to a basis for PH'(T, [15,_,).
It involves no loss of generality to assume that 8*(y)=0, k=1, ...,d. To complete the
algorithm we must compute Fi(b;) algebraically.

To evaluate Py, observe that for k=1, ...,d, there is an R, €Il,,_,, such that

OUT) (2) = PUT) ()+Ri(T2) T'(2)' 7= Ri(2),
for all TET, all zEC. Hence
Ou(L)(a) = 0+Ry(a)) [Li(a)' 1],

for j=1,...,2q—1. Knowledge of Ri(a) for 1sj<2g—1, determines R;. We can now
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compute Pi(T)(z), hence in particular Pi(T;)(b). This computation can be quite
lengthy if 7; is a long word in the generators of I'. In any event, we are almost home:

FUT;2) T)(2)' ™9~ F(2) = P(T) (2),
Fib) [Tj(b)' ~9—1] = PUT) (b)),

Fib) =220

=Lt I 1<j k<d.
Tb)' -1

Remark. If T is Fuchsian and T'=PSL(2,R), then for symmetric rational functions
(those f€ ng(Aq) with f(Z) =f(z), all zEC), the vanishing of ©,f on Q is equivalent
to its vanishing on the upper half plane (because O, f(2) =0,f(2), all zEQ). Hence
for such functions Theorem 5 is not needed.

Bibliographical remarks. This work is based on the development of the Eichler
cohomology machinery in the fundamental papers of Ahlfors [1], [2], and Bers [3], as
well as in the author’s papers [12], [13]. The main results of these five papers are the
principal subjects of the author’s mostly expository monograph [14]. For the conven-
ience of the reader, references will most often cite [14] rather than the original sources.
Slightly weaker versions of most of the above results were announced in {15].

For Fuchsian groups an essential difference between our methods and those of [11]
is that we work with Poincaré series while Hejhal uses relative Poincaré series. Readers
interested in pursuing the precise relationships between these methods and those of
Hejhal should consult [11] equations (65), (77), (111) and page 373 lines 19-25. Addi-
tional remarks on the comparison of the two approaches will appear in Hejhal’s
forthcoming elaboration of [11]. It should be pointed out that both approaches are
powerful tools for effectively

(1) deciding when a Poincaré series of a rational function vanishes (identically),
and

(ii) constructing explicit bases for the spaces of cusp form consisting (respectively)
of Poincaré series and relative Poincaré series.

I am happy to thank Dennis Hejhal and the referee for many helpful suggestions.

§ 1. Some preliminaries (computations involving rational functions)

1.1. IfT is a finitely generated non-elementary Kleinian group with region of disconti-
nuity Q=Q(I') and limit set A=A(T), then for any Mobius transformation A, ATA™! is



58 I. KRA

a finitely generated non-elementary Kleinian group with region of discontinuity A(Q)
and limit set A(A). Furthermore, A(Aq)=A(Aq(F))=Aq(AFA“). The operators

Al AL(AQ), ATA D) > A,(Q,T)
and
AL RYAAY) = Ry(A)

are (surjective) C-linear isomorphisms.
If we denote the Poincaré series operator ©, for the group G by @, ¢, then the
following is a commutative diagram:

A
RAAA,)) Z RAA,)

®q,.4 ra-! ®q, r.

*

AL[A(Q),ATA™Y A A Q.T)

The above considerations show that it suffices to prove Theorem 1 under the
hypothesis that o ¢Aq. Furthermore, the definition of f(») for f€ Z,(A,) given by
(0.1.6) makes the equation

(A% (@) =f(A2)A'(2)*
valid even at z=c0,

1.2, Let D be a I'-invariant set (for example, Q, A or A,). A function F defined on
A(D) is an Eichler integral for ATA™! that vanishes at a €D, if and only if A} JF=F-A

is an Eichler integral for I supported on D that vanishes at a. Furthermore, if AisaI-
invariant union of components of T, then

AY_; Fi_ (A, ATA™) - Fi-(A,T)

is an isomorphism. Here the Eichler integrals in %;_,(A(A),ATA™") are normalized
to vanish at Aa;, while those in %, _,(A,I') vanish at a;, j=1,...,2g—1. Let us
introduce the pairing

RAAYXF1_Q,T)—C 1.2.1)

defined by
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(fs F)r=> 3N (F), (1.2.2)
where ¥ is defined by (0.2.14).

PROPOSITION. For f€ R (A(A,)) and F € F,_(A(Q),ATA™"), we have

(£ F) pu = (AGf, AL Py (1.2.3)

The above proposition will be proven in § 1.4, after we derive some useful
relations between rational functions in § 1.3.

1.3. Let us rewrite the functions f introduced in § 0.2 in the following form:

2q-1
-1 1 a-gq

fla =21 ﬁ i (1.3.1)
@ 2 {-a ;7 E-gq

where a=(ay, ...,as,-1) €C*"! has distinct entries and a+a;, j=1,...,2g—1. Let A

be a Mdbius transformation and write
a=Ab, a;j=Ab;, B=(b,...,brg-1). (1.3.2)

Using the fundamental identity

(Az—AQ? = (z—0PA'(QA' (D), (1.3.3)
we conclude that
' — -1 1 T a—aj '
fla, AD)A (C)"ug At-a Q Ac—ajA "
-1 1] Ab=Ab; 4y (1.3.4)

2n At—Ab L1 At—ap,

J

-1 A'B)! 11 b-b;,
21 ¢-b 1 t-b’

or equivalently

faplAb, AD A'(B)' ~IA' Q) = f3(b, ]). (1.3.5)

We introduce the convention (which agrees with earlier usage) that f=f,,. Thus the last
equation can be rewritten as

fla, AD A" (D) =f5(b, D A'(b)T". (1.3.6)
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Comparing residues we see that

_ 2g—-1 b_b
fa ADA @ =a e [ r6.0- 3 ([T 222 ) r6p0) | @37

k=1 \j*k bk_bj
Remark. If b=gq, for some [, then the term f(b, {) is to be dropped from formula

(1.3.7). Similarly, if by=a; for some pair of indices %, /, then the f(b;, {) term is to be
dropped.

To verify (1.3.7), we define the function

s b—b,
@) = f(b, ©) (b, c>+§‘, (H ;

k=1 \ j+k bk—bj

) fulby, ©),

following the convention in the above remark (only for the index a). We observe that h
is a rational function with simple poles, and note further that it has zero residue at =5
and {=b, provided b=+*a, and b, *a,, 1<k, I<2g—1. Thus % has at most simple poles at

{=a; j=1,...,2g—1 and vanishes to at least order 2g at infinity. Thus 4 is identically
zero.

1.4. We are now ready to prove Proposition 1.2. Fix FE %-q(A(Q),AFA_‘). By
linearity, it suffices to verify (1.2.3) for a basis for RAA(A,). We assume that Eichler
integrals in %,_,(A(Q),ATA™") vanish at a,€A(A,), j=1,...,2g—1. Thus for f given
by (1.3.1) with a€A(A )\ {ay, ..., a24-1}

(f F)ypy = Fl@),
and using (1.3.5), we see that
(ALf, A%_ F)p=A'(b)" (A}, F)(b)
=A'(b)T"'F(Ab) A'(b)' "7 = F(Ab) = F(a).

Remarks. (1) As a consequence of Proposition 1.2, it suffices to prove Theorem 2
under the assumption that © ¢ A,.

(2) The pairing (1.2.1) can be extended to a bigger space of Eichler integrals. Let D
be a I-invariant subset of CU{x}. Let ay, ..., a2, be (2g—1) distinct points in D. We
define

F,_4D,T) = {F is an Eichler integral on D; F(a) =0, j=1,...,29—1}.

Clearly, F,_4(A,, T)>%,_4(Q,T) and formula (1.2.2) defines a pairing
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RAADXF_(A,, T)—>C.
Proposition 1.2 remains valid under the assumption that F€ F,_q(A(Aq),AI“A'l).
1.5.
PROPOSITION. The Poincaré series operator ®, maps R (A,) onto ALQ,T).

Proof. Bers [4] has shown that ©, maps %,(A) onto A,(Q,T). Hence it remains to
show that ©, f converges uniformly on compact subsets of Q for f€ R, (A,) with a
pole in Q, that ®, fis regular everywhere, and satisfies the cusp condition (see [14, p.
117] for a definition and proof) at each puncture. Since Z,(A,) is a subspace of the
Banach space of integrable functions on Q with respect to the measure Az |dzadZ],
©, f converges uniformly on compact subsets of Q (see [14, pp. 121-123]) and satisfies

f f A2P(©,f) (D) dz AdZ] < f j A2 f(2)dz A d2].
Qr Q

To show that ©, f is regular on ©, we may assume that f is given by (1.3.1) with
a=0€A,\A and g;€A for j=1,...,2g—1. Furthermore, we normalize I so that the
stabilizer of 0 is generated by

E(z)=Kz, all zZECU{x},
where

K= eZJti/v

b

and v satisfies (0.1.4).

Let G be a subgroup of T'; the Poincaré series operator ©,=0, r for the group I'
can always be factored as

eq, r= ®q, TG ° ®q,G ’

where ©,, ¢ is the Poincaré series operator for the group G, and ©, /g is the relative
Poincaré series operator defined on G-invariant functions (functions f such that A} f=f
for all A €G) by the formula

@q,r/cf= 2 V:f,

Y€ IIG

where the sum runs over left coset representatives for I’ modulo G.
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If we let G be the cyclic subgroup generated by E, it suffices, in order to finish the
proof of the proposition, to show that ©, s fis regular at zero. We start with

2g-1
1 a;

i
2 & o C—aj’

Q)=
and observe that

g 11 o7 9
fEYEQ = 5 ¢ K f]l T

This function is holomorphic on Q\ {0} (because K 'a/=E '(a)€EA, for j=
1,...,2q—1). Thus we must show that the residue at 0 of

v—]
©,c)© =D fEDEY Q. LEQ,

=0

is equal to 0. We note that the residue of (E/)} fat 0 is
-1_(_1)2q-1 (Kq—l)i.: _'_1 (Kq—l)j_
2 2

Thus the residue of ©,  fat 0 is

~1 1-K9V”

r—1
-1 s
— > (kY= =0
2 ,:o( ' o ok

by (0.1.4).

Remark. If f is given by (1.3.1) with g;€EA, j=1,...,2g—1, and a€ A, then O, f
is holomorphic on Q\I'q, satisfies the cusp condition at each puncture on Q/T’, and has
a simple pole at a with residue —v (v=order of stabilizer of a in T). The g-differential
obtained by projecting ©,, f to Q/T is regular everywhere except the image of a (where
it has a pole of order g), the images of the other elliptic fixed points (if the stabilizer of
such a point has order u, then the pole has order <[g—g/ul), and the punctures (where
it has a pole of order <g—1).(%)

(®) The symbol [x], defined for xER, stands for the greatest integer <x. It should be noted that
g—1=lim, .. [g—q/u]. Hence, we define [q—g/®]=g—1.
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§ 2. Spanning sets for Poincaré series (proof of Theorem 1)

2.1. We begin the proof of Theorem 1. By the results of § 1.1, we may assume, without
loss of generality, that ScC.
We start with the injectivity of the Bers map 8* of (0.3.1) and conclude that

dim F,_(Q,T) = dimA,Q,T) = d.

We assume that d>0, since otherwise the conclusion of Theorem 1 is satisfied.
Proposition 1.5 showed that O (R,5))cA,LQ,T), and thus we must show that
0,(R,(S)) contains d linearly independent cusp forms.

It was shown in [14, Lemma 2.5 of Chapter V] that for ¢ €A,(Q,T), B*(¢)=0 if
and only if the potentiai F, for ﬂ=/12‘2q¢ constructed by formula (0.2.9) vanishes
identically on A. We need

LEMMA. For o €A(Q,T),
p=0 <« f*¢=0 < F A,=0.

Proof. For the convenience of the reader we repeat the arguments of [14] that yield
the above result. Assume that 8*@=0. Thus there exists a p €I1,,_, so that

Yo =Foy—Fy=p-y—p, aly€l
(abbreviate y,, by x and F,, by F). Thus
(F-p)-y=(F-p), all y€T. 2.1.1)

For z0€A,\A, let E be the generator of the stabilizer of zo. Then E'(z9)' 91 by
(0.1.4). Thus from (2.1.1), we see that

(F—p)(z0)=0.

The same conclusion holds (by the same argument) at the loxodromic fixed points; and
thus by the continuity of F—p, and the density of the loxodromic fixed points in A, for
all zo€A. Thus F—p vanishes on A,. But F(a)=0 for j=1, ...,2g—1, and thus p=0 and
FIA,=0.

The converse is, of course, obvious. The first equivalence is a restatement of the
injectivity of 8*.

2.2. We continue with the proof of (and notation introduced by) Theorem 1.

LEMMA. For g €EAL(Q,T),

=0 < f*¢o=0 <« F,|S=0.
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Proof. 1t suffices to show that y=yx,=0 whenever F|S=0 (F=F,). We compute for
the generator y;, j=1,...,Nof T,

xp(a)=F(y;a)yja)  "—Fla)=0

for k=1,...,2¢g—1. Hence the polynomial x(y;)€Il,,_» vanishes at 2g—1 distinct
points, and must be the zero polynomial. We conclude that y vanishes on the gener-
ators. Hence x=0, and the injectivity of * shows that ¢=0.

