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7. PROOFS OF THEOREMS 3.1 AND 3.2.

The first step is to show that for a parameter point Po which
satisfies Condition A or B of Ch. 3 there exist large rectangles for
which the crossing probabilities in both the horizontal and vertical
direction are bounded away from zero. The RSW theorem will then show

that with Pp -probability one there exist arbitrarily large occupied
0

circuits on G surrounding the origin. From this it follows that there

are no infinite vacant clusters on Q* under Pp 1) An interchange of
0
the roles of G and Q* and of occupied and vacant then shows that

there is also no percolation on G wunder Pp . This is just the con-
0
tent of (3.43), which is the most important statement in Theorem 3.1(i).

Clearly the above implies that for p', p" such that p'(i) g_po(i)
f_pll(i)s.i:]s---’)\ also

Pp,{#w(v) = «} =0 and Pp“{#w*(v) = w} = (.

The above conclusions are basically already in Harris' beautiful
paper (Harris (1960)). The first proof that percolation actually occurs
for p" >> Py is in Kesten (1980a). The proof given below is somewhat
simpler because we now use Russo's formula (Prop. 4.2) which only
appeared in Russo (1981). Actually we prove the dual statement that
for p' << Po infinite vacant clusters occur on Q*. An easy argument
shows that it suffices to show Ep.{#W(v)} < =, and by Theorem 5.1 this
will follow once we prove that the crossing-probabilities t(N;1.p')
and t(N;2,p') of some large rectangles are small for p' << p. This
is done by showing that é%-x(ﬁ}i,p(t)) is "large" for 0 <t <1,

p(t) = (1-t)p‘4-tp0. By Russo's formula, this amounts to showing that
there are many pivotal sites (see Def. 4.2) for the events

(7.1) A(N;i) = { 3 occupied crossing in the i-direction of T(N;i)}.

1 In this part we shall use some simplifications suggested by
S. Kotani.
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This last step is the same as in Kesten (1980a). The pivotal sites for
A(N;1) for instance are found more or less as the sites on the lowest
occupied horizontal crossing of T(N3;1) which have a vacant connection
on G* to the upper edge of T(N;1) (see Ex. 4.2(iii)). To enable us
to talk about a "lowest horizontal crossing" the actual proofs are car-
ried out on ng, Q;2 » rather than on G, q*. For the remainder of this
chapter (G,G*) 1s a matching pair of periodic graphs imbedded in RZ,
based on (7,%) and sz, QSQ their planar modifications (see Ch.2.2,
2.3). U1,...,UA is a periodic partition of the vertices of G (and
hence of the vertices of Q*). For p ¢ F&, Pp is the corresponding
A-parameter periodic probability measure (see Ch.3.2). P_ s always
extended to a measure on the occupancy configurations of G 0 and QEQ
by taking the central vertices of qu occupied and those of QSK
vacant, i.e.,

(7.2) Pp {w(v) = +#1} =1 if v 1is a central vertex of some
face F ¢ &,

(7.3) Pp{w(v) = -1} =1 4if v 1is a central vertex of some
face F ¢ &*-

Lastly, we assume that the second coordinate axis is an axis of symmetry
for G, Q* and the partition b1""’hi . As we saw in Comment 2.4
(iii) we may then also take ka and QSQ symmetric with respect to
the vertical line x(1)=0, and by periodicity also with respect to any
line x(1) =k, k € Z. We always assume that qu and (;;2 have been
imbedded in this symmetric way.

Lemma 7.1. Assume that Pg € F& satisfies Condition A in Ch. 3.3 and
that

(7.4) 0 <<pg<<T.
Then there exists a vector A = (A(1),A(2)) and a sequence
{m = (mn]’ng)} of integral vectors such that m . > o (n » =,

n n>1 ni
i =1,2) and such that for all large n (with & as in Condition A)

(7.5) c(mn;l,po) >§ and o(mn+-A;2,p0) > 8.

Also, for some sequence {m:}

- - —* L3
n>1 of integral vectors with mn(1) >
— X
(n >3 i=1,2) and a vector A
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(7.6) o (mn,l,po) >8 and o (mn4-A ;2,p0) > 8

eventually.

Proof: First we show that there exists a constant C = C(Q,po) such
that

(7.7) Tim 0((n,ecn);1,p0) =1 and Tim c((ecn,n);z,po) = 1.

n->co n->o0

We prove the first relation in (7.7). Choose A3 = A3(Q) such that

each horizontal (vertical) strip of height Aq (width A3) possesses
a horizontal (vertical) crossing on 7 (and hence also on G, as well
as on Q*). Such a A3 exists by Lemma A.3. We also pick a constant
A= A(Q,Q*) for which

(7.8) diameter (e) < A for each edge e of G or G* or
- *
sz or ka .

We set

(7.9) u = u(Q,Q*) = number of vertices which belong to

G or G* in [0,1)x[0,1) .
Now consider the strips
Sk := [0,n]x [2kA3,(2k+1)A3] .
Each Sk contains a horizontal crossing of at most

(n4-2A)A3u 5_2A3un

vertices, for n sufficiently large. Therefore

Pp { 3 occupied horizontal crossing on G of Sk}

0

2A3un

> [min P_ {v is occupied}]
veG Po

>e "

for some vy = y(po,q) < o , Finally, since the Sk are disjoint, we
have for C > vy



171

o((n,ecn);1,p0) = P_{ 3 occupied horizontal crossing on G

Po
of [0,n]><[0,ecn]} z_Pp { 3 occupied horizontal crossing on
0

G of some Sk with 1 <k S_E%f-ecn- 1}
3

o (20) e
> 1-(1-e7 >1 (n»>w) .,
This proves (7.7).

