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1. Introduction

Consider, for example, a classical mechanical system with Lagrangian

2
(1.1) L@@:%—wn
The wave function of the quantum mechanical system corresponding to this
classical one changes with time ¢ acecording to the Schrodinger equation
#a h? 9
(12) A9 BN gy, w0+, 2) = o).

Feynman [3] expressed this wave function ¢(¢, z) in the following integral
form, which we shall here call the Feynman integral

)  wen = [ewfi [[5 - U6 Jir} eIl

where T', is the space of paths X = (z,,0 < 7 < 1) with zo = z, []. dz, is a
uniform measure on R@, and N is a normalization factor. It should be noted
that the integral ﬂ) ‘ [42/2 — U(z,)] dr is the classical action integral along the
path X. (This idea goes back to Dirac [1].) It is easy to see that (1.3) solves
(1.2) unless we require mathematical rigor. It is our purpose to define the gener-
alized measure ]|, dz./N, that is, the integral j;‘ F(X)II. dz./N, rigorously and

to prove that (1.3) solves (1.2) in case U(z) = 0 (case of no force) or U(x) = x
(case of constant force). See theorem 5.2 and theorem 5.3 below. We hope this
fact will be proved for a general U(z) with some appropriate regularity condi-
tions.

"Qur definition is also applicable to the Wiener integral; namely, using it, we
shall prove that the solution of the heat equation

(14) Y, Y Uu’ u(0+) x) = f(x):

is given by .
(1.5) u(t, ) = I%T r,exp {—/(; I:% + U(zr)jldf f(xe) H dz,
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228 FOURTH BERKELEY SYMPOSIUM: ITO

for any bounded continuous function U(z). See theorem 4.3. This should be
called the Feynman version of Kac’s theorem that

(1.5 ult, ) = fn exp [- ﬁ) ‘Ul d{] F(z) Wa(dX)

solves (1.4). In this paper the paths, that is, the points in T, are denoted with
capital letters X, Y, - - - and their values at time 7 are denoted with the corre-
sponding small letters with the suffix = such as z,, y., ---. Now that Kac’s
theorem is well known to probabilists, no one bothers with its Feynman version.
However, it is interesting that Kac had the Feynman version (1.5) in mind and
formulated it as (1.5’) to make it rigorous [5].

Gelfand and Yaglom [4] proposed a method of defining the Feynman integral.
They replaced # with # — 4o in (1.3) to reduce the Feynman integral to the
Wiener integral and defined the Feynman integral as a limit of the Wiener inte-
gral by letting ¢ | 0. Our method is different from theirs in the point that we
define ], dz./N directly and treat both the Feynman integral and the Wiener
integral on the same level.

2. The mathematical meaning of ][, dx,/N

What Feynman had in mind for [], dz. must be a uniform measure on R4,
Rigorously speaking, this measure does not exist. Therefore, we should define it
as an ideal limit of a sequence of measures on R4, In order to be able to com-
pute the integral (1.3) or (1.5), the approximating measures should be concen-
trated on the set L, of all X = (z,, 0 < 7 < t) € RO gatisfying

(L.1) z, is absolutely continuous in ,

(L.2) &, = dz./dr € L0, ],

(L.3) lim,.;oxf = X.

We shall now construct a sequence of probability measures {P3’} on L, whose
ideal limit is the uniform distribution on R4, Let p(r, o), with ¢, 7 € (0, ], be
strictly positive definite and continuous; for example, p(r, 6) = exp (—|r — d|).
Let ¢.(w), w € (B, P), be a Gaussian process with
(2'1) E(Ef) =0, E(ETE’) = P(T) ¢7)-

It is well known that such a Gaussian process exists. Since the continuity of
p(r, ¢) implies the continuity of ¢, in the mean, there exists a measurable version
[2] of £, Denote that version with the same symbol £..

Noting that

(2.2) E([ #dr) = [ o, 7)dr < 4,
we can see that

23) P{ﬁ: £dr < +oo} -1
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Put
(2.4) x‘,”’==1:+nﬁ;£od0, 0<r<t
Then 2™, for 0 < 7 < ¢, is also a Gaussian process with
E[xs'“)] =z,
E{[z® — z][z® — 2]} = n? ﬁ) ’ ﬁ) “ o(61, 65) doy db,.