COROLLARY. The restriction of functions in F1_,(Q,T) to § is an isomorphism.

2.3. We now select d distinct points b;,..., by in S\ {a,,...,a2,—1} and d func-
tions Fy, ..., Fz€ %1_,(Q,T) so that

Fib) =0y, 1<j, k<d. 2.3.1)

(Here Jj is the Kronecker delta function.) For the convenience of the reader, we
reproduce a standard argument.

Choose any point b; €S such that not every FE%_,(Q,I) vanishes at b;.
Choose Fi€ %,_,(Q,T) so that F,(b;)+0. Without loss of generality Fi(b;)=1. By
induction we show that having chosen Fi,...,F,€%_,Q, ) and by,...,b,ES,
I<n<d so that the nXn matrix

(E](bk))’ lsjl ksn,
is the identity matrix, then we can select b,.1, Fy, ..., F,41 50 that
FfbY), 1<j, k<n+l,

is the identity matrix and the linear span of F, ..., F,. is the same as the linear span
of Fi,...,F,, Fn+. Let Bc % _4(Q,I) be the linear span of Fy,...,F,. Then
dimB=n. Let

e: Fi_(Q,T)>C"

be defined by e(F)=(F(by),...,F(b,)). By the induction hypothesis e is surjective.
Hence

dimKere=d—n>0,

and there is a point b,,;€S and a function F,,.,€Kere such that F,,(b,+1)=1.
Finally we define
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F}=F}_E(bn+l)Fn+l’ Jj= I..,n

Definition. Given a finite set § with {a,,...,azq_1}$Sch, we let by,..., b, be
the distinct points in S\ {ay, ..., @24-1}. We define the evaluation map

es:F_o(Q,I)-C"
by
es(F) =(F(by),...,F(by), FEF _4Q,D).

2.4. The next step is to consider the rational functions f(z, {) defined by (0.2.11)
and (0.2.12) for z=aj, j=1, ...,29—1, zEA, and { €C, and to study the Poincaré series

9. 8= >, fz,y0) Y% LE Q. 2.4.1)

yE€T

We claim that the cusp forms

(p(b], '): ---,¢(bd; )

form a basis for A,(Q, ).
To verify this claim, we introduce the final ingredient in the proof. The Petersson
scalar product on A (Q,T) is given by

(. yp)r=1i f f M2 Mp(2) (z) dz A dz. (2.4.2)
QT

A calculation shows that the potential F=F,, for u=A*"2%), p €A(Q,T), satis-
fies

ooy < G By ) J f QYD) dt A dE
vk 2 o C—bY(-a)...(E—ay,_)

=ifff(bk, EYAE) 2 y(©) dg A d
2 2.4.3)

=iff @by, DAY y(y) dE A d
QT
= <(p(bk’ '),'/))r» k=1,...,d.

Thus every point by, k=1, ...,d, defines a conjugate linear functional on A,(Q,T) by
the formula

5—848282 Acta Mathematica 153. Imprimé le 8 aofit 1984
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A(Q.D)3y—>F,(b)EC.

Choose the basis Fi,...,F; of %_,(Q,I) that satisfies (2.3.1), and write
Fj=F,/,j, Y,€ A(Q,T), j=1,...,d. We see that ¥y,..., 9, is a basis for A,(Q,T) and

(@(by, ), wj)r=F{b) =0p, 1<j, k<d,

which shows that @(by, ), k=1, ..., d, is also a basis for A,(R,I'). This completes the
proof of Theorem 1.

2.5. We will need a converse to Theorem 1.

THEOREM. Let T be a finitely generated non-elementary Kleinian group. Let
ai, ..., 021 be (2q—1) distinct points in A,. Let by, ...,by be d>0 distinct points in
A NA{ay,...,a24-1}. Then @(by, ), ..., @by, ) forms a basis for A Q,T) if and only
if

Fs (F(by), ..., F(bg))EC? (2.5.1)
is an isomorphism of F,_,(Q,T) onto ce.

Proof. The proof of Theorem 1 showed sufficiency, and we need only establish
necessity. Thus assume that @(by,-),...,@(by, -) forms a basis for A(Q,T). Let
<pj=<p(bj, -) and Fj=F¢j, Jj=1,...,d. Then F,, ..., F, forms a basis for f’},_q(Q,I‘), Fur-

ther, the matrix
(en@dr), 1<), k<d,
is non-singular. But as we saw earlier
(@ @e)r=Fib), 1<j, k=<d.
Hence the vectors (Fi(by), ..., Fi(bg) €C? k=1, ...,d form a basis for C“.

Remarks. (1) The Petersson scalar product also exhibits an invariance similar to
(1.2.3). For any Mébius transformation A, and ¢, ¢ EAq(A(Q),AFA'l),

<(p’ w)AI‘A—I = <A:;‘p' A:w) r-
(2) The map (2.5.1) is eg for

S= {b], ...,bd, Ay, ey azq_l}.
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§ 3. Cusp forms belonging to a character (a generalization of Theorem 1)

3.1. Let p be a character on T; that is, ¢ is a homomorphism of I into the unit circle
{z€C;|z|=1}. To define the space A,(Q, T, o) of cusp forms of weight (—2q) belonging
to the character g, we substitute for (0.1.1), the condition

oY)y (2)%e(y) =@(z), allz€Q, all y€T. (3.1.1)

The Petersson scalar product (2.4.2) gives A,(Q, T, 0) a Hilbert space structure, since
once again (0.1.2) and (0.1.3) are equivalent. The group I" now acts on I1,,_, by

@@ =py2y' (@' @), pEIll,,_, yET, zEC. (3.1.2)

The above formula generalizes (0.2.1). The corresponding cohomology group will be
denoted by H'(T', I1,,_,, 0).

For ¢ €A,(Q, T, 0), formula (0.2.9) again defines a potential for u=4>"4¢, and if
(0.2.5) is modified to

1@ =F@y2)y' (@' 7 0@) —F(z), y€T,z€C, (3.1.3)

then we obtain a map
B*: AQ,T,0)— H'T,My,-2,0).

The proof that 8* is injective follows the one given, for example, in [14, pp. 186-191]
for the trivial character.

3.2. The Poincaré series operator must be modified to (compare with (0.1.7))

©,0) @)= D fr))y' %), z€ Q. 3.2.1)

y€T

With these modifications Theorem 1 is valid for an arbitrary character o, provided
ScA.

THEOREM. Let ay,...,a4-1 be 2q—1) distinct points in A. Let yo=I, y, ..., ¥~
be generators for I'. Define S by (0.1.8). Then ©(R(S)=A4RQ,T,0).

Remarks. (1) It is interesting to note that as long as ScA, then the set of rational
functions whose Poincaré series span the space of cusp forms does not involve the
character g.
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(2) Were we to consider sets S that contain elliptic fixed points, then we would

have to take into account the character o in defining the sets A, , that would replace
A,

@

(3) We will henceforth ignore characters. Most of the subsequent analysis carries
over for an arbitrary character o. We can also work with forms of weight (—2q), g=2,
with 2g €Z, provided we can choose square roots of the derivatives of the elements of

I' so that
Y12 2" Y@ = (y,07)' @, all y,,y,€T, all z€ C.

§ 4. On the vanishing of Poincaré series (proof of Theorem 2)

4.1. Let T be a finitely generated non-elementary Kleinian group. In § 0.2 and § 1.4,
we considered various classes of Eichler integrals. Two Eichler integrals Fy, F, (de-
fined on a common set D) are called equivalent or cohomologous if their difference
F,—F, is (the restriction to D of) a polynomial in IT,,_,. Thus, if F; is equivalent to
F, then y,=pd F, differs from y,=pd F, by a coboundary. (Here pd is the period map
introduced in § 0.2.) Note further that for F;, F,EF,_,(D,T), as defined in § 1.4, F,
is equivalent to F, if and only if F;=F,; and an arbitrary Eichler integral on D is
equivalent to a unique element of F,_,(D,T). The following result will motivate the
remainder of this section and will be useful in § 5.
We introduce at this point more notation:

Z'[T, IT,,_,) = the vector space of II,,_,-cocycles for I',
PZ\(T, IT,,_,) = the vector space of A-parabolic cocycles,

PZ\(T, I1,,_,)= the vector space of parabolic cocycles.
As usual, A is a I'-invariant union of components of Q.

PROPOSITION. Let Ay be the set of gq-uniqueness points for T (as defined in § 0.6)
that are not parabolic fixed points. Then the period map

pd: Fi_o(Ao, )5S H'(T, M;4-2)
is an isomorphism.

Proof. The injectivity of the period map is proven as in § 2.1. To establish
surjectivity, let y € Z\(T, IT,,-,). We shall construct an Eichler integral F on A, with
pd F=y. Once F is obtained, we choose p €I1,,_, so that
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F(a)=pla), j=1,...,2¢g—1.

Then F—p €F;_,(Ao,I'), and since F—p is equivalent to F, pd (F—p) and yx represent
the same cohomology class in H‘(I’,qu_z). It remains to construct F from the
cocycle .

Let bE€EA,. The stabilizer I'y of b in T is the commutative group generated by
Méobius transformations A, B, where B is trivial or loxodromic, and A is trivial or
elliptic. (See § 12.) If B is trivial, then the order v of A satisfies (0.1.4). Let p;=x(A) and
p>=x(B). Since A and B commute, y(A o B)=y(BoA) and we conclude that

p1(B2)B'(2)' 94 py(2) = p(A2) A'(2)' 9+py(z), all zEC. 4.1.1)
In particular, for the common fixed point b of A and B,
Pi(D)[B'(B)' =11 = p2(b) [A'(B)' ~7—1]. 4.1.2)

Note that formulae (4.1.1) and (4.1.2) are valid for arbitrary A, BET with common
fixed point b € A,. We will draw several conclusions.
Assume that B is non-trivial. Since |B'(b)|#1, we can define F at b by the formula

F(b)=p2(b)[B'(b)' ~7—1]"".
Let y€T be an arbitrary loxodromic element fixing b € A,. We claim that
F(b)=x() ) [y'(b)' ~7-1]7". (4.1.3)

Formula (4.1.3) follows from (4.1.2) since y commutes with B and |y’ (b)|+1. Next, if y is
elliptic and fixes b, then (4.1.3) holds whenever y'(b)! "1,
We claim that for arbitrary y €I" with fixed point b € Ay, we have

FO)[y' (b)) 9—1]1= x(y) (b). 4.1.4)

We have verified the above formula for all y with y’'(b)!~9#1. To show that formula
(4.1.4) continues to hold even when y'(b)! ~9=1, we show that in this case y(y) (b)=0.
This fact follows from (4.1.2) with B loxodromic and A=7y.

If B is trivial, then A’(b)! ~9%1 by (0.1.4); it follows that if we define

F(b)=p:(D)[A'(B)' =117,

then (4.1.4) holds for every y €T that fixes b, since such a y must be a power of A. This
observation follows as in the case of non-trivial B by examining (4.1.2).
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We assert next that
F(y2)y'(2)'"9-F(z) = x(y)(z), all yET, all zEA,. 4.1.5)

Since z€A,, there is a g€ with gz=z and g'(z)' ?#1 (as was shown by the
arguments above). It follows that

(yogoy H(y2)=vz,
and
(yogoy™ ') (v =g'(2).
The cocycle condition yields
xrogoy ) =[x() g+x(@—xMI-y~". 4.1.6)
Hence we conclude from (4.1.4) that
FQlg' @' -11=x(8 (), 4.1.7)

and

Fiy2)[g' (@' 9-11=y(yogoy H(y2). 4.1.8)

Formula (4.1.5) follows from (4.1.8), (4.1.6), and (4.1.7) by a routine calculation, using
once again the fact that gz=z. This completes the proof of Proposition 4.1.

Remarks. (1) In the above arguments we have assumed that AgcC. This can
always be achieved by conjugation. In the remainder of this paper, we shall whenever
convenient assume without further comment that we have replaced the group by a
conjugate so that all calculations are at finite points.

(2) Assume that for j=1,...,2g—1, a;€ A, is a fixed point of a loxodromic element
v;€T. Let y=pd F with FEF,_ (A,,T). Then

x(v) (a) = F(a) yj(a)' ~?~F(a)) =0.
Thus we see that under our assumption
H\(T, I, _5)= {y € Z\(F,,4-2); x(¥)(a) =0, forall j=1,...,2q—1}.

4.2. Before proceeding to the proof of Theorem 2, we verify that functions
0.2.11), (0.2.12) with zEA,\{ay, ..., a2} form a basis of R, (A It is obvious
that these functions are linearly independent. Let f€ R,(A,) and let by, ..., b,, be the
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poles of fnot in {a,...,a2,—1}. (Recall the convention about poles at « introduced in
the introduction.) The dimension of the subspace of %, (A,) consisting of functions
holomorphic except at the points in {b,...,b,, ay,...,a2,—1} is precisely m. The
space spanned by the linear combinations in (0.2.13) also has dimension m.

4.3. We are now ready to complete the proof of Theorem 2. Let f€ R,(A,). Then

0,f€ALQ,T)>A,(A,T). Using the duality of the Petersson scalar product, it suf-
fices to show that

<®qfr '/’)I‘:O all ¢€Aq(Aa F)

if and only if

HHEFY=0 all FEF_,A,D).