Now let C be such that (7.7) holds. For the sake of argument
assume that the implication in (3.36) is valid for j =2. Let n be

so large that o((n,exan);],pO) z_%-. We can then choose m = m(n)
as the smallest integer < exp Cn for which

(7.10) o((n.m)31.pg) > 5 -

In exactly the same way as we proved (7.7) we prove

(7.11) 1im c*((n,%%og n);2,po) = 1im P{ 3 vacant vertical crossing

n-><o k-0

of [0,e°K1x[0,k] on G}

]
—
.

But if there exists a vacant vertical crossing r of [O,n]]><[0,n2]
for some Nys Moo then there cannot be an occupied horizontal crossing
r' of [O,n]]><[0,n2]. For r and r' would have to intersect,

necessarily in a vertex of 7 (see Comment 2.2 (vii)) and this vertex

in r 0 r' would have to be vacant as well as occupied. This is clear-
ly impossible. Consequently

(7.12) o((nyn,)3T5p) <1 -o*((n1 N,)32,5p0) -

Taking ny =N, n, = %—109 n we obtian from (7.11) and (7.12) that

o((n,%-]og n);],po) +0 (n - ).

Comparing this with (7.10) and using the monotonicity property of o
(Comment 3.3 (v))we see that

(7.13) m(n) 3_%—109 n eventually.

We now use Prop. 2.2 to prove that the inequality in (7.12) can
almost be reversed. More precisely, let



172

hy = TAg+ AT +1

and assume n],n2 > 2A4. Then for any p ¢ F& one has

- * .
(7.14)  o((nyony)51.p)+ 07 ((ny + 20,50, - 28)32,p) > 1

as well as

(7.15) 0((n1+2A4,n2-2A4);2,P)+0*((n],n2);1,9) >1.

We only prove (7.14). For (7.15) we only need to interchange the roles
of G and Q* and of occupied and vacant. To prove (7.14) we take a
self-avoiding vertical crossing ry on 7 of [-A4,-A-1]><[0,n2]. Such
a vertical crossing exists by Lemma A.3 and our choice of A3. Similar-
1y we take a selfavoiding vertical crossing rs on n of
[n]+1\+1,n1-+A4] x[O,n2] and horizontal crossings ro and r, of
[-Agonq + g1 x [A+ 1,0, T and  [-Agong + 4T x [n, - Ayon, - A= 1], respec-
tively (see Fig. 7.1). Once again we remind the reader of the observa-

Figure 7.1 The solid rectangle is [ 0,n1] x [ 0,n2]; the outer dashed

rectangle is [-A4,n]+A4] X [O,nz]; the inner dashed rectangle
is [O,n]] X [A4,n2-A4].

tion at the beginning of Sect. 2.3: Since 7 is planar, and rs is
self-avoiding, the curve made up from the edges of r is a simple
curve. 1y contains therefore a simple curve, ¢p say, inside the
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rectangle [—A4,—A-1] X[O,nz], and connecting the top and bottom edge

of this rectangle. Similarly rs contains a simple curve ¢3 inside
[n]+A+1,n1+A4], and connecting the top and bottom edge of this rectangle.
Now, both rs and ry must intersect ¢] as well as ¢3. Starting
from the left endpoint of ro (r4) let Uy (u3) be the last inter-
section of r, (r4) with ¢ and Us (u4) the first intersection of
rs (r4) with ¢3. Denote the closed segment of ¢] from Uy to Uy

by A1, the closed segment of ro from Uy to Uy by A2, the closed
segment of 93 from Uy to us by A3, and the closed segment of Ty
from ug to Uy by A4. By construction A1 is strictly to the left
of the vertical line x(1) = -A and A3 to the right of x(1) = ny +A.
Similarly A2 is below the horizontal line x(2) = Ay and A4 above
x(2) = Dy- In addition, the A, are simple curves. It is not hard to
see from this that the composition of A1,A2 A3 and A4 is a Jordan
curve, J say. Any path on G dinside J = J U int(J) from a vertex

on A1 to a vertex on A3 has to contain a horizontal crossing of
[0,n1]><[0,n2], since A2 lies strictly above the horizontal line

x(2) = 0 and ry strictly below x(2) = n,. If all vertices on r in
int(J) are occupied then r contains an occupied horizontal crossing
of [0,n ]X[O nz] Thus, if there does not exist an occupied horizontal
crosswng of [O,n ] x [0, n2] then no path r of the above nature can
exist. By Prop. 2 2 this implies the existence of a vacant path r on
Q* and inside J‘\A1 U A3 with 1n1t1a1 point on A2 and final point
on A4 Finally, any such path r* contains a vacant vertical crossing

of [-A4,n]+A4} [A4,n2- 4]. For the crossing probabilities this implies

1—0((n1,n2);1,p) = Pp{there does not exist an occupied

horizontal crossing of [0,n1]x {O,nz] on G}

g_Pp{ 3 vacant vertical crossing of [-A4,n]+A4]><[A4,n2—A4]
LI _ .

on Gl=o0o ((n1+2A4,n2 2A4),2,p)

(use periodicity for the last equality). This proves (7.14).

