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A GENERAL LOCAL ERGODIC THEOREM IN L,

M. A. AKCOGLU AND M. FaLKOWITZ

Let (X, #, ) be a o-finite measure space and let L, denote the
usual Banach space of equivalence classes of real valued integrable
functions on X. We shall not distinguish between the equivalence classes
and the functions themselves. Relations between functions are assumed
to hold in an a.e. sense.

Throughout this paper {T;},., will denote a strongly continuous
semigroup of linear contractions on L. That is:

(i) each T, is a linear operator on L,, with norm not more than 1,
(i) T,., = T,T, forall 1, s > 0,

(iii) for all f € L, and ¢ > 0, Tim, . o [|T;,f = T, || = 0.

We will prove the pointwise local ergodic theorem for such a semi
group.

THEOREM 1.1. Iff € L,, then lim,_, ,{(1/t) [; T.f ds exists a.e. on X.

Here [; T,fds is defined as the strong limit of the usual Riemann
sums. To give a meaning to the a.e. limit one either has to use the usual
conventions in ergodic theory (p. 686 in [4]), or, equivalently, to avoid
these conventions, has to restrict the range of ¢ in lim,_, ,+ to a countable
dense subset of (0, 00), for example to the set of positive rational numbers
(p. 200 in [3]). The same remarks also apply to Theorem 1.2 below.

Various special cases of this theorem have already been proved, going
back to Wiener’s local ergodic theorem [11], in which { 7;} is induced by a
measure preserving flow of X. The modern form of the theory started with
the results of Krengel [6] and Ornstein [8], where the local ergodic
theorem is proved under the following two additional assumptions on
(T}:

(iv) Positivity: T,L{ € L{ for all ¢ > 0, where L; is the positive cone
of L,,

(v) Continuity at the origin: There is an operator T, on L, such that
lim, ,,||T,f — Tof || = Oforallf€ L,.

Later the theorem has been proved assuming (iv) only [1], or assuming
(v) only [S], [7], [10], in addition to (i), (ii) and (iii). Here we will prove the
local ergodic theorem without any additional assumptions.
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We will, in fact, prove Theorem 1.2 below, which generalizes both
Theorem 1.1 and a weaker form of a differentiation theorem of Akcoglu-
Krengel [3]. We define, as in [3], a T-additive process as a family { F,},. ,
of L, functions such that F, + T,F, = F, _ forall¢,s > 0. If

sup (1/1)||Ffl = K < oo

t>0
then {F,} is called a bounded additive process, and K is called the bound
of the process. Note that F,= [/ T.fds defines a bounded additive
process for any f € L,. Another example of an additive process is F, =
(1-T)) f, f € L,, which may or may not be bounded.

THEOREM 1.2. If { F,},.  is a bounded additive process with respect to
{T,},>, then there is a function f € L, such that lim,_ ,+1/tF, = f a.e. on
X. Furthermore, lim,_ 1/t [{ T.fds = fa.e.

The advantage of considering additive processes is that we can then
assume the continuity of {7;} at the origin, without any loss of generality.
To see this we first collect a few results which will also be used later in the
proof Theorem 1.2.

THEOREM 1.3 ([10], [S]). Given a strongly continuous semi group {T,},.,
of L,-contractions, there exists a strongly continuous semi-group {,},., of
positive L,-contractions such that |T,f | < 7| f| forany t > 0 and f € L,.

Such a semi group {7,},., will be called a linear modulus of {7;},. ..
Furthermore, if a linear modulus for {7,} is continuous at the origin then
{T,} is also continuous at the origin (Lemma 1 in [9]).

THEOREM 1.4 ([1]). Given a strongly continuous semi group {7,},., of
positive L,-contractions, there exists a unique partition { C, D} of X into two
sets such that

W) xprf=0forallt >0andf <€ L,,

(i) the restriction of {T,t},., to L,(C) is a strongly continuous semi

group of L,(C)-contractions which is also continuous at the origin.

Here x denotes the characteristic function of its subscript and L,(C)

={f1f€ L, xpf=0}.

LEMMA 1.1. If { F,} is a bounded T-additive process and if {C, D} is
the partition of X given in Theorem 1.4 with respect to a linear modulus { 7}
of {T,} then x , F, = O a.e. for all t > 0.
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Proof. Let 0 < € < t. Then
\Fl <|F|+|TF_|<|F|+ 7|F_]

shows that x | F| < x p| F} since x 57, F,_,| = 0. Hence |x | F| || < || E|
< Ke, where K is the bound of { F,}.

