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1. Introduction

There is a huge literature on the stationary behavior of different types of
queueing processes but only a few papers deal with their transient behavior. An
extensive bibliography of the theory of queues by A. Doig [9] contains about
seven hundred papers, most of which deal with stationary queues. The theory of
stationary queues is very important because most of the queueing processes are
ergodic, that is, starting from any initial state the process tends toward equilib-
rium irrespective of the initial state. In the state of equilibrium the process
shows only statistical fluctuation with no tendency to a certain state. Many
queueing processes rapidly approach equilibrium and this explains why we can
apply with success the stationary approximation. However, the investigation of
the transient behavior of queueing processes is also important, not only from the
point of view of the theory but also in the applications. For instance, if we apply
the stationary solution instead of the transient solution we are interested in the
error of this approximation, and further, even in the case of the stationary
process the linear least squares prediction presupposes a knowledge of the tran-
sient behavior of the process.

The mechanism of queueing processes is very simple. Customers are arriving
at a counter according to a certain probabilistic law (Poisson input, Erlang
input, recurrent input, and so forth). The customers will be served by one or
more servers following a certain principle (service in order of arrival, random
service, priority service, last come first served, batch service, and so forth).
The service times are random variables governed by a given probabilistic law.
After service the customers depart.

We shall always use the above terminology. Every conceivable process can
always be described in this terminology. For instance, in the case of a telephone
traffic process the calls, lines, and holding times are replaced by customers,
servers, and service times, respectively.

A part of this paper was prepared in the spring of 1959 at the Research Techniques Division
of the Londpon School of Economics and Political Science. The paper was completed at

Columbia University with the partial support of the Office of Naval Research under Contract
Number Nonr-266(33), Project Number NR 042-034.

535



536 FOURTH BERKELEY SYMPOSIUM: TAKACS

Of course there are several variants of the above-mentioned queucing proc-
esses, for example, queueing with balking, queue with repeated arrivals, queueing
with feedback, queue with batch arrivals, and so forth. Further, it is interesting
to investigate the interaction of different queues, for instance, queues in parallel,
queues in series, and so on.

The three most important characteristics in the theory of queues are as fol-
lows:

The waiting tvme of each customer.

The busy period, that is, the time interval during which one or more servers
are busy.

The queue size, that is, the number of customers in the system.

The waiting time concerns the customers, the busy period concerns the serv-
ers, and the queue size is important from the point of view of the design of the
system, for example, the size of the waiting room or the waiting facility in tele-
phone exchanges.

The theory of queues, like the theory of probability, gives abstract models
which are applied in many different fields. One of the most important models
is as follows.

Customers arrive at a counter at the instants 71, 72, -+, 74, * - - . The custom-
ers will be served by m servers in the order of their arrival. Let us denote by x,
the service time of the nth customer and write ¥, = 7,41 — 7a. It is supposed
that the interarrival times {¢,} and the service times {x.} are independent
sequences of identically distributed positive random variables with respective
distribution functions P{#, < 2} = F(z) and P{x» < z} = H(z). Such a queue-
ing process can be described by the triplet [F(z), H(x), m].

The simplest particular case of the above process is the following: F(z) = 1 —
exp (—\z) for x 2 0, H(z) = 1 — exp (—ux) for z = 0, and m = 1, that is,
the input is a Poisson process, the service times have an exponential distribution,
and there is a single server. The transient behavior of this process was investi-
gated by A. N. Kolmogorov [13], W. Lederman and G. E. H. Reuter [15],
N. T. J. Bailey [1], D. G. Champernowne [5], A. B. Clarke [6], B. W. Conolly
[7], and S. Karlin and J. McGregor [12]. In paper [12] the case of many servers
is also investigated.

The transient behavior of the above-mentioned process in the case when
F(z) = 1 — exp (—Xz) for = 0, H(z) is arbitrary, and m = 1 was investi-
gated by V. E. Bene§ [2], F. Pollaczek [17], E. Reich [20], [21], J. T. Runnen-
burg [22], F. Spitzer [23], and the author [24].

The case when F(x) is arbitrary, H(z) = 1 — exp (—px) for 2 = 0, and

= 1 was investigated by B. W. Conolly [8] and the author [25].

The transient behavior of the process [F(x), H(x), 1], where either F(z) or
H(z) has a Gamma distribution, is investigated by the author in papers [26]
and [27].

In the present paper I shall consider a modification of the process [F(x), H(r),
1], supposing that each customer arriving at a time when the server is not avail-



SINGLE SERVER QUEUEING PROCESS 537

able leaves the queue without being served with probability ¢. I shall deal only
with the particular case F(z) = 1 — exp (—Az) for £ 2 0, that is, when the
input process is a Poisson process.

2. The process considered

Let us consider a counter with a single server, at which customers are arriving
in the instants 71, 72, +** , 7, - - - . Suppose that the interarrival times 7, — 7o,
where n = 1,2, -+ ;70 = 0, are identically distributed independent positive
random variables with distribution function P{r, — r,_1 < x} = F(x), where

(1) F(z) I—e™, 20,
() =
0, x <0,

that is, the input process is a homogeneous Poisson process with density A. If a
customer arrives at the counter at an instant when the server is idle then his
service starts immediately. If he arrives at an instant when the server is busy
then he may or may not join the queue. Suppose that the event of joining the
queue is independent of any other events. Let p be the probability that he joins
the queue and ¢ = 1 — p that he does not. If a customer joins the queue then
his service starts immediately after the departure of the preceding customer in
the queue. Suppose that the durations of the successive service times are identi-
cally distributed independent positive random variables with distribution func-
tion H(z) and further that they are also independent of {r.}.

Denote by n(f) the virtual waiting time at the instant ¢, that is, the time which
a customer would wait if he joined the queue at the instant ¢. Denote by £(¢) the
queue size at the instant ¢, that is, the number of customers waiting or being
served at the instant . We say that the system is in state Ej at the instant ¢ if
£t = k.

Let us denote by i, 75, -+, s, - -+ the instants of successive departures.
Further define %, = n(rn — 0), that is, 7, is the waiting time of the nth
customer if he joins the queue at all and let & = £(rn =+ 0), that is, £, is the queue
size immediately after the nth departure.

In the following we shall determine the transient behavior of the stochastic
processes {n()} and {£(t)} and that of the stochastic sequences {n} and {£.}.
Further we shall determine the asymptotic behavior of these processes and the
stochastic law of the busy period.

In the particular case where p = 1 the transient behavior of the process {n(¢)}
has teen investigated earlier by the author [24], V. E. Bene [2], E. Reich [20],
[21] and J. T. Runnenburg [22] and the transient behavior of the sequence {rn}
by F. Pollaczek [17], [18] and F. Spitzer [23]. Further, we mention the paper of
D. P. Graver [11], in which the case 0 < p < 1 is also mentioned.

The present generalization for 0 < p < 1, has been motivated by the fact
that in several queueing processes (for example, in telephone traffic) the arriving
customers (callers), unaware of the size of the queue, know only whether the
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server is idle or busy and their decision to join the queue depends solely on this
eventuality.

3. Notation

Let {x»} be a sequence of identically distributed independent random vari-
ables with distribution function P{x, < 2} = H(z) and suppose that {x.} is
independent of {r,} also. Further define a sequence of random variables {e,} as
follows: ¢, = 1 if the nth customer joins the queue and e, = 0 otherwise.

Let

@ o) = [7 e dH (@),
which is convergent if Re(s) = 0, and

3) a= ﬁ) * 2 dH(2).
Define

W, z) = P{n(t) < =},

Wa(x) = P{n, < x},

Py(t) = P{&) = jl&©) = 1},
P(t) = P{t(t) = j}.

