6. Canonization Problems

This is the first of two chapters dealing with canonization. In this chapter

we consider canonization up to logical equivalences =%, in particular for
the logics £ = L% , and C%X . We investigate the relation between PTIME

canonization, PTIME inversion of the invariants, and the existence of recursive
presentations and normal forms for related fragments of PTIME. It is shown
for instance that PTIME invertibility for the Iox for all k¥ would imply that
FP+C captures exactly all queries that are PTIME computable and C¥, -
definable. This and similar implications are of a hypothetical status, however:
the problem of PTIME invertibility — and of PTIME canonization for C* and
L* — remains open for arbitrary k. We show in this chapter that the general
case essentially reduces to that for the three variable fragments. An explicit
solution to the problem for the two variable fragments will be presented in
the next chapter.

o Section 6.1 reviews the general notion of canonization and discusses canon-
ization with respect to isomorphism in connection with algorithms on struc-
tures.

e In Section 6.2 PTIME canonization for = is related to recursive presenta-
tions of fragments of PTIME.

e Section 6.3 discusses PTIME inversion of the Io+ and I+ in relation to can-
onization and normal forms for the related fragments of PTIME. In particular
we present theorems on the impact of PTIME invertibility of all I«, respec-
tively all I'rx (in the sense of Definition 6.9), on the classes PTIME N C¥ ,
and PTIMEN LY.

¢ The reduction of these results to the three variable fragments is presented
in Section 6.4.

6.1 Canonization

For the general notion of canonization compare Definition 1.57 and related
remarks in Section 1.7.1. Formally a function H provides canonization for
~ if it satisfies two conditions. For all z we want H(z) ~  and whenever
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z ~ z' then H(z) = H(z'). Dealing with finite structures as basic objects and
considering computable canonization with respect to an equivalence relation
on some fin[r], we require H(2) to be a structure with standard domain,
H () € stan[r]. Compare in particular Definition 1.61.

An important case is the canonization problem of combinatorial graph
theory, namely the problem of canonization of finite graphs up to isomor-
phism. This is often also termed graph normalization. The same problem ap-
plies to any other class of finite structures, in particular to the entire classes
fin[r] for arbitrary finite relational vocabularies 7. Normalization for any
fin[r], however, reduces to graph normalization for most purposes. This is
because there are natural encoding schemes mapping relational structures of
an arbitrary fixed vocabulary to graphs in a way that would be compatible
with normalization. With encodings by means of relativized interpretations
of T-structures in graphs, standardization of the parent structure (the graph)
immediately induces a corresponding standardization of the interpreted 7-
structure.

The problem of finding a standard representative up to isomorphism for
relational structures is closely related with the analysis of algorithms over
structures as discussed in the introduction (compare also Section 1.2). Stan-
dard models of computation require the input structure to be represented as
a string over some alphabet. This is possible in a canonical way for ordered
structures since these admit a trivial low complexity normalization procedure.
Let < € 7 and recall that ord[7] stands for the class of finite T-structures that
are linearly ordered by <. The natural canonization then is

H:ord[r] — stan[r]
A=(4,<%,..)) — (|4],<M4..),

where (JA|,<!4l,...) is the unique structure in stan[r] with the natural or-
dering, that is isomorphic with (A4, <?,...). If a priori we admit an arbitrary
representation also for 2 € ord[r] through an arbitrary isomorphic represen-
tative in stan[7] we find that this functor H is computable in LOGSPACE.

It is difficult to imagine any feasible representation of the isomorphism
type of finite structures for standard computational models and in particular
the Turing model, that does not implicitly introduce a linear order on the
domain of the given structure. In general one therefore has to admit repre-
sentations of the abstract structure 2 € fin[r] through arbitrary isomorphic
representative in stan[r] — or, equivalently, through the introduction of an
arbitrary ordering for representational purposes. Uniqueness of the represen-
tative is given up and the notorious invariance problems have to be dealt
with. Algorithms for structures have to satisfy a semantic invariance condi-
tion, since the outcome of the computation must be independent of the input
representation.

This problem can be side-stepped, however, if there should be a feasi-
ble construction of unique representatives after all. In the general case this
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requires a feasibly computable functor

H:fin[r] — stan[7]
A — H(),

satisfying VA H(2A) ~ A,
vaval A~A' — HA) = HEA').

It is here irrelevant whether we regard fin[7] or stan[r] as the domain of
this functor. A functor H with these properties is a computable canonization
functor with respect to isomorphism on fin[7] in the sense of Definition 1.61.
In the context of logics for fragments of PTIME “feasible” here means “PTIME
computable”. It is not known whether there is a PTIME normalization pro-
cedure for all finite relational structures, or equivalently for the class of all
finite graphs. It is clear that PTIME graph normalization would immediately
yield a PTIME algorithm for the graph isomorphism problem. The status with
respect to complexity of the graph isomorphism problem, however, is a no-
torious open problem.

For an upper bound on the complexity of graph normalization one can at
least show that it is contained in A5 at the second level of the polynomial
hierarchy. A5 is the class of those problems that admit a PTIME solution
relative to an oracle in NPTIME (and NPTIME = X7°).

Example 6.1. There is a graph normalization functor H in A5”.