This lemma shows that F, € L,(C). If T, is the restriction of 7, to
L,(C), then F, is also a bounded T-additive process. But now {7,} is
continuous at the origin, since { 7,} restricted to L,(C) is a linear modulus
for {7} and is continuous at the origin. Therefore we may and do assume,
in the proof of Theorem 1.2, that {7,} is continuous at the origin. (Note
that this assumption can not be made in Theorem 1.1, because f may not
bein L,C))

THEOREM 1.5 ([3]). Let { H,} be a bounded additive process with respect
to a strongly continuous semigroup {1,} of positive L, contractions. Then
there is an L, function h such that im,_  «(1/t)H, = h a.e. and such that
lim, o «(1/t)ff hds = ha.e.

Although the final conclusion of this theorem is not explicitly stated
in [3], it follows easily from (3.8) of that paper.

2. Proof of the main result. Given a bounded additive process one
can construct a dominating positive additive process with respect to the
linear modulus. For this the continuity at the origin is not needed.

THEOREM 2.1. Let { F,},. , be a bounded T -additive process and let { 7,}
be a linear modulus of {T,}. Then there is a 7-additive process { H,}, such
that 1) | F|\ < H,a.e. for each t > 0, (ii) { H,} has the same bound as { F,}.

Proof. Let K = sup,.(1/1)|F}|| be the bound of { F,}. To construct
H, for a certain fixed ¢, we consider the family & of partitions of [0, ¢] of
the form P = {ag, ay,...,a,} with0 =a; <a; < --- <a,=tand n >
2.
Define
n—1
H" =|F |+ X 7 |F,
i=1
The family of L, functions, { H"; P € £}, fullfils

(1) sup|(1/0)HPD| <K
Pexp

l+1—al|.

(2) if P’ € Prefines P € Pthen H" < H.
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The validity of (1) follows immediately from the definition and bounded-
ness of { F}:

1
7 ("‘1"‘2 Qi1 — )=K-

In order to prove (2), let us first note that it is clearly sufficient to
consider the case where P = {ay, a;,...,a,} is refined by adding one
point, say a. If 0 < a < a, then, indeed,

|F, | =|F, + T,F, _J<|F|+,|F,

,| Q41 “|

H H(P)

o4 - “l

Similarly, for thecasea; < a < @, ;withl <i<n -1,

TolFayrr—af = Taf Faca, + Tua Fa,, - o
< 'ra,|F |+ Tor aIFa'+ﬁa|
= Ta,|Fa_n’| + TalFa.-+1-a|'

Now, since for any two partitions there is one that refines both (take
their union), there is a sequence P, € £ such that H(" is increasing and
|HPD|| = suppegl|HP|l. We define

H,= lim H® a.e.

i— 00

l—’OO

Clearly any other such sequence would yield the same limit. Since for any
partition of the form P = {0, a, ¢} we have

|F| =|F, + T,F,_ | <|F|+ 7,|F,_,| = H"
(i) is proved. Considering (1) above, we also have (ii). The proof of the
theorem will be completed by showing the additivity of { H,} with respect
to {7}

Fix t > 0, s > 0 and consider arbitrary partitions P’ = { a,...,qa,}
and P’ = {B,,...,B,,} withn > 2, m > 2, of [0, ¢] and [0, s] respectively.
Denote by P’P” the partition { a,...,a,, ¢t + B,,...,t + B, } of [0, 7 + s].
Then

H =|F, [+ Z alFop—a| + T |

a1 +B—a,

m-—1
— P’ P
+ X TiplFp,—ip|= H + HED.
i=1
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Let then { P/} and {P/’} be sequences of partitions such that the

sequences H") and H{"" are increasing and converge to H, and H,

respectively. Since 7, is a positive operator, ,H(*? — 7.H_ ae. Let us
i— o0

take limits, as i — oo, in

P'I})’Il _ P,l P'-”
Ht(+s )= HI( )+ TIHS( )'

Since the left-hand side is increasing, by our definition H,, 6 >
lim, , HF), and we obtain H,, > H, + 7,H,. On the other hand,
given a partition P of [0, ¢ + s], refine it (if necessary) to include the point
t, and consider P’ and P”, on [0, ¢] and [0, s] respectively: P’ is the
partition induced by P on [0, ¢] and P” is the one induced by P on
[#, ¢ + s] and “shifted” to [0, s]. A similar argument, choosing a sequence
P, such that P, , refines P,, t € P,and H\[") converges to H,, , a.e., shows
H

t

. P” . })’7,
vy < lim H + ¢ lim H® < H, + 7,H,.

Note that in the construction above we actually use only the process
{] F|},>o and the semigroup { 7,}. The additivity of { F,} with respect to
{T,} makes {| F,|} subadditive with respect to { 7,}; thatis | F, | < | F| +
7| F,| for all t > 0, s > 0. Thus we have the following theorem.