It is easy now to complete the proof. For n, > 2A4 and

m(n)-1 > %~1og n-1 > 2\,  we have (7.10) as well as

(7.16) o((num(n)-1)31,pg) < 7 »

by virtue of the definition of m(n). Then, by (7.14)
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0" ((n+20,>m(n)-2A,-1)52,p5) 2 5 »
and finally, by (3.36) in Condition A
* *y
o(n+2A4-p] ,m(n)'ZAq_‘]'pz)azspo) >4 .

This, together with (7.10) implies (7.5) with ~h = (n,m(n)) and

A= (2A4—p?,—2A4—]—p;). When (3.36) holds for j = 1, then one merely
has to interchange the roles of the first and second coordinate. To
prove (7.6) one interchanges the roles of G and Q* in the above

proof. []

Lemma 7.2. Assume that Po satisfies (7.4) and Condition A or B in
Ch. 3.3. Then there exist sequences of vectors {N@ = (N

21N tes
{Mz = (M21’M22)}23J , and for each integer k a number Gk > 0 such

that
(7.17) Nzi >0, Mzi >0 ,71=1,2,as 2>,
(7.18) 0((kN2],N12);1,DO,Qp2) Z-Sk > 0,
U((Nl]sszz);zspoaqu) bl Gk > 0,
and
(7]9) 0*((kM,Q,1’MR,2);]’pO’quL) 2_ 6k > 0,
* .
o ((M21,kMz2),2,p0,QpQ) >8> 0.
Moreover
(7.20) Pp { 3 occupied circuit on sz surrounding 0
0

and inside the annulus [-2N21,2N21]><[—2N£2,2N22]\

4

and



175

(7.21) P, { 3 vacant circuit on QSQ surrounding 0
0

and inside the annulus [‘2M21’2M11] X[‘ZMQQ’ZMgz]

4
(-MR] ’M:QJ) x (_M,Q’Z ,MQ.Z)} Z 64.

Proof: Again we restrict ourselves to proving (7.18) and (7.20). First
assume Condition A is satisfied. By the last lemma we then have (7.5).
With A as in (7.8) this implies, by virtue of Lemma 2.1b,

(7.22) o((mn1-2A,mn2+2A);],po,sz) > 6 and

o((my +A(1)+20,m 5+A(2)-20)32,p05G ) > 6

(Basically an occupied horizontal crossing on G 1is turned into a
horizontal crossing on qu by inserting central vertices of G. These
central vertices are occupied with probability one by virtue of (7.2).
The resulting horizontal crossing on qpl is therefore again occupied.
The same argument applies to vertical crossings.) We can now apply the
RSW theorem (Theorem 6.1) with 7w =2, n = (mn]—ZA,mn2+2A) and
m = (mn1+A(1)+2A,mn2+A(2)-2A). (7.18) is then immediate from (6.9) and
(6.10) and the monotonicity properties of o (see Comment 3.3 (v)) with
N@ = 55@ and §, = f(8,8,2,10k). (7.20) follows from (7.18), because
one can construct a circuit from two horizontal and two vertical cross-
ings of suitable rectangles, as explained in the proof of Cor. 6.1 at
the end of Ch. 6. This proves the lemma under Condition A.

Now assume that Condition B holds. Instead of (7.22) we now obtain

from (3.38) and Lemma 2.1b
o((n£1-2A,n22+2A;1,pO,sz) > 8 and
c(a1n2]+2A,a2n22—2A);Z,po,qpl) > 8

The Lemma again follows from the RSW theorem (this time with
_ -1 -1
m = zrmaX{a-] sazaa-] 9a2 }—I)' D

Lemma 7.3. Assume p € VA satisfies

D<<px<<1.
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If for some vertex v of §

(7.23) Ep{#W(V)} <,

then for every vertex w of Q*

(7.24) Pp{#w*(w) = w} >0 .
Also

(7.25) Ep{#w*(w)} <o
implies

(7.26) Pp{#W(v) = »} > 0.

Proof: We shall show that (7.23) implies

(7.27) Pp{ an infinite vacant component on G* inside
the first quadrant} = 1.

This will imply that
* —
Pp{#w (w1) =} >0

for some W, € G*. (7.24) follows then for any w by (4.8) (with
n =), Asimilar proof will work for obtaining (7.26) from (7.25).
To prove (7.27) we first use (7.14) with

n, = 282

k+1
1 4 * M

2

+2A4 .

We obtain

(7.28)  1-07((2%,2");2.,p.%) 5_o((zk-2A4,2k+‘+2A4);1,p,Q).

Next we claim that (7.23) implies

(7.29) Y c((2k+A5,2k+]+A6);1,p) < o

k=1
for any A5, A6. This was essentially already proved in Lemma 5.4.
Exactly as at the end of the proof of that lemma (cf. (5.55)) one shows

that
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+
o((2%ng,25* 1 +1)31,p)
k+1 .
< n(2a+1)(2 +A6+2A+1) sup P {W(vo) contains a vertex
oMz P
to the right of x(1) = 2k+A5-A}
g_u(2A+1)(2k+1+A6+2A+1)

. 1,.k
P {#W(vy) > +(2"+A--2M)}
voe[0,1§ o,1) P o' =1 5

(use periodicity for the last inequality). But (7.23) for some v
implies
Ep{#w(vo)} < o

for all Vo (see the Application 4.1 of the FKG inequality) and conse-
quently

7 2K*2p REC (2K

) > +h-20)} < © .
voel0.1)x[0,1) K 0 s -

>l—-'

(7.29) follows.

