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We consider median regression and, more generally, a possibly infinite
collection of quantile regressions in high-dimensional sparse models. In these
models, the number of regressors p is very large, possibly larger than the sam-
ple size n, but only at most s regressors have a nonzero impact on each con-
ditional quantile of the response variable, where s grows more slowly than .
Since ordinary quantile regression is not consistent in this case, we consider
£1-penalized quantile regression (£1-QR), which penalizes the ¢|-norm of
regression coefficients, as well as the post-penalized QR estimator (post-£1-
QR), which applies ordinary QR to the model selected by £1-QR. First, we
show that under general conditions £1-QR is consistent at the near-oracle rate
/s/n/log(p Vv n), uniformly in the compact set & C (0, 1) of quantile in-
dices. In deriving this result, we propose a partly pivotal, data-driven choice
of the penalty level and show that it satisfies the requirements for achieving
this rate. Second, we show that under similar conditions post-£1-QR is con-
sistent at the near-oracle rate /s/n+/log(p V n), uniformly over U, even if
the £1-QR-selected models miss some components of the true models, and the
rate could be even closer to the oracle rate otherwise. Third, we characterize
conditions under which £1-QR contains the true model as a submodel, and
derive bounds on the dimension of the selected model, uniformly over U/; we
also provide conditions under which hard-thresholding selects the minimal
true model, uniformly over U.

1. Introduction. Quantile regression is an important statistical method for an-
alyzing the impact of regressors on the conditional distribution of a response vari-
able (cf. [21, 23]). It captures the heterogeneous impact of regressors on different
parts of the distribution [8], exhibits robustness to outliers [19], has excellent com-
putational properties [28], and has wide applicability [19]. The asymptotic theory
for quantile regression has been developed under both a fixed number of regressors
and an increasing number of regressors. The asymptotic theory under a fixed num-
ber of regressors is given in [13, 15, 17, 21, 27] and others. The asymptotic theory
under an increasing number of regressors is given in [16] and [1, 4], covering the
case where the number of regressors p is negligible relative to the sample size n
li.e., p=o0(n)].
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In this paper, we consider quantile regression in high-dimensional sparse mod-
els (HDSMs). In such models, the overall number of regressors p is very large,
possibly much larger than the sample size n. However, the number of significant re-
gressors for each conditional quantile of interest is at most s, which is smaller than
the sample size, that is, s = o(n). HDSMs [7, 12, 26] have emerged to deal with
many new applications arising in biometrics, signal processing, machine learning,
econometrics, and other areas of data analysis where high-dimensional data sets
have become widely available.

A number of papers have begun to investigate estimation of HDSMs, focus-
ing primarily on penalized mean regression, with the £1-norm acting as a penalty
function [7, 12, 22, 26, 32, 34]. References [7, 12, 22, 26, 34] demonstrated
the fundamental result that £{-penalized least squares estimators achieve the rate
/s/n+/log p, which is very close to the oracle rate /s /n achievable when the true
model is known. Reference [32] demonstrated a similar fundamental result on the
excess forecasting error loss under both quadratic and nonquadratic loss functions.
Thus, the estimator can be consistent and can have excellent forecasting perfor-
mance even under very rapid, nearly exponential, growth of the total number of
regressors p. See [7, 9-11, 14, 25, 29] for many other interesting developments
and a detailed review of the existing literature.

Our paper’s contribution is to develop a set of results on model selection and
rates of convergence for quantile regression within the HDSM framework. Since
ordinary quantile regression is inconsistent in HDSMs, we consider quantile re-
gression penalized by the £1-norm of parameter coefficients, denoted £1-QR. First,
we show that under general conditions £;-QR estimates of regression coefficients
and regression functions are consistent at the near-oracle rate /s /n+/log(p V n),
uniformly in a compact interval I/ C (0, 1) of quantile indices.” (This result is dif-
ferent from, and hence complementary to [32]’s fundamental results on the rates
for excess forecasting error loss.) Second, in order to make £{-QR practical, we
propose a partly pivotal, data-driven choice of the penalty level, and show that this
choice leads to the same sharp convergence rate. Third, we show that £1-QR cor-
rectly selects the true model as a valid submodel when the nonzero coefficients of
the true model are well separated from zero. Fourth, we also propose and analyze
the post-penalized estimator (post-£1-QR), which applies ordinary, unpenalized
quantile regression to the model selected by the penalized estimator, and thus aims
at reducing the regularization bias of the penalized estimator. We show that un-
der similar conditions post-£1-QR can perform as well as £1-QR in terms of the
rate of convergence, uniformly over U, even if the £1-QR-based model selection
misses some components of the true models. This occurs because ¢1-QR-based
model selection only misses those components that have relatively small coeffi-
cients. Moreover, post-£1-QR can perform better than £{-QR if the £;-QR-based

2Under s — oo, the oracle rate, uniformly over a proper compact interval U, is v/(s/n)logn,
cf. [4]; the oracle rate for a single quantile index is /s /n; cf. [16].
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model selection correctly includes all components of the true model as a subset.
(Obviously, post-£1-QR can perform as well as the oracle if the £1-QR perfectly
selects the true model, which is, however, unrealistic for many designs of interest.)
Fifth, we illustrate the use of £1-QR and post-£1-QR with a Monte Carlo experi-
ment. To the best of our knowledge, all of the above results are new and contribute
to the literature on HDSMs. Our results on post-penalized estimators and some
proof techniques could also be of interest in other problems. We provide further
technical comparisons to the literature in Section 2.

1.1. Notation. In what follows, we implicitly index all parameter values by the
sample size n, but we omit the index whenever this does not cause confusion. We
use the empirical process notation as defined in [33]. In particular, given a random
sample Zi, ..., Zy, let Gu(f) = Gy (f(Z1) :==n"">3/_(f(Z) — ELf(ZD)])
and E, f =E, f(Z;):=>"_, f(Z;)/n. We use the notation a S b to denote a =
O (b), that is, a < cb for some constant ¢ > 0 that does not depend on n; and
a <p b to denote a = Op(b). We also use the notation a VvV b = max{a, b} and
a Ab =min{a, b}. We denote the £>-norm by || - ||, £;-norm by || - ||1, £so-norm by
|l - loo and the £g-“norm” by || - ||o (i.e., the number of nonzero components). We
denote by ||Sll1., = Zle G;jlB;| the £1-norm weighted by &;’s. Finally, given a
vector § € R”, and a set of indices T C {1, ..., p}, we denote by 87 the vector in
which (STj :5_/ lf] eT, 8Tj =Oifj ¢T.

2. The estimator, the penalty level and overview of rate results. In this
section, we formulate the setting and the estimator, and state primitive regularity
conditions. We also provide an overview of the main results.

2.1. Basic setting. The setting of interest corresponds to a parametric quantile
regression model, where the dimension p of the underlying model increases with
the sample size n. Namely, we consider a response variable y and p-dimensional
covariates x such that the uth conditional quantile function of y given x is given
by

2.1 ijllxi(ulxi)zx'ﬂ(u), B(u) e R? forallu e,

where U C (0, 1) is a compact set of quantile indices. Recall that the uth condi-
tional quantile F ;lei (u|x) is the inverse of the conditional distribution function
Fy,x; (y|x;) of y; given x;. We consider the case where the dimension p of the
model is large, possibly much larger than the available sample size n, but the true
model B(u) has a sparse support

T, = support(B(u)) ={j € {1, ..., p}:1B;(u)| > 0}

having only s, <s <n/log(n Vv p) nonzero components for all u € U.
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The population coefficient 8(u) is known to minimize the criterion function

2.2 0u(B) =Elpu(y —x'B)],

where p, (1) = (u — 1{t <0})¢ is the asymmetric absolute deviation function [21].
Given a random sample (y1, x1), ..., (Vu, X,), the quantile regression estimator of
B(u) is defined as a minimizer of the empirical analog of (2.2):

(2.3) 0u(B) = Eulpu(yi — xB)].

In high-dimensional settings, particularly when p > n, ordinary quantile regres-
sion is generally inconsistent, which motivates the use of penalization in order to
remove all, or at least nearly all, regressors whose population coefficients are zero,
thereby possibly restoring consistency. A penalization that has proven quite useful
in least squares settings is the £1-penalty leading to the Lasso estimator [30].

2.2. Penalized and post-penalized estimators. The £1-penalized quantile re-
gression estimator B(u) is a solution to the following optimization problem:

Aud —u)
Tzaﬂﬁjh

(2.4) ,Bnel]llg” Qu(B) + Z

where 8J-2 =E, [xizj]. The criterion function in (2.4) is the sum of the criterion func-
tion (2.3) and a penalty function given by a scaled £{-norm of the parameter vector.
The overall penalty level A+/u(1 — u) depends on each quantile index u, while A
will depend on the set U of quantile indices of interest. The ¢;-penalized quan-
tile regression has been considered in [18] under small (fixed) p asymptotics. It is
important to note that the penalized quantile regression problem (2.4) is equiva-
lent to a linear programming problem (see Appendix C) with a dual version that is
useful for analyzing the sparsity of the solution. When the solution is not unique,
we define ff (1) as any optimal basic feasible solution (see, e.g., [6]). Therefore,
the problem (2.4) can be solved in polynomial time, avoiding the computational
curse of dimensionality. Our goal is to derive the rate of convergence and model
selection properties of this estimator.

The post-penalized estimator (post-£1-QR) applies ordinary quantile regression
to the model 7, selected by the £1-penalized quantile regression. Specifically, set

T = support(B(w) = {j € {1..... p}:1B; )] > 0},
and define the post-penalized estimator S (u) as

(2.5) Bu)e argmin 0, (B),

BeRP: ﬂf; =0

which removes from further estimation the regressors that were not selected. If the
model selection works perfectly—that is, 7;, = T;,—then this estimator is simply
the oracle estimator, whose properties are well known. However, perfect model
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selection might be unlikely for many designs of interest. Rather, we are interested
in the more realistic scenario where the first-step estimator ff (u) fails to select
some components of B(u). Our goal is to derive the rate of convergence for the
post-penalized estimator and show it can perform well under this scenario.

2.3. The choice of the penalty level A. In order to describe our choice of the
penalty level A, we introduce the random variable

xij(u — Hu; <u})
(2.6) A =nsup max |[E |: — ,
ueglfjip " oju(l—u)
where uy, ..., u, are i.i.d. uniform (0, 1) random variables, independently distrib-
uted from the regressors, x1, ..., x,. The random variable A has a known, that is,
pivotal, distribution conditional on X =[xy, ..., x,]". We then set
2.7) A=c-A(l —a|X),

where A(1 — ¢|X) := (1 — a)-quantile of A conditional on X, and the constant
¢ > 1 depends on the design.? Thus, the penalty level depends on the pivotal quan-
tity A(1 — «|X) and the design. Under assumptions D.1-D.4, we can set ¢ = 2,
similar to [7]’s choice for least squares. Furthermore, we recommend computing
A(1 — «a|X) using simulation of A.* Our concrete recommendation for practice is
toset ] —a=0.9.

The parameter 1 — « is the confidence level in the sense that, as in [7], our
(nonasymptotic) bounds on the estimation error will contract at the optimal rate
with this probability. We refer the reader to Koenker [20] for an implementation
of our choice of penalty level and practical suggestions concerning the confidence
level. In particular, both here and in Koenker [20], the confidence level 1 — o =
0.9 gave good performance results in terms of balancing regularization bias with
estimation variance. Cross-validation may also be used to choose the confidence
level 1 — «. Finally, we should note that, as in [7], our theoretical bounds allow for
any choice of 1 — « and are stated as a function of 1 — «.

The formal rationale behind the choice (2.7) for the penalty level A is that
this choice leads precisely to the optimal rates of convergence for £1-QR. (The
same or slightly higher choice of A also guarantees good performance of post-
£1-QR.) Our general strategy for choosing A follows [7], who recommend se-
lecting A so that it dominates a relevant measure of noise in the sample crite-
rion function, specifically the supremum norm of a suitably rescaled gradient of
the sample criterion function evaluated at the true parameter value. In our case,

3¢ depends only on the constant ¢y appearing in condition D.4; when cg > 9, it suffices to set
c=2.