For the oracle we choose the weak subgraph isomorphism problem. The
weak subgraph relation ; C, ®2 holds if the universe of &, is a subset
of the universe of &, and if all edges of &; are also edges of &,. Let O be
the set of all standard encodings of pairs of graphs (&;,®s) where &; is
isomorphic with some 8] C,, &,. Obviously O is in NPTIME, in fact it is
NPTIME-complete.

Relative to the oracle O we get the following PTIME algorithm A for graph
normalization.

On input (n, E), a graph on standard domain n, 4 successively computes
edge relations E,, C m xm for m =1,...,n, where E; =0 and , for m > 1,
E,, is the lexicographically maximal element of the set

S™={RCmxm|En_1 CRand ((m,R),(n,E)) € 0}.

The lexicographic ordering on the R C m xm is the usual one if R is identified
with the sequence of values of its characteristic function xgr(0,0), xr(0,1),
..., xr(m — 1,m — 1). It is easily shown inductively that the S™ are non-
empty. All the (m, E,,) will actually be isomorphic with subgraphs of (n, E),
as any addition of more edges to some R is an upward move in the lexico-
graphic ordering. In fact (m, E) automatically is the lexicographically maxi-
mal graph of size m that is isomorphic with a subgraph of (n, E).

Therefore H(n, E) := (n, E,) is as desired. It remains to argue that the
E,, can be determined in PTIME relative to O, which is not quite obvious at
first as in general S™ is of exponential size in m.
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But to compute E,, from E,,_; it suffices to settle the values of x = xE,,
at (0,m —1),...,(m —2,m —1). All other entries are in fact determined:

(i) x(m —1,m — 1) = 0, by irreflexivity of E,.
(i) x(m —1,j) = x(j,m — 1) for j < m — 1, by symmetry of E,,.
(lll) X r (m - 1) X (m - 1) = XEm-1»
because E;, 2 Epp—1 and Epy [ (m — 1) X (m — 1) i Em—1.

That sequence x(0,m —1),...,x(m — 2,m — 1) that leads to the lexico-
graphically maximal E,, can be constructed as follows.

Put x°(0,m — 1) = ... = x°(m — 2,m — 1) = 0; the resulting EJ, equals
E,—1 and thus is in S™. Proceeding inductively, let x/*! be x? with the
value at (j,m — 1) changed to 1 if the EJF! that is so obtained is in S™, and
X311 = x7 otherwise. Then x := x™! is as desired.

If PTIME canonization up to isomorphism is unlikely to be attained, it is
sensible to consider canonization with respect to rougher, and in particular
logical notions of equivalence instead of isomorphism.

6.2 PTIME Canonization and Fragments of PTIME

Definition 6.2. Let L be a logic, =* the induced notion of equivalence on
fin[r] and on fin[r;r]. A PTIME computable functor H:fin[r] — stan[r] pro-
vides PTIME canonization up to = on fin[r] or canonization for £ on fin[]
if the following are satisfied:

v H®) =£ 9,
vavy A=LA - H@®A) = HE).

The analogous requirements are imposed on a functor H:fin[r;r] — stan[r;7]
for PTIME canonization on fin[r;r].

Canonization up to =% determines a unique standard representative
within each class of L-equivalent finite structures, respectively of finite struc-
tures with parameters. The difference between canonization for plain struc-
tures and structures with parameters is inessential for the logics under con-

. . k k

sideration, because =¢" and =" satisfy the requirements of the following
lemma. Recall that =C* and =L* are in PTIME as relations on fin[r;r] for
all 7 < k, because the invariants for L* and C* on the fin[r;r] are PTIME
computable. Compare Corollaries 3.9 and 3.14.

Lemma 6.3. Let £ be such that =* is in PTIME as a relation on fin[r;7]
and such that A = A’ implies that A and A’ realize the same L-types of
r-tuples: A =X A' = TpX(A;r) = TpF(A';r).

Then any PTIME canonization functor H:fin[r] — stan[r] extends natu-
rally to a PTIME canonization H:fin[r;r] — stan[r; 7] on fin[r;r].
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Sketch of Proof. The following extension of H satisfies the requirements —
we denote it H as well. Let H(2,a) := (H(2),b) where b is the lexi-
cographically least r-tuple over the standard domain of H(2) for which
(H(),b) =¢ (A,3). ]

PTIME canonization bears the following simple yet fundamental relation-
ship with recursive presentations of fragments of PTIME.

Lemma 6.4. Let H provide PTIME canonization up to =~ on fin[r] and on
the fin[r;r]. Then the class of all those queries over fin[r] that are PTIME
computable in the usual sense and closed with respect to =*, is recursively
enumerable. In fact the following are equivalent for any boolean query Q C
fin[r]:

(i) Q is closed with respect to =* and Q is in PTIME.
(i) @ = {A | H(A) € Q} and there is a PTIME algorithm that recognizes
@ N stan[7].

For an r-ary global relation R on fin[r] the following are equivalent:

(i) R is closed with respect to =* and PTIME-computable.
(ii) R* = {a € A | b€ R® where (B,b) = H(Y,a)} and there is a PTIME
algorithm that, applied to H(,@) = (*B,b), decides whether b € R®.