Finally, introduce the transforms

Q(t; 8) = E{e_n(t)} = ﬁ)” e d, W(t; x):

(4)

(5) °
Qu(s) = E{e-m)} = ﬂ) = AW (x),

whenever Re(s) = 0 and write
(6) Q(s) = E{e~2@} = Q(0, s).

4, An auxiliary theorem

Throughout this paper we use
Lemma 1. If Re(s) = 0 and |w| < 1 then z = (s, w), the root of the equation

™ 2 = wils + W(1 — 2)]
which has the smallest absolute value, is
— o 5> (= Apw)it (d"‘['//(y)]’)
(8) v(sw) =w El 5! dyi y=rpe’

This is a regular function of s and w if Re(s) = 0 and |w| £ 1 and further
z = y(s, w) 1s the only root of (7) in the unit circle |2| < 1if Re(s) = O and jw| < 1
or Re(s) > 0 and |w| < 1 or Re(s) = 0 and |w| < 1 and A\pa > 1. Specifically,
w = (0, 1) s the smallest positive real root of the equation
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) w=yp(1l — w)].

If \pa > 1 then v < 1 and if \pa £ 1 then w = 1.

Proor. If Re(s) = Oand |w| < 1or Re(s) > 0and |w| < 1, then by Rouché’s
theorem it follows that (7) has one and only one root in the unit circle |2| < 1.
For in this case |wy[s + Mp(1 — 2)]| < 1 if |¢| = 1. Similarly, if Re(s) = 0,
lw| = 1, and Apa > 1, then by Rouché’s theorem it follows that (7) has exactly
one root in the circle |z| < 1 — ¢ where e is a sufficiently small positive number.
For in this case |[wy[s + N\p(1 — 2)]| S ¥(e) <1 —€if |z =1 — eand e > O s
small enough. Let us denote this root by z = (s, w). This can be obtained in the
form of an infinite series by Lagrange’s theorem. (See, for example, E. T.
Whittaker and G. N. Watson [28], p. 132.) Clearly z = (s, w) is that root of (7)
which has the smallest absolute value and is a regular function of s and w in
this domain.

On the other hand, if z = (s, w) is that root of (7) which has the smallest
absolute value, then v(s, w) is defined uniquely for Re(s) = 0 and jw| < 1 asan
inverse function of s = y(z/w) — Ap(1 — 2) for fixed w, or as an inverse func-
tion of w = 2/Y[s + Ap(1 — 2)] for fixed s. It can be shown that the function
z = (s, w) is a regular function of s and w if Re(s) = 0 and |w| < 1. Since this
function agrees with the earlier one in the domain Re(s) = 0 and |w| < 1 or
Re(s) > 0 and |w| < 1 or Re(s) = 0 and |w| < 1 if Apa > 1; consequently the
latter function is the analytical continuation of the former one to the domain
Re(s) 2 0 and |w| < 1 and it is defined by (8).

We have always |y(s, w)| £ 1 if Re(s) = 0 and |w| < 1. Note also that (7)
has at most one root (possibly double) on the unit circle |z| = 1, namely z = 1
is a root if wy(s) = 1.

It remains only to prove the second half of the lemma. Clearly for real x
the function y(z) is monotone decreasingif 0 £ z < » and y'(0) = —a. Conse-
quently, if Apa > 1 then (9) has only one real root in the interval (0, 1) and if
Apa £ 1 then @ = 1 is the only real root of (9). Furthermore, the equation
z = y[A\p(1 — 2)] has only one root in the unit circle |2| < 1 if Apa > 1 and has
no root if Apa < 1. This latter statement can be proved by probabilistic reason-
ing. (See remarks 6 and 8.) This completes the proof of the lemma.

We introduce the notation ¥(s) = v(s, 1) and g(w) = v(0, w). Clearly v =
v(0) = ¢(1).

Finally let us note that if w = 1, then by using (7) we get

-1
(10) V(0) = 41 = Ry
o, Aap =1

hap < 1

and

1
) hap <1
(11) g) = {1 — hap P

0, Aap = 1.
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Remark 1. The function {(s, w) = s + Ap[l — (s, w)] satisfies the equa-
tion¢{ = (\p + s) — ANpwy(¢) if Re(s) = O0and |w| < 1. Conversely, if Re(s) > 0
and |w| < 1 or Re(s) = 0 and |w| < 1, then by Rouché’s theorem it follows that
this equation has only one root ¢ = {(s, w) in the domain Re(¢) = 0. For |¢(¢)|
<|(\p + s = )/Apw| if Re(t) = 0 or Re(¢) = 0 and |¢] is sufficiently large.

6. The distribution of the virtual waiting time

The stochastic behavior of the process {n(f),0 < t < »} can be described as
follows: 5(0) is the initial occupation time of the server. If n(0) = O then the
server is idle at time ¢ = 0. If 7(0) # 0 then 5(0) gives the instant when the
server ceases to be busy for the first time if no new customer joins the queue. In
the instants r, where n = 1, 2, - - - the value of 4(f) has a jump of magnitude x,
if the nth customer joins the queue. The value of 5(f) decreases linearly with
slope —1 until it jumps or reaches 0. If at the instant ¢ the 5(f) reaches 0 then
it remains 0 until a customer arrives at the counter. (Compare figure 1.)

I
7(t)
Xy Xy
' X
7 (o) X4 5
0 T, T3 T4 Ts Tg Ty t
FiGure 1

Graph of the stochastic behavior of the process {n(t),0 <t < «}
where 5(t) is the virtual waiting time at instant ¢.

The process described by the family of random variables {n(t),0 < ¢ < o} is
a so-called continuous parameter Markov process of the mixed type. The change
of state may happen continuously or by jumps. Processes of this type have been
investigated by A. N. Kolmogorov [14] and W. Feller [10].

TueoreM 1. The Laplace-Stieltjes transform of the distribution function of
the virtual wazting time s given by

(12) Q@ s) = exp {st — [1 — ¢(s)]rpt}
(&6 = s+ 21 = DL~ ¥OD [ exp {—su + [1 — $(s)Npu} PoCw)du )’
where Po(t) = P{n(t) = 0} can be obtained by the Laplace transform
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- _ s+ M1l — v(©]}
(13) ﬁ e Po(t)dt = == g wapw
if Re(s) > 0 and z = v(s) s the root with the smallest absolute value of equation
(14) z = y[s + ap(1 — 2)].

Proor. Denote by 85, the number of customers arriving at the counter during
the time interval (¢, ¢ + Af). By assumption

i

(15) P{6M=]}=6_W );A't’ j=0,1,2,....
Using the theorem of total probablilty we can write

(16) Qt + A, 5) = E{e-me+an)

= 5 Plow = Dm0ty = ).
J=
Since P{da = 0} = 1 — Mt + o(At), while P{6s = 1} = AL+ o(At) and
P{6a > 1} = o(At), we have
A7) Q@+ AL s) = (1 — AE {e—mt+80]5,, = 0}

+ NAL E {e—#nt+a0|5, = 1} + o(Al).
Under the condition 85 = 0 we have

0, f) < At,
(8) nlt + Ay = {n(t) — Al Z((t; > Al
whence
(19) E{e-mt+m]sy = 0} = W(t, Al) + et fA " e d WY, 7).
Since W (¢, x) is right-continuous in z,
(20) W(t, At) = W(t, 0) + O(AY),
whence
(21) 0= fo Yed, Wt ) < MW, A — WK, 0)] = o(Af).
Thus

22) E{e-mt+5y = 0} = (1 + sA)Q(t, s) — sAtPy(t) + o(Al),

since W(t, 0) = Po(t).
On the other hand, if y > At,

@3)  Efemtt oy = 1m() =y} = [(1 — p) + py(s)]e*0~

for the customer arriving during the time interval (¢, ¢ 4 At] joins the queue
with probability p or goes away with probability 1 — p.
If y £ At, then
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(24) Ef{e~mt+a9lsy = 1,9(t) = y}