Now every FE€ F,_,(A,I) is an F, for some ¢ EA,(A,T). For f given by (0.2.13), we
have by (0.2.14) and (2.4.3),

HF)E,)= D B, F,b)
j=1

= Bk, ) ).
j=1

(©,f,¥)r.

Remark. The importance of Theorem 2 is that it allows effective computation to
determine whether or not a Poincaré series of a rational function vanishes identically on
Q. This topic will be pursued further in §§ 5, 7, 8, and 10.

4.4. The operators J and ©, allow us to introduce a pairing {-, -} on Z4A,) as
follows: Let ;€ R (A,) and let =0, f;, j=1,2. Define

{4} = -%(fl)(F,,,z) = (@q fio ) r =¥, ¥u)r
It follows that the pairing is Hermetian in the sense that

oo} ={f:fi}

and

{f,.f}=0 =« ©,f=0.
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The Hilbert space obtained by factoring %&,(A,) by the subspace of vectors f of
length zero (those f€ R,(A,) with {f, f}=0) is canonically isomorphic to A,(2,T).

4.5. We will find it more useful to consider another pairing between subspaces of
R (A, and those of F;_,(Q,T). Let us fix (2g—1) distinct points ay, ..., d24-1 €A,
Let by, ..., b,, be m>0 distinct points in A,\{ay, ..., a24-1}, and let
S= {al, ...,azq_l,bl, ...,bm}.

Define

A={0,f; fERLS)},
F={F|S;FEF_4Q,T)}.
Let f€ R ,(S) be given by (0.2.13). Introduce the pairing

AXF—C, 4.5.1)
by

(¢, F)= >, B;F(b), @€ A, FE &, 4.5.2)

J=1

where ¢ =0, f.

THEOREM. The pairing (4.5.1) given by (4.5.2) is well defined and non-singular. In
particular,

dim A =dim %.

Proof. Linearity in both variables of the pairing is clear. It is a consequence of
Theorem 2 that (4.5.1) depends only on ¢ €A and not on the particular f€ %,(S) with
0,f=¢.

Let r=dim %. If r=0, then we must show that A={0}. If not, there is a j with
Isj<sm and @(b;, - )+0. Thus for F=F¢(bj_,)€ %l_q(Q,A), we have

F(bj) = <<p(b_p ')1 ¢(bjl ')>r=*=0-

Thus F is a non-zero element of %. This contradiction shows that A={0}.

Assume now that »>0.

Assume that FE %,_,(Q,T) and that (¢, F)=0, all p€A. Let k=1, ...,m, and set
@=@(by, ). Then
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0=(¢, F)=F(by);

showing that F=0in %.
Conversely, if for fixed g €A, (¢, F)=0 all FE€ %, then we must show ¢=0. Now ¢
can be written as L}, 8, @ (b,, - ). As in the proof of Theorem 1, we find r=dim & points

by, ..., b, (after relabelling) so that a basis Fy, ..., F, for & satisfies
Fib) =0, 1<j k<r<m.

The functions @(b,, *), ..., @(b,, -) are linearly independent. We have shown that
the pairing (4.5.2) is well defined. Thus it suffices to establish the independence of
these r functions. We compute

(pbj, ), F)=0p, 1<j, ksr.

Thus the independence of ¢(by, '), ..., @(b,, -) follows. If r=m, there is nothing more to
prove,

Assume O0<r<k<m. We claim that ¢(b;, ) is a linear combination of
@(by; *), ..., @by, -). If not @by, *), @by, ), ...,@(b,, -) can be made part of basis of
AQ,T). By Theorem 2.5, this means that there is an FE%,_,(Q,T) such that
F(b;)=1 and F(b)=0, j=1,...,r. Now F is a linear combination

F= 2': a, Fy;
k=1

and F(b)=0 implies a,=0, for j=1,...,r. Hence F=0 on S, and we have obtained a
contradiction to F(b,)=1. Thus ¢ can be written as

@= 2 ﬂk(p(bkr : )a
k=1

and 0=(gp, F;)=0;, for j=1, ..., r; showing that ¢=0.

4.6. A sufficient condition for the vanishing of the Poincaré series of certain
rational functions can be expressed in purely algebraic terms.

THEOREM. Let T be a finitely generated non-elementary Kleinian group. Let
FERLAg), with Ay as defined in Proposition 4.1. Define HfEF,_,(Ag,1)* by
(0.2.14). If Xf=0, then O, f=0.

Proof. The space F;_,(Aq,I') contains the restrictions to A, of functions in
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F1-,Q,T), and thus Jf vanishes on % _,(Q,I) whenever it vanishes on

F1 —q(A()a r)

Remark. Proposition 4.1 showed that F,_,(A,,T') is determined algebraically
from H'\(T, IT,,—>). Hence the sufficient condition for the vanishing of a Poincaré
series given by the above theorem involves only algebraic data.

4.7. A generalized Beltrami differential u is an equivalence class of measurable
functions on Q satisfying

Vigamu=p, ally€rl,
and

AU EL™(Q),

where A(z) |dz] is the Poincaré metric on Q. A potential for u is a continuous function F
on C such that (0.2.7) and (0.2.8) hold: For ¢ €A,(Q,T), 2127 is called a canonical
generalized Beltrami differential. As we saw earlier the restriction of a potential to A,
is an Eichler integral. The space of Eichler integrals obtained by restricting potentials
of (arbitrary) generalized Beltrami differentials is not larger than the space of restric-
tions of potentials of canonical generalized Beltrami differentials ([14, p. 170, and if
we fix (2g—1) distinct points a, ...,dz,—; in A,, then each such Eichler integral is
equivalent to a function in F;_,(R,T).
A generalized Beltrami differential 4 induces a linear functional / on A, (22,T) by

<P'—>iff Py u(z)dz A dz.
Qr

Let u; and u, be two generalized Beltrami differentials, with potentials F; and F,
(respectively) and induced linear functionals /; and /, (respectively). Then /,=/, if and
only if F is equivalent to F, as Eichler integrals on A, (see [14, pp. 170-171]). The
above observations will be useful in computing the values of potentials at parabolic
fixed points corresponding to punctures. (See § 5.3.)

§ 5. The structure of the cohomology groups PH'(T, I1,,_,) (proof of Theorem 3)

5.1. Let A be a T-invariant union of components of the non-elementary finitely
generated Kleinian group I'. Let F be a holomorphic Eichler integral defined on A. We
call F a bounded (holomorphic) Eichler integral provided
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& 'F
Q= Rve €A (A, D). (5.1.1)

If F is a bounded Eichler integral, then the projection of ¢ to A/T" has a pole of
order <g-1 at each puncture of A/T. If instead of (5.1.1), we require that ¢ have a pole
of order <gq at each puncture of AT, then F is called a quasi-bounded (holomorphic)
Eichler integral.

The space of equivalence classes (modulo Il,, ,) of bounded (respectively,
quasi-bounded) holomophic Eichler integrals supported on A is denoted by EZ_ A, D)

(respectively, ES_ LA, ). If we choose (2g—1) distinct points ay, ..., a3, in A (such
points can rot usually be used to normalize potentials in F,_,(A, 1)), then the space
E’,’_q(A,F ) (respectively, E{_(A,T)) can be identified with the space of bounded

(respectively, quasi-bounded) holomorphic Eichler integrals for the group I' with
support on A that vanish at a;, j=1,...,2g~1. The main structure theorem for the
Eichler cohomology groups [14, Chapter V] can be formulated as follows. We define
for F,€E[_/(A,T), F,€#,_(A,T),

pd(F,, F;)=pd Fi+pd F,
(where pd is the period map on Eichler integrals). Then we have C-linear isomorphisms
pd:E} (A, DOF,_ (A, DSPH\T,I,,_,),
pd:Ej_(A.1)®F _,ADSH'T,M,,_,).
5.2. The spaces A,(A,T) and %,_,(A,I') are conjugate linear isomorphic. In

many cases Ef_ A&, T)={0}. This condition is equivalent to the surjectivity of the Bers
map

B*: Aq(Q,I“)——»PHé,(l", I,,_»)- (5.2.1)

Since PH'(T, qu_z)cPH}z(I“, I1,,_,), the surjectivity of 8* in (5.2.1) implies the surjec-
tivity of 8* in (0.3.1). These elementary remarks are extremely important for applica-
tions (see for example §§ 8 and 10). There are groups I’ with dimE?_ A2, 1)>0, and B*
of (0.3.1) surjective. If for such a group I", we know which elements are parabolic (this
hypothesis is satisfied by geometrically finite function groups by Maskit’s [19] decom-
position theorems—see also the presentation in § 9 of [16]), then we can construct
algebraically the parabolic cocycles for I'. From the parabolic cocycles, the values at
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points in A2 of functions in %,_,(2,T) can be constructed. We state our next result in
the following form.

THEOREM. (a) Let T be a finitely generated non-elementary Kleinian group.
Assume that the map B* of (0.3.1) is surjective. Let ay,...,a24—1 by 2q—1) distinct
points in AS. The space F1-4(Q,T) is then completely determined from the parabolic
cocyles for T.

(b) Assume that for j=1,...,2q—1, a;€AY is a fixed point of a loxodromic
element y;€ET or an elliptic element y; of order v that satisfies (0.1.4). Then the
cohomology space PH\(T, I1,,_,) is canonically isomorphic to

Z={y€PZ\(T, My 2); xy)(a)=0 forj=1,...,29—1}.

(¢) The values of functions in F,_,Q,T) at points in A) and at parabolic fixed
points corresponding to punctures on Q/T" can be constructed algebraically from the
space of cocycles Z.

Proof. If y€PZ\(T,II,,_»), then by Proposition 4.1 (see also Theorem 6.10),
there is a unique F eFl_q(Ag, I') so that pd F is cohomologous to . The construction
of F from x is completely algebraic. Since y is a parabolic cocycle, F is the restriction
to AJ of a unique function in F1-4(Q,T) because of (i) the surjectivity of g*, and (ii)
the continuity of functions in %;,_,(Q,T). This establishes part (a) of the theorem.
Claim (b) follows from Remark 2 of § 4.1. We have already verified most of (c). It
remains to show that if FE%,_,(Q,I) and A€T is parabolic with fixed point a€A
corresponding to a puncture on Q/T, then F(a) can be computed from p=yx(A), where
x=pd F. We start with

F(A)A'(2)'"9-F(2) =p(2), zEA,. (5.2.2)

As a matter of fact, since F is a potential, equation (5.2.2) holds for all zECU {=}.
Assume that a€C. Since A'(a)=1, (5.2.2) does not immediately determine F(a) from
p(a). If F were analytic at a, then we would conclude that

F'(A2)A'@* 9+(1-q) F(A2) A'(2) 9A"(2)-F'(2) =p'(2)
for z near a. It would hence follow that

Fla)=—P@
(@) -9 A"@ (5.2.3)

Note that A"(@)#0. Thus we must verify (5.2.3). This will be done in the next section.
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5.3. Let F be a potential for the group T that vanishes at (2g—1) points in A). We
let C(z)=z+1 be a parabolic element of I generating the stabilizer of the fixed point «
corresponding to a puncture on Q/T. We may, without loss of generality, assume that
for some ¢>0, the domain U.={z€C;Imz>c} is precisely invariant under the cyclic
group (C) in I'. The potential F satisfies (0.2.7), and, without loss of generality, we
may assume, by the remarks in § 4.7, that F is holomorphic in U, (because every linear
functional on A, (Q,T) can be induced by a Beltrami differential with support in the
image under I" of a small ball in Q). Write

F(z+1)-F(2)=p(2), z€U,, (5.3.1)

where degp=<2g—3 because pdF is a parabolic cocycle (see § 6.7 or below). Let
@=d*?"'F/dz*~!. Then

pz+D)=¢(2), z€U,.

Hence @ has a Fourier series expansion

p@= D, a,, zE U.

n=—ow

It follows that F can be written as

F@)= D B, +u(@), z€ U, (5.3.2)

n=-w

n+0
where v is a polynomial of degree <2g—1. But the growth condition (0.2.7) on F implies

that 8,,=0 for n<0 and that v is of degree of most 2g—2. Thus

F(zg) = Eﬁn e ry(z), z€ U,

n=1
with v €I1,,_,. The value
F(®)=(=D""az,_, = v(»), (5.3.3)

is computed in accordance with (0.2.6), where

2qg—-2
u(z) = S a;z’, z€C.

j=0
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From (5.3.2) and (5.3.1), it follows that

v(z+1)—v(z) = p(2).

Writing
2q-3 .
p(@)= i b; 7/, (5.3.4)
j=0
we see that
by 3=2g=1Day,_,=(~1)""72q-2) F(=). (5.3.5)

‘We claim that the translation (5.3.5) to the finite point a € C will yield (5.2.3). With
a (and A) given, we choose a Mobius transformation B with B"'oCoB=A. It follows
that B(a)=o0, and hence that

B(z) = bz+c.
z—a

The function F- B is a potential for B"'I'B with (pd F-B) (A)=p- B, and we must show
that (5.2.3) holds; that is,

(F-B)(a) = (p-B) (a)

- A" @ 3.9

We compute
(ab+a+c)z—a?
z+(ab—a+c) ’

-2
ab+c¢’

A=

All(a) =
(note that ab+c=+0)
(F-B)(2)=FB2)B'(z)' 9= (-1)""Yab+¢)'9(z—a)¥?