From the Borel-Cantelli lemma (Renyi (1970) Lemma VII.5.A), (7.28)
(7.29) it now follows that

(7.30) Pp{ 3 vacant vertical crossing on Q* of [O,Zk]><[0,2k+]]

for all large k} =

In the same way one sees

(7.31) Pp{ 3 vacant horizontal crossing on Q* of

[0,2*17x [0,2%7 for a1l large k} =

Since a horizontal crossing of [0,2k+1]><[0,2k] or of [0,2k+3]><[0,2k+2]
must intersect a vertical crossing of [O,2k+]]><[0,2k+2], one easily

sees that if for all large k there exists a vacant horizontal crossing
on G of [0,22k+1]><[0,22k] and a vacant vertical crossing on G~

of [0,22k+]]><[0,22k+2], then these crossings combine to an infinite
vacant cluster on q* in the first quadrant. Thus (7.27) follows from
(7.30) and (7.31). L]
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Remark.

(i) The above proof is taken from Smythe and Wierman (1978),
Theorem 3.2. Together with parts (ii) and (iii) of Theorem 3.1 it will
show that one actually has infinite occupied clusters on G in the
first quadrant under Pp“ with p" >> Po> and infinite vacant clusters
on Q in the first quadrant under Pp. with p' << Po

Proof of Theorem 3.1 (i): With ﬁ@ as in Lemma 7.2 consider the annuli

Without loss of generality we may assume these annuli disjoint. In this
case the occurrences of occupied circuits in different Ul are inde-
pendent of each other. Therefore, by (7.21) and the Borel-Cantelli

Lemma (Renyi (1970), Lemma VII.5.B), with Pp -probability one infinite-
0
ly many UQ contain a vacant circuit on Q D3 surrounding the or1g1n

If Mg] > A, MzZ > A, and U contains a vacant circuit on Q

surrounding 0, then by Lemma 2.1a

(7.33)  [-2Mg1-A,2Mp  +AT x [-2M) ,=1,2M, +A] \

(—MMH\,MN-A) x (- M +A MR

22 2 1)

contains a vacant circuit on Q* surrounding 0. In fact this latter
circuit must surround all of (—M2]+A,M2]—A)><(—M22+A,MKZ-A). Hence
for all N

(7.34) Pp { 3 a vacant circuit on G* surrounding
0

[-N,N]x [-N,+N]} =

In the same way we obtain arbitrarily large occupied circuits on G, and
(3.45) follows. (3.43) is immediate from this, because if

v e [-N,N]x[-N,N] and [-N,N]x[-N,N] 1is surrounded by a vacant
circuit J on G*, then W(v) is contained in int(J), and hence

#(v) < ». In fact any path on G from v to the complement of

int(J) would have to be intersect J, necessarily in a vertex of G

and G* (see Comment 2.2 (vii)) and this vertex would have to be vacant.
Thus no vertex in ext(J) or on J can belong to W(v). Similarly
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#N*(v) is shown to be finite with probability one.
Finally, (3.44) is a consequence of (3.43) and Lemma 7.3. 1
Lemma 7.4. Assume Po satisfies (7.4) and Condition A or B. let &

{Ni} and {ﬁz} be as in Lemma 7.2 so that (7.17)-(7.21) hold. Then
for

k,

p' << pgy << p"
(7.35) 1im T(Zﬁz;i,p',Q) =0,1=1,2,
Lro0
and
(7.36) lim T*(zﬂk;i,p",q) =0,1i=1,2,
L0

(see (5.5) and (5.6) for © and t').

Proof: We shall only prove (with A as in (7.8))

(7.37) Pp.{ 3 occupied horizontal crossing on sz of

[A,ZM“-A] x [—A,6M£2+A]} >0 (2~ ).

By Lemma 2.1b T(Zﬁh;],p',@) = P _,{ 3 occupied horizontal crossing on
G of [0,2M21]><[0,6M22]} is bounded by the left hand side of (7.37).

Therefore (7.37) will imply (7.35) for i = 1. The proofs of (7.35) for
i =2 and of (7.36) are similar.

To prove (7.37) take A3 and A4 as in the proof of Lemma 7.1.
Suppress the subscript & for the time being. Very much as in the
proof of Lemma 7.1 take self-avoiding vertical crossings r and rs
on 7 of the strips [A,A4—1] X[-A4,6M2+A4] and [2M1-A4+1,2M1-A]

x [-A4,6M2+A4], respectively. Also we take horizontal crossings Tz

and ry on m of [0,2M1]><[—A4,-A—1] and [0,2M1]><[6M2+A+1,6M2+A4],
respectively (see Fig. 7.2). Again 91 (¢3) is a simple curve in
[A,A4-1]><[-A4,6M2+A4] (2M]—A4+1,2M1-A]><[—A4,6M2+A4]) connecting the
top and bottom edge of this rectangle. Starting from the left endpoint
of rs (r4) let u, (u4) be the last intersection of rs (r4) with
913 and Uy (u3) the first intersection of rs (r4) with ¢ We
denote the closed segment of ¢] from Uy to Uy by B], the closed
segment of ¢4 from us to u, by BZ’ the closed segment of ro

from Uy to Uy by A and the closed segment of ry from Uy to us
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Figure 7.2 The solid rectangle is [O,ZM]] X [0,6M2]; the outer dashed
rectangle is [0,2M1] x [~A4,6M2+A4]; the inner dashed rectangle
is [A4-T, 2M1-A4+1] X [0,6M2] .

by C. As in Lemma 7.1, as soon as M] > 2A4 the composition of B

A, 82 and C is a Jordan curve, which we again denote by J. Also

"])
(7.38) [52M)-0 ] x [-0,6M,+A] < int(3).