_ ﬁ[(1—p)+pH(At—y)+pf

At—y

1 [a-v -
+ “f [H(z) +/ e~ ske—2) dH(x)]dz,
At |, R

for the arrival instant of the customer is distributed uniformly in the interval

(t, t -+ At) and if it takes place in (f, ¢ 4+ y], then the customer joins the queue

with probability p, and if it takes place in (t + y, ¢ + Af), then with probability 1.
Thus

(25)  E{e~=t+89|oy = 1,9(t) = y}
{[(1 — ) + pd(s)]ev(1 + sAl) + o{at), y > A,

¥ + L -pll v+ 0@,  y<a,

0

e=sty=20 dH(x)]

and dropping the condition 5(f) = y we get
(26)  Efe~mt+M5y = 1} = Q(t, )[(1 — p) + p¥(s)] + ¥(s)Po(t) + O(A).
By (17), (22), and (26),
27 Q¢ + AL, s) = Q(2, s) + sAt[Q(, s) — Po(t)] — NAIQ(L, s)

+ 2, $)[(1 — p) + p¥(s)] + o(a),
and letting At — 0 we get

28) BLE _ (gl — w6 5) — 5+ A0~ D)L~ Y PCt).

The solution of this differential equation is (12).

It remains only to determine Py(f). This can be done by probabilistic methods
(compare section 8) or by the theory of functions of a complex variable.

Let us write s = ¢ in (12) and form the Laplace transform of (¢, {) with
respect to ¢, then we have

. 80) — £+ 20 =P~ ¥ [ e Pao)de
@9) ﬁ, oA, Od = 5= ¢+ APl — V)] '

If Re(s) > 0 and Re(¢) = 0 then (29) is a regular function of §.
By Rouché’s theorem it follows that the denominator of the right side of
(29) has one and only one root { = {(s) in this domain. By lemma 1 we have

(30) £(s) = s +Mpll — 7(s)],
where z = y(s) is the root of the equation
(31) z=y[s + (1l — 2)]

that has the smallest absolute value. Accordingly ¢ = ¢(s) must be a root of the
numerator of the right side of (29). Hence
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PN

© Q¢(s
392 e Po(t)dt = ___LB-_(_L
a ;o = S
Putting (30) into (32) we obtain (13).
ReMARk 2. The distribution function W (¢, z) satisfies the integro-differential
equation

(33) aWagt t, )

= BWaQ;;_Z —\p [W(t, z) — /:‘ H(x — y)d,W(t, y)] + A1 — p)Po()H (z)

for almost allz = 0 and ¢ = 0.
By the theorem of total probability we can write that
(34) W+ AL, z) = (1 — MpAOW (L,  + Af)

+2at{p [ H@ = DAW (1) — U - PO ~ H@f + o).

For the event n(t + Af) < x may happen in several mutually exclusive ways.
(1) In the time interval (f, ¢ + Af] no customer arrives at the counter and
7(t) £ z -+ At, the probability of which is

(35) (1 — NAYW (L, = + AL) + o(Ad).

(2) Inthe time interval (¢, ¢ + At] one customer arrives at the counter, he joins
the queue and his service time is less than x — 5(f) + #.Af, where 0 < 9, £ 1,
the probability of which is

36 wafp [ HGE - DAY + 1= DHOPO | + o(ad).

(3) In the time interval (f, ¢ + At] one customer arrives at the counter, he
does not join the queue and 5(f) < x 4+ At, the probability of which is

37 M1 — p)AW (@, = + At) — Po(t)] + o(AY).

(4) In the time interval (¢, ¢t + At] more than one customer arrives at the
counter, the probability of which is o(Af).

ReMARK 3. Let us denote by a(t) the average waiting time at the instant ¢,
that is, a(t) = E{n(t)}. We have

(38) a(t) = a(0) + [1 — M1 — p)a] ﬁ) ' Po(u)du — [1 — Aalt.

Denote by »(f) the number of customers joining the queue in the time interval
(0, t] and define {(f) = 1 if the server is busy at the instant ¢ and {(t) = 0 if the
server is idle at the instant . We can write

(39) 10 =10 + T _exe = [) t)du.

St S
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E{Oézuéte,,x,.} = ozE{oézr‘:ge,.} = ali {»(t)}
(40) = a [ {Psu + [1 — Po(w)\p}da,

B{ [} cdu} = [ Elcldu = [{11 = Pouldu,

whence (38) follows.

ExampLE 1. Let us suppose that the distribution function of the service
time is

(41) H(z) JLI AN

Y= 0, z <0.
In this case ¥(s) = u/(u + s). If we suppose that initially the queue size is 2 then
(42) 0(s) = B{e—n0} = (M £ )
By theorem 1 we obtain
(43) 'Y(S) - (8 + )‘p + l”) - [(’g;}: M’ + #)2 - 4>‘pf"]ll2

74
and
- __[eF  _ [y

@ [ empiod = TG - FE T e

n=1

if Re(s) > 0. If we use

(45) [7 e uaie = Ty
where

_ A\ —(Api) z L.[2(Apu)'z]
(46) gn(z) = n()\p) e~ (rtu p

. (n—1)/2 i 12,70

- ,‘(@) e 0r+0z {1, ,[20\pw) 2] — Tnn[200pw) 2]}

and
T n+2r
= _\2 _

(47) I,,(.’II) = r‘:-:() r'(n + T) !’ n = 07 1: 2’ )

is the modified Bessel function of order n, then we obtain from (44) by inversion
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_ ”’e—(MH-p)t [ _ ._)\(1 — 22 n n G4n—1)/2
4 ro =S 5 - [PETHE)
{Lnti-1[2(\pp)V2t] — Intiv1[2(App)'2t]}

e O\P+n)l< _"1_)) L{2(\pu) 2]
+ ( )(m)/z[ MIT—Q)] Tina[20vpp)v21]

e £ ey
+1+x1— ,=,-Z+z{(1 w )\
I

1 ST o)

By (29) we have
(_I_>“‘ _ e+ 21 = plly@E)]*
p¢ s+ Al — v(3)]

(49) e =
ﬁ e, fdi = ¢ sp+ ) —s(u+¢— M)

and by inversion W (¢, ) can be expressed explicitly by Bessel functions.

6. The distribution function of the waiting time of the nth customer

The random variable », gives the waiting time of the nth customer if he joins
the queue. Clearly

(50) p+ (1 — p)P{n. =0}

is the probability that the nth customer joins the queue, and

(51) (I — p)P{n. > 0}

is the probability that he departs without being served. Now we can write

(52) Tl = [ + €axn — Tl

where ¢, = 7,01 — T forn =1,2,3, --- , and e, = 1 if the nth customer joins

the queue and ¢, = 0 if not. The {x.} and {¢,} are independent sequences of
identically distributed independent random variables with distribution functions
P{xpo =a} = H@)and P{¥, <z} = F(x) =1 —exp(— Mp)ifz = 0.

‘We need the following

LeMMA 2. Let & and £ be nonnegative independent random variables for which
1 — e, 220

(63) P9 22} =
0, z <0,

then we have for Re(s) = 0,
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E{e~%} — sE{e~™}
(54) E{e—t-2} = { A—s roosEN
A

E{te~™} + E{e~M}, s = A,

and
(55) P{[t — 8]* = 0} = E{e™™}.
Proor. For nonnegative x values we have
e~ — se™
(56) Blomtt=og = o) = {T
e + Nxe™™, s =],
P{l§ - ot =0t =2} = e,

and unconditionally we obtain (54) and (55).
THEOREM 2. The Laplace-Stieltjes transforms

(57) Qn(s) = E{e_s""}’ n=123,-.-,
are given by the generaling function

(58) él Qu(s)

) S?£>\,

O\ — )wi(s) + wsP{m = 0} — {s + wh(1 — p)[1 —¥(s)]} glp{n.. = O}wr
- A — s — wA[(1 — p) + p¥(9)]

b

where
3 o — o B P {1 = 0} + wX — h(w)][h(w)]
G0 X Pl =0 =wp T o ST — p — w)
and s = h(w) s the only root of the equation
(60) A —s=w\1 — p) + p¥(s)]

in the domain Re(s) = 0 and |w| < 1.