THEOREM 2.2. A bounded positive process, subadditive with respect to a
strongly continuous semigroup of positive linear contractions, has a dominat-
ing, positive and additive process, with the same bound.

In proving Theorem 1.2 we shall find it convenient to use the
following notation: f, = (1/¢t)F,, h, = (1/t)H,; also, w-lim and s-lim will
denote the weak and strong limits in L,. The L, function f in Theorem 1.2
shall be obtained as the limit of a weakly convergent sequence. It is
known that a bounded sequence in L, which is dominated by a fixed L,
positive function is weakly sequentially compact (see Theorem 1V.8.9 in
[4]). For our purposes a certain sharpening of that result is needed.

LEMMA 2.1. Let ¢, € L, and |$,| < ¢, € LT such that there exists
Y € LY with ||y, — || = 0.Then {¢,} is weakly sequentially compact.

Proof. Let ¥, =, A {; then 0 </, <{,. Now write ¢, as ¢, =
¢, + ¢, where



262 M. A. AKCOGLU AND M. FALKOWITZ

For the sequence ¢, we have |¢,| < and by the theorem mentioned
above is weakly sequentially compact. As for ¢, by definition

¢:l, q)n - q):l S 4/11 - ‘P:T S |1PH - ‘PI'
This implies that ||¢)|| — 0.

We shall also need the following fact; here again continuity at the
origin is not needed.

LEMMA 2.2. Forany t > 0, F, = s-lim,_, o+ [4 T,f. ds.

Proof.

For e < r we get

fot Y;fedsz%/ Fsds—%/oeﬁ,ds.

Now, since the process is bounded, the first term converges in norm to F,,
whereas the second term converges to zero.

Proof of Theorem 1.2. Let H, be the dominating positive process for F,,
constructed in Theorem 2.1. Let lim,_, ,«(1/7) H, = lim h,= hae, as
given in Theorem 1.5. Define a process H, by

—0"

H = j(: T.h ds

and consider the decomposition
H,=H + H/.
Then the following holds:
H/”is positve and lim (1/¢)H/ = 0 a.e.

t—0%
To see that, we take any sequence ¢, — 0 and consider the sequence
Y, =h, Ah Then0 <y, < hand, obviously, y, — & a.e. Being bounded
by h € L,, by the dominated convergence theorem it also converges in
norm:

I == [ (h=v,)dn > 0.
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Since [; 7,gds, for a fixed ¢, acting on g € L,, is a bounded linear
operator in L,, we also got

t t
-1i ds = hds.
i—»l?o}fo Ty, ds ](;1-3 ds
Therefore, using Lemma 2.2,

H, = slim [0’ 7h,, ds > slim [

n—o0 Y0

t t
Ty, ds =f Thds =H,/.
0
Pointwise convergence of (1/¢) H,” to zero is given in Theorem 1.5.

Now we obtain the L, function fin Theorem 1.2. Let
¢n = (_¢n) v(fe,, A ‘lbn)

Then |¢,| < ¢, so that the sequences ¢, and ¢, fullfil the condition of
Lemma 2.1 (with ¢ in the Lemma equal to %4). Thus, by passing to a
subsequence, if necessary, we may assume that ¢, converges weakly, say to
f* € L,. Put f = T,f*. Define a process F,’ = [ T.fds and consider the
decomposition F, = F’ + F,””. By the results in [5], [7] and [10],
lim,_,(1/t)F’ = T,f = f a.e. Hence the proof shall be completed by
showing that lim,_ ,«1/¢)F,” = 0 a.e. This will follow from | F,”’| < H/,
which we now prove.

Observe, first, as in the proof of Lemma 2.1, that we have | f, — ¢,|
<h, — ¢, To evalaute F,” express F, F’, H, and H, as the limits of
integrals. From Lemma 2.2:

t t
F = slim f Tf,ds and H,=slim [ 7h, ds;
n—o00 Y0 n—o0 YQ
actually only weak convergence will be needed. Since [; T.gds (or
[4 7,8 ds) applied to g € L, is a bounded linear operator,

f* = w-lim¢, implies
[ Tfds = [ Tp*ds = welim [ Tg, ds, and
0 0 n—o0 v

h = s-limy, implies
n— 00

t t t
f Thds = s—limf Ty, ds (= w-limf Y, ds).
0 n—o Jgo n—o0 Jo
Now

E’=F— [ Tfds = wlim ['T,f, ds — w-lim f’ T, ds
0 ' 0

Y
0 nh— o0 n— 00
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Since| f, — ¢,/ < h, — ¥, this gives

|E"I < V:jlg 'l: 'rs(hen - \[/,,) = W-lim[: 7,h, ds

. t t
= w-lim [ 7, ds = H, — / thds = H.
0 0

n-—oo

This completes the proof.
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