3 The First Variation

Let X : M — R? be a regular surface and (U, (z,%)) be a coordinate neighbourhood.
Let Xy = X,, Xo = X, 9;; = X;0X;, and g = det(g;;). Then

dA = /gdx N dy

is a well defined two form on M and dA # 0 everywhere.
Let f : M — R be a continuous function of compact support, or suppose f does
not change sign on M, then the integral of f on M is defined by

/Mf - /MfdA.

When M is precompact and f =1, [,,dA is the area of the surface X : M < R3.

The adjective “minimal” of minimal surfaces comes from the fact that at any point
of the surface there exists a neighbourhood such that the surface in that neighbourhood
has the least area among all surfaces with the same boundary.

To be precise, let @ C M be a precompact domain and X : Q — R3 be a surface.
Let X(¢) : Q@ - R3 —1 <t < 1and X(0) = X, such that X (¢)|sn = Xlsq, and
X(t,p) = X(t)(p) is C? on Q2 x (—1,1). Such a family of surfaces is called a variation
of X.

Consider the area functional

A(t) :/QdAt,

where dA; is the area form induced by X(¢). The definition of minimal surface from
the point view of the calculus of variations is that for any variation family X (¢),

=0. (3.2)
We will prove that this is another equivalent definition of minimal surface.

Without loss of generality, we may assume that X is conformal. Let p € Q and
p € U C Q be an isothermal coordinate neighbourhood of p for X. On U, dA; is

expressed as
dA; = y/det[gi;(t)] dz A dy,

where z = z + iy is the isothermal coordinate and g¢;;(t) = X;(t) e X,(t) (note that z
may not be an isothermal coordinate for X (¢)). Hence

d [gwt
E‘t:O/ t_/dtt— t»/

- % /U Ei‘dit([j%)—]lt:o{det[gij(o)]}_l/zdx A dy.

Oda: Ady
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We need the formula

LMD — e 0) Trace (252 (5200, (53)

where (g¥(t)) = (gi(t))"'. To see this, let (e1,...,e,) be the standard orthonormal
basis of R"™. For any n x n matrix A(t), we can write

A(t) = (Av(t),- -+, An(t)) = (A(t)er, - -+, Alt)en),
where A;(t) is the i-th column of A(t). If det A(t) # 0, then

@gtﬁ@ - %det(A(t)el, oo Alt)en)
= Z det (A(t)el, ceey, dl?iit) €iyt A(t)en)
= det A(t ZdetA (t) det (A(t)el, e %g—)ei, . ~,A(t)en>

= det A(t Zdet{ (A(t)e1,~--,—Wei,m,A(t)en)}

dA(t
= detA Zdet (61,"',A_1(t)_'szeia”'7en>

¢
= det A(t Zdet (el, X::( dA()>'iej,-~~,en)
= det A(t Zdet(el, ( >iie,~,-~-,en>
= detA()g( L) U)} =de tA()Trace(A_l(t)%ttl)

= det A(t) Trac e(dgi) 1(t)>.

This establishes (3.3).
Thus we have

ilt 0/ dA; = %/ Mltzo[det(gij(o))]—l/zdx/\dy

dt =
= 5 [ Trace | (229 ))@“‘(t»] | /3ot ())dz A dy.

Since X is conformal, we have ¢"/(0) = A=24;;. Thus
dgi;(t) ij dgw( ) 2 dgm t)
Trace ((2500) (20 |, = = 25000, - a2 3 1800

10




Define the variation field E as

_ 4X(®) @) :
Elp) = Tlt:O’ pef
hen d g (t d(X;e X,
i )[ = X)) opex,
dt =0 dt =0

Since (X1, Xy, N) is a basis of R?, where N is the unit normal, we can write E =
aX; + X, + yN, where , 3, and v are C! functions defined in . Using NeX; = 0,
~v=FEeN, and

yA™2 il X oN = (EeN)(AxXeN)=2(EeN)(HNeN) =2H(EeN),
we have
Trace ((E%QZT(Q) (g”(t))) L=0 =2A72 iE‘ioXi
i=1
= 2(0q + By) +2A7%(aA? 4 BAL) — 2yA 72 22: X;ioN

=1

= 2(ay + fBo) + 2A7%(aA? + BAZ) — 4H(EeN).

Again since X is conformal, /det(g;;(0)) = |X1|* = |X2|* = A2, we have

%LZO/ /'ﬁ ((dg”( )) (gij)(t)> |, A%dz A dy

=/UDiv(Az(a,f}))dx/\dy—szH(EoN)dAo=/BUA2(a,ﬂ)onds-Q/UH(E.N)dAO,

where n and ds are the outward unit normal vector field and the line element of OU in
the Fuclidean metric respectively. Dividing €2 into a finite number of disjoint isothermal
coordinate neighbourhoods U;,

Z/ A2(a, B)on;ds; = 0
B au;Nx

since each arc in OU;N$Y appears twice in the summation and with opposite unit normal.
Moreover, because @ = 8 = 0 on 9, we have

2

2 2
o0, A (o ﬂ)on,dsz—Z/aUmQ (o, B) onldsl+/ A(a, B)ends =0,
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where in the last integral n and ds are the outward unit normal vector field and the
line element of Q) in the Euclidean metric. Thus we finally have the first variational
formula for the surface area functional:

dA
=2 /Q H(EeN)dA,. (3.4)
If X is minimal, then H = 0, so %It—o = 0. On the other hand, if X is a stationary

point for the area functional A(t) (for example, if X has minimal area among all surfaces
with the same boundary), then %*tl . 0 for any variation of X. Since E can be any

vector field, %t_o

Finally we will give an area formula for surfaces in R®. Suppose X :  — R? is an
immersion; without loss of generality, we may assume that X is conformal. Let 7 be
the unit conormal on X (99), i.e., 71 is tangent to X () and is perpendicular to X (0Q).
Let ds be the line element of X (9Q), (e1, e2) be the standard orthonormal basis on U;

in the Euclidean metric. Let n; = ae; + bes. The integral

‘ /  A*(a, B)en;ds;
oU;NaN

= 0 forces that H = 0, that is, X is a minimal surface.

can be rewritten as
/ A% (ae; + Bey)e(ae; + bey) ds;
U;NoN

- /()Uinaﬂ A(acr+ bF)ds; = / AT [EedX (n;)]X™(ds)

aU;NaQ
= / A'EedX (n;)]ds =/ (Eei)ds,
X (0U;inaQ) X (9U;n0Q)

since E = aX;+ 38Xy +7N, dX (n;) = aX; +bX,, X*(ds) = Ads;, and @ = A~1d X (n;).
Thus if we do not assume that o and 8 vanish on 92, we have the first variation formula

dA

=2 / H(EeN)dA, + /X oy (BT (3.5)

Now let a € R? be any fixed vector; then X (t)(p) = ¢(X (p) — a) is a variation of X, not
fixed on boundary. Clearly E(t)(p) = X (p) — a is the variation vector field independent
of t. An easy calculation shows that

9i5(t) = gi5, g7 (t) =297,  hy(t) = thy;.

Hence
dA; = t*dA, = t*dA, H(t)=t"'H,

where H = H(1), etc. Note that

A= Area of X(Q) = /QdA,
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and
A(t) = Area of X(1)(Q) = /Q dA, = 24,

Since E(t) = X — a, by (3.5)
24 = —2 / H(X ~a)eNJdA+ [ [(X ~ a)erlds. (3.6)

This formula is useful when we derive the isoperimetric inequalities for minimal surfaces.
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