Denote by P the probability distribution of the sample function X of the
process 2, with 0 < r £ ¢. Then P{ is concentrated on L, and any finite

(2.5)

dimensional marginal distribution of P$?, say over coordinates 71, 73, - - *, Tm, iS
Gaussian with the density

bi/2 1 m»
(2.6) @ntyoia €XP [2 3 Z bij(@: — 2)(x; — x)],

where the matrix (b;;) is the inverse of the matrix (v;;) with
(27) Vi = j;)‘r.' jo‘rl p(ol; 02) d01 d02, ’L,j = 1, 2, <o, m

and b is the determinant of (b;;). The existence of (b;;), that is, the nonvanishing
of the determinant of (v;;) results from the assumption that p(r, o) is strictly
positive definite.

Since the Gaussian distribution (2.6) tends to a uniform distribution on the
m-space in the sense that, for any almost periodic function f(z1, 22, « -+, Zm),

2.8)

b2
/ /f(xl, L Tm) To—aTs @ty exp [2n2 ”Z_ bii(x; — x)(x; — x)]dxl coo dTn

tends to the Bohr mean 91(f) of f as n — «, it is reasonable to say that P, for
n = 1,2, --- approximates the uniform distribution on R©# and that ], dz, is
an ideal limit of this sequence.

N must be also an ideal limit of a sequence of numbers {N,} such that P;?/N,
tends to ]| dz./N in some sense.

Keeping these heuristic considerations in mind, we shall give a mathematical

meaning to [, de./N, that is, to the linear functional I(F) = [ FX)]]. dz./N.

There are many ways of defining this funetional in accordance with the choice
of the sequence {N,}. We shall express I(F) as I(F, N,) referring to the sequence

{N.}.
DEFINITION.

(2.9) I(F,N,) = hm -N—f F(X)PP(dX).

The domain D(N,) of this functional I(F, N,) is the set of all F for which the
limit in (2.9) exists and is finite.
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Tixing {N,}, we shall write D(N,) as D and I(F, N,) as

1

(2.10) v | F& IT1 da..

We shall mention three interesting cases.

(i) Uniform integral. N, = 1, with n =1, 2, ---. If F(X) is of the form
f@m, Tm, + -, -,,) With an almost periodic function f(xy, o, - - -, Tn), then F € ©
and
@.11) + / px) I de. = (),

Iy T
where 9M(f) is the Bohr mean of f.
(1) Wiener integral. N, = 1/ILA + »2\)v2, n =1, 2, -+, where \, will be

defined in the next section. We shall discuss the Wiener integral in section 4.
(iii) Feynman integral. N, = 1/TL(1 4+ n2\,/#6)V2, with n = 1,2, -- -, with
the same A, as in (ii). This will be discussed in seetion 5.
3. Orthogonalization method
In the following sections we shall be faced with the integrals of the type
3.1) I= [ ax)P@x).

Recalling that Py was defined as the probability distribution of the sample
path X of the process

(3.2) (W) =2 +n ﬁ) " £o(w) db

introduced in section 2, the integral I can be expressed as the mean value of
G[X™(w)] on Q(B, P)

3.3) I = [,GIX9@IPEe) = E{GIX@];.

To compute this, we shall use the usual orthogonalization method. The idea is
as follows. Let T denote the operator from L%(0, t] into itself,

(3.4) (T)(@) = [ oz, @)n(o) do.

Then 7 is a strictly positive-definite compact operator. Therefore T' has positive
eigenvalues {\,} whose eigenfunctions {n,} constitute a complete orthonormal
system in L2(0, t].

Now put

(3.5) @@ = ) = [, &@n() dr;

this inner product is well defined, thanks to (2.3). Then {a,} is a Gaussian
system, since £, is a Gaussian process. Equation (2.1) implies that
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(3.6) B(wa,) = [} [ o, m(r)na(o) dr do.

