
5 Isothermal Coordinates for Minimal Surfaces 

There is a direct construction of isothermal coordinates for minimal surfaces. Let X: 
M '---+ R 3 be a minimal surface and p E M. Without of loss generality we can assume 
that X(p) = (0, 0, 0) and N(p) = (0, 0, 1), and there is a simply connected domain 
(0, 0) ED c R 2 such that near (0, 0, 0), X(M) can be written as a graph (x, y, u(x, y)), 
with u : n ---+ R a solution to the minimal surface equation. Writing p = Ux, q = Uy 

and W = (1 + p2 + q2 ) 112 , we see that pdx + qdy is a closed form, i.e., d(pdx + qdy) = 0 
on D. Furthermore, it is also easy to check that the two 1-forms 

are closed. Since D is simply connected, 
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Thus the transformation (x, y) ---+ (~, r;) has a local inverse (~, r;) ---+ (x, y) and setting 
x = x(~, r;), y = y(~, r;), z(~, r;) = u(x(~, r;), y(~, r;)), we find 
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Thus ( ~, r;) is an isothermal coordinate. Furthermore, ( ~, r;) has the property that 
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To see this, note that 
aF 
ay 

aG 
ax' 

thus there is a function E such that 

and 

is positive. 
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Lemma 5.1 Let E E C 2 such that the Hessian of E is positive. Then the mapping 
x = (x1, x2) -t (u1, u2) = (Exp Ex2 ) = u(x) satisfies 

(v- u)•(y- x) > 0, (5.14) 

for y =/- x in D and v = tt(y), u = u(x). 

Proof. Let G(t) = E(ty + (1- t)x), 0:::; t:::; 1. Then 

G'(t) = ~ [~: (ty + (1- t)x)] (Yi- xi), 

G"(t) = t [ a2 
E (ty + (1- t)x)] (Yi- xi)(Yi- Xj) > 0, 

i,j=l axiaXj 

for 0:::; t:::; 1. Hence G'(l) > G'(O), or 

:2:: vi(Yi- xi) > L ui(Yi- xi), 

which is (5.14). 

Lemma 5.2 Under the hypotheses of Lemma 5.1, define a map 

(xl, X2) -t (Tl, T2) = T, 

where Ti =Xi+ ui(x1, x2). Then for x =/- y, 

(T(y)- T(x))•(y- x) > IY- xl 2 . 

Proof. Since T(y)- T(x) = (y- x) + (v- u), this comes from (5.14). 

Now by the Cauchy-Schwarz inequality, 

IT(y)- T(x)l > IY- xi. 

D 

D 

Note that our transformation (x, y) -t (~, ry) is the form defined in Lemma 5.2. 
Taking x = (0, 0) we have IT(y)J > IYI since T(O) = 0. If D = R 2 , then the map 
(x, y) -t (~, ry) is a diffeomorphism from R 2 to R 2 . 
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