4We also provide analytical bounds on A (1 —«|X) of the form C («, U)+/nlog p for some numeric
constant C (a, ). We recommend simulation because it accounts for correlation among the columns
of X in the sample.
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this general strategy leads precisely to the choice (2.7). Indeed, a (sub)gradient
Su(Bw) = E,[(u — {y; < x]Bw))xi]1 € 30,(B(u)) of the quantile regression
objective function evaluated at the truth has a pivotal representation, namely
§u Bw) =E,[(u — Hu; <u})x;]foruy,...,u, iid. uniform (0, 1) conditional
on X, and so we can represent A as in (2.6), and, thus, choose A as in (2.7).

2.4. General regularity conditions. We consider the following conditions on
a sequence of models indexed by n with parameter dimension p = p, — oco. In
these conditions, all constants can depend on n, but we omit the explicit indexing
by n to ease exposition.

D.1 (Sampling and smoothness). Data (yi,xlf)’,i =1,...,n,are an 1.i.d. se-
quence of real (1 4+ p)-vectors, with the conditional u-quantile function given by
(2.1) for each u € U, with the first component of x; equal to one, and n A p > 3. For
each value x in the support of x;, the conditional density fy, |y, (y|x) is continuously
differentiable in y at each y € R, and fy,|y; (y|x) and % Syilx; (¥1x) are bounded in

absolute value by constants f and f’, uniformly in y € R and x in the support x;.
Moreover, the conditional density of y; evaluated at the conditional quantile x; 8 ()
is bounded away from zero uniformly in ¢/, that is, fy, |y, (x'B(u)|x) > f > 0 uni-
formly in # € U and x in the support of x;.

Condition D.1 imposes only mild smoothness assumptions on the conditional
density of the response variable given regressors, and does not impose any normal-
ity or homoscedasticity assumptions. The assumption that the conditional density
is bounded below at the conditional quantile is standard, but we can replace it by
the slightly more general condition inf, ¢ infs20(8'J,8)/(8'E[x;x{16) > f > 0, on
the Jacobian matrices

Ju = E[ fy;1x; (] BW) |xi)xi x]] forall u € U,

throughout the paper; see [3] for a further generalization.

D.2 [Sparsity and smoothness of u — B(u)]. Let U be a compact subset of
(0, 1). The coefficients B(u) in (2.1) are sparse and smooth with respect to u € U:

sup [|Bw)llo<s and [|B(u) — B < Llu—u'| forall u,u’ e,
ueld

where s > 1, and log L < C log(p Vv n) for some constant Cy .

Condition D.2 imposes sparsity and smoothness on the behavior of the quantile
regression coefficients B(u) as we vary the quantile index u.

D.3 (Well-behaved covariates). Covariates are normalized such that 012 =
E[xizj] =1forall j=1,...,p, and (’7‘1.2 =En[xi2j] obeys P(maxi<j<plo; — 1] <
1/2)y>1—y —> 1lasn — oo.
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Condition D.3 requires that ; does not deviate too much from ¢; and normal-
izes 0% = 1.
In order to state the next assumption, for some co > 0 and each u € U/, define

Ay :={8 eRP:||81c 1 < colldr, Il 18Tc llo < n},

which will be referred to as the restricted set. Define T, (8, m) C {1, ..., p}\ T as
the support of the m largest in absolute value components of the vector § outside
of T,, = support(B8(u)), where T, (8, m) is the empty set if m = 0.

D.4 (Restricted identifiability and nonlinearity). For some constants m > 0
and ¢o > 9, the matrix E[x;x/] satisfies
8'E[x;x[18

(RE(co, m)) K2 := inf

inf
uel 8€A,,8#0 ||6

—_— > > 0
T, UT , (8,m) |

and log(f. Kg) < Cylog(n Vv p) for some constant C ¢. Moreover,

32 EllxsPAP
(RNI(cgp)) qg:=—-=——inf in ’7/3
8 f/ ueUseA,,5#0 E[|x[5]°]
The restricted eigenvalue (RE) condition is analogous to the condition in [7]
and [12]; see [7] and [12] for different sufficient primitive conditions that yield
bounds on «,,. Also, since «;, is nonincreasing in m, (RE(cg, m)) for any m > 0
implies (RE(cg, 0)). The restricted nonlinear impact (RNI) coefficient g appearing
in D.4 is a new concept, which controls the quality of minoration of the quantile
regression objective function by a quadratic function over the restricted set.
Finally, we state another condition needed to derive results on the post-model
selected estimator. In order to state the condition, define the sparse set A, (m) =
{8 eRP:||87¢llo <m}form >0andu €U.

> 0.

D.5 (Sparse identifiability and nonlinearity). The matrix E[x;x]] satisfies for
some m >0

~ . . 8'Elx;x{16
(SE(m)) Ky:=1inf _inf ———F—>0
ueU sk, (m),6+0 8’6
and
3/2 Elx/81213/2
(SNI(7)) e ol e g B

8 f uelsed,y.s+0 Ellx/8]%]

We invoke the sparse eigenvalue (SE) condition in order to analyze the post-
penalized estimator (2.5). This assumption is similar to the conditions used in [26]
and [34] to analyze Lasso. Our form of the (SE) condition is neither less nor more
general than the (RE) condition. The SNI coefficient g controls the quality of
minoration of the quantile regression objective function by a quadratic function
over sparse neighborhoods of the true parameter.
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2.5. Examples of simple sufficient conditions. In order to highlight the nature
and usefulness of conditions D.1-D.5, it is instructive to state some simple suffi-
cient conditions (note that D.1-D.5 allow for much more general conditions). We
relegate the proofs of this section to [2] for brevity.

DESIGN 1 (Location model with correlated normal design). Let us consider
estimating a standard location model

y=x'B’+¢,

where ¢ ~ N(0,02), o > 0 is fixed, x = (1,7'), with z ~ N(0, £), where ¥ has
ones in the diagonal, a minimum eigenvalue bounded away from zero by a constant
k2 > 0, and a maximum eigenvalue bounded from above, uniformly in 7.

LEMMA 1. Under Design 1 withUd = [&,1 — &], £ > 0, conditions D.1-D.5
are satisfied with
f=1/[v2ra], f'=\Je/2n1/o?,  f=1/2n¢0,
I1BG)llo < 11B%ll0+ 1, y =2pexp(—n/24), L=o0/§,

km ARs =K, qAGs > (3/[3263* )V 2ro/e.

Note that the normality of errors can be easily relaxed by allowing for the dis-
turbance & to have a smooth density that obeys the conditions stated in D.1. The
conditions on the population design matrix can also be replaced by more general
primitive conditions specified in Remark 2.1.

DESIGN 2 (Location-scale model with bounded regressors). Let us consider
estimating a standard location-scale model
y=x'"+x'n-e,

where ¢ ~ F independent of x, with a continuously differentiable probability den-
sity function f. We assume that the population design matrix E[xx’] has ones
in the diagonal and has eigenvalues uniformly bounded away from zero and
from above, x; = 1, max;<j<, |x;| < Kp. Moreover, the vector n is such that
0<v<x'n<Y < oo forall values of x.

LEMMA 2. Under Design 2 withd =[§,1 —&], & > 0, conditions D.1-D.5
are satisfied with

f=maxfe)/v. [ =maxf(e)/v?,
i:

iréi{}f(F_l(u))/T, I1BG)lo < 1810 + lInllo + 1,
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y =2pexp(—n/[8KED).,  kmARm=k,  L=Inlf,
3/2 3 312

q = gif/ K/[lOKB«/E], qN = gif/ K/[KB V.S +ﬁi]

COMMENT 2.1 (Conditions on E[xix{]). The conditions on the population
design matrix can also be replaced by more general primitive conditions of the
form stated in [7] and [12]. For example, conditions on sparse eigenvalues suffice
as shown in [7]. Denote the minimum and maximum eigenvalue of the population
design matrix by

(m) . 8'E[x;x[18 q
i = min —— "t an
Pmin ) = s =Tolozm 88
2.8)
8'E[x;x/18
@max (M) = _.

max -
8ll=L.1I8llo<m 8’8

Assuming that for some m > s we have mpiy(m + s) > C%S(ﬂmax (m), then

km = Vomin(s + m)(1 = c0y/s@max(5)/[m@min(s +m)])

and

Kii = Qmin(s +m).

2.6. Overview of main results. Here, we discuss our results under the simple
setup of Design 1 and under 1/p <o — 0 and y — 0. These simple assumptions
allow us to straightforwardly compare our rate results to those obtained in the lit-
erature. We state our more general nonasymptotic results under general conditions
in the subsequent sections. Our first main rate result is that £1-QR, with our choice
(2.7) of parameter A, satisfies

— 1 1
2.9) supl|B ) — Bl p —— [L2UY D)
ueld iKOKs n

provided that the upper bound on the number of nonzero components s satisfies

/slog(n Vv p)
Vi f'?koq

(2.10) — 0.

Note that «g, ks, f and g are bounded away from zero in this example. Therefore,
the rate of convergence is +/s/n - \/log(n VV p) uniformly in the set of quantile
indices u € U, which is very close to the oracle rate when p grows polynomially
in n. Further, we note that our resulting restriction (2.10) on the dimension s of the
true models is very weak; when p is polynomial in 7, s can be of almost the same
order as n, namely s = o(n/logn).
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Our second main result is that the dimension || 3 (u)|lo of the model selected by
the ¢1-penalized estimator is of the same stochastic order as the dimension s of the
true models, namely

@.11) sup |IB@)llo Sp s

ueld
Further, if the parameter values of the minimal true model are well separated from
zero, then with a high probability the model selected by the ¢1-penalized estimator
correctly nests the true minimal model:

(2.12) T, = support(B(u)) < fu = support(ﬁ(u)) forallu e .

Moreover, we provide conditions under which a hard-thresholded version of the
estimator selects the correct support.

Our third main result is that the post-penalized estimator, which applies ordinary
quantile regression to the selected model, obeys

sup | B(u) — Bl Sp

ueld n

L SPucy T £ 7o) [slog(n V p)
frokm n '

where 7 = sup,, ¢, || BT; (u)|lo is the maximum number of wrong components se-
lected for any quantile index u# € U, provided that the bound on the number of
nonzero components s obeys the growth condition (2.10) and

IJW%MVm+H%n
/%

2.13)

J/mlog(n Vv p)+ slogn
Vi f' P Radgn

(2.14)

—>p

[Note that when U/ is a singleton, the s logn factor in (2.13) becomes s.]

We see from (2.13) that post-£1-QR can perform well in terms of the rate of
convergence even if the selected model Tu fails to contain the true model T,.
Indeed, since in this design m Sp s, post-£1-QR has the rate of convergence
Js/n - y/log(n Vv p), which is the same as the rate of convergence of £;-QR. The
intuition for this result is that the £1-QR based model selection can only miss co-
variates with relatively small coefficients, which then permits post-£1-QR to per-
form as well or even better due to reductions in bias, as confirmed by our compu-
tational experiments.

We also see from (2.13) that post-£1-QR can perform better than £;-QR in terms
of the rate of convergence if the number of wrong components selected obeys
m = op(s) and the selected model contains the true model, {T,, < fu} with prob-
ability converging to one. In this case, post-£1-QR has the rate of convergence
J(op(s)/n)log(n Vv p) + (s/n)logn, which is faster than the rate of convergence
of £1-QR. In the extreme case of perfect model selection, that is, when /m = 0, the
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rate of post-£1-QR becomes +/(s/n)logn uniformly in /. (When U is a single-
ton, the logn factor drops out.) Note that inclusion {7;, € T} necessarily happens
when the coefficients of the true models are well separated from zero, as we stated
above. Note also that the condition 7 = o(s) or even i = 0 could occur under
additional conditions on the regressors (such as the mutual coherence conditions
that restrict the maximal pairwise correlation of regressors). Finally, we note that
our second restriction (2.14) on the dimension s of the true models is very weak
in this design; when p is polynomial in n, s can be of almost the same order as #,
namely s = o(n/logn).