Therefore a,, with » = 1, 2, - - -, are independent and each a, is Gaussian with
mean 0 and variance A,. Since we have

@)  ZA=TE@)=ELd)=E ( ﬁ) ‘g2 dr) = ﬂ) " o(r, 7) dr,

the continuity of p(r, ¢) implies

3.8) ‘4:: A < oo

this faet will be useful in the following sections.
Noting that

3.9) £(0) = 2 a(w)n(r)

and that

(3.10) (@) = +n [ (o) db.

we can express I in the form

3.11) I = E{H(a, as, + )}

with some H. Using the independence and the normality of {a,}, we can compute
(3.11) more easily than the original form (3.1).

4. Wiener integral
We shall now discuss the integral (2.10) for
1

(4.1) Nn = —H (1 + n2x,)1/2’ n = 1’ 2’ ceey,

where A,, with » = 1, 2, - - -, are the eigenvalues introduced in section 3.

We can verify easily the convergence of the infinite sums and infinite products
appearing in this section by appealing to (3.8).

Lemma 4.1.

¢ 22
42) Q@x) =5 exp ( - f % 4r) P (aX)
" 0

1s a probability distribution on L..
Proor. Using the orthogonalization method, we get

4.3) I = [ exp (— L 'z df) PP(dX)
=FK [exp (—n‘-’ /Ot g_f d'r)]
Blew (-5 %)]

Il
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Noting that the a,, for v = 1, 2, - - -, are independent, we have
2.2
(4.4) L=z [exp (—1‘—29!)]

+ 1 —_— a2 n2a2
=11 (2mn)ie <P ( o, 2 )d"‘

v —»

1
= H (1 + n2\,)12

= N",

which proves our lemma.
LemMma 4.2. For any g € L*(0, t], we have

e X — exo | 5 M
(4.5) /L‘exp [zﬁ %.g(7) dr)]Q,‘ﬁ(dX) = exp[ ;2(n2>\,+ 1)],

t
where g, = (g, n) = [ g@n(x) dr, for» = 1,2, -+,
Proor. By the same idea as in lemma 1, we have

(4.6) I, = fL exp [z ﬁ)‘ &g (r) df] Q¥ (dX)
1 [ 32
=y [ e [z L Gig(r) dr — ]0 = df] P®(dX)
1 . a
=N [exp (m Zv: na, — n? ; 5)]
= -Nl—”];IE I:exp (ing,,a,, — n? g_“;):l
na?

1 1 —a? .
N——,.];I/ @) exp ( 2N, + ing,a — T) da

1 1 éx [ —n2\g2 ]
N T+ )2 P o, + 1) [
which proves (4.5) by virtue of (4.1).
As an immediate result from lemma 4.2, we obtain the following lemma,

noting that X g% = L ‘ g(7)? dr and that ,[o ‘ g{r) dB(r) is Gaussian distributed

=

with mean 0 and variance L ‘ g(7)? dr for the Brownian motion B(r).
"LemMma 4.3. For any g € L*0, t],

t ¢t g2
4. ; t.g(r) dr — | Zdr \
4.7 exp[z-/;x,g() T ﬁ2 ]E:D
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and
1 . [t t g2
(4.8) = | exp |:1, / z.4(r) dr —-/ = dr:| 11 d=.
N L, 0 0 2 T
= [L= exp [i ﬁ)t g(r) dx,] W.(dX),

where W is the probability measure for the Brownian motion process starting
at z, namely the Wiener measure.
THEOREM 4.1.

t 2
4.9) L oxp (- / & df) IT de. = W.@dX);
N 0o 2 .
rigorously speaking, we have, for any continuous bounded tame function F(X),

(4.10) F(X) exp (— A ‘ 1; d-r) €o

@iy fr R exp (— L ‘ %2 df>dgx, - /P FOOW.(ax).