Proor. It is easy to see that
(61) Efe~*tmtexa} = [(1 — p) + p¥(s)12(s) — (1 — p)[1 — ¥(s)]P{n. = O}.
By using (52) and lemma 2 we obtain
(62) A\ = 8)Luta(s)

= M1 — p) + p¥(s)1(s) — M1 = p)[1 — ¥(s)1P {m = 0} — sP{ns1 = O}.
Forming the generating function of (62) we get (58). The left side of (58) is a
regular function of s if Re(s) 2 0 and |w| < 1. By Rouché’s theorem it follows

that the denominator of the right side of (58) has exactly one root in this domain.
For,

(63) 1A = p) + o] < Pt

WA
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if Re(s) = 0 or Re(s) = 0 and |s| is sufficiently large. Let us denote this root by
s = h(w). By lemma 1 this can also be expressed as
(64)  Rh(w) =21 = p)A — w) +Mp{l — y[M1 — p)(I — w), w]},

where (s, w) is defined by (8). Accordingly s = h(w) must also be a root of the
numerator of the right side of (58). So we obtain (59). This completes the proof
of the theorem.

Now let us denote by #} the waiting time of the nth customer joining the
queue. We can see easily that
(65) 11:+1 = [77: + X: - 1’:]+,
where {x%} and {93} are independent sequences of identically distributed inde-
pendent random variables with distribution functions P{x% < z} = H(z) and
Pssz =1—exp(—Mzx)ifz = 0.

THEOREM 3. The Laplace-Stieltjes transforms
(66) Q4(s) = Efe~*"}, n=1,2
are given by the generating function

e [1 — gw)](Ap — $)0H(s) — sg(w)2{Ap[1 — g(w)]}

67 (s = w
€ L, % [~ g@)I[0p — 5) — wAp¥()] ’

where z = g(w) s the root with smallest absolute value of the equation

(68) z = wyAp(l — 2)].
Proor. By using (65) and lemma 2 we have
(69) (A\p — )Qa41(8) = Mpa(s)(s) — sP{mn+1 = O}

and forming the generating function for |w| <1 we get

Op — s)wRl(s) — sngz P{ni = O}ur

(\p — 8) — wApy(s)

The left side of (70) is a regular function of s if Re(s) = 0 and |w| < 1. In this
domain the denominator of (70) has exactly one root s = Ap[l — g(w)], where
z = g(w) is the root with the smallest absolute value of equation (68). This root
must also be a root of the numerator of the right side of (70). So we obtain

e wg(w)Qi{Ap[1 — g(w)]}
1 P{p = n =
(71) n§2 {ni = O}w 1 — g(w)
Putting (71) into (70) we get (67), which was to be proved.
Now let us denote by », the number of customers joining the queue among the
first » customers. We shall prove
THEOREM 4. The generating function E {2} is given by

(70) ,él Q8 (s)un =

.

L= (=P —2) T Pt = 0Bl = Ojur

) X Bl = 1 —w[(l —p) + pz] ’
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where

(%) % Plta= O E{ln = O}
wlA — h(w, 2)JU[h(w, 2)] + h(w, 2)P{n = 0}
h(w,2) — A1 — p)(1 — w)
and s = h(w, z) is the only root of the equation
(74) A — s =wN(1 — p) + pay(s)]

in the domain Re(s) 2 0, |z| < 1, and |w| < 1.
Proor. We have

(75) Y = tas + € n=12--,
where », = 0 and, by (52),

(76) Tt1 = [N + €Xn — Falt, n=12-..-
If Re(s) = 0 and |2| < 1, then let us define

(77) Qu(s, 2) = E{e~*mzm}.

By using lemma 2 we get
(78) (O — )E{e~muzn} = NE{e—*tmtexymita) — sF e~ Numteaxdzmateal
where
E{e—s(ﬂn"‘!uX-)zvu—l'l'Gu} = Z'l’(S)P{nn — O}E{z""-‘[n,, - 0} +
79) [ = p) + p2¥(8)][n(z, 5) — P{na = O}E{e|n. = O} ],
E{e—mtexdgnite} = Plp,y = O E{2|nesn = 0}.
Hence
(80) A = 8)Qus(s, 2)
= M(1 = p) + Pab(s)10(s, 2) — A1 — D)L — 24(s) 1P {na = O},
E{z"pn = 0} = sP{as1 = O}E {21042 = O}.
Forming the generating function we get

B X %l wr = {8 =) —wA [l = p) + pH(©)])
(w()\ — 8)(s, 2) + sP{q = 0}

~ o+ 2l = L = O] T Plan = OBl = Opur)

The left side of (81) is a regular function of sif Re(s) 2 0, |2j £ 1,and jw| < 1.
By the Rouché theorem it follows that the denominator of the right side of (81)
has exactly one root in this domain. For,

(52) 10— ) + 0] <5

— 8
w
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if Re(s) = 0 or Re(s) = 0 and |s| is sufficiently large. Let us denote this root by
s = h(w, z). We can also write

(83)  h(z,w) = N1 — p)(I —w) + 2 p{l — vA(l — P)( — w), 2w]},
where y(s, w) is defined by (8). Accordingly s = h(w, z) must be a root of the
numerator of the right side of (81) also. So we obtain
() T Pl = 0}E{rin, = Our
WD—Mw@mezL4+Mw@PM—0}
h(w,z) — A1 — p)1 — w)

This proves (71). Finally, putting s = 0 in (81) we get (72). This completes the
proof of the theorem.

7. The stochastic law of the busy period

It is clear that the time of the server is composed of alternating idle and busy
periods. The durations of the successive idle periods and busy periods are inde-
pendent random variables. The distribution function of the length of an idle
period is clearly F(x) = 1 — exp (—Az) if z = 0. If (0) = 0 then the process
starts with an idle period and the length of every busy period has the same
distribution function, say G(z). If 7(0) # O then the process starts with a busy
period. In this case denote by G(z) the distribution function of the length of the
initial busy period. The distribution function of the lengths of the other busy
periods are G(z). If n(0) = O then we agree to write Gz) =1if z =0 and
Gz)=0ifz <O0.

In order to determine G(x) let us consider a customer who arrives at the
counter when the server is idle. Denote by x the duration of this service time.
We have P{x < 2} = H(z). Further denote by » the number of new customers
joming the queue during the service time of this customer. Clearly we have

(85) PO = ilx = 4} = e 02,

whence

(86) Pr=j} = f " e-mﬂg?l’dﬂ(w.
| .

THEOREM 5. Define {0,} as a sequence of identically distributed independent
random variables having the distribution function G(x) and suppose that {6.} s
independent of v and x also. We have

(87) G) =P{x+6+6+ - - +6 =1},

where the empty sum is 0 when v = 0.