To the best of our knowledge, all of the results presented above are new, both
for the single £1-penalized quantile regression problem as well as for the infinite
collection of ¢;-penalized quantile regression problems. These results therefore
contribute to the rate results obtained for ¢-penalized mean regression and re-
lated estimators in the fundamental papers of [7, 12, 22, 26, 32, 34]. The results
on post-£; penalized quantile regression had no analogs in the literature on mean
regression, apart from the rather exceptional case of perfect model selection, in
which case the post-penalized estimator is simply the oracle. Building on the cur-
rent work these results have been extended to mean regression in [5]. Our results
on the sparsity of £1-QR and model selection also contribute to the analogous re-
sults for mean regression [26]. Also, our rate results for £1-QR are different from,
and hence complementary to, the fundamental results in [32] on the excess fore-
casting loss under possibly nonquadratic loss functions, which also specializes the
results to density estimation, mean regression, and logistic regression. In princi-
ple, we could apply theorems in [32] to the single quantile regression problem to
derive the bounds on the excess loss E[p, (y; — x{ﬁ(u))] —Elpu(yi — xi’,B(u))].5
However, these bounds would not imply our results (2.7), (2.9), (2.11), (2.12) and
(2.13), which characterize the rates of estimating coefficients B(u) by £1-QR and
post-£1-QR, sparsity and model selection properties, and the data-driven choice of
the penalty level.

3. Main results and main proofs. In this section, we derive rates of conver-
gence for £1-QR and post-£1-QR, sparsity bounds, and model selection results.

3.1. Bounds on A(1 — «|X). We start with a characterization of A and its
(1 — a)-quantile, A(1 — «@|X), which determines the magnitude of our suggested
penalty level A via equation (2.7).

S0f course, such a derivation would entail some difficult work, since we must verify some high-
level assumptions made directly on the performance of the oracle and penalized estimators in popu-
lation and others (cf. [32], conditions 1.1 and 1.2, where 1.2 assumes uniform in x; consistency of the
penalized estimator in the population, and does not hold in our main examples, e.g., in Design 1 with
normal regressors).
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THEOREM 1 [Bounds on A(1 — «|X)]. Let Wiy = max,cy 1//u(l —u).
There is a universal constant C 5 such that:

(i) P(A=k-CaWyy/nlogp|X) < p~*+1,
(i) Al —alX) < /1T+1og(1/a)/log p - CoWy+/nlog p with probability 1.

3.2. Rates of convergence. In this section, we establish the rate of convergence
of £1-QR. We start with the following preliminary result which shows that if the
penalty level exceeds the specified threshold, for each u € I, the estimator B(u) —
B(u) will belong to the restricted set A, := {8 € R” : [|d7¢[l1 < colld7, |11, Id7¢llo <
n}.

LEMMA 3 (Restricted set). 1. Under D.3, with probability at least 1 — y we
have for every § € R? that

3.1 U801 < 1811 < 2018111,
2. Moreover, if for some o € (0, 1)

3
(3.2) s 0= DA — X,
co—3

then with probability at least 1 — o — y, uniformly in u € U, we have (3.1) and
Bu)—pu)e Ay ={8 eR”: 187ellh < colldz, I, I87¢ ll0 < n}.

This result is inspired by the analogous result for least squares in [7].

LEMMA 4 (Identifiability relations over restricted set). Condition D.4, namely
(RE(cg, m)) and (RNI(cp)), implies that for any § € A, and u € U,

(3.3) IBLxix D281 < 19,7281/ 1/,

(34) 187, 11 < /s119,7281/1f Kol

(3.5) 18110 < /s +co) 4, /*811/Lf kol
(3.6) 181 < (1 4 cov/s/m) 11, />8Il /Lf ' kem]

B7) Qu(Ba) +8) — Qu(Bw)) = (1712817 /4) A (g1 J,)281)).

This second preliminary result derives identifiability relations over A, . It shows
that the coefficients f, kg and «,, control moduli of continuity between various
norms over the restricted set A,, and the RNI coefficient ¢ controls the quality of
minoration of the objective function by a quadratic function over A,.

Finally, the third preliminary result derives bounds on the empirical error
over A,.
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LEMMA 5 (Control of empirical error). Under D.1-D .4, for any t > 0 let

e(r) = sup |0u(Bu) +8) — Qu(Bw) +8)

uell,5e Ay, 1028 <t
— (Qu(B@)) — Qu(B)))|.

Then, there is a universal constant Cg such that for any A > 1, with probability at
least 1 —3y —3p~4

(14 co)A \/slog(p VILS o/ t])

e(t)<t-Cg-
f1/2

n

In order to prove the lemma, we use a combination of chaining arguments and
exponential inequalities for contractions [24]. Our use of the contraction principle
is inspired by its fundamentally innovative use in [32]; however, the use of the
contraction principle alone is not sufficient in our case. Indeed, first we need to
make some adjustments to obtain error bounds over the neighborhoods defined by

the intrinsic norm || JL,1 /2. || instead of the || - ||; norm; and second, we need to use
chaining over u € U to get uniformity over .

Armed with Lemmas 3-5, we establish the first main result. The result depends
on the constants Cp, Cg, Cp and C¢ defined in Theorem 1, Lemma 5, condi-
tions D.2 and D 4.

THEOREM 2 (Uniform bounds on estimation error of £1-QR). Assume condi-
tions D.1-D.4 hold, and let

C > 2Cxy/1+log(1/a)/log p v [Cp\ 1V [CL + C +1/2]].
Let Lo be defined as in (3.2). Then uniformly in the penalty level A such that

(3.8) Ao <A =C-Wy,/nlogp,

we have that, for any A > 1 with probability at least 1 — o — 4y — 3p_A2,

B (1+co)WyA [slog(pVn)
12 B ' |
sup[[J,"*(B(w) = Bw)| = 8C T ﬁ ’
sup \/E (Bw) — Bw))]* <8C - (1+co)WyA /W
ueld iKO n
and

sup 1B ) — By < Fovs/m g U Fco)Wud \/m’
ueld Km iKO n
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provided s obeys the growth condition
(3.9) 2C - (14 co) Wy A - /slog(p v n) < q f ko /n.

This result derives the rate of convergence of the £{-penalized quantile regres-
sion estimator in the intrinsic norm and other norms of interest uniformly in u € U
as well as uniformly in the penalty level X in the range specified by (3.8), which
includes our recommended choice of Ag. We see that the rates of convergence for
£1-QR generally depend on the number of significant regressors s, the logarithm
of the number of regressors p, the strength of identification summarized by g, &,
f and ¢, and the quantile indices of interest I/ (as expected, extreme quantiles can
slow down the rates of convergence). These rate results parallel the results of [7]
obtained for £-penalized mean regression. Indeed, the role of the parameter f is
similar to the role of the standard deviation of the disturbance in mean regression. It
is worth noting, however, that our results do not rely on normality and homoscedas-
ticity assumptions, and our proofs have to address the nonquadratic nature of the
objective function, with parameter g controlling the quality of quadratization. This
parameter g enters the results only through the growth restriction (3.9) on s. At this
point, we refer the reader to Section 2.4 for a further discussion of this result in
the context of the correlated normal design. Finally, we note that our proof com-
bines the star-shaped geometry of the restricted set A, with classical convexity
arguments; this insight may be of interest in other problems.

PROOF OF THEOREM 2. We let

e 3C. (14 cp) Wy A ' |slog(p Vv n)
' fl/ZKO n

and consider the following events:

(1) 21 :=the event that (3.1) and E(u) —B(u) € Ay, uniformly in u € U, hold;

(i1) €27 := the event that the bound on empirical error €(¢) in Lemma 5 holds;

(iii) €23 := the event in which A(1 — «|X) < /1 +1log(1/a)/log p - CAo Wy x
/nlogp.
By the choice of A and Lemma 3, P(21) > 1 —«a — y; by Lemma 5 P(£23) >
1—-3y — 3p*A2; and by Theorem 1 P(23) = 1, hence P(ﬂf(:l Q)=>1—a—
4y — 3p_A2.

Given the event ﬂ,%:l 1, we want to show the event that

(3.10) el |IVPBw - Bw)| >t

is impossible, which will prove the first bound. The other two bounds then follow
from Lemma 4 and the first bound. First, note that the event in (3.10) implies that
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for some u e U

0> min  0,(B)+38) — Qu(Bu))

€Ay, 10> 8)1=1

AVu(l —u)
+ T(Ilﬁ(u) + 8l = 1Bl ,n)-
The key observation is that by convexity of Qu(-) + || - l1,nA/u(l —u)/n and by

the fact that A, is a cone, we can replace || J,}/ZS | >t byl Jul/28|| =t in the above
inequality and still preserve it:

0>  min  Qu(Bu)+38)— Qu(Bu))

1/2
€Ay, 07 s]|=t

u(l —u)

A
+ f(llﬂ(u) +8lltn = 1B@) 1)
Also, by inequality (3.4) in Lemma 4, for each § € A,

1B 1n — 1B @) + 8ll1n < 187, 110 < 20187, 11 < 24/51172811/ £ 0,
which then further implies

0>  min  Qu(B)+8) — Ou(B))

1/2
Se€Ay, 10 *sl|=t

ANu(l—u) 24/s
_ " 70

Also by Lemma 5, under our choice of ¢ > 1/[i1/2/<0\/ﬁ], log(Lilcg) <(Cr+
Cyr)log(n Vv p), and under event €2,

(1+co)A [slog(pVn)
(3.12) E(f)ftCE\/lv[CL+Cf+1/2] ko ﬁ

Therefore, we obtain from (3.11) and (3.12)

(3.11)
[RAGEIR

0> min  Qu(BG)+5) — Qu(Bluy — YHA =W 2V

— 1/2
seAuJa 8=t n 10

(1+co)A [slog(pVn)
—tCpIVICL+Cy+1/2] 1 ﬁ

Using the identifiability relation (3.7) stated in Lemma 4, we further get

12 A ud—u) 2s
n

0> —A(gt)—t
>4 (Q) il/zKO

(1+cp)A [slog(pVn)
—1Cp\JIVICL+Cr +1/2] i e

17,728
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Using the upper bound on A under event €23, we obtain

2
: 251 W,
0> = A (g —rc 2282 U

(1+co)A [slog(p V n)
—1C 1V [CL+Cf+1/2] P12, ﬁ

Note that ¢ cannot be smaller than 72/4 under the growth condition (3.9) in the
theorem. Thus, using also the lower bound on C given in the theorem, Wy, > 1,
and cg > 1, we obtain the relation

12 1 Wy A 1 v
0" 120! +f°2) ud | [sloglpvn) _
4 f/KO n

which is impossible. [

3.3. Sparsity properties. Next, we derive sparsity properties of the solution to
£1-penalized quantile regression. Fundamentally, sparsity is linked to the first or-
der optimality conditions of (2.4) and therefore to the (sub)gradient of the criterion
function. In the case of least squares, the gradient is a smooth (linear) function of
the parameters. In the case of quantile regression, the gradient is a highly non-
smooth (piece-wise constant) function. To control the sparsity of B(u), we rely
on empirical process arguments to approximate gradients by smooth functions. In
particular, we crucially exploit the fact that the entropy of all m-dimensional sub-
models of the p-dimensional model is of order m log p, which depends on p only
logarithmically.

The statement of the results will depend on the maximal k-sparse eigenvalue of
E[x;x/] and E, [x;x/]:

@ BIG(
= m ——t - - n
Pmax s£0.15l0<k 88 O
(3.13) o ws
¢(k)= sup n[()fi )] Vv [(xf )]
540.18lo<k 6’8 8’8

In order to establish our main sparsity result, we need two preliminary lemmas.

LEMMA 6 (Empirical pre-sparsity). Lets =sup, |B(w)llo. Under D.1-D 4,
for any A > 0, with probability at least 1 — y we have

S<nApAdnlpGWi/A%.

In particular, if & > 23/2Wy/nlog(n v p)¢(n/log(n vV p)) then s < n/log(n v
p)-
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This lemma establishes an initial bound on the number of nonzero components
5 as a function of A and ¢ (5). Restricting

) = 23/2Wy/nlog(n v p)d(n/log(n v p))

makes the term ¢ (n/log(n Vv p)) appear in subsequent bounds instead of the term
¢ (n), which in turn weakens some assumptions. Indeed, not only is the first term
smaller than the second, but also there are designs of interest where the second
term diverges while the first does not; for instance, in Design 1, if p > 2n, we have
¢ (n/log(n v p)) Sp 1 while ¢(n) 2 p v/Tog p by [2].

The following lemma establishes a bound on the sparsity as a function of the
rate of convergence.

LEMMA 7 (Empirical sparsity). Assume D.1-D.4 and let

r=sup |72 (Bw) — Bw))|.

Then, for any € > 0, there is a constant K, > /2 such that with probability at least
l—e—vy,

ﬁwm (A1) + VK, Y 110e0 Y )T
Wy A

(k) =2/ pmax )1V 21/ f1/7).