Any horizontal crossing ¥ on sz of [A,2M1—A]><[-A,6M2+A] contains
some point v = (v(1),v(2)) 1in the interior of the rectangle in the
left hand side of (7.38), and hence in int(J). Let y be the segment
of ¥ from its last intersection with the vertical line x(1) = A to
the first intersection with the line x(1) = 2M1—A . Then 1 starts on
x(1) = A to the "left of B1" and when it reaches v it lies to the
"right of B1". Since y minus its endpoints lies between the horizontal
lines x(2) = -A and x(2) = 6M,*A, y must intersect B between its
initial point and v. (Note that B, runs from u; below x(2) = -A
to Uy above x(2) = 6M2+A.) Similarly the piece of ¢ between v

and its final point must intersect 82‘ The piece of ¥ between the
last intersection before v with B] and the first intersection after

v with 82 is therefore a path r = (vo,e],...,ev,vv) on sz
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with the following properties:

(7.39) (v],ez,...,ev_],vv_1) < int(J),
(7.40) e, intersects J only in the point Vo € B1,
(7.41) e, intersects J only in the point v, € BZ'

Thus if we introduce the event

E = {3 occupied path r = (vo,e],...,ev,vv) on Qpl
with the properties (7.39)-(7.41)},
then the left hand side of (7.37) is bounded by Pp.{E}.
We now introduce
Ny = NO(E,w) = # of pivotal sites for (E,w) which

are vertices of 7
and

p(t) = tpyt(1-t)p', 0 <t < 1.

Since E 1is an increasing event we can apply Russo's formula (4.22) to
obtain

(7.42) il- {E} > inf{P_ {v is occupied} - P {v is occupied}}
dt p( ) /4 Po

p(t){N }.

Since p' << Po and Pp and Pp. are periodic, the constant
0

(7.43) a := inf{P_ {v is occupied}-P_,{v is occupied}}
vEN Po P

is strictly positive. We now write (7.42) as
-1 d
o)) gt Pp(e) ) 2 @ By Mol

and integrate over t from O to 1. We obtain the inequality

1
(7.44) P {E} 5_PpO{E}exp-a fo Eo () Ng [EVdt

p(
1
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It therefore suffices to prove

(7.45) ){NOIE} + o yniformly in t as M- o

Ep(t

through the sequence ﬁk ,

for this will imply that the left hand sides of (7.44) and (7.37) tend
to 0 as & - o,

We follow the Tines of Kesten (1980a)to prove (7.45). (7.39)-
(7.41) are just (2.23)-(2.25) in the present set up. E is the event
that there exists at least one occupied path r with these properties.
Proposition 2.3 (with S = RZ) states that if E occurs, then there
exists a unique minimal occupied path r satisfying (7.39)-(7.41),
j.e., a path r for which the component of int(J)\r with A in its
boundary is as small as possible (see Def. 2.11 and 2.12). As in Prop.
2.3 we denote the minimal occupied path satisfying (7.39)-(7.41) by R.
In Kesten (1980a)the sucgestive term "lowest (occupied) left-right
crossing" was used for R because there we could take for J the peri-
meter of a rectangle. The above comments imply

(7.46) E=UR=r},

where the union is over all paths r = (vo,e1,...,ev,vv) on sz

which satisfy (7.39)-(7.41). Next we use Ex. 4.2 (iii) to find pivotal
sites for E. We restrict ourselves to pivotal sites which are ver-
tices of 7, because these are the only ones counted in NO' A vertex
v of % on R Nint(J) which has a "vacant connection on qu to &
above r" is pivotal for E. To be more specific, for any path r on
Qpl which satisfies (7.39)-(7.41) and vertex v gf 7m on r N int(J)
we shall say that v has a vacant connection to C above r if there
exists a vacant path s* = (va,e?,...,e;,v;) on QSK which satisfies
(7.47)-(7.49) below.

(7.47) there exists an edge e* of G* between v and

*
v
o pL 0
such that e* < J%(r)

(7.48) vie C
*x %k * * * _ Lk * +
(7.49) (vO,e],...,vp_],ep\{vp}) =5 \{vp} <Jd(r)

(see Def. 2.11 for J+(r)). Note that p = 0 1is permitted in (7.47)-
(7.49). In this case s* reduces to the single point {VS} and (7.49)
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becomes vacuous . (7.47)-(7.49) are merely the conditions (4.13)-(4.15)
with R replaced by r, except that in (7.47) we require e* to belong
to le rather than to Wbl , as in (4.13). The latter change does

not constitute a real change from (4.13) since we assumed here that v
is a vertex of %, i.e., of G* and Q;R . If sucha v is connected
by an edge e* to the vertex vy of Q;& then e* automatically
belongs to q;l . (The vacant connections defined here correspond to
the weak cut sets with respect to r of Kesten (1980a)) Ex. 4.2 (iii)
now shows that any vertex v of 7 on R Nint(J) with a vacant

connection to ¢ above R is pivotal for E. Thus

Ng > # of vertices v of 7 on R N int(J) which have
a vacant connection to ¢ above R.