Proor. First of all let us note that from the point of view of the server it
is perfectly indifferent whether or not the customers are served in the order
of their arrival. This affects the customers only. The distribution function of the
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waiting time of a customer is changed by this fact, but the distribution funetion
of the busy period remains unaltered. We shall consider a special system of
serving in which the busy period is composed of the serving of the first cus-
tomer, the length of which is x, and if during the service time of the first customer
v customers join the queue, then it contains » further phases, the lengths of
which are denoted by 64, 6,, - - -, 6,. Let us suppose that the first phase starts
with the serving of one of the above-mentioned » customers and continues
with the serving of the new arrivals as long as they come. When there are no
more new arrivals the second phase starts with the serving of one of the re-
maining » — 1 customers and this procedure is continued through all the v
phases. Thus the duration of the busy period is x + 6, + 6. + --- + 8, where
clearly 6y, 6., --- , 0, --- are independent random variables with distribution
function P{8, < z} = G(z) and the sequence {6,} is independent of x and »
also. This completes the proof of (87).
Now let us introduce the Laplace-Stieltjes transforms

(88) 1) = [|7 e dG()
and
(89) () = [|7 edb()

for Re(s) = 0. We shall prove

THEOREM 6. The Laplace-Stieltjes transform ~(s) is the rcct with smallest
absolute value in z of the equation

(90) ' z=19y[s + (1l — 2)]
for Re(s) = 0. We have
(91) lim G(z) = o,

where w is the root with smallest absolute value in 2 of the equation
(92) z=y[p(l —2)].

If \pa £ 1then w = 1 and G(x) is a proper distribution function, while ¢f A\pa > 1
then w < 1 and G(x) is an improper distribution function, namely, in this case the
busy period will be infinite with probability 1 — w.

The Laplace-Stieltjes transform 4(s) can be obtained as follows,

(93) $(s) = Qs + € — Apv(s)].

If Apa £ 1 then G(«) = 1 and if Apa > 1 and 7(0) 5 0 then G(x) < 1.
Proor. Denote by Gi(x) the distribution function of the random variable

6, +06+ --- +6;forj=0,1,2, ..., that is, G;(z) is the jth iterated convo-

lution of G(x) with itself. By (87) we have

(949 Pix+6+ - ---0,=z[x=y}

=Pt oS-yl =9} = £ eon P Ga—y),
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where 8; + - -+ 4 6,1s a sum of a random number of random variables. Uncondi-
tionally we have
95) 66) = [ 3 e PG e — g)ai(y).

0 Ji= :

Passing from equation (95) to the Laplace-Stieltjes transform we obtain for
Re(s) = 0 that

(96) 7(s)

5 @) f " emwnon O2U gy )
i=0 0 J:

B ﬁ: e~ B @OIdH (y) = Y[s + Ap — Apr(s)].

that is, z = y(s) satisfies (90). If Re(s) > 0 then |y(s)| < 1 and (90) has exactly
one root in this domain. Consequently, if Re(s) > 0 then z = v(s) is the root
with smallest absolute value of equation (90). The required result for Re(s) = 0
can be obtained by analytical continuation. Clearly G(«) = v(0) = w where w is
given by lemma 1.

If P{9(0) < 2} = W(z) then the distribution function of the length of the
initial busy period is

(97) ow = [ 3 on 6@ — yaive).

For, to obtain G(z), we can apply word for word the proof of (87) except that
x is to be replaced by the initial occupation time 7(0) and » is to be defined as the
number of customers joining the queue in the time interval (0, (0)]. Forming
the Laplace-Stieltjes transform of (97) we obtain (93). Since

(98) lim G@) = lim (s) = ODp(1 — w)]

we obtain that G(«) = 1 if A\pa £ 1 and G(») < 1if Apa > 1 and 5(0) # 0.
Now denote by G¥(x) the probability that the busy period consists in servicing
n customers and its length is at most x. Write

(99) Tu(s) = L * e dGi(x)

if Re(s) = 0. We shall prove
TaroreM 7. If Re(s) = 0 and [w| = 1 then

(100) T, T = 15, w),
where 2 = (s, w) 15 the rool with smallest absolute value in z of the equation
(101) z = wy[s + Mp(1 — 2)].
Proor. A reasoning similar to the proof of (87) shows that
(102) Gi@) =P{x+6+ - -+0=z;6+ - +8&=n—1}

where &, &, - -+ , 8, denote the numbers of customers joining the queue during
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the 1st, 2nd, - - - , vth phases of the busy period, respectively. By (102) we have

z H
awy @@= % [l g Gl - i),

whence

(1) Tul) = % Tu(s) - Tu(e) [ eowron Q2 4pry
jtm+---+nj=n-—-1 0 Jl

Multiplying both sides of this equation by w® and summing over n = 1,2, - -

we obtain that

(105) ¥sw) = Tu(swr

satisfies the equation z = wy[s + Ap(1 — 2)]. Clearly (s, w) is a regular func-
tion of s and w and |v(s, w)| = 1 whenever Re(s) = 0, and |w| < 1. If Re(s) > 0
then (101) has one and only one root in the unit circle and hence this is the re-
quired (s, w). By analytical continuation we see that the theorem is also valid
in the case Re(s) = 0.

Remark 4. Now we shall give another proof of theorem 7. Denote by
Gri(z) the probability that the busy period consists of at least n services, that at
the end of the nth serving k& customers are present in the queue, and that the
total service time of the first » customers is at most x. Clearly

(106) Gi(z) = Gu(2).
Grni(x) can be determined by the recurrence formula
k—r+1

N
(]c—r+1)!dH(y)) n=2,3,-..’

k+ 1 fz
(107) Gu(z) = Zl Gra oz — y)e
r= 0

if we start from

T k
(108) Gulx) = / - Q%?ldH(y).
o !
Write
(109) T(s) = ﬁ) ® e dGu(z).
Then clearly
(110) Too(s) = Tu(s).
Forming the Laplace-Stieltjes transforms of (107) and (108) we obtain
Tls) = 33 Toasls) [ e-owron OB gpry)
" =T 0 (k—r4+ 1! !

(111) i .
Ti(s) = f e—Op+ay Q%Q dH(y).
o !

If we introduce the generating function
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(112) Cu(s,2) = X Tu(s)2*,
k=0
then we have

(113) 2Cu(s, 2) = ¥[s + Ap(1 — 2)][Caa(s, 2) — Tuca(s)],
Ci(s, 2) = ¢[s + a1 — 2)],

whence

wils +xp(1 = Az = 5 Tuew]
e—wls+awl-2]

The left side of (114) is a regular function of zif [z] < 1, Re(s) = 0, and |w| < 1.
If Re(s) = 0 and |w| < 1 then the denominator of the right side has one root
z = (s, w) in the unit circle |z| < 1. This must also be a root of the numerator.
Therefore

(114) ,él Cu(s, 2)w" =

(115) 2 Ta(s)ur = (s, w)

n=]
if jw| < 1 and it is also true for |w| = 1, which can be seen by analytical contin-
uation.
THEOREM 8. Denote by u the expectation of the length of the busy period. We have
a
(116) il

ifAapa<land p= < if \pa = 1.
Proor. Now

(117) o= L * 2dG(x)

and by (87) we have

(118) M:E{X+01+"'+0y}.
Since E{x} = « and E{¥} = \pa, therefore

(119) g = a -+ Npagp.

There are two possibilities: g < ® or u = «. If \pa < 1 then p = a/(1 — Apa)
is finite and if Apa = 1 then p = «.
We remark that if
(120) o= [ 2db@),
then by (97)
(121) o=@ +pu] = D

ReMARK 5. Theorem 8 can be proved directly as follows. Let us denote
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by p the expected number of services during a busy period (possibly p = «).
Then we have u = pa. Now we shall prove the relation

P 1

(122) =t i

If we suppose that the customers arrive at the counter according to a Poisson
process of density \p and every customer joins the queue, then the stochastic
law of the busy period remains unchanged. In this case consider the starting
points of two consecutive busy periods. The expectation of the distance between
them is on the one hand clearly p/\p and on"the other hand it is equal to the sum
of pa, the expected length of the busy period and 1/Ap, the expected length of
the idle period. Thus we obtain (122). If Apa < 1then p = 1/(1 — Apa) is finite
and if Apa = 1 then p must be infinite.