Finally, we combine these results to establish the main sparsity result. In what
follows, we define ¢, as a constant such that ¢ (n/log(n \V p)) < ¢, with probabil-
ity 1 —e.

THEOREM 3 (Uniform sparsity bounds). Let ¢ > 0 be any constant, assume
D.1-D.4 hold, and let ) satisfy A > Lo and

KWy /nlog(nV p) < A < K'Wy,/nlog(n Vv p)

for some constant K’ > K > ZKS(ﬁ;/Z,for K. defined in Lemma 7. Then, for any

A > 1 with probability at least | —a —2e —4y — p_Az,

= sup 1Ba)llo <5 - [16uWe/ f k01 [(1 + c)) AK' /K12,

where := pu(n/log(n Vv p)), provided that s obeys the growth condition

(3.14) 2K'(1 + o) AWyy/slog(n v p) < q fko/n.



PENALIZED QUANTILE REGRESSION 99

The theorem states that by setting the penalty level A to be possibly higher than
our initial recommended choice Ay, we can control §, which will be crucial for
good performance of the post-penalized estimator. As a corollary, we note that if
(@ u <1, 0 1/(fY%k) <1 and (c) ¢ <1 for each € > 0, then § < s with a
high probability, so the dimension of the selected model is about the same as the
dimension of the true model. Conditions (a), (b) and (c) easily hold for the corre-
lated normal design in Design 1. In particular, (c) follows from the concentration
inequalities and from results in classical random matrix theory; see [2] for proofs.
Therefore the possibly higher A needed to achieve the stated sparsity bound does
not slow down the rate of £1-QR in this case. The growth condition (3.14) on s is
also weak in this case.

PROOF OF THEOREM 3. By the choice of K and Lemma 6,5 <n/log(n V p)
with probability 1 — . With at least the same probability, the choice of A yields

-1/2
Kg\/”log(nvp)¢(5)<Ks¢8 < 1

A - KWy T 2Wy'
so that by virtue of Lemma 7 and by p(5) < u:= u(n/log(n v p)),

£‘<M(r/\l)n+ NG

Wiy — A 2Wy
or
ﬁ Y (r A l)n’
Wiy A
with probability 1 — 2¢. Since all conditions of Theorem 2 hold, we obtain the

result by plugging in the upper bound on r = supueulljul/z(ﬁ(u) — B(u))| from

Theorem 2. [

3.4. Model selection properties. Next, we turn to the model selection proper-
ties of £1-QR.

THEOREM 4 (Model selection properties of £1-QR). Let r® =sup,cy, ||,§(u) -
BG)|. If infyey minjer, |Bj(u)| > r°, then
(3.15) T, :=support(B(u)) C T, := support(B(u))  forallu €U.
Moreover, the hard-thresholded estimator B(u), defined for any y > 0 by
@B.16) By =BwUIBwI>y}, ueld,j=1,...,p,
provided that y is chosen such that r° < y <inf,cy minjer, |B;(u)| —r?, satisfies

support(/g(u)) =T, forallueld.
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These results parallel analogous results in [26] for mean regression. The first
result says that if nonzero coefficients are well separated from zero, then the sup-
port of £1-QR includes the support of the true model. The inclusion of the true
support in (3.15) is in general one-sided; the support of the estimator can include
some unnecessary components having true coefficients equal to zero. The second
result states that if the further conditions are satisfied, additional hard thresholding
can eliminate inclusions of such unnecessary components. The value of the hard
threshold must explicitly depend on the unknown value min 7, |8 ()|, character-
izing the separation of nonzero coefficients from zero. The additional conditions
stated in this theorem are strong and perfect model selection appears quite un-
likely in practice. Certainly it does not work in all real empirical examples we
have explored. This motivates our analysis of the post-model-selected estimator
under conditions that allow for imperfect model selection, including cases where
we miss some nonzero components or have additional unnecessary components.

3.5. The post-penalized estimator. In this section, we establish a bound on the
rate of convergence of the post-penalized estimator. The proof relies crucially on
the identifiability and control of the empirical error over the sparse sets Zu (m) :=
(8 € RP: 57 llo < ).

LEMMA 8 (Sparse identifiability and control of empirical error). 1. Sup-
pose D.1 and D.5 hold. Then for all § € A,(m), u e U, and m < n, we have that

1/2
17,7782

G17) Qu(B@) +8) = Qu(Bw) = == —— A @il J,”*51D).

2. Suppose D.1, D.2 and D.5 hold and that |\J,cqy Tu| < n. Then for any € > 0,
there is a constant C, such that with probability at least 1 — ¢ the empirical error

€u(8) :=[0u(B) +8) — Qu(Bw) +8) — (Qu(B(w)) — Qu(BW)))]
obeys

«® _ \/(l%log(n V p) + s logn) (i + s)

B n

sup
wet,se iy iy.s20 1101l

forall m <n.

In order to prove this lemma, we exploit the crucial fact that the entropy of all
m-dimensional submodels of the p-dimensional model is of order m log p, which
depends on p only logarithmically. The following theorem establishes the proper-
ties of post-model-selection estimators.

THEOREM 5 (Uniform bounds on estimation error of post-£1-QR). Assume
the conditions of Theorem 2 hold, assume that |J,cy Tu| < n, and assume D.5



PENALIZED QUANTILE REGRESSION 101

holds with m := Supueu”,gT; (u)l|lo with probability 1 — ¢. Then for any ¢ > 0
there is a constant Cg such that the bounds

sug” T2 (Bw) — )|

Cer/Plm T5) \/n’ilog(n Vv p) +slogn

11/2% n

~  4/2(1+cp)A slog(n Vv p)
(3.18) +sup T, 2 T} =P8 cowy SOER VP
ueld i K0 n

sup VE[x'(Bw) — p)]? < sup |12 (Bw) — pa)|/f/2,

ueld

supl|B(u) — Bu)| < sup |12 (Baw) — Baw)|/ £,

ueld ueld
hold with probability at least 1 — o — 3y — ?ap_A2
growth condition
i C:/(mlog(n Vv p) + slogn)p(m + s)
JnfRg
» slog(pvn)

+ sup YT, Z T,12A(1 + co) - C* W - ———— <Gz
ueld niKO

— 2¢, provided that s obeys the

This theorem describes the performance of post-£1-QR. However, an inspection
of the proof reveals that it can be applied to any post-model selection estima-
tor. From Theorem 5, we can conclude that in many interesting cases the rates
of post-£1-QR could be the same or faster than the rate of ¢;-QR. Indeed, first
consider the case where the model selection fails to contain the true model, that
is, sup,cyy U1y € 7.} =1 with a nonnegligible probability. If (a) m <5 <p s,
(b) ¢ (m +s) <p 1 and (c) the constants S/ and ¥ KA are of the same order as f and
Kokm, respectively, then the rate of convergence of post-£1-QR is the same as the
rate of convergence of £1-QR. Recall that Theorem 3 provides sufficient condi-
tions needed to achieve (a), which hold in Design 1. Recall also that in Design 1,
(b) holds by concentration of measure and classical results in random matrix the-
ory, as shown in [2], and (c) holds by the calculations presented in Section 2. This
verifies our claim regarding the performance of post-£1-QR in the overview, Sec-
tion 2.4. The intuition for this result is that even though £1-QR misses true compo-
nents, it does not miss very important ones, allowing post-£1-QR still to perform
well. Second, consider the case where the model selection succeeds in containing
the true model, that is, sup, ., {7, € 7,} = 0 with probability approaching one,
and that the number of unnecessary components obeys 7 = op(s). In this case,
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the rate of convergence of post-£1-QR can be faster than the rate of convergence
of £1-QR. In the extreme case of perfect model selection, when /m = 0 with a high
probability, post-£1-QR becomes the oracle estimator with a high probability. We
refer the reader to Section 2 for further discussion, and note that this result could
be of interest in other problems.

PROOF OF THEOREM 5. Let

Sw)=Bw) —Bw), S :=Bw) —pw), = 28Wll,

and B, bea razl\dom variable such that B, = sup,,c,, Qu (,@(u)) — Qu (B(u)). By the
optimality of B8(u) in (3.16), with probability 1 — y we have uniformly in u € U

—~ ~ AJu(l — —
0u(Bw)) — 0u(Bw)) < %(nﬁ(u)n],n — 1B 1n)
Avu(l — ~
(3.19) < %uan @)l
A 1— —
< 7”‘(””)2||6Tu(u>||1,

where the last term in (3.19) is bounded by

A — ) 2511725 w) |

" 12
(3.20) N - B 5
< W20 252 By - pan).
n i/KO ueld

using that ||/ %8 (u)|| > S 2k0lI87, ()| from (RE(co, 0)) implied by D.4. There-

fore, by Theorem 2 we have

2 D) 2\s 8C (I1+co)WyA [slog(pVn)
n = n il/zk_o il/zKo n

with probability 1 — o« — 3y —3p~4".
For every u € U, by optimality of §(u) in (2.5),

0u(Bw) — 0u(Bw)) < T, Z T} (0u(Bw)) — Ou(Bw)))
< YT, Z T,}B,.

(3.21)

Also, by Lemma 8, with probability at least 1 — ¢, we have

(3.22)

a(Gw) _ . \/(n’ilog(n\/p)-l—slogn)cp(ﬁi-i—s) o

sup —= <
ueut 16@)]| n
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Recall that sup,c, I87¢(u)|| < < n so that by D.5 #, = f'/?&15(w)|| for all
u € U with probability 1 — e. Thus, combining relations (3.21) and (3.22), for
everyu e

Qu(BW)) — Qu(BW)) < tyAen/Lf*%a] + UT, € T} By

with probability at least 1 — 2¢. Invoking the sparse identifiability relation (3.17)
of Lemma 8, with the same probability, for all u € U,

(12/4) A @itu) < tuBen/Lf*Ral + UT, Z Tu}By.

We then conclude that under the assumed growth condition on s, this inequality
implies

tu <4Acn/Lf*Ral + T € T,1V4B, v 0

for every u € U, and the bounds stated in the theorem now follow from the defini-
tion of f and k,. 0

4. Empirical performance. In order to assess the finite sample practical per-
formance of the proposed estimators, we conducted a Monte Carlo study. We will
compare the performance of the £;-penalized, post-£{-penalized and the ideal ora-
cle quantile regression estimators. Recall that the post-penalized estimator applies
canonical quantile regression to the model selected by the penalized estimator.
The oracle estimator applies canonical quantile regression to the true model. (Of
course, such an estimator is not available outside Monte Carlo experiments.) We
focus our attention on the model selection properties of the penalized estimator
and biases and empirical risks of these estimators.

We begin by considering the following regression model:

y=x'B(0.5)+e,  B0.5)=(1,1,1/2,1/3,1/4,1/5,0,...,0),

where as in Design 1, x = (1,z") consists of an intercept and covariates z ~
N(, ¥), and the errors ¢ are independently and identically distributed & ~
N(0,52). The dimension p of covariates x is 500, and the dimension s of the
true model is 6, and the sample size n is 100. We set the regularization parameter
A equal to the 0.9-quantile of the pivotal random variable A, following our pro-
posal in Section 2. The regressors are correlated with %;; = p=il'and p =0.5.
We consider two levels of noise, namely o =1 and o = 0.1.