Note that the algorithms in (ii) are not subject to any semantic con-
straints, since these algorithms need merely realize boolean functions on
stan[r] or stan[r;r], respectively. A natural recursive set of representatives
consists of all algorithms that first check the input size, then initialize some
counter to a fixed polynomial in this size and terminate their computation
after this pre-set number of steps (polynomially clocked algorithms).

Sketch of Proof. We indicate the proof for boolean queries. Observe that =£-
closure is equivalent with Q = {2 | H(¥) € Q}. Therefore, any PTIME
algorithm A that recognizes an =*—closed class Q is semantically equivalent
with Ao H. For (i) = (ii) use A in restriction to stan[r]. For the converse use
A as given in (ii) and compose it with H to get the PTIME algorithm Ao H
which computes the boolean query @ over fin[r]. O

Definition 6.5. Let PTIMENL stand for the class of all those global relations
that are both in PTIME and L-definable.

Recall from Lemma 1.33 that for logics £ that are closed under countable
disjunctions and conjunctions and under negation, L-definability coincides
with closure under =*. Lemma 6.4 therefore yields a connection between
PTIME canonization for £ and a recursive presentation for PTIMENL. Assume
for the following definition that H:fin[7] — stan[r] provides canonization on
fin[r] and extends to functors H:fin[r;r] — stan[r;r] on the fin[7;7] in the
sense of Lemma 6.3 above.
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Definition 6.6. Let PTIME(H) stand for the class of all queries that are
PTIME computable in terms of the images under H. More precisely,

(i) a boolean query Q on fin[r] is in PTIME(H) if membership of A in Q is
a PTIME property of H(2).

(i) an r-ary query R on fin[r] is in PTIME(H) if membership of @ in R™
is a PTIME property of H(2,a).

Again, as the PTIME algorithms mentioned in the definition are not sub-
ject to additional semantic constraints, PTIME(H ) is recursively presented
through all compositions of polynomially clocked algorithms with some fixed
algorithm for H.

Lemma, 6.4 can be rephrased with this notion of PTIME(H) as follows. We
state it for £L = CE , or Lk . Note that for these any PTIME canonization
on fin[r] extends to all fin[r;r] with r < k by Lemma 6.3. This is sufficient
for the statement below since there are no L%, - or CX -definable queries in
arities greater than k.

Corollary 6.7. Let L = C%  or LY, and let H provide PTIME canonization
for L on fin[r]. Then H extends to the fin[r;r] for r < k and

PTIMEN £ = PTIME(H).

In particular PTIME N L is recursively enumerable (i.e. admits a recursive
presentation).

6.3 Canonization and Inversion of the Invariants

As sketched in the abstract setting in Lemma 1.60, canonization problems
are generally related with inversion problems for complete invariants. While a
canonization H must assign representatives, complete invariants may assign
any kind of values that are characteristic of classes. Canonization may be
obtained from an invariant if it is possible to reconstruct a typical member of
each class on the basis of the value of that class under the invariant. The mere
existence of such an inverse is obvious from the definitions. Its complexity,
however, is critical. Different complete invariants for the same equivalence
relation might lead to entirely different inversion problems in particular with
respect to complexity.

We return to the canonization problem for the C%,, and Lk, . The func-
tors Icx and I« provide complete invariants. Recall that we write Io» and
I« for the complete invariants on fin[7] as well as for their natural extensions
to the fin[7;7] for r < k. We shall see below that also with respect to the
corresponding inversion problems a solution for Iy« or Iox on fin[r] naturally
extends to a solution over the fin[r;r]. We restate for convenience the defi-

nition of an inverse to a complete invariant, Definition 1.59, in the present
context.
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Definition 6.8. Let L = CX , or Lk, I the corresponding invariant. A

function
F:{I;(%) | 2 € fin[r]} — stan[r]

is an inverse for Iz on fin[r] if it satisfies: VA F (I (%)) =¢ A. The anal-
ogous condition applies for inverses of Iz on fin[r;r] for r < k. Equivalently
these conditions can be put as Iz o F = id on image(l.).

Generally an inversion of a complete invariant yields a canonization sim-
ply through composition of the inverse with the invariant itself (Lemma 1.60).
Also a PTIME computable inversion F' here yields PTIME canonization, since
the I themselves are PTIME computable. Note however that the converse
need not a priori be true. It is conceivable that H provides PTIME canon-
ization while the associated F' defined by the requirement that H = F o I
might not be in PTIME. In fact, for the LY , with k& > 3 we already know
that inversion of Iy« cannot be in PTIME in the usual sense, simply because
the image under F' might necessarily be of a size that is exponential in the
size of the argument. See Example 3.23. The following definition takes care of
this obvious obstacle and defines PTIME inversion for the I« as an inversion
that is polynomial time computable in terms of the size of the desired image.

Definition 6.9. We say that Io» admits PTIME inversion if there is an in-
verse F for Iox that is PTIME computable in the usual sense.

I« admits PTIME inversion if there is an inverse F' for Iy« , such that for
all A, F is computable on I« () in time polynomial in min{|B]| | B =L" A}
To mark the difference in the complezity requirement let us say that such F
is computable in PTIME".

In either case we shall speak, however, of F as a PTIME inverse of the
invariant.