ExampLE 2. Let us suppose that the service time has the distribution func-
tion H(z) = 1 — exp (—ux) for £ = 0 and that the initial queue size is 7. In
this case ¥(s) = u/(u + 9),

(123) W) = 1 —’z: %{“J ifz 20,
= !
and Q(s) = [u/(x + s)]*. Now by theorem 6,

(124) v(s) = Mtpts — [()‘1)2—;7,“ .|.‘ 5)? — Apu]i?

and by (93)
(125) 7(s) = [v(s)]"
Using (45) and (46) we obtain

A

G-1)/2
(126) TG = y(ENT emertan (1200 ] — o201,

where I,(x) is the modified Bﬂessel function of order n defined by (47).
If specifically ¢ = 1, then G(z) = G(x).
8. The probability that the server is idle

THEOREM 9. The probability Po(t) that the server is idle at time t satisfies the
integral equation

(127) Po(t) = G(t) — » /; ‘[ — G(t — w)]Po(u)du.
The Laplace-Stieltjes transform of Po(t) is

- _ 9(s) _ Qs+ 3 = Mpy(9)]
(128) L i)t = s = B R = IR,

where v(s) is that root in z of the equation
(129) z=y[s + M1 — 2)]
which has the smallest absolute value.
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Proor. We have
(130) 1—Pot) = 1 — G(&) + ﬁ) "1 = G(t — w)]Po(w)du.

For the left side is the probability that the server is busy at the instant ¢. This
event can occur in the following two exclusive ways: the length of the initial busy
period is greater than ¢ or at the instant « where 0 < u < ¢ a busy period starts
and its length is greater than ¢ — u. At the instant u a busy period starts if and
only if the server is idle and a customer arrives. This proves (127). The Laplace
transform of Po(t) agrees with (13).

THEOREM 10. The limit lim,, . Po(t) = P} always exists and is independent of
the initial distribution of n(0). We have

1 — A\pa
*
(131) B =T a-pa
if A\pa < 1 and P§ = 0 if \pa = 1.
Proor. Let us denote by My(¢) the expected number of transitions Ey — E,
occurring in the time interval (0, {] and denote by No(¢) the expected number of
transitions E; — E, oceurring in the time interval (0, ¢{]. Then we can write

(132) Puot) = Gt) — L "1 — G(t — w)]dMo(u)
or
(133) Po(t) = Po(0)e> + L ' e Mg (u).

The transitions Eo, — E; form a recurrent process, that is, the distances between
successive transitions Ey — E, are independent random variables with identical
distribution function G(¢) * F(¢). Clearly we have

(134) Mo@t) = Gt) x F(t) + Q@) *F(t) xGEt) + - .
The distribution funection G(t) * F(¢) is not a lattice distribution and its mean is
evidently u + (1/\), where u is defined by theorem 8. Thus, by using a theorem
of D. Blackwell [1], we obtain for all h > 0
lim Mot + h) — Mo(t) _ lim My _ _1
t—w h t—o0 t 1

w+ X

(135)

and the limit is independent of G(f) and consequently also independent of the
distribution of #(0). If u = « then (135) is taken to be zero.

If Apa <1 then p = a/(1 — Apa) and G(») = 1, and by using (135) we
obtain from (132) that

. I 1—Apa__

(136) im Po®) = T % ~ T+ 20 - pla
This proves the first half of theorem 8. On the other hand the representation
(133) is suitable for the complete proof of the theorem. Similarly to Eo — E, the
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transitions E; — E also form a recurrent process in which the distances between
successive transitions Ey — E, are independent random variables with identical
distribution function F(¢) * G(f). Thus by the theorem of Blackwell [1] we have
for all A > 0 that

t—w h PEISE / 1
S

irrespective of the initial distribution of 7(0). If we take into consideration that
| Mo(t) — No(®)] = 1 for all £ = 0, then we can conclude also from this fact that
the limits (135) and (137) agree. Now by (133)

(138) lim Po(t) = 5 + v

whether u is infinite or finite. This proves the theorem.
REMARK 6. If lim,,.,Po(t) = P} exists then obviously

t
(139) limlt‘ Po(u)du = P
0

t—o

also holds. By a well-known Tauberian theorem we can conclude that
(140) lim s f ® e stPy()dt =

8—0 0
Thus by (128)

141 = lim —————————-
(14 = i T — )
‘We have seen that P§ > 0if Apa < 1. Consequently in this case v(0) = 1 must
hold. This proves that o = 1 if Apa < 1.

9. The limiting distribution of the waiting time

Tueorem 11. If Apa < 1 then the Umiting probability distribution
limpe W(t, 2) = W*(x) exists and s independent of the initial distribution of
7(0). The Laplace-Stielijes transform of W*(x) is given by

sy (L= Apa){s + M1 — p)[1 — ¥(s)]}
(142) PO = [T - palls — wll =¥}
If xpa = 1 then lim, W (¢, z) = O for all x.

Proor. If Apa < 1 and we restrict ourselves to imaginary s then by (12) and
(131) it can be proved that lim,,.Q(t, s) = Q*(s) exists if |s| < a, where a is a
sufficiently small positive number and further that Q*(s) is continuous at s = 0.
Hence it follows by a theorem of A. Zygmund [29] that the limiting distribution
limy,« W (¢, ) = W*(x) exists and further that the Laplace-Stieltjes transform
of W*(x) is lim—,.Q(f, s) = Q*(s) defined for Re(s) = 0. Thus by (28) we can
conclude that 2*(s) has to satisfy the equation
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(143) {s = Mp[1 — ¥(E)IO*(s) = {s + M1 = p)[1 — ¥(5)} %,
where I’§ is defined by (131). This proves (142). If Apa = 1 then P§ = 0 and

therefore lim,,,, (¢, s) = 0for Re(s) = 0. Hence it follows alat lim., W, x) =
0 for every x. This completes the proof of the theorem.
Remark 7. If we suppose that Apa < 1 and W(x) = W*(z), then we obtain

a stationary process {n(t)} for which
W(t,z) = W*(=),
Py(t) = P}

for all £ = 0. Conversely it is easy to see that the process {#(f)} is stationary if
and only if Apa < 1 and the initial distribution of (0) is W*(x).

THEOREM 12. If Apa < 1 then the Ulimiting probability distribution
limpe P{n. < 2} = W*(z) exists and s independent of the snitial distribution
m. The Laplace-Stieltjes transform of W*(x) is given by (142). If Apa = 1 then
limy—e P{n. £ 2} = 0 for all z.

Proor. The statement concerning the existence of the limiting distribution
is a consequence of a theorem of D. V. Lindley [16]. It remains only to find 2*(s),
the Laplace-Stieltjes transform of W*(z) in the case A\pa < 1. Here Q*(s) is
independent of the initial distribution. If we suppose that 7, = 0 then by using
Abel’s theorem it follows from (58) that

(144)

(145) 2%(s) = lim (1 — ) ‘i Qu(s)wm
_ = pa){s + M1 — p)[1 — ¥()]}
[1 4+ M1 — p)al{s — zp[1l — ¢(s)]}
because h'(1) = —\/(1 — Ape). This agrees with (142).