For the remainder of the proof we use the abbreviation

(7.50) N(r) = N(r,w) = # of vertices of 7 on r N int(J)
which have a vacant connection to ¢ above r.

Then NO(E,w) > N(R,w), and by virtue of (7.46)

(7.51) Ep(t){NOIE} > z Pp(t){R = r]E}Ep(t){N(r)IR =r} .

By Prop. 2.3 the event {R = r} depends only on the occupancies of
vertices in J (r) (note that Bi is made up from edges of 7% and a
fortiori of sz here). Moreovez, for any v on r the existence of
a vacant connection from v to C above r depends only on the
occupancies of the vertices in J+(r) U E, (see (7.48), (7.49)) which

is disjoint from J (r). This allows us to drop the condition R =r

in the last expectation in the right hand side of (7.51). More precisely

(7.52) Ep(t){N(r)lR = r}= er ﬂXint(J) Pp(t){v has a vacant

v a vertex of 7

connection to G above r|R = r}

= ) p {v has a vacant
ver Nint(J) p(t)
v a vertex of 7

. Q
connection to C above r} .
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Clearly
{ 3 vacant connection from v to C above r}
is a decreasing event. Lemma 4.1 shows that the Pp(t)-measure of any

decreasing event is decreasing in t. It follows that the last member
of (7.52) is also decreasing in t. Thus for 0 <t <1

(7.53) E gy (R [R = 1} > EpO{N(r)}.

Substituting this estimate into (7.51) and using

; Pp(t){R = r|E} = 1 (see (7.46))
we obtain
(7.54) Ep(t){NolE} z_min EpO{N(r)},

where the minimum is over all paths r on sz satisfying (7.39)-

(7.41). Fix such an r. Let its initial point on B, be Yo and its
final point on 82 bs v, ang consider the following curves on 7
(and hencs on szz: B] := C, A := closed segment of B, between Uy
and Vo> 82 := r, C := closed segment of B2 between v, and Ug

(see Fig. 7.3). Together these curves form a Jordan curve, which we

Figure 7.3
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denote by 5, and which is precisely Fr(J+(r)). Now let
2
ver Nint(d) e B2 be a vertex of 7% and consider vacant paths

~% _ * ok Kk * % * . .
s* = (v,e ,vo,e1,...,ep,vp) on Qpﬁ which satisfy
(7.55) s* minus its endpoints < int(J)
and

o

(7.56) one endpoint of s* Ties on B] and one endpoint of

o]

~* . ~
S 1ies on 82 .

(Paths of this type correspond to the strong cut sets of Kesten (1980a).)
Clearly if there exists such a vacant path, then its endpoint on

r = 82 has a vacant connection to C above r. e again want to
apply Prop. 2.3, EhisNtiTe with quz replaced by QSR and  J,A,B,.C,
82 replaced by J,A,B1,C and BZ’ respectively. Analogously to Def.
2.11 we set for any path $* satisfying (7.55) and (7.56)

J7(5*) (37 (%)) = component of int(J)\s* with A(C)
in its boundary.

Prop. 2.3 will give us an s* with minimal J7(s*). For later esti-
mates (see (7.64), (7.65) and their use at the end of the proof) it is
important that this minimal path is not too far to the right. We shall
therefore consider only vacant connections in the vertical strip

x = [Ag+1,M+A,+1]x R

1

2 3* < S means that

all edges (and hence all vertices) of s* 1ie in S. We need to con-
sider the event

We remind the reader that for any subset S of R

F(r) := { 3 vacant path s* on ng which satisfies

(7.55), (7.56) and s* cy}

From Propositon 2.3, applied to qu rather than G, and with S
taken as the strip x above we conclude that when F(r) occurs there
is a unique S* with minimal J7(s*) among the vacant paths on 6;2
which satisfy (7.55), (7.56) and are contained in . We denote this
path by s*. (Intuitively, S* is the "left-most vacant vertical cross-
cut" of int(Jd) in ¥x.) As we saw above s* provides us with a vacant
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o)

connection from its endpoint on EZ = r\\{w],wz} to E above r.
Before we estimate the number of sites which have such a connection we
estimate the probability of having at least one such site by estimating
the probability that S* exists, which equals Ppo{F(r)}. Let

* * * * * .
(UO’f1""’fT’ut) be a vacant path on ng with

*
* R =
(7.58) UT € B-‘ - C9

(7.59) (F7 \{ughsulse Ul T\ {u™}) <int(3) 0 x .

Since x 1is closed any such path lies entirely in x; and since B]

and 82 separate A and C on J the path must intersect r. The
last intersection of this path on Q;Q with r - which is a path on

sz - is necessarily a vertex of Q*z and of G . (see Comment 2.3(v)).
Thus this last intersection of (us,f*,...,fz,u:) with r dis one of
the u:, say u;, and also equals one of the Vj’ but not Vo Or v,
since the latter two lie on B, U 82’ hence outside x. One now easily
sees that if one takes s* = (u;,f;+],...,f;,u:) then the requirements
(7.55) and (7.56) are fulfilled. Of course this s* s also contained

in x to that
* * * *
(7.60) PpO{F(r)} 3_Pp0{ 3 vacant path (uo,f],...,fT,uT)

on Q;l with the properties (7.57)-(7.59)}.