PTIME canonization and PTIME inversion for the LF are discussed in
Dawar’s dissertation [Daw93] and in [DLW95]. The appropriate notion of
PTIME inversion of Iy« is put forward there and the question whether I«
admits PTIME inversion in this sense is formulated as an open problem.

A natural and intuitively stronger definition of PTIME inversion for I«
would be to require an algorithm that takes as its input pairs (I« (), n) and
produces in time polynomial in max{|I.«(2)|,n} a structure B € stan[r]
of size n with B =L" 2 if such exists. From such an algorithm a PTIME
inverse in the sense of the preceding definition is obtained through application
to (Irx(A),n) for growing n until a successful output is constructed. This
exhaustive search for a standardized pre-image under Iy« (of minimal size
even) is still polynomial in the size of a minimal solution.

We come to the extension of inverses to the Iy» and Iox on fin[r] to
inverses of the extended invariants on fin[r;7], r < k.
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Lemma 6.10. Let £ = C%, or L% and Ip = Ice or Ipk, respectively.
PTIME inversion of Iz on fin[r] extends naturally to PTIME inversion of I
on fin[r;r] forr < k.

Sketch of Proof. Assume F:{I.(%) | % € fin[r]} — stan[r] is an inverse to
I on fin[r]. Recall that the extension of I to fin[r; ] maps (2, @) to the ex-
pansion of I(2) in which the £-type of @ is marked: I (%,a) = (Iz(%), [a]).
Extend F to fin[r;r] by putting F(I(%,a)) := (F(Ic(2)),b) for the lexi-
cographically least tuple b in the standard domain of F(I;(2)) which sat-
isfies I (F(I£(2)),d) = I-(,@). The search for this tuple is polynomi-
ally bounded in the size of F(Ic(2)). Therefore if F is PTIME, respectively

PTIME" in the sense of the preceding definition, on fin[r], then so is its ex-
tension to fin[r;7]. O

Theorem 6.11. Let £L = CX  or L% ,, and correspondingly Iz = Icx or
Ipx. If F is a PTIME inverse for I, then H := F o I provides PTIME can-
onization for L. Moreover this composition is compatible with the respective
natural extensions of the Iz, H and F to the fin[r;r] for r < k.

Sketch of Proof. We check the requirements in the case of Iy «. H maps 2 €
fin[7] to a standard structure equivalent with 2, since Irx o F o Irx = Iy«
by the definition of inverses. As a composition with Iyx, H certainly maps
LF-equivalent structures to the same image. It remains to check that H is in
PTIME, even if F is computable only in PTIME" in the sense of Definition 6.9.
Since min{|%B| | B =L" 91} < |2, the computation of F on Iy« (%) is still
polynomial in terms of |2].

Compatibility with the extensions to cover fin[7; 7] instead of fin[r] follows
directly from the definition of these extensions. See in particular the above
lemma and compare with Lemma 6.3. ]

Combining Corollary 6.7 with Theorem 6.11 we get the following connec-
tion between PTIME inversion of the I« and the capturing of PTIMENCY .
Recall Definition 4.17 for the classes PTIME(ICI:). The global relations in
PTIME(Icx) are those that are PTIME computable over the invariants Igx.

Logically the same class is representable by the logics FP(I¢+) also discussed
in connection with Definition 4.17 and Theorem 4.18.

Theorem 6.12. If Iox admits PTIME inversion, then
PTIMEN CE,, = PTIME(Iox) = FP(Icx).

Proof. Let F be a PTIME inverse for Io«. The non-trivial inclusion PTIME N
Ck ., C PTIME(Ik) follows from Corollary 6.7 if we observe that F o I
provides PTIME canonization for CX ,: PTIMENCX , C PTIME(F o Iox) C
PTIME(Igk), as F is in PTIME. o

Putting Theorem 4.18 — FP+C = |J, FP(Icx) — and the last theorem
together, we obtain the following hypothetical theorem.
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Corollary 6.13. If the Io« admit PTIME inversion for all k, then
PTIMENCY,, = FP+C.

00

For the L%, the situation is somewhat less smooth because of the possible
collapse in size that can occur in the passage from 2 to I (). Note that,
because of this potential collapse, it is not true that — as in the proof of
Theorem 6.12 — PTIME(F o Ipx) C PTIME(I) for a PTIME inverse F' of
I« (which need actually only be computable in PTIME®).

Theorem 6.14. Assume Iy« admits PTIME inversion through F. Then
PTIMEN L%, is recursively enumerable. A boolean query is in PTIMEN L,
if it is computable on the basis of the I x () in time polynomial in the size of
F(Ipx()). Similarly for the computation of an r-ary global relation in terms

Of the ILIc (Ql, E)

Let us say that I'p» is bounded on a class K C fin[r] if there is a polynomial
p such that |2A| < p(|Ip«(A)|) for all A € K. Obviously, if I« is bounded
on K, then so is I;w for all ¥' > k. Suppose that Iy« is bounded on K
and that I;» admits PTIME inversion through F. Then F must in fact be
computable in PTIME rather than in PTIME*: F (I 1« (%)) must be polynomial
time computable in terms of | A| by definition, and |A| is polynomial in the size
of I« (A) for bounded I x. The following is then proved in precise analogy
with Corollary 6.13 above.