THEoREM 13. If Mpa <1 then the Ulimiting probability distribution
lim,e P{nt < } = W(x) exists and is independent of the initial distribution of
n%. The Laplace-Stieltjes transform of W () is given by

~ 1 — Apa
(146) Q@) = .
1= 1-9() —s‘p )

If \pa = 1 then limy,—-P{n} < x} = 0 for all x.
ProoF. The proof is similar to that of theorem 12. If A\pa < 1 then by (67)
we have

o * on(syun — —SLL— Apal
(147) 0(s) = lim (1 —w) 3, W' = 07— 5@

because g'(1) = 1/(1 — Ape). If A\pa = 1 then Q(s) = 0.
ReEMARK 8. If Mpa = 1 then {(s) = 0 and therefore it is impossible that
lg(1)| < 1. This proves that « = g(1) = 1 must hold if Apa = 1.
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10. The distribution of the queue size

At this point let us suppose that there is a departure at time ¢ = —0 and
write & = £(0). It is easy to see that the sequence of random variables {¢.} forms
a homogeneous Markov chain. The transition probabilities

(148) pix = P{tups = klg = 1}, n=12---
are given by

Pr—isn fk=Z¢—1landz =12 ---,

(149) Dik = Pk ifk=0 and 7 = 0,
0 ifk<i—1land?z=2,3, -,
where
(150) pi= [T, =012
: i

is the probability that during a serving exactly j customers join the queue. Now
the matrix of transition probabilities has the following form

Do D1 D2
(151) = (P P P

0 Do Y41
THEOREM 14. The higher transition probabilities
(152) pi(g) =P{Eﬂ=kl‘§0=i}7 n=12"-,
are given by the generating function

s & g1 — g(w)] — (1 — 2wl — 2)][gw)]’
(153) 2 2 pidwrt = M- @) — w2

where z = g(w) 1s the root with the smallest absolute value of the equation

(154) z = wyAp(l — 2)].
Proor. Now we can write
(155) Enir = [ — 1] + vapy,

where {v,} is a sequence of independent random variables with distribution
P{v, = j} = pj forj =0,1,2, -, defined by (150). Now let us suppose that
& = 1 is fixed and write

(156) Un(2) = E{z%}.
Then by (155) we have

A57)  Usa() = ¥Dp(L — 2)] [U"(z) —Ple=0 | p, - 0}].

Taking into consideration that Uo(z) = 2iand P{¢, = 0} = pd and forming the
generating function of (157) we obtain
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2 —w(l — )Yl — 2)] ): pidw"

z — wyp(l — 2)]
The left side of (158) is a regular function of zif |2| £ 1 and |w| < 1. The denom-

inator of the right side has exactly one root z = g(w) in the unit circle |z| <'1.
This must be a root of the numerator also. So we have

(158) io Un(z)w" =

w)]¢ .
1 —g(w)
Putting (159) into (158) we get (153), which was to be proved.
RemARk 9. If we suppose that E(O) = 0 and the distribution function of the
waiting time of the nth customer joining the queue is denoted by Wi(x), then we
can write the obvious relation

(159) =l =

(160) Pl=# = [ B awie < He)
0 .

whence

(161) B} = BiDw(l — HWDw(1 - 2)]

Now using (67) we can prove (153) in this way also. If the initial queue size is
arbitrary then E {z%} can be obtained similarly.

The Markov chain {,} is irreducible and aperiodic and we have

TueoREM 15. If Apa < 1then the Markov chain {£.} 1s ergodic and the limiting
probability distribution lim,—oP{, = k} = Py for k = 0,1,2, --- exists and 1is
independent of the initial distribution. We have
(L= Mpa) (1 — DDp(l — 2)]

y[ap(1 —2)] — 2

If Apa 2 1 then lim,—oP {& = k} = O for every k.

Proor. The limit lim,—.P{ = k} = P,always exists and is independent of

the initial distribution. Either every P; > 0 and {P:} is a probability distribu-
tion or every P, = 0. By using Abel’s theorem we have

(162) U) = kgo Pt =

(163) Z Pyt = hm 1 —-w Z Z pip2Fwn

and the right side can be calculated by (153). If we use g(1) = 1 and ¢'(1) =
1/(1 — Apa) when Apa < 1 then we obtain (162) and since g(1) < 1 when
Apa > 1 we obtain that P; = 0 for every & if Apa > 1.

Now we shall investigate the distribution of £(¢) for finite ¢. Let us suppose that
there is a departure at time { = —0. We need the joint distribution of &, and 7
for every n. In this case & = £(0) and 75 = 0.

THEOREM 16. Let us define

(164) Ua(s, 2) = E{e—*"2b}, n=2012 ...
for Re(s) = 0 and |z| < 1. We have for lw| < 1 that
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(165) Z U.(s, 2)un

n=0

. wyls + Ap(L — 2)1[s + Al — 2)]Us[s, ¥(s, w)]
_ 2Us(s, 2) — s+ N1 — v(s, w)]
z — wyls + Ap(1 — 2)]

where (s, w) 1s the root with smallest absolute value in z of the equation

?

(166) z = wd[s + A\p(1 — 2)].
Proor. Now we can write
(167) bt = [£ — 1" + sana
and -
(168) Tat1 = T + X¥41 + {0 W21
HEe1, £, =0,

where {x}} and {9}} are independent sequences of identically distributed inde-
pendent random variables with distribution functions P{x¥ < 2} = H(z) and
P{8}f < 2} = F(x) = 1 — exp (—Az) for £ = 0. Further we have

(169) P{Vn = j]x: = x} = e_kp’gb%z.’ ] = 07 1; 27 e
for every n.

Since
(170) ' E{exp(—sxh)zn} = ¢[s + zp(1 — 2)]

we get by (167) and (168) that
(I71)  Unnls, 2) = ¥fs + (1 — 2)] [U"(S’ 2= Uals0) 4 17,5, 0)

z

>\+s]

Hence
(172) ﬁ:o Uas, 2)w"

zUo(s, z) — wyls + Ap(1l — z)]-s—-'%_:—;—z) 'i:o U.(s, O)w"

wy[s + Ap(1 — 2)]
The left side of (172) is a regular function of z if [¢| < 1, Re(s) = 0, and |w| < 1.
In this domain the denominator of the right side of (172) has exactly one root
z = v(s, w). This must also be a root of the numerator. Thus we have

Udls, (s w)]
1—

(173) 20 Ua(s, Oywr =

Putting (173) into (158) we get (165), as was to be proved.
In what follows let us suppose that ¢ = —0 is a departure point and write

(174) Pa(t) = P{&(t) = kl£(0) = 1}.
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THEOREM 17. Let
(175) [at) = [;7 e Putar
for Re(s) > 0. For Re(s) > 0 and |z| £ 1 we have
(176) kéo ]:[ik(s)zk
{1 — y[s + M1 — 2)]}
T s+ =21z — vls + w1 — 2)])

b Ol (1 N Ve b = o),
S =9@I\ T e 0@ = )]G —vls + ap( = 2]

where v(s) ts the root with smallest absolute value in z of the equation
) z=y[s+ a1 —2)]

Proor. Under the assumption £(0) = ¢ let us denote by M;(f) for j =
0, 1,2, --- the expectation of the number of transitions E; — E;,, occurring in
the time interval (0, t] and denote by N;(t) for j = 0, 1,2, - - - the expectation
of the number of transitions E;;; — E; occurring in the time interval (0, ¢]. We
have evidently

(178) M) = A ﬁ) " Pio(u)du
and by (128)
R _ Av@®F
(179) ﬁ M) = TS
Since clearly
(180) Ni®) = T Pl St b = 3)

we obtain by (165) that

18y 3 o [ T endNyl) = 3 Us(s, 2)
j=0 0 n=1

s+ 21 = 2][¥()]

s+ M1 = v(s)]
=¥t M-l — g on - a7

i

Knowing Mo(t) and N,({) withj = 0, 1, 2, - - - for all .= 0, the probabilities
Pi(t) can be obtained as follows. If k = 1,2, -- ., then

(182) Pa(t) = s&[1 — H(t)]e—w%

+ ¥ [1 ~ H(t - u)]e-w-wﬂ‘ﬂ‘———ﬂ—dzv,(u)

j=1

+ ﬁ [1— H(— u)]e-w-u)[—ﬂ—%))l,i—dMo(u),
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where 8% = 1if7=1,2, ---, k and 8% = 0 otherwise. Further
(183) Pou(t) = bie™™ 4+ ﬁ: e~M—wdNo(u),

where 5,'0 = 1if 7 = 0and 60 = 0if 7 > 0.