We summarize the model selection performance of the penalized estimator in
Figures 1 and 2. In the left panels of the figures, we plot the frequencies of the
dimensions of the selected model; in the right panels, we plot the frequencies of
selecting the correct regressors. From the left panels, we see that the frequency
of selecting a much larger model than the true model is very small in both de-
signs. In the design with a larger noise, as the right panel of Figure 1 shows, the
penalized quantile regression never selects the entire true model correctly, always
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FIG. 1. The figure summarizes the covariate selection results for the design with o = 1, based on
100 Monte Carlo repetitions. The left panel plots the histogram for the number of covariates selected
out of the possible 500 covariates. The right panel plots the histogram for the number of significant
covariates selected; there are in total 6 significant covariates amongst 500 covariates. The sample
size for each repetition was n = 100.

missing the regressors with small coefficients. However, it almost always includes
the three regressors with the largest coefficients. (Notably, despite this partial fail-
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FIG. 2. The figure summarizes the covariate selection results for the design with o = 0.1, based on
100 Monte Carlo repetitions. The left panel plots the histogram for the number of covariates selected
out of the possible 500 covariates. The right panel plots the histogram for the number of significant
covariates selected; there are in total 6 significant covariates amongst 500 covariates. The sample
size for each repetition was n = 100.
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TABLE 1
Monte Carlo results. The table displays the average £ and £1 norm of the estimators
as well as mean bias and empirical risk. We obtained the results using 100
Monte Carlo repetitions for each design

Mean £j-norm Mean £{-norm Bias Empirical risk

Design A (o0 =1)

Penalized QR 3.67 1.28 0.92 1.22

Post-penalized QR 3.67 2.90 0.27 0.57

Oracle QR 6.00 3.31 0.03 0.33
Design B (6 =0.1)

Penalized QR 6.09 2.98 0.13 0.19

Post-penalized QR 6.09 3.28 0.00 0.04

Oracle QR 6.00 3.28 0.00 0.03

ure of the model selection, post-penalized quantile regression still performs well,
as we report below.) On the other hand, we see from the right panel of Figure 2 that
in the design with a lower noise level penalized quantile regression rarely misses
any component of the true support. These results confirm the theoretical results
of Theorem 4, namely, that when the nonzero coefficients are well separated from
zero, the penalized estimator should select a model that includes the true model as
a subset. Moreover, these results also confirm the theoretical result of Theorem 3,
namely, that the dimension of the selected model should be of the same stochastic
order as the dimension of the true model. In summary, the model selection perfor-
mance of the penalized estimator agrees very well with our theoretical results.

We summarize results on estimation performance in Table 1, which records for
each estimator ,8 the norm of the bias ||E[ ,3] — Boll and also the empirical risk
[E[xl- (/3 ,30)]2]1/ 2 for recovering the regression function. Penalized quantile re-
gression has a substantial bias, as we would expect from the definition of the esti-
mator which penalizes large deviations of coefficients from zero. We see that the
post-penalized quantile regression drastically improves upon the penalized quan-
tile regression, particularly in terms of reducing the bias, which results in a much
lower overall empirical risk. Notably, despite that under the higher noise level the
penalized estimator never recovers the true model correctly the post-penalized esti-
mator still performs well. This is because the penalized estimator always manages
to select the most important regressors. We also see that the empirical risk of the
post-penalized estimator is within a factor of ,/log p of the empirical risk of the
oracle estimator, as we would expect from our theoretical results. Under the lower
noise level, the post-penalized estimator performs almost identically to the ideal
oracle estimator. We would expect this since in this case the penalized estima-
tor selects the model especially well, making the post-penalized estimator nearly
the oracle. In summary, we find the estimation performance of the penalized and
post-penalized estimators to be in close agreement with our theoretical results.
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APPENDIX A: PROOF OF THEOREM 1

PROOF OF THEOREM 1. We note A < Wy maxi<j<psup,cynlE,[(u —
Wu; <ub)x;j/o;]. Forany u €U, j € {l,..., p}, we have by Lemma 1.5 in [24]
that P(|G,[(u — Hu; <u})x;;/o;]| = K) < 2exp(— K2/2) Hence, by the sym-
metrization lemma for probabilities, Lemma 2.3.7 in [33], with K > 2./Tog2 we
have

P(A > K/n|X)

(A.1) <4P(sup max |Gl — Hu; <u})xij/5;] |>K/(4Wu)|X>
ueU 1=j=p

<4p max P(sup GOL(u — 1{u; <u))xi; /5] > K/(4Wu)|X)
I<j<p ueld

where G{, denotes the symmetrized empirical process (see [33]) generated by the
Rademacher variables ¢;,i =1, ..., n, which are independent of U = (uy, ..., u,)
and X = (x1,...,x,). Let us condition on U and X, and define F; = {g;x;; (u —
Hu; <u})/cj:u U} for j =1,..., p. The VC dimension of F; is at most 6.
Therefore, by Theorem 2.6.7 of [33] for some universal constant Ci > 1 the func-
tion class F; with envelope function F; obeys

N (el Fillp, 2, Fj, L2(Pn)) < n(e, Fj) = C -6 (16e)°(1/6)"°,

where N (e, F, Lr(IP,)) denotes the minimal number of balls of radius & with
respect to the Ly(P,) norm || - ||p, > needed to cover the class of functions F;
see [33].

Conditional on the data U = (uy,...,u,) and X = (x1,...,X,), the sym-
metrized empirical process {Gj,(f), f € F;} is sub-Gaussian with respect to
the L,o(P;) norm by the Hoeffding inequality; see, for example, [33]. Since
IFjlle, 2 < 1and p(Fj, P) =supsz, || fllz, 2/I1Flle, 2 < 1, we have

p(Fj,Pp)/4
IFjll5, 2 /0 Jlogn(e, Fj) ds

<é:=(1/4),/10g(6C’(16€)%) + (1/4),/101og4.

By Lemma 16 with D =1, there is a universal constant ¢ such that for any K > 1:

P( sup |G2(f)| > Kce|X, U)
feF;

7z K2-1
(A.2) </ e n(e, F)~ K D de
0

—(K2-1) (1/2)0K*~D

< (1/2)[6C} (16¢)°] OKT=T)
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By (A.1) and (A.2) for any k > 1, we have
P(A = k- (4v/2ce) Wy /nlog p|X)

<4p max EUP<sup |G (f)| > ky/2log pce|X, U)
feF,

I<j=<p

2 2
< pf6k +1 < pfk +1

since (2k%log p — 1) > (log2 — 0.5)k%log p for p > 2. Thus, result (i) holds with
Cp = 4+/2cé. Result (ii) follows immediately by choosing

k=\/1+1log(1/)/log p

to make the right-hand side of the display above equal to «. [

APPENDIX B: PROOFS OF LEMMAS 3-5 (USED IN THEOREM 2)

PROOF OF LEMMA 3 (Restricted set). 1. By condition D.3, with probability
1 —y,forevery j=1,..., pwehave 1/2 <&; <3/2, which implies (3.1).

2. Denote the true rankscores by a’(u) =u — 1{y; < x/,B(u)} fori=1,...,n.
Next, recall that Qu( -) is a convex function and I, [x;a} ()] € 8Qu(ﬁ(u)) There-
fore, we have

0u(Bw)) = 0u(Bw)) + Enlxiaf )1 (Bu) — B(w)).

Let D = diag[o1, ..., 0] and note that Ay/u(1 —u)(co — 3)/(co + 3) > n||D
Enlxiaf ()]l oo Wlth probability at least 1 — «. By optimality of ﬂ(u) for the El—
penalized problem, we have

0< Qu(Bw) — Qu(B(u))
AJu(l —u) AJu(l —u)

+ B l1h — ————11BW) 1.0
n n
< [Eplxiaf )] (Bw) — pw))|
A 1— ~
+ %(nﬁ(wnl,n — 1B 1n)

= ID™"Eulxiaf @)l | D(Bw) — Bw))|

11— ~
il =0 (B = 1B N1,n)

+
>

AJu(l —u)

n

p -3 B
Z(ig —5011Bi@) = B @) + 718 ()] - 3/'/3/(“)')’
j=1
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with probability at least 1 — «. After canceling Av/u(1 — u)/n, we obtain

(1 — )n/s(u) B 1n
(B.1)

P
Z(’f 1B () — B )] + 1B w)] — 1B, w)]).

Furthermore, since |Bj(u) =B+ 1Bjm)| — Iﬁj(u)| =0if B;(u) =0, that is,
jeTy,

p
(B.2) > 5;(1Bjw) — B+ 18wl —1B;w)]) <2llBr, @) — B l1n-
j=1

Equations (B.1) and (B.2) establish that ||/37c W)l1.n < (co/3)||Br, () = B@)ll1.n

with probability at least 1 — «. In turn, by part 1 of this lemma, || ,BT,f(u)lll,n >
/D Bre )i and || Br, () — B l1,n = B/2)IIBr, () — B(w)ll1, which holds
with probability at least 1 — y. Intersection of these two event holds with prob-
ability at least 1 — o — y. Finally, by Lemma 9, ||8(u)]lo < n with probability 1
uniformly inu e 4. [

PROOF OF LEMMA 4 (Identification in population).
1. PROOFS OF CLAIMS (3.3)—(3.5). By (RE(cg,m))and by é € A,

fl/ZKO
17,7281 = | Blxix/ D281 f 112 = o7, 1| f1Pi0 = = 7 len

S0
Z - @
V(14 ¢o)
2. PROOF OF CLAIM (3.6). Proceeding similarly to [7], we note that the kth

largest in absolute value component of dre¢ is less than |[87¢[|1/k. Therefore, by
deA,and |T,| <s

181l

Ste 2 k) 12 S 2
3 67¢ 7 - 187Nl <C2|| (AN
m

||5(TMUTM(5,m))CH 2 = m - 0

k>m+1
< cglisz, || =¢ ”5TuUT (8,m) ”

so that ||§| < (1 + COQ/S/m)H(STuUTM(&m)ll; and the last term is bounded by
(RE(co, m)),

(14 cov/s/m) 1ELxix D280 /km < (1+ co/s/m) 1T 2811/Lf *kem
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3. PROOF OF CLAIM (3.7) proceeds in two steps. Step 1 (Minoration). De-
fine the maximal radius over which the criterion function can be minorated by a
quadratic function

~ 1 ~
ra = sgp{r: 0u(B0) +3) — Qu(pw) = {175

forall § € A, ||J}/%8] < r}.

Step 2 below shows that r4, > 4q. By construction of r4, and the convexity of

Ou,
Qu(Bu) +38) — Qu(B(u))

1/24112 1/2
[/ 8] [l , x
> A{ “——— . inf Qu(ﬂ(u)+8)—Qu(ﬂ(u))}
4 TAw  FeAuldi*8lzra,
1/2 1/2
_ Ias)? A{uf,/ il riu}
- 4 rA, 4
/242
1'%
> %A{qny/%u} forany é € A,.

Step 2. (ra, > 4q). Let Fy, denote the conditional distribution of y given x.
From [17], for any two scalars w and v we have that

pu(w —v) — py(w) = —v( — H{w < 0})
(B.3) ;
+ [ w =2 - 1w op .
0
Using (B.3) with w = y — x’B(u) and v = x’8, we conclude E[—v(u — 1{w <

0})] = 0. Using the law of iterated expectations and mean value expansion, we
obtain for 7 ; € [0, ]

Qu(Bw) +8) — Qu(Bu))
x'8
= E|:/(; Fylx(x/lg(u) + Z) — Fylx(x/ﬂ(u))dz}
x'8 ZZ , _
(B.4) =] [ B + 5B + 7 e
Loipae L ag s
22||Ju Sl 6fE[|JC3| ]

1 1 1 -
> ZIIJM]/ZSIIZ + ZiEux/éP] = gf/E[Ix/SP].
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Note that for § € Ay, if [|1,/5]| < 4g < (3/2)-(f3// ') infsca, 520 E[x'8]71//

E[|x'8|*], it follows that (1/6) f'E[|x'8|*] < (1/4) fE[|x’8|?]. This and (B.4) imply
ra, >4q. O

PROOF OF LEMMA 5 (Control of empirical error). We divide the proof in four
steps.
Step 1 (Main argument). Let

A@t) :=€e(t)/n

= sup |G ou(yi — x{(Bw) +8)) — pu(yi —x;Bw))]|.
ueld, || 17| <t,6€A,

Let 21 be the event in which maxi<j<, [6; — 1| < 1/2, where P(21) > 1 —y.
In order to apply the symmetrization lemma, Lemma 2.3.7 in [33], to bound the
tail probability of A(z) first note that for any fixed 6 € A,, u € U we have

var(Gyu [ pu (vi — x{(B) +8)) — pu(yi — x{Bw))]) <E[(x[8)*1 <1*/f.

Then application of the symmetrization lemma for probabilities, Lemma 2.3.7
in [33], yields

P(AG) > M) < 2P(A°(t) = M/4)

- 1-12/(fM?)