Corollary 6.15. If the I;x admit PTIME inversion for all k, then
PTiMENLY,  =FP onkK

for all classes K on which Iy« is bounded for some k.

6.4 A Reduction to Three Variables

We exhibit a reduction technique that shows that PTIME canonization and
PTIME inversion for the L%  and C%X  with arbitrary k essentially reduce
to the three variable cases. ‘Essentially’ because the proposed reduction does
not work in a k-by-k fashion but rather introduces a shift in the number
of variables of the following kind. Assuming for instance PTIME invertibility
of Ios we get a PTIME construction that, given Icm () for certain m > k,
yields a standard structure that is C*-equivalent with 2. The effect of this
mismatch is smoothed out, however, if we consider the effect with respect to
the unions across all levels k. For instance, from PTIME invertibility of Ics
we shall still get FP+C = PTIMENCY,.

Here are the precise statements concerning the reduction, first in terms of
canonization, then in terms of inversion of the invariants. Note that a priori
these statements might be of independent interest, since the existence of a
PTIME canonization procedure does not, as far as we can see, imply PTIME
invertibility of the particular invariants considered here.
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Theorem 6.16. Suppose C3., admits PTIME canonization. Then there is

for each T and each k a PTIME functor K3%*:fin[r] — stan[r] such that

vl K3kk(R) =C°
vavey o =" ol o K3ek(N) = K3RE(L).

The same statement holds of the LY., and under the assumption that L3,
admits PTIME canonization.

Note the difference between K3** and a canonization functor with respect
to Ck, . While K3%* also produces C*-equivalent standard structures, these
representatives may depend not only on the C*-theory of the given struc-
ture but on its C3*-theory. The analogous reduction result for the inversion
problem is the following.

Theorem 6.17. Suppose Ics admits PTIME inversion. Then there is for
each T and each k a PTIME functor G®%*: image(Icse) — stan(r] such that

k

v GPRE (e () =€ 4,

or equivalently, Ics o G3%* = IT3%:k ywhere IT3%* is the obvious projection that
sends Icsk () to Ik (A). Again, the same holds (for PTIME® computability)
with respect to the L., and I x and under the assumption that I s admits

PTIME inversion.

The appropriate notion of PTIME* computability for G3*-*: image(I s ) —
stan(7] is the following: G®* (I1s«(2)) has to be computable in time poly-
nomial in the size of a minimal 9B that is L3¥-equivalent with 2.

For our present purposes we thus have the following corollaries. The first
is in terms of PTIME canonization for the three variable case, the second in
terms of PTIME inversion for the three variable invariants. In both settings
we find that the general statements of Corollaries 6.7, and Corollaries 6.13
and 6.15 respectively, reduce to the three variable cases if we consider the
overall effect on the unions across all ¥, PTIMEN CY,, and PTIMEN LY.

Corollary 6.18. Let L = CY%, or LY ,, respectively. Assume that C3

oow ?
respectively L3, admits PTIME canonization. Then PTIMENL is recursively

enumerable; in fact

PTIMEN £ = | JPTIME(K3%¥),
k

where PTIME(K3*¥) is formally defined in analogy with Definition 6.6 for
the functors K3%* as characterized in Theorem 6.16 (and their natural ex-
tensions to the fin[r;r] where r-ary queries rather than just boolean ones are
concerned).
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Sketch of Proof. Consider £L = C% . Both inclusions are in fact obvious.
Any query in some PTIME(K 3k’k) is in PTIME, and also in C3¥, since the
image under K3%* only depends on the C3F -theory of structures. For the
converse inclusion note that any query in PTIMENCE , can without affecting
its semantics be evaluated after application of K3%* because K 3% preserves
C*k-equivalence. u]

Corollary 6.19. (i) Assuming that Ics admits PTIME inversion we get:
PTiMENCY, = FP+C.
(i) If Irs admits PTIME inversion, then PTIMEN LY, A = FP on all classes
on which Iyx is bounded for some k.

Sketch of Proof. We indicate how the claim for boolean queries in PTIME N
C¥,, follows from Theorem 6.17. Suppose that @ C fin[r] is in PTIMENCE .
Let A be a PTIME algorithm that recognizes Q). Then 2 € @ if and only
if G3%*(Ica () € Q if and only A o G3%* o I accepts . The latter
composition is in FP+C because Igax is FP+C-interpretable over the 2*
and A o G3%* is FP-interpretable as a PTIME functor on the ordered Isk.
Closure of FP+C under interpretations (Proposition 4.8) yields ) € FP+C.
The converse inclusion FP+C C PTIME N CY,, is obvious anyway (compare
Corollary 4.20).

For the case of PTIME N LY & compare the appropriate modifications in
Corollary 6.15 to adapt the argument to obtain (ii). O

Whether or not the three variable cases are solvable, remains open. The
reduction achieved here therefore remains hypothetical. The two variable case
is settled positively in the next chapter. In view of the above statements, a
positive solution in the three variable case would be a major break-through
in the understanding of the bounded-variable fragments of PTIME. The re-
duction argument itself is of interest because it also applies to other model
theoretic questions about the L, and C% , in particular we think of ques-
tions related to spectrum properties for these fragments, cf. [Ott96b]. For the
present investigation it also illustrates where the essential power of three, as
compared to two variables lies. At a more technical level it may also indicate
potential obstacles for three variable canonization.