In proving (182) we take into consideration that the event £(tf) = k with
k= 1,2, --. can occur in the following mutually exclusive ways. At the instant
u, where 0 < u < {, there occurs a transition E;;, » E; with j = 1,2, .-, k
or a transition Ey— E,. The servicing starting at this instant u does not ter-
minate in the time interval (u, t] and during (u, t], respectively k — jork — 1
customers join the queue. Finally we obtain (182) if we also take into consider-
ation that the transition E;.; — E; may be the 1st, 2nd, - - - , nth, - - - departure
and similarly the transition Ey — E; may be the 1st, 2nd, - - - , nth, --- arrival.
In proving (183) we take into consideration that the event £(f) = 0 can occur in
such a way that at the instant » (where 0 < u < t) there occurs a transition
E, — E, and during (, t] no customer joins the queue.

Let us form the Laplace transforms of (182) and (183) and write the generat-
ing function of II;(s); then we obtain

(184) kg Wii(s)2*

_1 —s¢_||:f' ):;()ip(_lz; Alf ¢ Z / e dN (1) + 2 ./‘“ e_.tho(t)}

1

’ 1 = 0,
+ / sty +{ T
A+ Jo d—vstapl—2] .,
— "l —2) 1 3
By (178) and (183) we have
(185) /0 e dMy(t) = 60)\ T 4+ — x + e *dN(t)

and hence by (180), (181), (184), and (185) we obtam (176).
THEOREM 18. If \pa < 1, then the limiting distribution lim,_.. P{£(t) = k} =
Pifork =0,1,2 ... exists and is independent of the initial distribution. We have

Py ~
T2l —pa *=0

(186) P =
— B 0.
=1 = pla =52,

where {Pi} is deﬁned by (162) If \pa = 1 then limyoP{£(t) = k} = 0 for
every k.

Proor. The transitions E;;; — E; for j = 0,1,2, --- and similarly the
transitions E, — E; form a recurrent process. The distances between successive
transitions are identically distributed independent random variables having non-
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lattice distributions. Therefore by a theorem of Blackwell [1] it follows that the

following limits exist for every h > 0 and agree with the corresponding right
sides

(187) lim N(‘+h) Nf(t):limﬂftﬁfz» i=01,2 -,
t— t—w

and ‘

(188) lim M"(‘ + h) Mo®) _ iy Mo®) : b,
t—o0 t—r0

Furthermore it is easy to see that these limits are independent of the initial state.
Forming the Riemann-Stieltjes sums approximating the integrals (182) and
(183), respectively, and using (187) and (188) we obtain that the limit

(189) lim Py(t) = P%, k=012 -,
t—w
always exists and is independent of the initial state. Specifically we have
(190) P§ = %(No + My)
and fork = 1,2, ---
k ©
(191) Pt =X N, / - H(x)]e—m%dz
i= 0
© k—
+ M [* 11~ H@e G s,
0
where
(192) Jim —il = N; snd lim 200y,
t—w t—ro

Now it is valid that the difference of the numbers of transitions Ey — Ey, and
Eyy1 — Ej occurring in the time interval (0, t] is at most one. Hence we have

(193) [Mu(t) — Nu(®)] £ 1
for every k and ¢ = 0. On the other hand obviously
)\pﬁPk(u)du, k=12 -,
(194) My(t) =
A L Po(u)du, k& =0.

Having proved that lims—oPi(t) = P¥fork =0, 1,2, - - - always exists we can
conclude that

(195) lim

t—0 t

Mut) \pP%, k=12 .-
NP, k=0.

By the theory of .Markov chains it follows that

-—J_z = ..
(196) lim H3 = P k=01,
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where N (f) denotes the expectation of the number of the departing customers in
the time interval (0, ¢], that is,

(197) N@) = gozv,,(t).

We have proved that if Apa < 1 then Pj > 0 for every k and {P4} is a prob-
ability distribution, while if Apa = 1 then P, = 0 for every k. Now by (193)

(198) tim 2268 _ i N—*t@

t —_—
t—>00 t t—o0

and thus in virtue of (195) and (196) we get
&‘limw’ k=12 ---

)\p t— t ’
(199) Pr=1.
Poyim MO, -0,
k t—w t
If we suppose that Apa < 1, then by (162) and (131) we obtain
PR ) S
(200) Ps 141 - p)a
and hence if we write £ = 0 in (199) we obtain
. N@ Ap
(201) lim =~ = T30 = p)a
and by (199)
(202) P¥ = '——LIJ_L— k=12,

14+ M1 - p)a
Formulas (200) and (202) prove (186).
If Apa = 1 then every P, = 0 and since lim..., Nx(f)/t is evidently finite it
follows by (199) that P¥ = 0 for every k. This completes the proof of the theorem.

11. The process of departures

Let us suppose that there is a departure at { = —0 and denote by 7, 73, - - -,
s, -+ - the sequence of the successive departures. Further denote by N(f) the
expected number of the departures occurring in the time interval (0, ¢].

TueoreM 19. If Re(s) > 0 then

(203) f " N (l) = _¥(s) {1 __ sUd¥(s)]
0

T 11— ) s+ N1 — (1)

where v(s) 1s the root with smallest absolute value in z of the equation

(204) z=y[s + a1 - 2)],
and
(205) Us(2) = E{2f™}

is the generating function of the initial queue size.
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Proor. If we put z = 1 in (165) we get
1 — swi(s) Uo[y(s, w)]

- —ara Ly — 8+ N1 — y(s, w)] _
(206) 1§1E {e~ ™}t = T — wp(s) 1.
Since
(207) NO = T P sy

we obtain (203) from (206) letting w — 1.
Now let us suppose that Apa < 1 and the initial distribution of the queue size
agrees with the stationary distribution defined by (162). In this case

_ (L= pa)(1 = 29De(l = 2)]
(208) Vi) = bl = 2)] — ¢

and by (203)
(209) / " N (f)
0
_ ¥ {1 _ (A =pa)s[l = y()]w{rp[l — ¥(s)]}
1 — ¥(s) {s + N1 = vOB @[l — v — v(6) )

If we suppose in particular that H(zx) = 1 — exp (—px) for = = 0, when
¥(s) = u/(u + s) and @ = 1/u, then by (209) we obtain

.

2 ® —st, ] = E — M .
210) L V() = 4|1 - —55— T
M

In the case of p = 1 (210) reduces to

211) / " N (D) =
0 S

whence

(212) N(@) = At

The latter equation is in agreement with the fact that in this case the departures
follow a Poisson process with density \. This theorem was proved by P. J. Burke
[4] and E. Reich [19]. In the general case the output process {r»} cannot be
characterized in a similar simple way.

The interdeparture times can always be expressed as follows,

{x:+1’ fa 2 ]:
x:+1 + 0§+1, b= 0,

where {x%} and {83} are independent sequences of identically distributed inde-
pendent random variables with distribution functions P{x% < z} = H(x) and

(213) T’,H-l - ‘I','. =
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P®;, <z} = F(x) =1 — exp (—\z) if z 2 0, and further &, is the queue size
immediately after the nth departure. Then we have

(214) P{ras1 — m =2} =[1 — Pt = 0}]H(2) + P{& = O} H(x) * F().
If Apa < 1 then lim,-P{¢, = 0} = 1 — Apa, whence

(215) lim P{rp41 — 7 S x} = ApaH(z) + (1 — Apa)H(x) * F(x),

and
(216) lim Efrly, — ) = =L M)\l —P),
The Laplace-Stieltjes transform of the limiting distribution (215) is
A1
(217) w(s) M)

The distribution function (215) is an exponential distribution if and only if
p=1land H(x) = 1 —exp (—z/a)ifx = 0.
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