A tame function is a function defined on an infinite dimensional space which
depends only on a finite number of coordinates.
Proor. F(X) can be expressed as

(4.12) FX) =f@ny&ny -, ZTr), 0< 1< " <7y £,

with a continuous bounded function f of m real variables. To obtain theorem 4.1,
it is enough to prove that

(413)  lm [ f(n @y -, 2)QPEX) = [, f(n, 2a, -+, 2o WaldX),

Let @ and W, denote the marginal distributions of Q¥ and W, over the co-
ordinates 71, 72, - - *, 7o respectively. Then

419 L= [ [explitaan + - + znaw)] @ (den - - datn)
= /L‘ exp [((&1n + -+ + 2n2.) QP (dX)
= exp [i(es + -+ + zm)a] [, exp [ [ ()3, dr | QP (@X),

where g(r) = Y. 7-12j0i(r) and ¢;(r) is the indicator function of the set (0, r;).
Using lemma 4.3, we get

(415) Lo | expliles+ - + 25+ [ g(r) dzIW.(dX)
= j; _ eXp Bz, + -+ + 2nZn) ]W(dX)
= [ [exp liaon + -+ + znan) | Waldo doss -« - dexn).

Therefore §© — W, in the weak sense as n — «, which implies (4.13).
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THEOREM 4.2. If f(z): R' — C is continuous and bounded, then

(4.16) exp (— L ‘ % dr) f@) €D

and

(4.17) ult, z) = % / exp (— ﬁ %’dr) jeo I do.
solves )

(4.18) g-:—‘ ;‘;;ﬁ u(0+, x) = f(=).

Proor. Using the previous theorem, we have

619 uen) = [ feowan = [0 gomen [ - |a

and this solves (4.18).
THEOREM 4.3. (Feynman’s version of Kac's theorem.) If f(x) and U(zx) are
continuous and bounded, then

420 T2 & v |arb 5

(4.20) e {~ [[§+ v Jarpieo €0

and

@2)  ua) =3 fr exp {— ﬁ [% + U(xr):ld-r} ) 1L de.
solves

4.22) M- U@, w0+, 2) = .

Proor. It is enough, by virtue of Kac’s theorem, to prove that

@2)  lm Ni /L exp {— [) ‘ [%2 + U(x,)]dr} f(2) Pa(dX)
_ ﬁ exp[— L ‘U dr:l f@)W(dX).

Denoting the integrals in (4.23) by I, and I respectively, we obtain

(4.24) L = [, exp [~ [} U) dr ] 1z)Q @)
= Inm + any
where
(4.25)  ILim "1) f [ / Ux,) - Ux,)QP(dX) ds, - - - dr,
(4.26) Runl S gty U1l exp (U110,

where || || means the uniform norm. Therefore I,.. tends to I, uniformly in
n as m — . Using theorem 4.1, we have
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(4.27) Inm - Ioom

= éﬁ—},ll [) Lo L ' / Uten) - - Uz, )f @) WadX) dry - - - dr,

and it is easy to see that I, — I as n — «. Taking the uniform convergence
of limpy—w Inm = I, into account, we have

(4.28) lim I, = lim lim I,» = lim lim Jom = lim Jm = I,

n—re N—r»0 M—r%0 m-—w n—rw m—>r o0

which completes our proof.

6. Feynman integral

In this section we shall discuss (2.10) for

(5.1) N, = 1 ) n=12- .-

2 1/2
H (1 + n2\, )
As in section 4, we can easily verlfy the convergence of the infinite sums and

infinite products, by appealing to (3.8).
LemMma 5.1.  If Re(b) > 0 and c s real, then

(5.2) [ " exp (—ba? + ic) da = (%)"2 exp (_42;;).

-0

Proor. This is true if b > 0. By analytic continuation, we can verify (5.2)
for Re(b) > 0.
LemMma 5.2. If g(r) € L¥0, t], then

63) = [ ex [f PR ()d:lP""(dX)
. N,,szho2r 'Lo:v,grr..
_ _ n’\Aig, ]
- exp[ Z2(71,2)\ + #1)
where

(5.4) g = @) = [ o) dr.

Proor. We shall use the orthogonalization method introduced in section 3.