It might be worth pointing out that 3 is just the minimal number of
variables for which we can show the reduction to go through. The reduction
argument applies, essentially unchanged, to any other number of variables
above 3. (And indeed, it is not clear why for instance k-variable canonization
for some k > 3 should directly yield 3-variable canonization.)

None of the material in the rest of this chapter will be used in the last
chapter on two-variable canonization.

6.4.1 The Proof of Theorems 6.16 and 6.17

The following definition of the k-th power of a relational structure resembles
the definition of the game k-graphs, Definition 2.26. Here we include more
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complete information about the equality types of pairs of k-tuples for reasons
that will become apparent below.

For finite relational 7 let 7 consist of unary predicates Py for 6 €
Atp(7;k) and binary predicates = for 1 < 4,5 < k. The intended inter-
pretation for the latter — over some A*¥ — is that (@,a’) € 2 if a; =a;. We
shall write @ 2 @ instead of (@,@) € £.

Definition 6.20. For 2 € fin[r] let the k-th power of A be the following
structure A™ in vocabulary T*1:

A = (4%,(2), (R)),

with the natural interpretations for the Py and the 2. Denote by I} the
functor that takes A to its k-th power ™). Let I'x (fin[r]) C fin[r™] denote the
closure under isomorphisms of the class of all k-th powers %™ for 2 € fin[r].

Just as the game k-graphs A, the A" are quantifier free interpretable
in the k-th power over the given structures 24.! Moreover, the game k-graphs
A% are quantifier free (and directly) interpretable over the 2A"!: the edge
relation E; of the game k-graphs is the intersection of the = for all i # j.
Note, however, that conversely the 2 are not quantifier free definable from
the Ej.

The crucial fact for the desired reduction is that the C*-theory (respec-
tively L*-theory) of % is fully captured by the C2-theory (respectively L2-
theory) of the k-th power 2!*! of 2. This follows directly from Proposition 3.25
where it was shown that even the C2-theory of the game k-graph A® de-
termines the C*-theory of 2. Clearly, the C2-theory of 2™ determines that
of A™ owing to quantifier free interpretability of A*) in *!. In fact Propo-
sition 3.25 says that the k-variable invariants Iox () or I« () are PTIME
computable (FP-interpretable) in the 2-variable invariants of the game k-
graphs, Ic2 (A®) or Ir2(A®). This carries over to the A as well as for
instance Iz (A*) is PTIME computable (FP-interpretable) in Iz (A™*). We
thus have the following, as a corollary to Proposition 3.25.

Proposition 6.21. The two-variable theories of the k-th powers fully deter-
mine the k-variable theories of the base structures:

AW =L g o A =L* ' and AW =C" g o 9 =C* o',

Moreover, Icx () and Ipx(A) are PTIME computable from Ic2(%A™) and
Ip2 (A™), respectively.

! There is no conflict with the notion of interpretability in the k-th power: this
notion may be identified with (direct) interpretability over the (interpreted) 2A!*!.
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Canonization or inversion of the invariants in the three variable case will
prove to be sufficient for Theorems 6.16 and 6.17 because being a k-th power
is definable in three variables, in fact even in L3 .

Lemma 6.22. Let the arities in T be at most k.

(i) There is a sentence ¢ in L3, [™] such that fmod(p) = I (fin[r]).
(1) A is PTIME computable from A,

More precisely, (ii) is to say that there is a PTIME algorithm that maps
€ € stan[r™®] N I (fin[r]) to a structure B € stan[r] such that B* ~ €.

The proof of the lemma is postponed — we first show how it applies
to prove Theorems 6.16 and 6.17. For this we need one more simple lemma
about an interpretability relation between certain invariants.

Lemma 6.23. Let m > 2. Then the m-variable theories of of the k-th powers
are fully determined by the mk-variable theories of the base structures:

A=L" o o oqw =L gpd A =CT o = g =C7 g,

Moreover, Icm (U™) and Ipm (A™) are PTIME computable from Iomx () and
Ipm (), respectively.

Proof. The proof is similar to that of Proposition 3.25: it suffices to check
that the entire inductive generation of the pre-ordering underlying the m-
variable invariant of A*! can be simulated over the mk-variable invariant of
2. Let ~; and <; be the stages in the generation of =C™ and < over A™ as
required for Icm (A*).

Writing @ = (E(l), .. ,a(’")) for mk-tuples over A we indicate their identi-
fication with m-tuples over A¥. A ~;-class & can be represented over Igmx (2)

" o= {p§™ @) | (@,....a") € a}.

At the atomic level, ¢ = 0, this representation is sound because the atomic
T™-type of (@®,...,a(™) is directly determined by the atomic 7-type of @.
It remains to consider the refinement step — soundness of the representation
and PTIME computability in terms of Igmk (2() Let a be a =;-class, a its
representation. The refinement step is governed by the counting functions

ve(a)

’{gm | @, ..., am) b‘” € a}

— . m (J)
(59 | g™ (@, ..,a™)E") e a}|.