(B.5) N :
- 2P(A%(t) = M/4|Q21) + 2P (2])
- 1—12/(fM?) '

where A°(r) is the symmetrized version of A(¢), constructed by replacing the
empirical process G, with its symmetrized version G, and P(2{) < y. We set
M>M,:=t3/f y1/2 which makes the denominator on right-hand side of (B.5)

greater than 2/3. Further, Step 3 below shows that P(A%(t) > M/4|Q1) < p_A2
for

M/4>My:=1-A-18V2-T-\/2log p +log(2 + 4vV2L f 2o /1),
I =s(1+co)/1f ol

We conclude that with probability at least 1 — 3y — 3 p‘Az, A(t) < My v (4M>).
Therefore, there is a universal constant Cg such that with probability at least

2

1 -3y —3p~4,

At) <t-Cg - (IT/%)A slog(p Vv [L f12ko/1])
Ko

and the result follows.
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Step 2 [Bound on P(A°(¢) > K|21)]. We begin by noting that Lemmas 3 and 4

imply that [|8]11,, < 3/5(1 + co) I Ju’*811/Lf /o] so that for all u € U

(BeA I8 <ty C{8eRP |81, < 2T},

(B.6)

= s5(1+co)/Lfxol.
Further, we let Uy = {u}, ..., uy} be an g-net of quantile indices in I/ with
(B.7) g <tT'/(2v/2sL) and k<1J/e.

By pu (yi — x{(B(u) +8)) — pu(yi — x;B(u)) = ux;8 + w; (x;8, u), for w; (b, u) :=
(yi — x;B(u) —b)_ — (yi — x/B(u))—, and by (B.6) we have that A°(r) < B°(r) +
C°(t), where

B(t) .= sup |G%[x;8]] and C°(1) := sup |Gy [w;i (8, u)]].
uel,||8]l,,<2tT uel, |8l <2tT

Then we compute the bounds

P[B°(t) > K|S]

< anilol e MKE[MD1Q1] by Markov
>

< r{lige_“( 2pexp((2aT)?/2) by Step 3
>

<2p exp(—Kz/(2\/§tF)2) by setting A = K /(2¢I")?
P[C°(t) > K|R1]

< rknig e_}‘KE[eACO(’) 121, X] by Markov
>

< minexp(—AK)2(p/e) exp((16A1T)?/2) by Step 4
<e "2pexp(—K2/(16v2T)?) by setting & = K /(16:T)2,
so that
P[A°(r) > 2v/2K + 162K |$2]
< P[B°(1) > 2v2K|21] + P[C°(t) > 16v/2K |Q1]
<2p(1+&"exp(—K?/(T)?).

Setting K = A -1 -T - /log{2p2(1 +&~1)}, for A > 1, we get PLA°(r) > 182 x
KiQuil<p*.
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Step 3 (Bound on E[¢*5"()|Q;]). We bound
E[*'01Q] < E[exp(2MF max|<(;g(xij)/aj|)|szl]
i<p
<2pmaxE[exp(2A TG (x;;) /)21 ]
i<p

< 2pexp((2rT)?/2),

where the first inequality follows from |G§[x/8]] < 2|I8]l1,, maxi<;<,|G(xi;)/
0j| holding under event 21, the penultimate inequality follows from the simple
bound
E[max %] < pmaxE[e%!] < pmax E[¢% + ¢7%/] < 2p max E[¢%/]
isp isp isp isp
holding for symmetric random variables z;, and the last inequality follows
from the law of iterated expectations and from E[exp(2AtTI"'G{ (x;;)/5;)|21, X] <
exp((211T)?/2) holding by the Hoeffding inequality (more precisely, by the inter-
mediate step in the proof of the Hoeffding inequality; see, e.g., page 100 in [33]).
Here, E[-|€21, X] denotes the expectation over the symmetrizing Rademacher vari-
ables entering the definition of the symmetrized process G,.
Step 4 (Bound on E[¢*¢°)|€21]). We bound

Co%t) < sup sup  |GO[wi(x/ (8 4+ Bu) — B)), u)]|

weld, lu—a|<e,ie Uy 18], <217

+ sup Go[wi (x{ (Bw) — B@)), m)]|

ueld,|lu—u|<e,uely

<2 sup |Gy [w; (x;8, 0)]| =: D(1),
ﬁeukleHl,nS‘"tr

where the first inequality is elementary, and the second inequality follows from the

inequality

sup [1B(u) — B@)|l1.n < «/XL(z max aj)g <25L(2-3/2)e < 2T,

lu—it|<e I<j=<p

holding by our choice (B.7) of ¢ and by event €2;.
Next, we bound E[¢P"®)|Q]

E[ekDa(”ml] <(1/e) ;naxE[exp(Zk sup |GZ[w,-(x{8,il)]|)|§21]
ety 8111, <4¢T

§(l/a)lnaxE[exp<4)L sup |GZ[xl(6]|){§21]
uely 181110 <4T

<2(p/e) maxE[exp(16A:T' G (x;;)/5;) |21 ]
j<p

<2(p/e) exp((1611T)*/2),
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where the first inequality follows from the definition of w; and by k < 1/¢, the
second inequality follows from the exponential moment inequality for contractions
(Theorem 4.12 of Ledoux and Talagrand [24]) and from the contractive property
|w; (a,u) — w; (b, u)| < |a — b|, and the last two inequalities follow exactly as in
Step3. U

APPENDIX C: PROOFS OF LEMMAS 6, 7 (USED IN THEOREM 3)

In order to characterize the sparsity properties of B(u), we will exploit the fact
that (2.4) can be written as the following linear programming problem:

min E, [uéi+ + A —uwé; ]
£+ & Bt pmeRYTH
Wud—u) &
C.1) +7”(n DS G846

j=1
EF—& =yi—x[(Bt =B, i=1...n
Our theoretical analysis of the sparsity of E (u) relies on the dual of (C.1):
Q%En[yiai]lEn[xijai]I < Au(l —u)aj/n, ji=1,...,p,
(C2)
u—1)<a; <u, i=1,...,n.

The dual program maximizes the correlation between the response variable and the
rank scores subject to the condition requiring the rank scores to be approximately
uncorrelated with the regressors. The optimal solution @(u) to (C.2) plays a key
role in determining the sparsity of E (n).

LEMMA 9 (Signs and interpolation property). (1) Forany j €{l1,..., p}
Biw)>0 iff Eulxija;@)]=ivu(l—u)3;/n,

Biw) <0 iff E,lx;jai(u)]=—r/u(l—u)s;/n.

) ||,§(u) llo <n A p uniformly overu e U. (3) If y1, ..., yn are absolutely con-
tinuous conditingl ON X[, ..., Xn, th/e\n the number of interpolated data points,
IL,={i:yi= xlf,B(u)}l, is equal to ||B(u)l|lo with probability one uniformly over
uel.

(C.3)

PROOF OF LEMMA 9. Step 1. Part (1) follows from the complementary slack-
ness condition for linear programming problems; see Theorem 4.5 of [6]. Step 2.
For proof of part (2), see [2]. U

PROOF OF LEMMA 6 (Empirical pre-sparsity). Thats <n A p follows from
Lemma 9. We proceed to show the last bound.
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Let a(u) be the solution of the dual problem (C.2), T = support(,B(u))
and ¥, Sy = ||,B(u)||o = |T |. For any j € Tu, from (C.3) we have (X'a(u)); =
51gn(,81 (u))A0j/u(l —u) and, for j ¢ T we have 51gn(/3J (1)) = 0. Therefore,
by the Cauchy—Schwarz inequality, and by D.3, with probability 1 — y we have

S = sign(Bw)) sign(B(w)2. < sign(B(w) (X'a(w)/ min ;v/u(l—u)

< 2|IX sign(B@)) llla)ll/v/u(l — u)
<2/n¢ @) Isign(B@) | I1a@) |l /vu(l — u)

where we used that ||51gn(,8(u))||o =35, and minj<j<,6; > 1/2 with proba-
bility 1 — y. Since |[a(u)|| < +/n, and || sign(B(u))| = /5, we have 5,1 <
2n/5,¢ (5,) Wy Taking the supremum over u € U on both sides yields the first
result.

To establish the second result, note that § < m = max{m:m <n A p A
4n2¢(m)Wu/A2} Suppose that m > mo = n/log(n Vv p), so that m = mof for
some £ > 1, since m < n is finite. By definition, m satisfies m < 4nz¢(m)W2/A2
Insert the lower bound on A, mg and m = mgf in this inequality, and using
Lemma 13 we obtain

2
7= mol < 4n Wu ¢(m0€) n 0] < n = mot,
8Wun log(n Vv p) ¢(mg) — 210g(n Vv p) log(n Vv p)

which is a contradiction. [

PROOF OF LEMMA 7 (Empirical sparsity). It is convenient to define:

N =

. the true rank scores, a’(u) =u — 1{y; < xi’,b’(u)}/fori =1,...,n;
. the estimated rank scores, a; (1) =u — 1{y; < x{ﬂ(u)} fori=1,...,n;
3. the dual optimal rank scores, @(u), that solve the dual program (C.2).

Let 7, denote the support of Bu), and 5, = || B(u)llo. Let X;7, = (xij/0}, ] €
ﬁ,)’ , and Efu (n) = (,B} n),je ﬁ,)’ . From the complementary slackness charac-
terizations (C.3),

nEn[X;7, @i (u)] H
AJu(l —u)
Therefore, we can bound the number 5, of nonzero components of E (u) provided
we can bound the empirical expectation in (C.4). This is achieved in the next step

by combining the maximal inequalities and assumptions on the design matrix.
Using the triangle inequality in (C.4), write

A5 < sup{(||nE (%7, (@i (u) — a; ()]

(C4) V. = Isien B, ) = |

+ [nEa[%7, (@i ) — af @)]]

+ InE %7, af )] (Vud — )~}
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This leads to the inequality

= Wy R
Wr< — 4 E Tx~ (3 (1) — a:
VS 3 s, @00 — a )|

+ sup [ x;7, (a; () — af ()] |
+ sug”nEn [fifua;"(u)/\/u(l —u)]|.

Then we bound each of the three components in this display.

(a) To bound the first term, we observe that a; («) # a; (u) only if y; = xi’ E (u).
By Lemma 9, the penalized quantile regression fit can interpolate at most 5, <§
points with probability one uniformly over u € I/. This implies that £, [|a@; (u) —
a; (u)|*] <5/n. Therefore,

sup [nEy[x;7, (@ 1) — ai )|

=n sup sup E,[|o'x; ||a; (u) — a; (u)]]
lello<5.llall<luclt

<n  sup \/En[la/xilzlsug\/En[lﬁi(u)—ai(u)IZ]5\/n¢(§)§-

leello=<%. llfl <1

(b) To bound the second term, note that

suanEn [x;7, (@i () — ai )]

< sup | /nGa (i, (i) — a )| + sup [nBlx;7, (a: ) — af@)]|

ueld
<V/nei(r,3) + V/nex(r, ),
where for v; (8, u) = (1{y; <x/B} —u)x;,
€l(r,m) = sup G (&' Wi (B, u)) — Gy (i (B(u), w))],
uel,BeR, (r,m),aeS(B)
(C.5)
e(r,m) = sup VnlE[o ¥ (B, u)] — Ele’vi (B(u), u)]|
ueU,BeR, (r;m),aeS(P)
and
6 Ru(r,m):={BeRP:B— Buw) € Ay:|IBllo <m, | J,/*(B— Bw)| <r},

S(B) :={a € R”: [ler|| < 1, support(a) < support(B)}.

By Lemma 12, there is a constant A j? /2 such that

Jne1(r) < AL, /nFlog(n v p)y/¢(®)
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with probability 1 — ¢/2. By Lemma 10, we have \/nex(r,s) <n(u(s)/2)(r A 1).
(c) To bound the last term, by Theorem 1 there exists a constant Ag 12 such that
with probability 1 — &/2

sup [nE,[X;7 @ () /vu(l —w)]| < VIA < x/?Ag/ZWu,/nlogp,
ueld

where we used that alf"(u) =u—WHu; <u}l,i=1,...,n,foruy,...,u, iid. uni-
form (0, 1).

Combining bounds in (a)—(c), using that min;—;
with probability 1 — y, we have

p0j = 1/2 by condition D.3

.....

ﬁfu(gg(”\1)+\/§K€x/n10g(nkvp)¢(S)’

Wy

with probability at least 1 — ¢ — y, for K, =2(1 + Ag/z + A;/z). g
Next we control the linearization error €, defined in (C.5).
LEMMA 10 (Controlling linearization error €3). Under D.1, D.2,
e2(r,m) < Vv omaxm{L A QLF/f2Ir)}  forallr > 0andm <n.