In turn it is easy to see that any vacant vertical crossing on Q;l of
[A4+1,M]+A4+1]x [-A4,6M2+A4] contains a path with the properties (7.57)-
(7.59). Indeed any such vertical crossing contains a continuous curve

¥ which connects the horizontal lines x(2) = —A4 (which 1ies below

rz) and x(2) = 6M2+A4 (which 1ies above r4) (see Fig. 7.2). vy )

therefore intersects r, in a point of A and rg in a point of BT;
y also lies in x. Combining this observation with (7.60) we obtain

(7.61) Pp {F(r)} Z_Pp { 3 vacant vertical crossing on of
0 0

*
pR

[A4+1 ,M]+A4+1] x [—A4,6M2+A4]}

> 0 ((My,7M5)52,p5G ) > 87
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as soon as M],M2 > 2A4+1, by virtue of (7.19). By Prop. 2.3 also

(7.62)

{S* exists} = P_ {F(r)} > ¢
Po 7

P
Po

The next step in estimating Ep {N(r)} is to write
0

(7.63)  E_{N(r)} > ¥ P{S* = s*}E_ {N(r)|S$* = s*}
Po T Po
- * ~ %k
> 8, ?;P EpO{N(r)}S s},

where s* ranges over all paths on Q;l which 1ie in x and satisfy
(7.55) and (7.56). For the remainder of the proof we fix a path

s* = (v,e*,...,e;,v;) on Q;z which lies in x and satisfies (7.55)
and (7.56). The initial point v = (v(1),v(2)) 1lies on r and is a
vertex of 7% while v; lies on C N X<l . Let the annulus U, be
defined as in (7.32) and let Vi be Uy translated by

(Lv(1) J.Lv(2) ]), i.e.,

k

Vi = DL v(1) J-2M 0 L v(0) J+2M i 1< DL v(2) J-2M 5, | v(2) J+2M T\

(Lv(1) —I'MH ,Lv(])__\+Mk]) x (] v(2) _j—Mkz,[_v(Z) _]+Mk2).

>
o

Figure 7.4 Vk is the region between the dashed rectangles.
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We restrict ourselves to k with

(7.64) Mg > 15 Mo > 1 and M, < M -21,-1

(Note the MM in the last expression in (7.64); we reintroduced to
subscript & to distinguish ﬁk and ﬂk.) Under (7.64) v Tlies in-
side the center rectangle

(LV(1)_|‘Mk]’LV(1)_J+Mk]) X (LV(Z)_J'Mkzsl_ v(2) —1+Mk2)

of Vk' Moreover, since s* <x o, v(1) §_M£]+A4+1 and consequently

(7.65) v(1)¥2M 5 < 2M) oD,

Assume now that there exists a path t* = (w,g*,wS,g?,...,gg,w;) on

q;z with the following properties:

(7.66) we Ve, w is a vertex on r N int(J)
(7.67) w; € C\{v;} or w* Tlies on s*

(7.68) (g*\{w },wa,...,w;_],g;\iw;})

= t"\lw Wi <JT(E*F) Ny,
and

* * . *
(7.69) Wgs---sWS_y are vacant, and if w ¢ C\ivp}

* .
then also W, s vacant.

Again we allow o = 0, t* = (w,g*,wS), in which case (7.68) reduces to
a*C:5+(§*) NV . We claim that if such a t* exists and S* = §*,

then w, the initial point of t*, has a vacant connection to ¢ above
r. This is obvious if w* e C'\{v;} (see (7.47)-(7.49)) and recall
that J7(5*) < int(J) = J"(r); also wg_e closure of (J37(s%) n V)
ﬂ(C\\v;) implies W) e ¢ (use (7.65).) But also in the other case -
when w; lies on s*— it is easy to substantiate this claim. Indeed,

. * _ % . * . *x _* * ok _ K
if W= vy ior some 0 < i g_p* then t] (wO,g],...,go,w0 Vi
e?+],...,e;,vp) is a path on qu consisting of t*\ g% followed by a

piece of §%. It is self-avoiding since t \{w;} does not intersect

$* (see (7.68)). There is an edge g* of le from w to wa with
gedT(r), while t? ends at v; e C. Also t?‘\{v;} cdt(r) by
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(7.68) and (7.55). Finally ty is vacant by (7.69) and the fact that
$* = $* s vacant whenever S* exists. Thus indeed w has a vacant
connection to € above r. The last conceivable case with w; =V
cannot occur, since v ¢ Vk while w; is the endpoint of g* or g;,
hence w; € Vk = Vi.» by (7.68). This proves our claim.

As before we may assume the Uk of (7.32) disjoint. Then the
V, are also disjoint and then distinct Vk for which there exist a
t
a vacant connection above r to (. In view of the definition (7.50)

we therefore have

k

* as above provide us with distinct vertices of % on r which have

(7.70)  E_ {N(r)|S* = §*} > ) P { 3 path t*
Po k satisfying Po
(7.64)

which satisfies (7.66)-(7.69)] S* = §*} .