® 2q—-2
X {2 B, "B+ 2 aj(bz+c)j(z—a)'j}, € B7I(U)),
n=1

=0
(FoB)(@)=(=1)'""(ab+c)*'a,,_,,
2g-3
@ B)()=(— l)l_q(ab+c)l_q 2 bj(bZ‘l'C)j(z—a)z"_z'j,
Jj=0

and
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@B) (@) = (=)'~ *(ab+c)"b,,_,.
Comparison with (5.3.5) yields (5.3.6).

Remarks. (1) If the parabolic transformation corresponding to a puncture is given
by

C@@)=z+a,
and p=pd F is given by (5.3.4), then
F(®)=(~a)'"by,_3.

The above equality generalizes (5.3.5).

(2) Theorem 5.2 is a strengthened version of Theorem 3.

(3) Parabolic fixed points corresponding to punctures on Q/T" can also be used as
points at which we normalize the functions in %,_,(Q,T). For example, in part (a) of
Theorem 5.2, we may take one of the a; to be a fixed point of a parabolic element y;
corresponding to a puncture on Q/T'. The condition x(y;) (a)=0 in the definition of the
space Z is now replaced by x(y;)'(a)=0. In actual computations (see, for example,
§ 8.5), this observation will yield significant simplifications.

§ 6. The I-invariant linear functionals on R,(A,) and A,(£2) (proof of Theorem 6)

6.1. We begin with the continuous analogue of a discrete problem that we will investi-
gate.

If Q is the region of discontinuity of a finitely generated non-elementary Kleinian

group I', we define the Banach space A,(R) to consist of holomorphic functions ¢ on
that satisfy

P2 =0(z]"%), z-—>x,if ©®€Q, 6.1.1)

and

llell = J f A2 e dz A dz| <o, 6.1.2)
Q

where A(z)|dz| is, as before, the Poincaré metric on Q. The space B,(Q) is the Banach
space of holomorphic functions ¢ on Q that satisfy (6.1.1) and

|l = sup {1(2) " ?|@(2)]; zEQ} < o». 6.1.3)
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The Petersson scalar product

(p.y) =i IJ’ A 2 (2) Y(2) dz A dz
Q

is well defined for @ €AL(Q), y EB,(Q), and establishes, by a theorem of Bers (see,
for example, {14, Chapter I11]), a conjugate linear topological isomorphism between the
topological dual space A, (2)* of A,(Q2) and B,(Q).

6.2. We observe that A,(Q,T)cB,(Q). For AET, the operator A7 is a linear
invertible isometry of A,(Q) and B,(R2). The operator A} is trivial on A,(Q,T). Let
[€EA,(Q)*. We say that [ is I-invariant if

I(AZ@)=Ugp), all AET, all p €EAL(Q). 6.2.1)

PROPOSITION. Let [€EA(Q)* be given by (@)=(@,y), for all pE€ALQ), and
fixed Y EB(Q). Then | is T-invariant if and only if y EALQ,T).

Proof. A simple change of variable calculation shows that
<(pr 1/)) = (A?;‘I”A;'/J),

for all €A, (R), YEBLR), AET. Hence for yEALRQ,T), [ is T-invariant. Con-
versely assume that / is T-invariant. Thus for g €A (Q?), A€T,

(AX@)= (Ake, ¥) = ((A)oAlp, (A7)1Y)
= (@, A )iy),
and
IAfp)=Up) = (o, ).
By the Bers’ isomorphism theorem referred to earlier
A Diy=y, all AET.
Hence p €A, (Q,T).

6.3. The Poincaré series operator ®, is defined on A, () and maps it onto
A,(Q,T). The norm of this operator is at most one. (We use the L'-norm on A2, D)
given by (0.1.2).)

It is easy to check that



ON THE VANISHING OF AND SPANNING SETS FOR POINCARE SERIES FOR CUSP FORMS 81

©,0A%=©,, all A€T, 6.3.1)

and
(@, )= <®q<p, Y)r, allp€ A(Q), ally€ A,Q,T). (6.3.2)
THEOREM (Metzger [20]). The kernel of
0, A,(Q)— AL RQ,T)
is the closure 2 in A,(Q) of the linear span of
{p—AZp; pEALRQ), AET}.
Proof. Formula (6.3.1) shows that
p—Alp€EKerQ,,

for all p €A(Q) and all A€T. By linearity of ©,, the span of such functions lies in the

kernel of ©,, and by the continuity of ©®, so does the closure of the span; that is
ZcKer@,.

Conversely, by Hahn-Banach, it suffices to show that every /€A, (Q)* that
vanishes on X also vanishes on Ker ©,; that is, if y EB,(Q) and
(p—ALp,p) =0, all p€EALQ), all AET, (6.3.3)

then
(@, ) =0, all p€EKer 0,. (6.3.4)

Equation (6.3.3) shows, by Proportion 6.2, that y €A,(Q,I'). Hence by (6.3.2), we
have (6.3.4).

Remark. Metzger’s theorem [20] is a formal consequence of properties of the
spaces A,(Q) and B,(Q) and the operator ©,. Another formal description of Ker®,
was given by Ljan [18].

6.4. The space R,(A) is a subspace of A,(Q); see, for example, Bers [4]. For g=2,
R,(A) is dense in A,(Q), Ahlfors [1]; see also [14, Chapter IV]. We will for the moment
consider &,(A) and R,(A,) as vector spaces—without a topology. When we speak of
continuous functionals on %,(A), we will view ®,(A) as a subspace of the Banach
space A, (€).

6—848282 Acta Mathematica 153. Imprimé le 8 ao0t 1984
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Let A, be a non-empty [-invariant subset of A,. By R,(Ag)* we will denote the
space of linear functionals (not necessarily continuous) on %,(Ay). A linear functional
IE R, (A* will be called T-invariant if it satisfies (6.2.1) for all ¢ € R,(Ao) and all
AE€T.

PROPOSITION. Fix (2q—1)-distinct points in Ay ay,az,...,a029-1. The vector
space R (Ao)* is canonically isomorphic to the vector space of functions on A that
vanish at a;, j=1,...,2q—1.

Proof. By conjugation, we may assume AocC. For b€ Ag\{ay,...,a24—1} and
IER(Ap)*, set

F(b)=I(f(b, ), 6.4.1)

for f defined by (0.2.11). Conversely, given F, a function on A, that vanishes at a;,
j=1,...,2q—1, we use (6.4.1) to define the values of /€ &, (Ay)* on the basis for
R Ao), specified by (0.2.11).

6.5.

THEOREM. Let F be a function on Aq that vanishes at a;, j=1,...,2q—1 and let |
be the corresponding linear functional on R(Ao) given by (6.4.1). The l is T-invariant
if and only lf A¥_4F—F is the restriction to Ao of a polynomial p(A) €11y, >, Jor all
AET (that is, if and only if FEF_4 (A, T)).

Proof. We compute using formula (1.3.7), and the notation introduced in §§ 1.3
and 0.2. Fix A€T. Choose P€Il,,_, such that (recall the definition (1.3.2) and the
convention about the index g for the funciton fg)

Pb)=—F(by), k=1,...,2q—-1.
Then for a € Ag\ {ay, ..., a24-1},

I(f(a, -)) = F(a),

b—b,
(AXf (a, ) = A'(b)q—’{F(b>—Z (H - ,;)F(bk)}
> .

j+k K9

=A'(b)" ' {F(b)+P(b)}.
Assume that [ € R,(Ao)* is I'-invariant. Then

F(Ab)A'(b)'~9—F(b) = P(b), all bEA,.
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Since P depends only on /, A, and a and not the point b, we see that FEF;_4(Ao,I').
Conversely, if FEF;_,(Ay,I), then for k=1,...,2g—1, AET, p(A)=(pdF)(A),
we have

F(Ab) A'(b)'~9—F(b) = p(A) (by).
But F(Aby) = F(a,)=0; hence p(A)=P and [ is I'-invariant.

Remarks. (1) The proof also shows how to determine the value of p(A).

(2) Given a I'invariant linear functional / on %,(A,), then we have constructed an
Eichler integral F on A, that vanishes at ay, ..., 2,1, and from it the cocycle y=pd F.
If the points dy, ..., d2,—1 are used to construct an Eichler integral F from I, then we
obtain a new cocycle 7=pd F. Now

Fa)=Kfya, ),

-1 2t a—a; -1 2g-1 a—a; ! a—d; 1 2g-1 a,—a,
f—a h —a; +S (H ) (C_dk> ( J

;o bma g Ema T s 4 g

and

or
2g—1
fla, ) =fla, )~ i‘, P(a) f,(@,, ),
k=1
where P, is the unique polynomial in IT,,_» with Pi(a)=0, j, k=1, ...,2q—2. Hence
2g—1
F(a) = F(a)— 2 P (a) F(a,).
i=1
Let p €I1,,_, be defined by
2g—-1
pla) = S PlaYF(a,), a€EA,.
=1
Thus p €11,,, satisfies, p(a))=F(4,), k=1, ...,2q—1. We conclude that
F=F—p;
which shows that the cohomology class determined by / is independent of the basis for

R,(Ao) used. Also note that even though we assumed that the d;’s differed from the
a;’s, the formula we derived is valid in general.



84 I. KRA

6.6. Let us define #,(Ao) to be R,(Ao) factored by the linear span of

(f-ALf. FER(Ao), AEF}.

The I-invariant linear functionals on R,(A,) are in one to one canonical correspond-
ence with the linear functionals on #,(Ao), R,(Ag)*. Further, the Poincaré series
operator O, is well defined on R,(Ao):

0,: R(Ag) = AR, T). (6.6.1)
By Theorem 1, ©, of (6.6.1) is surjective, and hence
dim R,(A¢) =dim A Q, D).
6.7.

LEMMA. Let y be a Il,,_j-cocycle. Let AET be parabolic with fixed point a.
Then y is parabolic with respect to A if and only if x(A)(a)=0.

Proof. Assume that there is a v€TIl,,_, such that (0.2.4) holds. Then
x(A) (@) =v(Aa) A'(a)' ~7-v(a),

and since Aa=a and A'(a)=1, we conclude that y(A) (a)=0. Conversely we must show
that if y(A)=p€Il,,_, and p(a)=0, then there is a vE€II,,_, so that (0.2.4) holds.
Consider the map

qu_z Qv v-A—vE qu_z.

This map is linear and its image consists of functions vanishing at a, by the first part of
our argument. Let v be in the kernel of this operator. If v vanishes at x=a, then v also
vanishes at A"x, all n€Z, and such a v must be identically zero. Thus for v+0 in the
kernel of the above operator, we must have

u(z) = (z—a), 0<k=<2q-2.
Now the condition
v(A2)A' (D) 7=1v(z), zE€C,

along with the formula for A
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shows that k=2g—2. It is also easy to see that this v is in the kernel of the operator.
The kernel of the operator thus has dimension one, and the image has dimension
2g—2, and must hence consist of all polynomials in IT,,_, that vanish at a.
We have assumed that a is finite. If a=o, then by conjugation we can reduce this
case to the one considered above.

Remark. See [14, Chapter V] for a direct proof of the lemma in case a=o.
6.8. We need one more fact concerning parabolic cocycles.

LEMMA. Let Uy be a rank 2 parabolic discrete group of Mobius transformations.
Let A and B generate Ty. Let x be a cocycle for Ty. Then y is parabolic with respect to
A if and only if it is parabolic with respect to B.

Proof. 1t is most convenient to conjugate I'y so that the common fixed point of A
and B is at infinity. Without loss of generality we assume that A(z)=z+1, B(z)=z+1,
Im7>0. We now let p,=yx(A), p»=yx(B). Assume that y is parabolic with respect to A.
This means that degp;<2g—3. The commutativity of Iy implies that y(A o B)=yx(BoA)
or that

P1(z+7)—pi(2) = p2(z+1)—pa(z), zEC.

Now p(z+1)—p1(2) is a polynomial in z of degree <2q—4; hence so is p(z+1)—p1(2).
We conclude that p, is at most of degree 2g—3; showing that y is parabolic with respect
to B.

6.9. Let Ay be a non-empty I[-invariant subset of A,. Let b €A, \ Ao and set

A;=AgU{yb; yET} = AguTh.

LEMMA. Let [€ gt'q(Ao)*. Then | extends to an element of .6/§q(A1)* whenever b is
not a parabolic fixed point of T. If b is a parabolic fixed point, the | extends to an
element of %q(A,)* if and only if the period of the Eichler integral F on Ay correspond-
ing to l is parabolic with respect to some parabolic A€ET that fixes b.

Proof. Fix 2g—1 distinct points daj, ..., d24-1 in Ay. Let F be the unique Eichler
integral supported on A, that vanishes at a;, k=1,...,2g—1 corresponding to the I'-
invariant linear functional / on R,(Ao). Let y=pd F. The linear functional / extends to a
T-invariant linear functional on ®,(A,) if and only if y is determined by an extension of
F to an Eichler integral supported on A,;.
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Assume that the stabilizer Ty of b in T is cyclic of order n (Is<n<w®). Let A
generate I'y. There are two possibilities depending on whether or not n divides 1—gq.

If n does not divide 1—q, then b is a point of g-uniqueness and F extends uniquely
to Tb. If n divides 1—q, then A'()' "?=1 and hence y(A)(»)=0. The last assertion
follows from the fact that y(A")=0 and

¥(A") = x(A)- [A"1+A" 2+ +1].()
Hence
ny(A)(b) =0.