PROOF. By definition

ex(r,m) = sup VrlE[(@"x) (Hy: < %) — Uy < x;B)})]|.

uel,BeR, (r,m),aeS(B)

By Cauchy-Schwarz, and using that @max (m) = SUP|ig <1, [leello<m E[|o'x; |2],

(. m) < ivgmamm)  sup  VE[(I{y < xB} — Ly <2/},

ueU,BeR, (r,m)

Then, since forany 8 € R, (r,m), u € U,

E[(Hy <x/B} — 1{yi <x/B))’]
<E[Hlyi —x{Bw)| < |x{(B — Bw))|}]
<E[2F]x/(8 - Ba)|) A 1] < (27 (E[|x{(B — Baw) D} A1
and (E[|x/(8 — B@)*D? < 14> (B — Bw))|l/f'/> by Lemma 4, the result
follows. [

Next, we proceed to control the empirical error €; defined in (C.5). We shall
need the following preliminary result on the uniform L, covering numbers [33] of
a relevant function class.
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LEMMA 11. (1) Consider a fixed subset T C {1,2,..., p}, |T|=m. The class
of functions

Fr={'(Yi (B, u) — ¥i(Bw),u)) :u €U, a € S(B), support(B) C T}

has a VC index bounded by cm for some universal constant c.
(2) There are universal constants C and c such that for any m < n the function
class

F={' (Yi (B, ) — i (Bw),w)) :u €U, B €R?, || Bllo <m,a €S(B)}
has the the uniform covering numbers bounded as

16e

2(cm—1) ep m
supN(enanQ,z,fm,Lz(Q))sc(—> (—) . eso.
Q € m

PROOF. The proof involves standard combinatorial arguments and is relegated
to[2]. O

LEMMA 12 (Controlling empirical error €1). Under D.1, D.2 there exists a
universal constant A such that with probability 1 — §

€1(r,m) < A(S_l/z\/m log(n v p)\/qﬁ (m) uniformly for allr > 0 and m <n.

PROOF. By definition, €1 (r, m) < SUp ez, |G, (f)|. From Lemma 11, the uni-

form covering number of F;, is bounded by C(16e/€)™~D(ep/m)™. Using
Lemma 19 with N =n and 6,, = p, we have that uniformly in m < n, with proba-
bility at least 1 — §

sup |G, (/)] < A5~/ /mlog(n v p)

S E€Fm
(C.7)

xmax{fsu}_) E[fz]l/z,fsu}r) En[fQ]l/z}.
€Fm €S m

By | (Wi (B, u) — v (B(u), u))| < |a'x;| and definition of ¢ (m)
(C.8) E,[f*1<Eulla'x;*1<¢(m) and E[f*]<E[la'x;|*] < ¢(m).
Combining (C.8) with (C.7), we obtain the result. [

(c) The next lemma provides a bound on maximum k-sparse eigenvalues, which
we used in some of the derivations presented earlier.

LEMMA 13. Let M be a semi-definite positive matrix and ¢y (k) = sup{a’ x
Ma:a e R?, x| =1, |la|lo < k}. For any integers k and £k with £ > 1, we have

¢u (Lk) < [€1¢p (k).

PROOF. See[2]. O
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APPENDIX D: PROOF OF THEOREM 4

PROOF OF THEOREM 4. See [2]. O

APPENDIX E: PROOF OF LEMMA 8 (USED IN THEOREM 5)

PROOF OF LEMMA 8 (Sparse identifiability and control of empirical error).
The proof of claim (3.17) of this lemma identically follows the proof of claim
(3.7) of Lemma 4, given in Appendix B, after replacing A, with A,. Next, we
bound the empirical error

l€u(8)]

ueld,8€ A, (7i),640 181

(E.1) < sup
wett.se i, iy.o0 18114/
<! ()
—e3(m),
=/n 3
where e3(m) = SUp f¢ 7:1Gn(f)] and the class of functions Fi is defined in
Lemma 14. The result follows from the bound on €3(77) holding uniformly in
m < n given in Lemma 15. [

1
fo 8'G (i (B(w) + v6. 1)) dy

Next, we control the empirical error €3 deﬁ~ned in (E.1) for ]?,ﬁ defined below.
We first bound uniform covering numbers of F;.

LEMMA 14. Consider a fixed subset T C {1,2,..., p}, T, = support(B(u))
such that |T \ T,| <m and |T,| < s for some u € U. The class of functions

Fru={e'x;(1{y; < x{p} —u) :a € S(B), support(8) C T}
has a VC index bounded by c(in + s) + 2. The class of functions
Fii = {Frutu e U T C{1,2,.... phIT \ Tyl <7},

obeys, for some universal constants C and c and each € > 0,

2s

U

sup N (€| Fill 0.2, Fn» L2(Q)) < C(32e/e)¥Ccl+)+D) 20
0 ueld

PROOF. The proof involves standard combinatorial arguments and is relegated
to [2]. O
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LEMMA 15 (Controlling empirical error €3). Suppose that D.1 holds and
|Uuew Tul < n. There exists a universal constant A such that with probability at
least 1 — 6,

e3() = sup |G, (f)| < A5—1/2\/("~1 log(n v p) + slogn)e (i + s)
feFnm

for all m < n.

PROOF. Lemma 14 bounds the uniform covering number of .7?,71 . Using
Lemma 19 with N < 2n, m = ili +s and 6,,, = p>(Im=s1/m) . p2(s/m) — 26/ li+s])
n26/1+s) e conclude that uniformly in0 < <n

sup |Gy (/)] < A8™Y2\/ (i + 5) log(n V 6,)
feFam

Xmax[ sup E[ 2112, sup En[fz]l/z}
feFnm feFi
(E2)

< A/é_l/z\/ﬁ log(n Vv p) + slogn

X max[ sup E[F21'/2, sup En[fz]l/z}
feFm feFs

with probability at least 1 — §. The result follows, since for any f € Fr, the corre-
sponding vector « obeys |lat||o < 71t + s, so that B, [ f2] < E,[|o/x;|*] < ¢ (i + 5)
and E[ 2] < E[|a'x;|*] < ¢ (71 + 5) by definition of ¢ (71 +5). [

APPENDIX F: MAXIMAL INEQUALITIES FOR A COLLECTION
OF EMPIRICAL PROCESSES

The main results here are Lemma 16 and Lemma 19, used in the proofs of
Theorem 1 and Theorems 3 and 5, respectively. Lemma 19 gives a maximal in-
equality that controls the empirical process uniformly over a collection of classes
of functions using class-dependent bounds. We need this lemma because the stan-
dard maximal inequalities applied to the union of function classes yield a single
class-independent bound that is too large for our purposes. We prove Lemma 19
by first stating Lemma 16, giving a bound on tail probabilities of a separable sub-
Gaussian process, stated in terms of uniform covering numbers. Here we want to
explicitly trace the impact of covering numbers on the tail probability, since these
covering numbers grow rapidly under increasing parameter dimension and thus
help to tighten the probability bound. Using the symmetrization approach, we then
obtain Lemma 18, giving a bound on tail probabilities of a general separable em-
pirical process, also stated in terms of uniform covering numbers. Finally, given a
growth rate on the covering numbers, we obtain Lemma 19.
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LEMMA 16 (Exponential inequality for sub-Gaussian process). Consider any
linear zero-mean separable process {G(f): f € F}, whose index set F includes
zero, is equipped with a Lo(P) norm, and has envelope F. Suppose further
that the process is sub-Gaussian, namely for each g € F — F:P{|G(g)| > n} <
2exp(—%n2/D2||g||%)’2) for any n > 0, with D a positive constant; and suppose
that we have the following upper bound on the Ly(P) covering numbers for F:

N(Fllpa, F, L2(P)) <n(e, F, P) for each € > 0,
where n(e, F, P) is increasing in 1/e, and e\/logn(e, F, P) - 0 as 1/e — o0

and is decreasing in 1/€. Then for K > D, for some universal constant ¢ < 30,
p(F, P):=sup,crllfip2/IFllp2,

| supc£1G(f)| - o]
IF | pa fE D Jlogn(e, 7, P)dx

F.P)/2
</p( / e ne, F, P)_{(K/D)2_l}de.
0

The result of Lemma 16 is in spirit of the Talagrand tail inequality for Gaussian
processes. Our result is less sharp than Talagrand’s result in the Gaussian case (by
a log factor), but it applies to more general sub-Gaussian processes.

In order to prove a bound on tail probabilities of a general separable empiri-
cal process, we need to go through a symmetrization argument. Since we use a
data-dependent threshold, we need an appropriate extension of the classical sym-
metrization lemma to allow for this. Let us call a threshold function x : R” > R
k-sub-exchangeable if, for any v, w € R" and any vectors v, @ created by the
pairwise exchange of the components in v with components in w, we have that
x(@) v x(w) = [x(v) V x(w)]/k. Several functions satisfy this property, in par-
ticular x(v) = |v|| with k = +/2 and constant functions with k = 1. The follow-
ing result generalizes the standard symmetrization lemma for probabilities (Lem-
ma 2.3.7 of [33]) to the case of a random threshold x that is sub-exchangeable.

LEMMA 17 (Symmetrization with data-dependent thresholds). Consider ar-
bitrary independent stochastic processes Zi,...,Z, and arbitrary functions
ULy ooy F > R Let x(Z) = x(Zy,...,Z,) be a k-sub-exchangeable ran-
dom variable and for any t € (0,1) let g, denote the t quantile of x(Z),
pr:=P(x(Z)<gq;)>tand p; :==P(x(Z) <q;) <t.Then

P< >XOVX(Z))+]9-[,

;Z" 4k

4 n
>x0\/x(Z)> < _—P( Zsi(zi )

where xq is a constant such that inf per P(13_7_ Z;i (f)] < %0) >1-— %.

f
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Note that we can recover the classical symmetrization lemma for fixed thresh-
olds by setting k =1, p; =1 and p; =0.

LEMMA 18 (Exponential inequality for separable empirical process). Con-
sider a separable empirical process G, (f) = n—1/2 Yo Af(Z) —ElLf(Z)]} and
the empirical measure Py, for Z1, ..., Z,, an underlying i.i.d. data sequence. Let
K > 1 and t € (0,1) be constants, and e,(F,P,) = e, (F, Z1,...,2Zy,) be a k-
sub-exchangeable random variable, such that

p(F,P,)/4
IF |5, 2 fo Jlogn(e. F. B de < en(F.By)

sup var f < £(4che,,(.7:, P,))?
fer P 2

and

for the same constant ¢ > 0 as in Lemma 16, then

P{sup|G, ()] = 4keKen(F, Py)|
feF

4 p(F.P)/2
< —Ep([/ e n(e, F, IP’,,)_{KZ_”de} A 1) + 1.
T 0

Finally, our main result in this section is as follows.

LEMMA 19 (Maximal inequality for a collection of empirical processes).
Consider a collection of separable empirical processes

n
Gu(f) =n""2 Y {f(Z) —ELf (Z)]),

i=1
where Z1,...,Z, is an underlying i.i.d. data sequence, defined over function
classes Fp,m = 1,..., N with envelopes F,, = supfef—mlf(x)|,m =1,...,N,
and with upper bounds on the uniform covering numbers of F,, given for all m
by

n€, Fu,P)=(NVvnVvo,)" (w/ e, O<e<l,

with some constants w > 1, v > 1 and 6,, > 0y. For a constant C := (1 + «/2v)/4
set

en P B = CmIog(N vty v oy max{ sup 1.2 s 1, 2
€ m €S m

Then, for any é € (0, 1/6), and any constant K > /2/5 we have

sup |Gy (f)| <4v2cKey(Fp.Py)  forallm <N,

f€Fm
with probability at least 1 — §, provided that N Vv n Vv 6y > 3; the constant c is the
same as in Lemma 16.
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PROOF OF LEMMA 16. The strategy of the proof is similar to the proof of
Lemma 19.34 in [31], page 286, given for the expectation of a supremum of a
process; here we instead bound tail probabilities and also compute all constants
explicitly.

Step 1. There exists a sequence of nested partitions of F, {(Fyi,i =1,..., Ny),
q = qo,qo+ 1, ...} where the gth partition consists of sets of L (P) radius at most
|Fllp2274, and g is the largest positive integer such that 2790 < p(F, P)/4 so
that go > 2. The existence of such a partition follows from a standard argument,
for example, [31], page 286.