These values clearly only depend on the C™*-type of @, and they are PTIME
computable from (Igmx (), ). In fact v§(@) is the cardinality of a definable
k-ary predicate, definable in terms of a union of C™*-equivalence classes that
is represented over Iom« () through a. O
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Proof of Theorem 6.16. Let H® be a PTIME canonization functor for C3
on fin[r*]. By definition H? satisfies for all 2*: H3(A™*) =C° M. With
Lemma 6.22 we conclude that H®(2™) € I (fin[r]), since A™ € I (fin[r])
and I (fin[r]) is closed under C3-equivalence. Therefore H3(2A*!) ~ B for
some ‘B € stan[7] that is PTIME computable from H* (™) by Lemma 6.22.
We infer from Proposition 6.21 that 8 =" 2. By Lemma 6.23, H3(%™) and
therefore the resulting B8 are fully determined by the C®*-theory of 2. The
composite mapping I 1o H3 o I'; is thus seen to satisfy the requirements on
K3%3 in the theorem. The statement concerning the L* rather than the C*
is obtained in exactly the same manner. DO

In complete analogy we also prove Theorem 6.17.
Proof of Theorem 6.17. Consider first the case with counting quantif}ers.
Assume that F3 is a PTIME inverse for I¢s. For all B: F3(Ics(B)) =¢ B.

Since membership in I (fin[r]) is a C3-property by Lemma 6.22, F® restricts
to {Ics(B) | B € It (fin[r])} such that

F3:{Ics(B) | B € Ik (fin[r]) } — stan[r™] N I} (fin[7]).

Let I be the mapping I: Icse (%) — Ics (A™), which is in PTIME accord-
ing to Lemma 6.23. The composite mapping G3** = I'"! o F3 o I satisfies
the requirement of Theorem 6.17:

v Gekk (Icak (m)) =C" .
This is because
F3 o I(Igo () = F3(Igs (™)) =C° A = [ ().

It o F3oI(Ipsk () =C" % now follows with Proposition 6.21.

For the case of L* one merely checks in addition that the modified notion
of PTIME inversion adapted to the Iy« carries over from the corresponding
given F3 to the composite mapping G3**. Note that the minimal size of
structures B that are L3-equivalent with 2 is bounded from above by the
k-th power of the size of any structure B’ that is L3*-equivalent with . O

Proof of Lemma 6.22. Obviously any 2" satisfies the following axioms
that are all in L2 .

(1) /\V:I:Vy(z 2y yji‘:z;).
i,
(2) Vsz(A:c Ty = y)

3) /\V:nVsz(n:"*—"y/\yii' z -—)x':—iz)
il
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(4) /\ VszBz(/\z‘;—ixA/\zgy).

sC{1,....k} i€s igs

Axioms (1) - (4) exclusively concern the equality structure. We add a finite
schema of axioms that formalize compatibility conditions between the atomic
types as encoded in the Py and the equality structure described by the =. Let
¥ be the set of all quantifier free T'*)-formulae in two variables  and y that
are valid in I (fin[r]); we can restrict these to some syntactic normal form
to keep the set finite without changing its semantics. In fact, the quantifier
free kernels of (1) and (2) above are also represented in ¥. Thus (1) and (2)
become redundant when we now further put

(5) vavy A\ ¥.

PYEW
We first show that
any (2)-structure satisfying (1) - (4) is isomorphic with a structure

A .
(4) ({0, coyn—1}E (:)) with the natural interpretation for the 2.

The isomorphism is unique up to a permutation of n = {0,...,n — 1}.

To prove (A) let B = (B, (2 ®)) be a model of (1) - (4). Observe that
(1) - (3) imply that the % are equivalence relations on B whose common
refinement is equality. Denote by [b]; the equivalence class of b with respect
to Z. It follows from (2) that

mB — H,-B/g
b +— ([b]h""[b]k)

is an injection. We show that (4) implies 7 is surjective. Assume to the
contrary that some ([bl]l, el [bk]k) is not in the image of 7. Then at least
one of

([b1]1, ooy [br—2)k—2, [Br—1]k—1, [bk—l]k)
or ([b1]1, vy [Dr—2]k—2, [Br)r—1, [bk]k)

is not in the image of 7. Otherwise, choosing pre-images under 7 of these
for r and y and applying (4) with s = {1,...,k — 1}, one would get a pre-
image of ([b1]1, .- -, [bkk). Proceeding inductively we obtain that for some b,
([b]1,---,[b]k) is not in the image of 7, which is clearly absurd. Therefore
is a bijection. By definition it maps = : to equality in the i-th component.
Finally, the = ® induce bijections between the dlﬂerent factors B/ =
This follows from (3): (3) implies that = is closed under = on the left and
under X on the right so that it factorizes to yield a binary relation between
B/ % and B/ 2. We claim that in this sense it becomes the graph of a
bijection. For reasons of symmetry (1) it suffices to show injectivity, or that



146 6. Canonization Problems
b bAb ZYALEY = b Zby,
which is immediate from (3) and (1). Let p¥: B/ ¥ — B/ % be this bijec-

tion. Then . .
B — (B/=)x---x(B] %)

——

b — (p“([b]i))i:l,...,k

is an isomorphism between B and (B/ =)* with the standard interpretation
for the 2. We have shown that (A) holds. The proof also shows that the
desired isomorphism with some ({0,...,n — 1}*, (%)) is unique up to the
choice of an identification of B/ = with the appropriate set n. If B is itself
presented as a standard structure over some {0, ...,n* — 1}, then the natural
order on B induces an ordering of B/ = which can be used to determine a
unique isomorphism of B with ({0,...,n — 1}*,(2})). This isomorphism is
constructible in PTIME.