Thus we may arbitrarily define F(b) and observe that (4.1.4) holds for all y€T,. The
extension of F to I'b is accomplished by

F(yb)y'(b)! ~9—F(b) = x(y)(b), yET. 6.9.1)

If T’y contains a loxodromic element, then b is again a g-uniqueness point and the
extension of F to I'b is provided by Proposition 4.1, as above.

By the Lemma in § 12, it remains to consider the case where Ty contains a
parabolic element. If F extends to I'b then for every parabolic y €T, we have

F(yb)y'(b)' ~9—F(b) = x(y) (b).

Since yb=b and y’(b)=1, x(»)(b)=0. By Lemma 6.7, y is parabolic with respect to
every parabolic element fixing b. Conversely, if y is parabolic with respect to some
parabolic element fixing b, it is parabolic with respect to every parabolic element fixing
b by Lemma 6.8. The stabilizer I'; of b in T is a group generated by a rank 1 or rank 2
parabolic group I'; and an elliptic element A (of order n=2, 3, 4, or 6). We use (4.1.4)
with y=A to define F(b) if n does not divide 1—¢, and we let F(b) be arbitrary if n
divides 1—g. We need to show that (6.9.1) holds for all y€I,. Now an arbitrary y €T,
can be written as

y=A*oB, kEZ, B parabolic €T,,.
Hence

2() (b) = x(A") (Bb) B'(b)'~9+x(B) (b)
= x(AH ).

(") Not only does T act on IT,,_,, but I' generates an algebra of operators on Il,,_,. Addition is
operator sum.
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The previous arguments now complete the analysis.

Remarks. (1) The extension of F to A, is unique if and only if b is a g-uniqueness
point,. If b is a non-uniqueness point, then F has a one-parameter family of extensions.

(2) It Ay is empty and if we are given a cocycle, y, then the above procedure
shows whether or not y is the period of an Eichler integralvF supported on A, =TI'b, and
how to construct F whenever it exists.

6.10. Let A; be a non-empty I-invariant subset of A. We will establish the
following

THEOREM. (a) There is a canonical linear map
&: R AD*— H\T, 1, _»).

(b) Let PH}(I‘, L, ) be the cohomology classes that are represented by cocycles

that are parabolic with respect to all parabolic elements whose fixed points are in A,.
There exists a linear map

e*: PH\(T, TL,,_;) — % (A))*,
such that eo€* is the identity. In particular,
&R (A)Y) =PH\(T, 11, _,).
(c) Let N be the number of T-equivalence classes of non-uniqueness points in A,.
Then
dimKere=N.
Proof. (a) Choose (2g—1) distinct points in A,; call them ay,...,ay5—;. If
I€ B (Ap*, then by Theorem 6.5, [ is represented by a unique Eichler integral F

supported on A, that vanishes at a;, j=1,...,2g—1. We set e()=pd F.
(b) If bEA, is fixed by the parabolic element BET and y=pd F, then

x(B) (b) = F(Bb) B'(b)' " F(b) =0,

since Bb=b, and B'(b)=1. Thus, by Lemma 6.7, y is parabolic with respect to B.
Conversely, let y be a cocycle representing a cohomology class of PH(T, IT,,_,). Thus
x(B) (b)=0 for every fixed point b € A, of a parabolic element B €T. Proposition 4.1 and
Lemma 6.9 show how to define an Eichler integral F supported on A, that vanishes at
ay, ..., a2, and that represents a cocycle cohomologous to .
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To be specific, assume that there are uniqueness points in A;. Then we may
assume that g;, j=1,...,2g—1, is a uniqueness point. By Proposition 4.1 and Lemma
6.9, we can find an Eichler integral F supported on the set of uniqueness points and
vanishing at a;, for j=1, ...,2g—1 such that pd F is cohomologous to y. We next choose
a maximal set of inequivalent non-uniqueness points in A, (independently of y) and set
F to be zero at these points. The period of F extends F (by formula (6.9.1) with y
replaced by pd F) to the I'-orbit of this maximal set of inequivalent non-uniqueness
points.

It remains to consider the case where every point of A, is a non-uniqueness point.
We choose b€ A, and let a;ETb for j=1, ...,2g—1. Choose a cocycle y representing a
class in PH|(T, I, ,). Set Fi(b)=0 and construct an Eichler integral F; on I'b by

(6.9.1). Next let p€Il,,_, be such that p(a)=Fi(a), j=1,...,2g—1 and define
F=F,—p. We now proceed as before to extend F to A;\I'b. However, in this case the
Eichler integral F depends on the cocycle y and not just on its cohomology class
PH,(T, I1,,,); thus we must first choose a splitting map for the projection of cocycles
onto cohomology classes.

In each case, the Eichler integral F defines a unique I'-invariant linear functional
£*(y) on R,(A,). Linearity of £* is obvious, as is the fact that o0 ¢* is the identity map.

(c) Let /€ R,(A,)* and assume that £(/)=0. Let F be the Eichler integral vanishing
at a; j=1,...,2gq—1, that represents the linear functional /. Then there exists a
pEIl,,_, such that

F(y2)y'(2)' " 9—F(2) = p(y2)y'(@)' " "—p(2),

all y€T, all zEA,. In particular, (F—p)-y=(F—p) for all y€T. Thus F—p vanishes at
the set of uniqueness points. i A, contains uniqueness points, then we may assume
that the a;j=1,...,2g—1 are uniqueness points. It follows that p=0, and that F
vanishes at the set of uniqueness points. Since the value of F at a set of inequivalent
non-uniqueness points is arbitrary, the kernel of ¢ has the same dimension as the
number of equivalence classes of non-uniqueness points in A;.

Once again, it remains to consider the case where every point in A; is a non-
uniqueness point. Again, we may assume that a,,...,d2,-1 are in a single I'-equiv-
alence class. Every coboundary y can be represented by an N-dimensional affine space
of Eichler integrals supported on A;. (These need not vanish at the points a;,
j=1,...,2g—1.) The dimension of the vector space of Eichler integrals representing
coboundaries is hence N+(2g—1). The subspace of these Eichler integrals vanishing at
a;, j=1,...,2g—1 thus has dimension N.
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6.11. Since a vector space and its dual have the same dimension, we have the
following

THEOREM. Let A, be a non-empty T'-invariant subset of A, consisting of non-
parabolic uniqueness points and all the parabolic fixed points corresponding to the
punctures on QIT'. Then

dimA (Q,T) <dim PHy,(T, I1,,_,) <dim #_(A,).
Furthermore,
dim #(A,)) = dim PHY(T, I1,,_,)+N,

where N is che number of T-equivalence classes of parabolic fixed points in A, (=the

number of T-equivalence classes of parabolic fixed points corresponding to punctures
on QIT).

Proof. In the case under consideration, PHy(T, I1,,_,)=PH,(T,I1,,_,).

Remarks. (1) The number N, above, may be smaller than the number of punctures
on Q/T since a parabolic fixed point may correspond to two punctures.
(2) The above theorem can be strengthened as follows to generalize Theorem 6.

COROLLARY. Let A, consist of uniqueness points and all the parabolic fixed
points. Assume ﬂ*:Aq(Q,I‘)—>PH‘(I‘, I1,,-2) is surjective. Then the kernel of
0, %,(AQ—)A(I(Q,F) has dimension N, where N is the number of T-equivalence
classes of non-uniqueness points in A, (<the number of T-equivalence classes of
parabolic fixed points).

§ 7. Schottky groups (proof of Theorem 4, first part)

7.1. Let T be a Schottky group on g>1 free generators Ay, ...,A,. Let ay,...,a,—; be
(2g-1) distinct fixed points of elements of I'. The space of cocycles for T,
VAW I1,,_>), has dimension (2¢9—1) g. The map that sends a cocycle ¥ to

(A1), ..., x(Ap)) E(IT5,—2)®
is an isomorphism. The dimension of the space of coboundaries is 2¢g—1, and hence

dim H'(T, T1,,-2) = (2g—1) (g—1) = dim AL (Q,D).
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Thus the hypothesis of the Theorem 3 is satisfied. We obtain a basis for the space of
cocycles by assigning arbitrary polynomials to each of the generators, and thus we
obtain (2g—1) g functions Fy, ..., F(zq_l) ¢ defined at first only at the loxodromic fixed
points by formulae similar to (4.1.3). Subtracting appropriate polynomials from these
functions, we get d=(2g—1)(g—1) functions F,,...,F, that can be extended by con-
tinuity to A and form a basis for the space F;_,(Q,I).

It follows that for f€ %&,(A), with poles only at (loxodromic) fixed points of
elements of T, there is a finite algebraic algorithm for determining whether or not
©,f=0. Theorem 4 is proven for Schottky groups.

7.2. Before proceeding to a more detailed study of Schottky groups we introduce
the following general

Definition. A set ScA, will be called a g-stratification of T provided:

(a) each point of S is a fixed point of an element of T,

(b) ©, maps R,(S) isomorphically onto A,(Q,I’), and

(c) the set § depends only on a presentation of ' and at most finitely many
(arbitrary) choices.

Remarks. (1) If T possesses a g-stratification, then we shall say that I" is g-
stratifiable.

(2) Every geometrically fintite non-elementary function group is 2-stratifiable by
the results of [16), [17]. We will in some cases reprove this fact and provide 2-
stratifications that are more useful for our purposes: the construction of a basis for the
cohomology groups H'(I', I1,) and PH'(T, I1,) defined in § 0.2.

(3) A g-stratification of I" always contains dim A,(Q2,)+(2¢—1) points. If ScA,
contains (2g—1) or more points, then § is a g-stratification for I' if and only if
es: F1-o(Q,1)—CIS1=@2-D s an jsomorphism, where we normalize the functions in
F1-4(Q,T) to vanish at (2g—1) points in S.(%)

{4) The stratifications of [16] are 2-stratifications in our sense. It is not known
whether 2-stratifications always are stratifications. Stratifications provide global holo-
morphic coordinates for deformation spaces of Kleinian groups, while 2-stratifications

define global holomorphic functions that yield only local coordinates for the deforma-
tion spaces.

(®) The evaluation map es was defined in §2.3. We denote by |S] the cardinality of the set S.
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7.3. We return to the hypothesis of § 7.1 and assume that g; is a fixed point of
B;€T for j=1,...,2qg—1. Then if we consider the set of cocycles

Z= {XEZI(F’qu—zﬁ xB)(a)=0 forj=1,...,2q—1},
then Z=H\(T, I1,,2). Thus from Z we construct more directly the space F,_,(Q,T).

7.4. Let us assume for the moment that g<g. In this case, we shall take a,;_; and
-@y; to be the fixed points of A; for j=1,...,q. A polynomial p €Il,,_, is uniquely
determined by the vector

(p(al)v ey p(a2q-— ])) E CZq_ ! .
To simplify notation, we let ¢; be the vector

o,...,0,1,0,...,0).
1
Jth spot

Thus e; corresponds to the polynomial

p@) =[] =2,

PRe

We shall use the above correspondence to describe the values for cocycles that will
lead to a basis of F;_,(Q,I). It suffices to consider only cocycles y that satisfy

2]‘1, 2}1 1f.’<q:

xA)(a)=0 forj=1,...,q, and k= {2},_1’ itj=q.

We consider the set
{Ada); 1<i<g, 1sj<2q-1}\{a; 1<j<29—1}; (7.4.1)

it consists of d=(2g—1) (g—1) distinct points b, ..., bs. By Theorem 1, ©, maps R(S)
onto A,RQ,I), where S={ai,...,a24-1,b1,...,bs}. By Theorem 2.5, there exists a
basis Fi,...,Fq for F,_,(R,T) such that F(b)=d;. We now compute the cocycle
x=pd F;. Assume b;=Aay). Then

XA =AlaD' " Te;Sim-

From the knowledge of {x{A,.); 1sj<d, 1<m=g}, we can compute {y{(y); 1sj<d} for
arbitrary y €T, and hence the values of {F;; 1j<d} at the fixed points of y.
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Example. For the convenience of the reader, we present the most useful example:
g=2 and g=2. Here, we can let a,, a, be the fixed points of A, and a; one of the fixed
points of A,. We set

b= Aia), j=1,...,8—1,
=A_pla), j=g,...,2q-2,
= A(a), j=2g-1,
=Aj_y3a), j=2g,...,38-3.
For m=1,...,g, we have
xJ(Am)=A;H(a,)'_"e,é#,,m, j=1,...,g—1,

= A;—g+2(az)l_qe2 O grrms J=85 w5282,

=A{(a3)""e361,m, j=2g—-1,

= Al 5043 %0, 503y J=28s...,38—3.

7.5. The key aspect of the computations of the previous section is finding 2¢g—1
distinct points aj, ..., a,4,—; in A with the property that the set

S={Afa);j=0,...,8 k=1,...,2q—1} (7.5.1)

consists of (2g—1) g points (where Ay is the identity).

LEMMA. For any 2q—1 distinct points a,...,a2,—1 in A, the set S of (7.5.1)
consists of at least 2q—1) g points.

Proof. The Poincaré series map ©, maps R,(S) onto A,(Q,I') by Theorem 1.
Hence we have

dim R(S) = A(Q,T) = 2g—1)(g—1).

1t follows that S has at least (2q—1) g points.