Let f,; be an arbitrary point of F ;. Set 7, (f) = f4i if f € F4i. By sep-
arability of the process, we can replace F by U, ; fqi, since the supremum
norm of the process can be computed by taking this set only. In this case, we
can decompose f — mg (f) = gozqoﬂ(nq(f) — my—1(f)). Hence by linearity

C(f) = Ctgy(f)) = X0 41 Clg () — 7q—1(f)), 50 that

P{;UE|G(f)| > Z nq] = Z P{m?X|G(7Tq(f) _anl(f))| > qu}

q=40 g=qo+1
4 P[m?X|G(WQ()(f))| > 77qo}’

for constants 7, chosen below.

Step 2. By construction of the partition sets |y (f) — my—1(f)llp2 <2 x
IFllp27@~D < 4 F||p2274, for q > go + 1. Setting 1, = 8K | F||p 2274 x
/log Ny, using sub-Gaussianity, setting K > D, using that 2log N, > log N, X
Ny—1 > logng, using that ¢ — logn, is increasing in ¢, and 279 < p(F, P)/4,

we obtain
o0

> le}gx\G(ﬂq(f) —g-1())| > ’7q}

q=qo+1

=<

NgNg-12exp(—17/ (4D F |l p227)?%)
NyNg—12exp(—(K /D)*2log N,)

< > 2exp(—{(K/D)* - 1}logny)
q=qo+1

< 2exp(—{(K/D)* — 1}logn,)dq
490

p(F.P)/4
:/ (xIn2)~'2n(x, F, P)~{K/D?=1} g
0
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By Jensen’s inequality, we have ,/logN, < a4 := ;1- —a0 /lognj, so that we
obtain Zq —qo+1 Mg = 82 —qo+1 K||F|lp227%a,. Letting by =2 - 279, noting

agy1 —ag = /logngyy and by — by = —279, we get using summation by parts

o0 o0
Z 27ag = — Z (bg+1 — bg)ag

q=qo+1 q=qo+1

o0
= —dgbglgo 41 + Y bgtilagir —ag)
g=qo+1

o0
:2-2_(q°+1),/10gnq0+1+ Z 2-2_(‘1+1),/10gnq+1
q=qo+1
o0
=2 > 279 [logng,

q=qo+1

where we use the assumption that 279, /logn, — 0 as ¢ — 00, so that

—agbglgy1 =2 270t Jlogngyt1.

Using that 279, /logn, is decreasing in ¢ by assumption,

2 Z 2 q1/10gnq<2/‘ 274 flogn(2~4, , P)dg.

q=qo+1

Using a change of variables and that 279 < p(F, P)/4, we finally conclude that
p(F.P)/4
Z 77q<K||F||P2—f Jlogn(x, F, P)dx.
g=qo+1

Step 3. Letting ny, = K| F| p2p(F, P),/210g Ny, recalling that Ny, = ngy,,
using that ||y, (f)|lp,2 < || F|l p,> and sub-Gaussianity, we conclude

P{Q?XIG(nqo(f))l > nqo]
<ng2exp(—(K/D)*logn,) < 2exp(—{(K/D)* — 1}logng)

< [" 2exp(~1(K/D) ~ 1} logny) dg
qo—1

p(F.P)/2
= (xIn2)"2n(x, F, p)—{(K/D)2—1}dx_
o(F,P)/4
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Also, since ngy =n(279, F, P),279 < p(F, P)/4 and n(x, F, P) is increasing
in 1/x, we obtain 1,4, < 4\/§K||F||p,2 Op(f’P)M«/logn(x, F,P)dx.

Step 4. Finally, adding the bounds on tail probabilities from Steps 2 and 3
we obtain the tail bound stated in the main text. Further, adding bounds on 7,

from Steps 2 and 3, and using ¢ = 16/log2 + 4+/2 < 30, we obtain ZZO:% Ng <
cKIIF|lpa [P Jlognx, F, Pydx. O

PrROOF OF LEMMA 17. The proof proceeds analogously to the proof of
Lemma 2.3.7 (page 112) in [33] with the necessary adjustments. Letting g, be
the t quantile of x(Z) we have

n n
P : >z >z
i=1 i=1
+ P{x(Z) <q:}.

Next we bound the first term of the expression above. Let Y = (Y1, ..., Y,) be an
independent copy of Z = (Zy, ..., Z,), suitably defined on a product space. Fix
a realization of Z such that x(Z) > ¢, and |37, Z;||x > xo V x(Z). Therefore,
3fz € Fsuchthat |37, Z;(fz)| > xo vV x(Z). Conditional on such a Z and using
the triangular inequality, we have that

- _0}

-2

XOVX(Z)Vx(Y)}
>

>x0\/x(Z)}§P[x(Z)qu, >x0\/x(Z)}
]_'

].'

> Yi(f2)

i=l

PY{x(Y) <4,
< Py{ > i — Z)(f2)
i=1

SPY[

> i —Zi)
i=1 F

By definition of xo, we have infrer P{|> 7, Yi(f)| < %0} > 1 — p/2. Since
Py{x(Y) < g} = p:, by Bonferroni inequality we have that the left-hand side
is bounded from below by p; — p;/2 = p,/2. Therefore, over the set {Z : x(Z) >
qe, 12°7—1 Zill7 > x0 V x(Z)} we have

&EPY{

2

2

xoV x(Z) VvV x(Y) }
> .

n

> i —Z))

i=1
Integrating over Z, we obtain

2 2

xo\/x(Z)V)c(Y)}
> .

].'

n

2. Zi

i=1

%Pix(Z)zqr,

> X0 \/x(Z)}
F

< PZPY!

xoVx(Z)vx() }

l_:ZI(Yi —Z) 5

F
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Let €1,...,&, be an independent sequence of Rademacher random variables.
Given ¢i,...,en, set (Y, =Y, Z; = Z;) if & =1 and Y:i=2Zi,Z; = Y;) if
&; = —1. That is, we create vectors ¥ and Z by pairwise exchanging their compo-
nents; by construction, conditional on each ¢1, ..., &,, (17 , 2) has the same distri-
bution as (Y, Z). Therefore,

PZPY{ > Yi—2Z) xOVX(ZZ)vx(Y)}
i=1 F
:EJ?PYiEZGZ—Z» >x0V“Z)VXOU}
i=1 F 2

By x(-) being k-sub-exchangeable, and since ¢;(Y; — Z;) = (17,- — Z,-), we have
that

" ~ ~
~ o~ xoVx(Z)vx()
EaPZPY{ Y Yi-Zy| > >
i=1 F
n
xoVx(Z)vx(Y)
<EPzPyi|d aiYi—Zp| > .
, 2k
i=1 F
By the triangular inequality and removing x(Y) or x(Z), the latter is bounded by
n
xoVx(Y)
P{. (Y — ) >—7E—}
i=1
n
xoVx(Z)
+P &i(Zi — i > — 1.
{ ; i(Zi — i) - 4k } 0

PROOF OF LEMMA 18. Let GI(f) = n= V2" (& f(Z:)} be the sym-
metrized empirical process, where ¢p,...,&, are ii.d. Rademacher random
variables, that is, P(¢; = 1) = P(¢; = —1) = 1/2, which are independent of
Z1,...,Zy. By the Chebyshev’s inequality and the assumption on e, (F, P,), we
have for the constant 7 fixed in the statement of the lemma

sup ¢ varp G, (f) B Sup rer varp f
PUCH()I> dkeKenF.Pu) = G e TP~ @hcKen(F,Pr))
<t/2.

Therefore, by the symmetrization Lemma 17, we obtain
4
P{sup|G, ()] > 4kcK en(F,B,) | < ~P|sup |Gy ()] > cKen(F, By} + 1.
feF T ‘fer

We then condition on the values of Zi,..., Z,, denoting the conditional prob-
ability measure as P,. Conditional on Zi,..., Z,, by the Hoeffding inequality
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the symmetrized process Gy, is sub-Gaussian for the L,(P,) norm, namely, for
geF —F,PAGl(g) > x} < 26Xp(—x2/[2||g||12[,>n’2]). Hence, by Lemma 16 with
D =1, we can bound

pPFPN/2 K21
Ps[suplGZ(f)l > cKey(F, Pn)} < [/ e 'ne, 7, Py~ K- }de} Al
feF 0
The result follows from taking the expectation over Zy, ..., Z,. U

PROOF OF LEMMA 19. Step 1 (Main step). In this step, we prove the main re-
sult. First, we observe that the bound € — n(e, F;,, P,) satisfies the monotonicity
hypotheses of Lemma 18 uniformly in m < N.

Second, recall e, (Fp, Py) := C/mlog(N vV n V0, V w) max{supfefm I flp.2,
sup rez, | flIp,.2} for C = (1 + +/2v)/4. Note that sup sz || f|p,.2 is ~/2-sub-

exchangeable and p(F,, P,) 1= SUp re 7, | flle,.2/ I Fmllp, 2 > 1/+/n by Step 2
below. Thus, uniformly inm < N,

'/p(]:mupn)/‘"

| Enlle, 2 | Jlogn(e, Fu By de

P B /4
/ JmI0g(N v 1V 6,) + vm log(w/e) de

< [ Fullp,2
0

< (1/4),/mlog(N v nV/ 6,) sup || 1, 2

JfE€Fm

o (Fm,Py) /4
+ ||Fm||JP>,,,2fO Jumlog(w/e)de

< Jmlog(N Vi v 0, v @) sup || fliz, 2(1+/20) /4
fE€Fm

<eu(Fm, Py),

which follows by

/Op,/log(a)/e) de < (/Op 1d6>]/2</0p log(w/€) de)
< p,/2log(n Vv w) for1/s/n<p<1.

Third, for any K > /2/8 > 1 we have (K> — 1) > 1/, and let 1,, = 8/
(4mlog(N VvV n V 6p)). Recall that 44/2¢C > 4 where 4 < ¢ < 30 is defined in
Lemma 16. Note that for any m < N and f € F,,, we have by Chebyshev’s in-

1/2
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equality

sup e, I1£115,
(4v2cK ey (Fon, Py))?
_ 8/2
T (4v/2¢C)2mlog(N V n vV 6p)
<7T,/2.

By Lemma 18 with our choice of 7,,,, m < N, w > 1, v > 1 and p(F,,, P,;) <1,

P{ sup [Gu ()] > 4v2cK e(F, Pa), 3m < N}
feFm

P(IGu(f)| > 4v2cK ey (Fn, Br)) <

N
< 2P| sup IGu(f)] > 4V2cK ey (Fi, P)

m=1 FE€Fm

N -m/8 172
< Z |:4(N vV f (a)/e)(_“’”/‘”“ de + Tm]

m=1 Tm 0
<4§:(anvem)—m/'S +Z

T,
I’ Tm vm/d "
Nvnvy)~l/° 8§ (14+1logN
~ 16N V1 V) log(N v nv o) + 20 T10eN) o
1—(NVvnvey /3 41log(N Vv n Vv 6p)

where the last inequality follows by N vn v 6y >3 and § € (0, 1/6).
Step 2 (Auxiliary calculations). To establish that sup feFm Il flle,.2 is V/2-sub-

exchangeable, let Z and Y be created by exchanging any components in Z with
corresponding components in Y. Then

V2( sup I fllp, 2V sup 1 fliz,7).2)
fe€Fm fe€Fm
1/2
> (sup IIf1I3 7, + sup /1l 7
(fefm P.(2),2 feFy JP’n(Y),2>
~ .2 ~ . 1/2
> (sup Bl f(Z)*1+Ealf(7)1)

JSE€Fm
(

/
( sup ||f||1[D @2V fsup ||f||P,,(Y) 2)

feFm

1/2
sup B, [ £ (Z)*] + Eal f (¥)?1)
f€Fm

= sup || flle,z),2 vV sup [ fllp,(r),2-

fE€Fm fE€Fm
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Next we show that p(F,,P,) = Supféfm||f||Pn,2/||Fm||IPn,2 > 1//n for
m < N. The latter bound follows from IE”[FHZZ] = En[supfefm|f(zi)|2] <
SUp; <, SUP e 7, | f(Zi)|?, and from

sup B, 1 (Z)*) = sup supl f(Z)|*/n. -
fE€Fm fe€Fmizn
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SUPPLEMENTARY MATERIAL

Supplement to ‘/;-penalized quantile regression in high-dimensional
sparse models” (DOI: 10.1214/10-AOS827SUPP; .pdf). We included technical
proofs omitted from the main text: Examples of simple sufficient conditions, VC
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