Assume now that 8 carries interpretations for the Py and is a model also
of (5). For the full claim of the lemma it remains to translate the information
in the Py to a T-interpretation over n.

Let now 7: (B [ (£)) — ({0,...,n — 1}*,(2)) be an isomorphism with
the standard model of the equality part. (5) implies in particular that

(a) the P form a partition of B. Introduce the mapping ©: B — Atp(7; k)
which sends b to that 6 with b € P?.

(b) w(b) = (my,...,mk) implies that the equality type of (mi,...,my) is as
prescribed in O(b).

(c) if m(b) = (ma,...,m) and 7(b') = (m3,...,m}), then the instantiations
(O(b))[my,...,mk] and (O(V'))[m},...,m}] are consistent, i.e. respect
the equality type of the tuple (my,...,mg,mi,...,m}).

It follows that {0,...,n — 1} can be expanded to a 7-structure 2 in a
unique and consistent way by the stipulation that atpg (m(b)) = ©(b). Thus
7 becomes an isomorphism between B and 1. 2 can obviously be computed

from 7 and B in polynomial time, so that the second claim of Lemma 6.22
also follows. D

It is interesting to note that in the above L3  -axiomatization three vari-
ables are necessary for the transitivity conditions (3) and the sentence (4),
which ensures surjectivity of . A condition to the effect of (4) can actually
also be formalized in C2 . Let x, be the sentence

FTrr=zx A /\Vm3=’y =y
i
with m = n¥, s = n*~1. Then (4) above can be replaced by \/, Xn. One
obtains an axiomatization of I'; (fin[r]) in C3 , that uses three variables only
in the transitivity conditions for the = in (3).
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6.4.2 Remarks on Further Reduction

This aside is of a more technical nature. The proofs of Theorems 6.16 and 6.17
given in Section 6.4.1 need seemingly weaker assumptions than full PTIME
canonization (or inversion of the invariants) in the three variable cases. We
strengthen the formulation accordingly in this section. As all these consider-
ations remain hypothetical — we have no well founded conjecture whether
PtiME N C¥,, or PTIME N LY, can indeed be captured — the interest in

oow
these ramifications mainly is a technical one. We explicitly address the C*

in this aside, but once more everything translates to the L¥. Consider the
situation with respect to canonization. The proof of Theorem 6.16 rests on
the existence of PTIME computable functors

Hy: fin[r™*] — stan[7*] N I} (fin[r]) (6.1)
such that for all € and €' in the domain of Hy:

Hg ((’:) 502 (8

€ =C"¢' - Hy(€) = Ho(¢") 62

for some m. From these we obtain ‘weak canonization functors’ K™** from
fin[7] to stan[r] that satisfy

v Kmkk(g) =C* 9,
vavaly A =0T o KmRE() = KRk ().
In the proof of Theorem 6.16 we have explicitly used this construction for
a proper canonization functor H for C3 , in place of Hy and with m = 3.

Note that in this special case both H (™) € I'; (fin[r]) and H (™) = g
are consequences of the stronger requirement that

H (™) =C° gqv1,

Surprisingly, a twofold application of the reduction schema leads to a
further reduction in the assumptions expressed in equations 6.1 and 6.2.
One need only assume the existence of such Hy for k = 3. In particular this
amounts to a reduction to vocabularies 71 with a fixed set of binary relations

(#)1<i,j<3 and only unary predicates besides.

Proposition 6.24. Assume that for each T there is a PTIME functor
H:in[(r™)®] —s stan[(r#)®] 0 I3 (fin[r*])
such that for all €,€' € fin[(7™)®)] and some fized m:

H(e)="¢
e=C"¢ - H(C)=H(¢).
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Then Hy := Iy 1 o H o I'; satisfies the conditions in equations 6.1 and 6.2,
with 3m in place of m and consequently K3mk* .= Fk_l ) 1’3_1 oHol3ol}
provides ‘weak canonization’ for CE, in the sense of Theorem 6.16 on fin[r]:

v K3mhk(g) =C° o
vavey A=C"""at — K3mkk(g1) = K3mkk(ar').

Sketch of Proof. The crucial observation is that Hy := I’y Yo Hol3y is well
defined, has image in I (fin[r]) and satisfies for all 2 € fin[r]: Ho(A*) =°°
A,

Let A € fin[r], A™ its k-th power. Let H((A*)®) ~ BE. By Propo-
sition 6.21 we know that (2A*)® =C" 981 implies that A* = B. By
Lemma 6.22, B therefore is itself a k-th power. A further application of
Proposition 6.21 yields I'; ' (8) =C" A As H (®) only depends on the C™-
theory of € by assumption, it follows that [H o I'3] (%) is determined by the
C3™_theory of 2 and finally that [H oljo0l; k] () is fully determined by the
C3™*_theory of 2 (compare Lemma, 6.23). o