Thus we must show how to construct the set S with at most (2g—1) g points. We fix
the group I' with generators Ay, ..., A, (and thus g is fixed) and use induction on g. We
have seen in § 7.4 how to select S for g=2. Assume by induction that we have selected
the set S for a fixed g=2. Assume that we are using the points ay, ..., dz,—;. The set §
of (7.5.1) hence consists, by induction, of (2g—1) g points. Let us fix a j, 1ssj<g, and
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look at the points {Aj“(a); a € 5}. This set consists of (2g—1) g points, and since g=2,
we can choose points day,, dz,+1 in this set so that {a,,...,d24+1} consists of distinct
points. The set

{Afan);j=0,....8, k=1,...,2q+1}

consists of at most (2g+1) g points.
We summarize our results in the next

THEOREM. Every Schottky group is g-stratifiable, for all g=2.

§ 8. Fuchsian and quasi-Fuchsian groups (proof of Theorem 4, conclusion)

8.1. Let I be a finitely generated quasi-Fuchsian group of the first kind. We can find
canonical generators Ay, By,...,A, B, Ey,...,E, for T. The A; B; are loxodromic;
the E; are parabolic (set v,=) or elliptic (set v,=the order of E). The signature of I
is (g,n;vy,...,v,) and its type is (g, n). We write C=[A,Bl=AoBoA 'oB~'. The
defining relations for I' are:

ﬁqoﬂ E=1, @.1.1)
Jj=1 k=1
E¥=I, allk=1,...,n with v, < . (8.1.2)

Every elliptic or parabolic element in [ is conjugate to a power of E;, for some
k=1,...,n.
For the group I', we have

dim A (Q,T) =2 {(Zq—l)(g—1)+2 [q—q/vk]},
k=1

and
dim PHy(T, 11, _,)= dim PH,\(T,T1,, )
=dim PH\(T, IL,, ) =dim A Q,I),
here A is one of the two invariant components of I". (For details, see [14, Chapter VII].)
8.2. If y is a cocycle and E€T is elliptic of order v, then

x(E") =0.
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It follows that (see Ahlfors [2], Eichler {7], or Weil [26] and § 8.4) y(E) is an element of
(IMyg—2)g= {vEIly,_»; v=p-E—p for some p€EIl,, -}.
An easy computation shows that
dim (Il,,—2) e = 2[g—g/v]. 8.2.1)

Note that if y is parabolic with respect to the parabolic element E, then we also have
that x(E) €(I1,4-2)k.
We see that the space of parabolic cocycles x can be identified with elements

(A, x(B1), ... x(AQ), x(Bg), x(E1), ..., x(Er)
in
V= (qu_z)zgx (qu—z)E, X...X (HZQ‘Z)En

subject to the relation forced on y by (8.1.1). That is, if we define a map

h: VoI, »
by
h(pl’pZ’ ”"p2g—13p2g’ p2g+1v ---,P23+,,)
=p,"B,—1)-A7"-B;'-(C,0...0C,)-(E,0...0E,)
+p, (A['=1)'B'(Cy0...0C))-(E,0...0E)
+Py1(B;—1): A7 B! -(E;0...0E))
+py(A;'=1)B;'-(E,0...0E,)
+Pe1 (Ey0...0E)+...4Dyy
then

h(PI, -"’p2g+n) =0
if and only if there is a parabolic cocycle y with
x(A)=p,, xB) =Dy .- X(Bg) = D2es

X(E1)=P2g+1’ A X(En)=p2g+n'
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Since
dim V= 2gQ2g—1)+2 Y, [a~g/v],
k=1

it follows that the linear map # is surjective.

We have reduced the problem of constructing the values at fixed points in A, of a
basis for #;_,(€2,T) to a problem in linear algebra (evaluating the kernel of a linear
map). This completes the proof of Theorem 4 for quasi-Fuchsian groups.

8.3. If E is parabolic, then the space (Il,,_,)¢ consists of those polynomials
pEIl,,_, that vanish at the fixed point a of E. The kernel of the operator
(E—1):II,4_»—II,_, consists of polynomials p that vanish to order 2g—2 at a.
Assume that ¢ €C, then the polynomials

PJ(Z) = (Z_a)j: j= Oa seey 2‘1_2,

form a basis for IT,,_,. It is easy to see that (as a consequence of 1.3.3)

(Ez—a)*" 2%
(Z_a)Z—Zq ’

W, E)(2)= (Ez—a)’E'(2)' "= (z—a)’E'(2)! """ =
and thus
P2g-2€Ker(E-1).
An easy calculation shows that
ord,p; (E-1)=j+1, forj=0,...,29—-3.
Hence we conclude that
Image (E—1) = {p €I1,,»; p(a) +0}.
We have previously used this observation (see § 6.7 and [14, p. 173]).

8.4. We now carry over the above analysis to the case of loxodromic or elliptic £
with fixed points at finite points a and b. Thus E can be written as

E(z)—a z—a
= K ’
E(z)-b z—b

K+ 0,1.

If follows that

E@=K, E(®b)=K.
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The functions
pl2) = (z—aY (z—b)y**7*7, j=0,...,2¢-2,
form a basis for Il,,_,. A calculation using (1.3.3) shows that
p;E=K'"9%p,

Hence the p; are eigenfunctions for the action of E on Il,,_,. If E is loxodromic
(or elliptic of infinite order), then Ker(E—1) is one-dimensional and is spanned by
Pq—1- The image of (E—1) is spanned by the functions py, ...,p4-2, Pgs ..., P2g—2. f E
is elliptic of order v, and K=e*>*", then the kernel of (E—1) is spanned by the
functions p; with j=q—1 (mod v) and has dimension 2[(g—1)/v]+1; the image of (E—1) is
spanned by the functions p; with j#g—1 (modv) and has dimension

(2g—-1-2(g—D/v]-1=-2[1—-q) (1-1/W)] =2[g(1-1/v)].
8.5.

Example. The group '=PSL(2,7Z) is of considerable interest to number theorists.
Its signature is (0,3;2,3, ©) and it is generated by A(z)=—z"1, B(z)=—(z—1)"'. Note
that C(z)=A oB(z)=z—1. The defining relations for I' are

A’=1=P,
AoB is parabolic;

and the fixed points of A are at +i, and those of B at w and @&, where w=}+1iV3 =™,

The first g=2 for which PH\(T, I,,—>) (or, equivalently, A, (2,I)) is non-trivial is
q="6.
Assume that g=6. Then

dim PHY(Q,I1,0) = 2.

We must find 2 linearly independent parabolic cocycles that are periods of potentials.
One notes that

dim H\(T', T,0) = 3.

The 14-dimensional space Z'(I',I1,o) of cocycles is obtained by assigning to A a
polynomial in the linear span of

{@=Y (+'°7;j=0,2,4,6,8,10},

and to B a polynomial in the linear span of
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{(Z_w)j(z_a-))lo_j; j = 0’ 1, 3, 4’ 65 7’ 9’ 10}'

We notice that all the elliptic fixed points are 6-uniqueness points. We shall hence be
able to choose some elliptic fixed points to be among the 11 points at which the Eichler
integrals in F_¢(A2,T) are required to vanish. Every cocycle for I is cohomologous to

one that assigns the zero polynomial to B. For p €I1,,, p € Ker(B—1) if and only if

p(@)= 2 Bz—wY (z—@)"7.

Jj=2,5.8

Note that the values at i of such polynomials are arbitrary, and conclude that every
Eichler integral on Ag is equivalent to an F with (pd F) (B)=0 and F(xi)=0. It follows

that (pd F) (A) (£i)=0. Letting y=pd F, we see that we may assume that

X(A)(Z)= z aj(z_,')j(z+l-)10—j_

j=2,4,6,8
Since x(A) (£i)=0 and x(B)=0, it follows that
x(B¥oAoB~ %) (BXxi))=0, k=1,2,
because B%(+i) are the fixed points of B0 Ao B~* and
x(B*o AoB~ %) =y(A)-B~.

Thus all the ¥ constructed as above are represented by Eichler integrals that vanish at
the eight points:

+i, w,®,B (i) = —%J_r-;-, BX(%i) = 14i.

Since C=A o B, it follows that
x(C)=yx(A)-B. 8.5.1)
We are interested only in parabolic cocycles; hence we require that

degy(C)<9.

From (8.5.1) we see that

20 (@)= af—iz+(=1+)V [iz+(~1-D]"7,

Jj=2,4,6,8

7—-848282 Acta Mathematica 153. Imprimé le 8 aolt 1984
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and thus y is a parabolic cocycle if and only if
a2+a4+a6+a3=0. (85.2)
We must select 3 more points at which to normalize potentials. We choose

o = fixed point of C,

1 0
0 = fixed point of BoA=B oCoB™'= (1 1),

2 -1
1 = fixed point of B2oCoB >=B’0AoB ' = (1 0>.

The condition that F vanish at © is equivalent to degy(C)<8. This condition is
equivalent to the additional equation

(10—60) a,+(10—-2i) ay+(10+2i) ag+(10+6i) ag = 0,
which, in view of (8.5.2), is equivalent to
=3a,—a4+ag+3ag=0. (8.5.3)
Since y(Bo A)=x(A), the condition that F vanish at 0 is equivalent to y(A)' (0)=0, or to
6iay+2iay—2iag—6iag = 0.

This last equation is equivalent to equation (8.5.3) and hence may be ignored. Finally,

x(B*oAoB™ )=y (A)-B' =. 2 af(1=i)z— 1V [(1+D) z— 1],

j=2,4,6,8
The condition that F vanishes at 1 is equivalent to y(B2oAoB~")'(1)=0, or to
(—8+46i) ar+(—6+2i) as+(—4-2i) ag+(—2—6i)ag =0,
which in view of (8.5.3) can be replaced by
4ar,+3a4+2a6+ag=0. 8.5.4)

The three equations (8.5.2), (8.5.3), and (8.5.4) have a 2-dimensional solution space
with a basis given by

(a29 as, Qg, a8)=(2, _3a0’ 1) and (1’ —27 1,0)

Thus the periods #;, %> of two linearly independent functions in F_s(Q,T) satisfy
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£1(4) (2) = 2= 2+ )8 =3(z—)*(z+)° +(z— )P (z+i)?,
%2(A) (@) = (- @+ D3 —2(z—D)*(z+D*+(z— D) (z+D)*,
$1(B) = 0= 35(B).

It is more convenient to choose

For these cocycles
21(A) @) = @’ @+~ @z~ (z+D°~ (2= D)z +)*+(z—D)* 2 +i)?,
22(A) (@) = — (2= (z+D)*+3(z~)* 2 +)° =3z~ 2 +i)* +(z— P (z+i)?,
x1(B) =0 = x(B).
We now let

Lo VI o1, 1
yeens =40,1,00, i, —+ , ——x—i,1%i¢.
{a, a,} {0 °, i, 5 b Ty l}

Among the points in {A(a)), B(a)); j=1,...,11}, we must be able to find two: by, b,,
such that %_s(Q,T)[S has dimension 2, where S={ay,...,a1,b1,b,}. Let
F;,€ #_5(Q,I') with pd F;=y;, j=1,2. Symmetry of the cocycles under study together
with the injectivity of the period map yield

F](z) =F|(Z-), ZE Aﬁ’ (8.55)

Fy(z) = —Fy2), z€ A, (8.5.6)
The set {a;, A(a)), B(a); j=1,...,11} contains in addition to {ai,...,a;;} only three
points: —1,—1x1V 3i. These are the fixed points of AoB?’0AoB 'oA™! and
AoBoA™!, respectively. Letb=—1+1V 3 i=e*”. To show that b, b may be used as b,
b, and b,, we note that in view of (8.5.5) and (8.5.6),

ot F\(b) F,(b)
F(b) Fyb)

= —2ReF,(b) Fy(D).

We must compute for j=1,2,
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F{b) = x(») (b)[y'(b)>~1]7",
where y=AoBoA '=AoBoA. The cocycle condition shows that

X¥) =x{A)- (BoA+1).

1 0
BoA = (1 1),

and that it suffices to show that Re[(x,(y) (b)) (x2(y) (b))]1F=0. This follows by direct
computation.(’) As a matter of fact

We note that

11(7) (b) = 48(—1+i),
%,(¥) (b) =32(V'3 -3i).

It follows that the Poincaré series of the two rational functions

L_ roe, !
i

m\/—?— if(C),

E+4+4V3

where

1

R = D @D @t D @rtr ) @=2t12)

form a basis for A¢(Q2, ). Similarly, the vanishing problem (for g=6) for this group is
handled via the two cocycles y; and y, that we constructed above. The calculations are
tedious, but the point to be emphasized is that as long as f€ Re(As) has poles only at
fixed points, then we can determine (in a finite amount of time) whether or not ©¢ =0,
by calculations over fields such as Q[i,V3].

Remark. The basis {@,, ¢,} for A((Q,I') produced above satisfies ¢,(2)= ¢,(z2), all
Z€Q. Set y,=¢,+¢, and y,=@,—@,. Then {y,, y,} is also a basis for A,(Q,I) with

(D= v, (2, z€Q,

1/)2(2-) =- wz(z) , ZE Q.

(®) Using a micro-computer, of course, to save time.
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Letting U be the upper half plane, we see that both 1, and 1, span the one-dimensional
space Ag(U,T). The classical discriminant from elliptic function theory

AR =@2m2 D k)™, €U,

k=1

where (k) € Z is the value at the positive integer k of the Ramanujan tau function, also
spans Ag(U,T). It follows that there are constants ¢;+0 such that

AR =cyf2), allzEU, j=1,2. ®.5.7

Since it is known that 7(1)=1, the evaluation of ¢; involves computing the Fourier series
expansion of the cusp form ;. It is not clear whether the formula for A as a Poincaré
series of a specific rational function (given by (8.5.7), for example) will help in studying
the number theoretic properties of A and 7.