65 L=y f exp [i / i / Ceg(r) d'r:l PP (dX)
Nﬂ L‘ h 0 2 0
1
A E qexp [Zh > (@ + mg.,a,.)]}
%H E [exp (—- a4 zng,a,)]
=L 2 1 o . inta® | .
- NnH ];” (21'%’)1[: exp (—2_)"’ 2% )d(x.
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Using lemma 5.1 to evaluate this integral, we have

_ n\fig,
(5.6) [ = exp [ Z 2(n2\, + hz)]

Noting that 3 ¢2 = E g(7)? dr, we obtain, as an immediate result from lemma
5.2,
TreorEM 5.1.  If g(r) € L¥(0, t], then

i [ti? . [t
5.7 ¥ | 5d tg(r) d D
(57) exp5 [Farti [ ar] €

and
1 DAL S L _ —n [ .
(5.8) Nﬁ‘exp[hﬁ ) dr+zﬁx,g(r) dr]I;Idx, = exp[ htﬁ 5 d‘r]

THEOREM 5.2. If the Fourier transform of ¢(z) is a continuous function with
compact support, then

o
(5.9) exp (2 &7 dr) o(z.) € D,
ko, 2
. and
5.10) t2) = = (3 ‘ﬁd) @)1 d
5. :l/,x—Nr'exphozrgpx,Tx,
solves
oy _ Wy _
(5.11) T3 = 2 o ¥(0, ) = ¢(2).
Proor. It is enough to prove that
(5.12) I, = Ni” f exp (h / —dr) o(z) PP (dX)
tends to
1 —(@ = y)2]
(5.13) / CEE expl: STl ¢(y) dy.
Denoting the Fourier transform of ¢(z) by ¢(£) or (F¢)(x) as
(5.14) 2@) = Go)@) = [ exp @ritz)e(a) dr,
we have
=2 ©
615 L=+ / exp / Lar) / exp (—2witz) p(2) db PP (dX)
1 ¢ 32
=¥ / #(2) exp (—2mitz) d2 f exp / EdT

t
- 21”5::9/ Zr d‘l’) PP (dX).
0
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Putting g(t) = —2nx&d, in lemma 5.2 to compute this integral over L,, we have
_[" o n*Hi\ ]
(5.16) 1. /_ " o(8) exp [ 2rits ~ ¥ 2——”9——( Al
Recalling the assumption that ¢(£) has a compact support, and noting that
(5.17) Y= ﬁ) * g2(r) dr = 4m282,
we have
(5.18) lim I, = f_: #(4) exp (—2mitx — 27x°hit£?) di.
Sinee the Fourier transform of

. 1 —2°
(5.19) N(x, fiit) = et exp <2hit>
in the Schwartz distribution sense [6] is exp (—2#?%it£2), we obtain
(5.20) lim I, = §Y{(F)F[N(-, hit)]}

= ¢(x) * N(z, hil),

namely
(521) ‘/’(t: 1:) = N(Z, hat) * 9"(33))

which completes our proof.
TueoreM 5.3. If the Fourier transform of ¢(x) has compact support, then
we have

5.22 (& e)d ) ED
(522 e[y [(§-=)i]oe e
and

1 7 Iy
(5.23) vt 2) = N/;’ exp [hj; (2 :Ef> d‘r:l ¢(xz)II dzx,
solves

2 22

(5.29) LT B YO+, 2) = o(a).

Proor. Defining $(£) as in (5.14), we obtain
_ 1 _". Iy (@
(25 In=3- / exp 2 ﬁ ( . x) df] (20 P9 (dX)

y t
=NL/¢¢) d@/ exp f—-—dr—}z/ x,dr—Zwiéx,)P,‘,"(dX)
0
_ 1
= N.

/ (£) exp —2m (ﬁ + -2-&-) / exp / Tdr

+1 /t g(n)i, dr] PP (dX),
0
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where g(r) = —({ — 1)/ — 2x£. Using lemma 5.2 to evaluate this integral over
L. and recalling that ¢ has compact support to take the limit as n — o, we
have

(5.26) (¢, 2)
- [ o exp[ -2 (¢ +55) s = & /( £) ar |as
=]¢a(£——2th)exp[—2m'i'x g—/ 21rz :Id;i
=/¢(§: zth)exp{—Zm'ix—%[( 2t + )—( 21r£~)3]}dz

Thus we get
(6.27) ¥, %) =Y, )]

=¢ (ﬁ - Z%h) exp {—% [(—;21@ + %)3 - (—2m@)3]}~

Simple computation shows that ¥(z, £) satisfies

t —
f

h hop _ 2y _ L 5 =3
This implies (5.13).

I would like to thank Professor G. Baxter for his valuable suggestions and
assistance in writing the final version of this paper.
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