8.6. Let us assume that ' is of type (g,0), g=2, and let 2<g<2g—1. Let

ay, ay, ..., a4 be selected from among the fixed points of the generators
Al,...,Ag,Bl,... B 1-

2 g—

The set (A¢g=I, as usual)
So={Afaw);j=0,...,8, k=1,...,2g—1}U{Blap; j=1,...,g—1, k=1,...,2g—1}

consists of (2g—1) (2g—1) distinct points. If F is a potential for I that vanishes at each
point of Sy, then the cocycle ¥ determined by F satisfies

x(Aj)=0, ji=1,...,¢g,
x(Bj)=0, j=1,...,g—1.

From these two equations, we see that the defining relation (8.1.1) for I implies that
p=y(B,) satisfies

p-(A,—1)=0.
It follows from the discussion of § 8.4, that
p2) =clz—a)? ' (z—p)*,

where c €C, and a, § are the fixed points of A,. Thus if we define



102 I. KRA

S =SoU{Bglay},

and require that F vanish at all the points of S, we see that p(a,)=0, and since a%a,+0,
we conclude that p=0.

THEOREM. For a finitely generated quasi-Fuchsian group T of type (g,0), g=2,
we can always choose a set ScA consisting of 2q—1)(2g—1)+1 points so that the
restriction map from A to S on F,_(Q,T) is an isomorphism. In particular,

0,: Ry(S)—> ALQ,T)

is surjective with one dimensional kernel. The set S can be determined from the
canonical generators of T and finitely many choices.

Proof. For g<2g—1, in particular g=2, the theorem has been established above.
Induction on g allows us to construct the set S, for g+1 from the one for g as in § 7.5.

8.7. We would, of course, like to specify a set S, as above, with precisely
(2q—1)(2g—1) points. We need the following

LEMMA. Let A be a loxodromic transformation with fixed points a,, a,. Let B be
a transformation with fixed point B,. Assume that a, and a, are distinct from B, and
the other fixed point of B (if any). Let

Vi={p€M,, ,; pla)=0=pla,)), andifq>2, p(A*B)=0 fork=0,...,29—5},
V,={p€ I,,_»; p(B)) =0}.
Consider the linear operator
L:VixV,—11,,,
defined by
L, p2)) =p, (B—1)+p,-(1-A). (8.7.1)

Then either (a) L is an isomorphism, or (b) L has a one-dimensional kernel. Case (a)
always holds for q=2, and is equivalent to the condition that L(p,0) have a non-zero
projection onto the kernel of (1—A), where p is a non-zero element in V.

Proof. Note that dim(V,xV,)=dimIl,,_,=2¢g—1. Further, L is injective on
{0}xV, since the kernel of (1—A) is spanned by the function p, :(2)=
(z—a1)? '(z—ay)?"! that does not vanish at 8,. It follows that L({0}XxV,) is spanned
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by the functions p{z)=(z—a;)(z—ax)** >, j=0,...,2q—2, j+q—1. It remains to
verify that for g=2, L is an isomorphism. In this case, we normalize so that a;=0,
ay=%, B;=1. Thus the space V, consists of multiples of p(z)=z. Write B(z)=
(az+b)(cz+d)™}, ad—bc=1. We compute

(B2)B'(2) " '—z = ac®+(ad+bc—1) z+bd.

The kernel of (1—A) is spanned by p, and hence L fails to be an isomorphism only if
ad+bc=1. This implies that bc=0, and hence B fixes either 0 or «. This contradiction
finishes the proof of the lemma.

8.8. As a consequence of the last lemma, we can strengthen Theorem 8.6. Select
as before 2g—1 distinct points aj, ..., az4— o that

So={Afaw),Blay);j=0,...,g—1,k=1,...,2g—1}

consists of (2g—1)(2g—2) points. Let a;,a, be the fixed points of A, and let 3, be a
fixed point of B,. Let

S= S,u{a,a,ALB; k=0,...,2q—4}.

Then § consists of (2g—1) (2g—1) points, and if F is an Eichler integral vanishing on S,
then y=pd F satisfies

xA)=0=xBy), j=1,...,g-1,
XA @) =0, k=1,2,
X(A)ALB)=0, k=0,...,29-5,if ¢g>2,
x(Bg) (B1)=0.
The defining relation for I' shows that

2(Cr0...0C,_)=0.

Hence
0=x(C)=x(A) (B,~1)-(A;'oB; ) +x(B)(A;'~1)-B,". (8.8.1)
Letting p;=yx(A,) and p,=x(B,), we see that the map that restricts functions in

F1-4Q,T) to S has a zero or one-dimensional kernel, and that F_,(Q,T)|S is
isomorphic to %_,(Q2,T).
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Example. We consider g=2=q. The 9 points in § are:
a,, az, the fixed points of A4,,
a3 a fixed point of By,
by=A(as), br=Bi(a1), b3=Biay),
bs, bs, the fixed points of A,,

b, a fixed point of B,.
It follows that the 6 functions defined on S by

I:j(bk)=6jk, lsjy k$6,
I:j(ak)zo’ j= 1, ""65 k= 1’2’31

extend to a basis for %_,(Q,I). The corresponding periods x;,...,Xs can now be
computed, and from these, the values of the functions F, ..., Fg at an arbitrary fixed
point. For example:
x1(A) (@) =0=yx1(A) (@), xi(A1)(as)=Alla3)"",
xl(Bl) = 0’
x1(A2) (bg) = 0= x1(A2) (bs),
x1(B2) (bg) = 0.
The known values of x;(A;) and yx,(B;) allow us to compute y,(C;) and hence

x1(C2)=—x(Cy)-C,. Finally, we compute p=yx,(C,)-(B,2A,), and by formulae
(8.8.1) and (8.7.1) conclude that

(1(A2), x1(B2) = L™ 'p.
Similarly (the other extreme case):
xe(A1) = 0=xe(B1),
x6(A2) (ba) = 0 = x6(A,) (bs),
x6(B2) (be) = Bi(be) " '—1=a *0.

As above, we see that x6(C,)=0; we conclude that p,=ys(A;) and p=ye(B,) satisfy
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P1(bs) = 0= p;(bs), (8.8.2)
palbe) = a, (8.8.3)

and
p1-(Ba—1)+py-(1-A3) = 0. (8.8.4)

We know by Lemma 8.7 that
pr-(Ba—1)+(r—a) - (1-Az) = —a-(1-A3)

has a unique solution that satisfies (8.8.2) and (p,—a)(bg)=0. Hence (p,p,) solves
(8.8.4) and satisfies both (8.8.2) and (8.8.3).

8.9. If Fis an Eichler integral defined at a fixed point b € Q of an elliptic element y
of order v, then F(z,) can be recovered from the period x of F by formula (4.1.4) as long
as b is a g-uniqueness point or equivalently 1—g=%0 (modv); in particular, whenever
q=2.

To show that every finitely generated quasi-Fuchsian group of the first kind is 2-
stratifiable, we consider various cases (compare with § 5 of [16]).

Case 1. T has signature (0,3; v, v,,v3). As remarked earlier, there is nothing to
prove here since A(Q,TN)={0}.

Case 11. T has signature (0, n;vy,...,v,), n>3.

Let a; be a fixed point of E; for j=1,...,n—1. For j=1,...,n—2, let b; be the other
fixed point of E; if E; is elliptic; while b;=E{a,) if j+1 and E; is parabolic and
b,=E(a,) if E, is parabolic. The set

§= {als sevy an—labl’ '-'abn——Z}

consists of 2n—3 distinct points. We consider %_;(Q, T) to be normalized at a,, a,, as.
Let FE%_1(Q,T) and assume that F vanishes on S. Let

pi=(@dF)(E)=F-E~F, j=1,...,n.

Then for j=1,...,n—2, p; vanishes at the two elliptic fixed points of E; if E; is elliptic.
Such a p; must be zero by § 8.4. For j=1,...,n—2, and E; parabolic, p; vanishes at the
fixed point of E; to order two (by the parabolicity of pd F and by (5.2.3)) and at one
other point (a, if j>1, and a, if j=1). Again p; must be identically zero. Finally p,_;
vanishes at g, (to order two if E,_, is parabolic). The cocycle condition reads
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pn—l'En= ~Pn- (891)

We consider cases. If both E,_, and E, are parabolic, then p,_; vanishes also at the
fixed point of E, by (8.9.1). Hence p,_;=0=p,. If E,,_, is elliptic and E, is parabolic,
then we normalize E,_; to have fixed points at 0, @ (with a,_;==) and E, to have
fixed point at 1. It follows that

Prn1@=a, pal2)=blz—)+cz=1)?,
and hence that
—aEy ()~ = bz—D+c(z—1)%
Setting z=1, we see that a=0. We conclude that b=0=c, also.

Case II1. T has signature (g, 0), g=2. This case was treated in § 8.8.

Case IV. T has signature (g, n;vy,...,v,), n>0 and g=1. Let a;,a, be the fixed
points of A,, and let a; be a fixed point of B,. Let x;, yx be the fixed points of E; if E;
is elliptic, and let x, be the fixed point of E; and y,=E(a;) if E, is parabolic,
k=1,...,n. Consider

S={a;j=1,2,3}U{Aa), Bi(a);j=1,2,3, k=1,...,g—1 (provided g>D}

U {x, ys k=1,...,n}.

The set S consists of 6g—3+2n=dim A,(Q,)+3 points. We claim that the restriction
of functions in %_;(R,T) to S is an isomorphism. The argument combines Case II and
Case III ideas, and may be left to the reader.

We have obtained the following

THEOREM (Kra-Maskit {16]). Every finitely generated quasi-Fuchsian group of
the first kind is 2-stratifiable.

Remark. In [16], the stronger result, that every geometrically finite function group
is stratifiable, was established. We have reproven a weaker result for quasi-Fuchsian
groups, not only because the algorithm (to obtain a 2-stratification) is simpler, but also
because in proving the above theorem, we have established an algorithm for construct-
ing the values of Eichler integrals that form a basis for #_1(Q,T) at fixed points of
elements of I', that is easier to use than the general method of § 8.2. The methods of
[16] could be simplified to yield 2-stratifications and hence algorithms for the vanishing
problem for g=2, for all geometrically finite function groups.
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8.10. We consider next torsion free quasi-Fuchsian groups I' of type (0,n) with
n>2. A g-stratification for I' must have (n—1) (2q—1)—n points. For g=2, we define §
to consist of:

a,, a, the fixed points of E;'oE,,

by=E(a;) = Eyay), c¢;=E(ay)=Exay),
by=Es(ay), c3=E;s(ay),

bn—2 = Erz—Z(al), Cpn2= En—2(a2)’
b,_1=E, \(ap).
In the above formulation we have assumed that n=4. If n=3, b, is the last term to be

defined. We claim that for all g=2, we can construct a set § consisting of loxodromic
fixed points with the following properties:

(@) [S|=(n—1)(2g—D—n,
(b) there exist points ay,...,a,-2€S so that S>{Efan); j=1,....,n—1,
k=1,...,2g-2, (j, k)Fn—1,2q9-2)}.

For g=2, we have constructed such a set S, above. Assume S, exists for some
q=2. The set El'l(Sq) has (n—1) (2g—1)—n=2q points, provided n>3 or g>2. In this
case we select two points a,__,,a,, in E{'(S))\{q, ..., ay,—p}- If n=3 and g=2, we let
a,=E;'(a,), a,=E;'(a,). We define

Sar1=S,U{ay,_ 1, ay} U{E,_((ay, )} U{E{a,,_); j=1,...,n—1}
U{E(ay);j=1,...,n=2}.

We note that S, contains at most
(n=1)Q2q—D—n+2+1+(n-2)+(n-3) = (n—1)(2g+1)—n

points. We show next that property (b) implies that S is a g-stratification for I'; hence
[Sg+1l=(r—1) g+ 1)—n.
Let FEF_4(Q,T) and let

pj=(dF)(E), j=1,....n.
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For j=1,...,n—2, p; vanishes at a,, k=1, ...,2g—2, and the fixed point of E; (recall that
all the a, are loxodromic fixed points). Hence p=0, j=1,...,n—2. Similarly p,_,
vanishes at the fixed point of E,_, and at a,, ..., ay,—3; while p, vanishes at the fixed
point of E,. The cocycle condition (p,_; E,+p,=0) shows, as in § 8.9, that
Pn-1=0=p,.

We have established the

THEOREM. Let T be a quasi-Fuchsian torsion free group of type (0,n), n=3. Then
I is g-stratifiable for all g=2.

§ 9. Beltrami coefficients supported on the invariant component (proof of Theorem 5)

9.1. Let I be a finitely generated Fuchsian group of the first kind operating on the unit
disk A. To prove Theorem 5, we must characterize %;_,(A,T) in F;_,(Q,T). We
assume that 2d=dim%,_,(Q,)>0, and note that dim% _,A,I)=d. Let
FEF _4Q,T), then FEF _,A,T) if and only if F|JA* is holomorphic, where
A*={z€CU{»}; |z|>1}. Here we identify F with its extension to C as a potential of a
generalized canonical Beltrami differential. Consider the Mobius transformation
A(2)=z"', and the group I'*=A"'TA. The group I'* is also a finitely generated
Fuchsian group of the first kind operating on the unit disk. For FE%,_,(Q,D),
F*=A}F is a potential for I'*. Furthermore, FE%,_,(A,T) if and only if F* is
holomorphic on A. Thus FE %,_,(A,T) if and only if

f ZF*@dz=0, k=0,1,.... 9.1.1)
Jzj=1

(See, for example, [25, p. 361].) Simple change of argument calculations lead to the
equivalence of (9.1.1) with

27
f k20 de =0, k=0,1,.... 9.1.2)
0

It remains to show that for F€ %;_,(Q,T) condition (9.1.2) need be satisfied only for a
finite set of k to guarantee that FE %,_,(A,T). This is a consequence of the finite
dimensionality of %;_,(Q,T). Given FE % _,(Q, 1)\ Fi_,(A,TI), there is a k=0
such that the integral I(F) in (9.1.2) does not vanish for k=£k.

Thus for FE€ F;_,(Q,T)\ %,_,(A,T) we define

u(F)=min {k€Z; k=0, I,(F) *+0}.
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The space F,_,(Q,T) is a direct sum
F1-q(Q, 1) = F1_ (A, T) D F_,(A*,T).

Every F€ %,_,(A*,T) is holomorphic on A. If we let for such an F,

F()= i a; 2’

j=0
be the Taylor series expansion of F at the origin, then for £k=0,1, ...,
I(F) = 2nt0s4 441

We conclude that

u(F) = ordy @,
where

d¥'F
Todget

The operator d*?~Y/dz?9~! maps %,_,(A*,T) isomorphically onto Ay (A,T); see [14,
pp. 210-219]. Thus the non-negative integers

{u(F); FEF1_((Q,D)\F1_4A, D)}

are restricted to the finite set of possible orders of zeros at the origin of elements in the
vector space Ay (A,TN).

9.2. We can hence obtain estimates on the number m(I', q) appearing in Theo-
rem 3.

COROLLARY. Assume that T has signature (g, n;v,,...,v,). Let v=1 if n=0 or
vi=o for j=1, ..., n; let v be the maximum of the finite v; otherwise. Then

m(T, q)<qv {(Zq-2)+2 (1—1/v,.)},
J=1
and

m(T, q) = 2g—1)(g=D+ Y, [g-alv]-1,

j=1

if 0 is not a Weierstrass point for AJ(A,T).
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Proof. The first estimate is the highest possible order of zeros of elements of
A4(A,T); see [14, p. 114]. The hypothesis that 0 is not a Weierstrass point for A (A,T)
means precisely that the possible orders of vanishing at the origin for functions in
A (A,T) are

(recall that dim A, (A, T)=d).

Remarks. (1) We can always choose a Mébius transformation A that fixes A so that
zero is not a Weierstrass point for A,(A,ATA™").

(2) In the second of the above formulae for m(T, q), we have assumed, of course,
that d>0.

§ 10. Kleinian groups with two components (neither invariant)

10.1. Let G be a non-elementary finitely generated Kleinian group with Q consisting of
two components, neither of them invariant. It was shown in [17], that there is a
(unique) finitely generated quasi-Fuchsian group T of the first kind so that G is a Z,-
extension of I'. Further

G=TUrA,

where A €G\TI', A2€T, and 4 is either elliptic of order 2 or loxodromic. It follows that
every parabolic element in G is in I, and comes from a puncture on Q/G=A/T’, where A
is one of the components of Q. Since

E;_(Q,G) cE; (Q.,]), (10.1.1)
it follows that E}__(Q, G)={0}, and hence

PH'(G, I, 2)=F_4Q,G).
It follows also that

dim PH'(G, TI,,_)) = dim A (Q, G) = dim A (A, T) = g~ D+, [4—a/v,],
k=1

where (g, n;vy,...,v,) is the signature of I'.

10.2. To show that the vanishing problem for G has an algebraic solution, we will
show how to construct via linear algebra PZ'(G,I1,,,) from PZ\(T,II,,-,). We saw
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in § 8.2 that the space PZXT',Il,,—,) is determined from a presentation of I by
algebraic operations. We have an obvious restriction map

PZNG,T1,_p)— PZ\(T',I1,,_>).

We must find necessary and sufficient conditions for a cocycle y € PZ'(T,II,,_,) to
extend to a cocycle for G.

For y€ET, we let y*=AoyoA~" and observe that y2 €T (since ' is a normal
subgroup of G). Let y € PZ\(T',I1,,-»), and let p €I1,,_,. If A is elliptic (of order 2)
we assume that p €(I1,,_,), (recall the definition of this subspace in § 8.2). We would
like to set p = y(A). A necessary and sufficient condition for the existence of a cocycle
7EPZ\(G, ,,_,) with #(A)=p and %(y)=x(y) for all y€ET, is that the equation

X =p-(yo A N+y(y)-A"'—p-A~! (10.2.1)
be satisfied for all y €T. Equation (10.2.1) can be rewritten as
X -A—x)-p-(y—1)=0, y€ET. (10.2.2)

Routine calculations show that equation (10.2.2) is satisfied for y,0¥, and y;' when-
ever it is satisfied by y; and y, €T'. Hence in order for (10.2.1) to hold for all y€T, it is
necessary and sufficient that (10.2.2) be satisfied for generators of I'. Let V=II,,_, if
A is loxodromic, and let V=(I1,,-»)4 if A is elliptic. Let y,,...,yn~ be any set of
generators for I'. Define

h:PZ\(T, T, ))xV—TIy,_,
by

h(x’p)=(ph ---,PN),

where
pi=xW)-A—x(y)—p-(y~1), j=1,...,N.
Then A is a C-linear map, and
(x,p)EKerh
if and only if there exists a § € PZ'(G, I1,,_) with

fr=x and fA)=p.
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We have obtained the following

THEOREM. Let G be a non-elementary finitely generated Kleinian group with two
components, neither invariant. Let f€ R A,) have poles only at g-uniqueness points
and parabolic fixed points. There exists an algebraic algorithm for determining wheth-
er or not ®§f=0.

Remarks. (1) If A is elliptic, then the fixed points of A may or may not be g-
uniqueness points.

(2) The results of [17] imply the existence of 2-stratifications for G.

§ 11. Vector bundies over deformation spaces of Kleinian groups

11.1. Let I be a finitely generated non-elementary Kleinian group. We normalize I so
that 0,1, © EA. Let M(I') be the space of Beltrami coefficients for T'; that is, the space
of generalized Beltrami differentials for g=2 of L*-norm less than one. For u€M(T),
let w* be the unique normalized (fixing 0, 1, ©) u-conformal automorphism of CU{x}.
The deformation space of T', T(T'), may be defined (see, for example, [16]) as the set of
restrictions to A of {w*;u € M(I)}. It is known to be a domain of holomorphy in C¥,
d=dim A,(Q,T), [16].

LEMMA. For zEA,,
pu— w(2) (11.1.1)

is a holomorphic mapping from T(D) into C, except possibly if z€Q is stabilized by a
group of order 2 with the second fixed point in the same component as 2.

Proof. See [16] or [17]. In [17], a point z for which (11.1.1) is a well defined
function on T(T") was called sturdy.

In addition to the trivial fiber space T(I) X C over T(I'), we will need the Bers fiber
space

FI) = {(x], 2); (] ETD), zEwH(Q)},

where [u] is the equivalence class in T(I') of u € M(I'). The group I operates on F(I') in
a fiber preserving way by

y(ul, 2=, ¥'2), z€w'(Q), yET, u€M(),
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where
P =uw'oyow)!,

as a group of complex analytic homeomorphisms.
The natural projection of F(I') onto T(I) will be denoted by z; that is,

a(ul, 2) = [u), €M), zEW Q).

11.2. Let f be a meromorphic function on F(I') with the property that for each
UEM), fla~'(uh € R (w"(A,)). 1t follows that the Poincaré series

©,F) (1,2 = D, flul, ¥ ¥ @

yer

converges uniformly and absolutely on compact subsets of F(I') and defines a holomor-
phic function—an automorphic form of weight (—2g) for the action of T’ on F(I'); that is,
0, f satisfies

O, Nl Y2 0") @ =0, N{ul,2), all uEM(I), all zEwW (Q), all yET.

Let us choose aj, ..., a24—1 to be distinct sturdy points for I' (located in A,), and
assume that a,=0, a,=1, a;= (by replacing I by a conjugate group, if necessary).
Let yo=1, 74, ..., ¥~ be generators for I, and consider

RS, T(T)) = {f meromorphic on F([); fln~([u)) € R (W*(S)), all u€EMT)},
where § is defined by (0.1.8). We note that if bES\ {a,, ..., a24-1}, then

8([ul, 2)

29-1 _ ;
_ (-_1) ( 1 ) (w“(b)> (w"(b)—l) W) —w@) e, € wiQ),
2n z—w*(b) Z z—1 j=4 = u,ﬂ(aj)

defines a function in &,(S, T(I)). Note that the product in the above formula is to be
ignored if g=2. As b varies in S\ {qay, ..., a2,—1}, we obtain functions which on each
fiber form a basis for the restrictions of %&,(S, T(I) to that fiber. Hence &,(S, T()) is a
trivial rank s fiber bundle over T(I'), where

s =|S|-Qq~-1). 11.2.1)
Let A,(T(I)) be the rank d vector bundle of cusp forms of weight (—2q) over T(I);

8—848282 Acta Mathematica 153. Imprimé le 8 aolt 1984
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that is, the fiber over [u], w€M(), consists of A (w*RQ),w*IT w*)~" ), and
d=dimA, Q,T).

THEOREM. The Poincaré series map
0, R (S, T(N)) — ALT(D)) (11.2.2)

is a surjective bundle map. The kernel of ®, has constant dimension s—d (over all the
fibers). The bundle map ©, splits. Hence there is a rank of d subbundle of RS, T(I))
with the property that ©, is an isomorphism between this bundle and A (T(')).

Proof. The first part of the theorem is a direct consequence of Theorem 1 and the
remarks in this paragraph. The existence of a splitting map follows from the general
theory of vector bundles (or equivalently, locally free sheaves) over Stein manifolds,
see, for example [9, p. 256].

Remarks. (1) It would be interesting to exhibit directly the splitting map—without
relying on deep results from several complex variable theory.

(2) Many times, we can choose § so that (11.2.2) is an isomorphism.

(3) It is not known whether A (T(I)) is always a trivial bundle over T(I'). If T(T') is
contractable, then every vector bundle over T(I') is topologically trivial, and because
T{) is Stein, analytically trivial by a general theorem of Grauert [8] (see also the
exposition in [6]).

11.3.

THEOREM. If S is a g-stratification for T, then ©, of (11.2.2) is a bundle
isomorphism. Such g-stratifications exist whenever:

(@) T is a geometrically finite non-elementary function group and q=2,

(b) I is a finitely generated Kleinian group with two components, neither invar-
iant, and q=2,

(c) T is a Schottky group (and q is arbitrary), or

(d) T is a torsion free quasi-Fuchsian group of type (0, n) n=3 (and q is arbitrary).

Proof. Parts (a) and (b) follow from the results of [17]. (In § 8 we have also
constructed 2-stratifications for finitely generated quasi-Fuchsian groups of the first
kind.) Part (c) follows from § 7.5 and part (d) from § 8.10.

COROLLARY. The vector bundle A (T(D)) over T(T') is analytically trivial when-
ever
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(@) each component of Q is simply connected, or
(b) g=2, or
(¢c) T is a Schottky group.

Proof. If each component of Q is simply connected, then T(I') is contractible (see,
for example, [16]) and the result follows by Grauert’s theorem [8], as remarked above.
Recall [16] that T(I') is a domain in number space, and A,(7T(I')) is isomorphic to the
cotangent bundle of T(I"). The cotangent bundle of a domain in C? is always analytical-
ly trivial, The result for Schottky groups follows from the theorem.

§ 12. Appendix: Stabilizers of limit points

We have used several times the following well known result about the limit set A of a
Kleinian group I'. A proof is supplied for the convenience of the reader.

LEMMA. Let x€A. Then the stabilizer Ty of x in T is always an elementary group.
There are three possibilities:

(i) Ty is a finite cyclic group of order n, 1<n<o,
(i) T'y is a finite cyclic extension of a rank 1 or rank 2 parabolic group, or
(iii) Ty is an abelian finite cyclic extension of a purely loxodromic cyclic group.

Proof. Assume first that every element of Iy is elliptic and fixes x=o0. Thus the
elements of I'y are of the form

z—>az+b.

If A and BET, have only © as a common fixed point, then A"'oBoAoB™! is
parabolic and fixes . Thus every element of [y also fixes another point which may be
assumed to be z=0. Hence I is a discrete subgroup of the group of rotations. We must
be in case (i).

If T, contains a parabolic element A, then [’y cannot contain a loxodromic element
B. For if A(z)=z+1 and B(z)=Az, |A|#1 (without loss of generality), then I'; contains the
element

B "0AoB™ z+>z+17", n=12,...,

and I’y cannot be discrete.

Assume hence that 'y contains a parabolic element that fixes x=o. Then I,
contains only parabolic and elliptic elements and I, acts discontinuously on C. Such a
group gives us case (ii). Similarly, if I’y contains a loxodromic element, then we have
case (iii).
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