We now complete our proof by showing

(7.71) { 3 path t* which satisfies (7.66)-(7.69)|S* = §*}

p
Po
2,52 ,

whenever (7.64) holds and 3* €y satisfies (7.55) and (7.56). This
will indeed imply (7.45) by means of (7.54), (7.63), (7.70) and the

fact that the number of k which satisfy (7.64) tends to « as & + .
Now for the proof of (7.71). To begin with observe that we may drop

the condition S* = 3%, because the existence of a path t* which
satisfies (7.66)-(7.69) depends only on the occupancies of vertices

in 3+(§*) n Vi or vertices on C‘\{v;} which are an endpoint of some
edge of QSZ with interior in J'(3%). None of these vertices lie in
J7(3*). The only vertices for which this is possibly in doubt are those
on C‘\{v;}. However, these vertices would have tg+be in 3}(§*), since
they are an endpoint of an edge with interior in J (s*). But the only
vertex on C in 3*(5*) n j;(s*) is v;, the final point of s*. On
the other hand, by Prop. 2.3 the event {S* = §*} depends only on the
occupancies of vertices in 3;(§*). Therefore the conditional probabi-
lity in (7.71) is the same as the unconditional probability. Next let
c¢* be a vacant circuit on Q*z surrounding the point

(Lv(1) J,L v(2) ]) and with all its edges and vertices in V- We
want to show that if such a c¢* exists, then it contains a t* with
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the properties (7.66)-(7.69). This is intuitively clear from Fig. 7.4
if one takes into account that by (7.65) the right edge of Vk is on
the vertical Tine x(1) = [ v(1) J+2Mkl< 2M 1-h,, while C is part of
ry and hence to the right of the vertical line x(1) = ZMQ]-A4. A
formal proof was given in Kesten (1980a) Lemma 3 for the case where the
upper edge of Vk also lies below C = §1 (as depicted in Fig. 7.4).
Here we shall appeal to Lemma A.2. Let 9 be Fr(5+(§*)), viewed as
a Jordan curve. J1 is made up of the following four arcs: A1] = {v}
(i.e., consisting of the single point v only), A12 = §* followed by
the piece of C from v; to us (v; ~1's the intersection of $* and
C, Uy ~'is the intersection of C and C; see Fig. 7.3 and 7.5),

A]3 =€ and A]4 = Eiece of r between v, and v (Vv is the inter-
section of r and C, v 1is the intersection of r and §* (see

Fig. 7.3-7.5). For J2 we take c*, viewed as a Jordan curve. Then

Figure 7.5 Uk is the region between the dashed rectangles.
— - — - denotes the circuit c*.

under (7.64) c* also surrounds v, i.e., A1] = {y} < int(Jz), and
A13 =C CZext(Jz), since by the above C 1lies outside the exterior
boundary of Vk whenever (7.64) and hence (7.65) holds. Therefore,

by Lemma A.2 c* contains an arc, t* say, with one endpoint each on
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312 cs* UG and 314 Cr, and such that t* minus its endpoints is
contained in int(J]) = 3+(§*). If t*x= (w,g:,wg,...,gg,w;) with w
the endpoint on r and w; the endpoint on A12’ then t* satisfies
(7.65)—(7.69) {recall that c* <V, and that c* is vacant; also

WE A14 < int(J)). Thus the existence of c* implies the existence of

t* as desired. Consequently,
(7.72) Pp { 3 path t* which satisfies (7.66)-(7.69)|S* = §*}
0

= Pp { 3 path t* which satisfies (7.66)-(7.69)}
0

v

P_{ 3 vacant circuit on Q*z surrounding
Po p

(Lv(1) ], v(2) ]) and inside Vk}.
Since V. is just the translate by ([ v(1) |, v(2) ]) of U_, the

k,
last member of (7.72) equals the left hand side of (7.21) (with ¢

replaced by k), by virtue of periodicity. Thus (7.71) follows from
(7.72) and (7.21). The proof is complete. ]

Remark.

(ii) In Ch. 10 it will be necessary to have an estimate for the
conditional distribution of N(r), given {R = r} under Pp t)> instead
of just for the conditional expectation of N(r). This estimate was
already given in Kesten (1980a),Steps (i) and (ii) in the proof of
Prop. 1. We shall want to restrict ourselves in Ch. 10 to counting
only vertices with vacant connections in

- i 3
P =Ty = [3Mys 5 M1xR

More precisely let NP(r) be the number of vertices v of Qpl on r

for which there exists a vacant path s* = (va,e?,...,e;,v;) on ng
which satisfies the following properties

(7.73) there exists an edge e* of W%z between v and v6

such that e* C3J+(r) nr,

(7.74) vE e ¢

(7.75)  (V§sets.--oed  \IV5)) = s*¥\ {v¥) < ey nr .
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(Note that we dropped the restriction v ¢ %, and therefore only re-
quire e* 1is an edge of Wbl in (7.73)). Let r be as in (7.39)-
(7.41) and

.3y 5
It = Mg Myl R

The desired estimate is that for & greater than some lo(m)
(7.76) Pp(t){NF(r) > m|R = r}

Z.%‘Pp { 3 at least one v on r and a vacant path
0

s* which satisfy (7.73)-(7.75) with T replaced
by T'} ,

uniformly in r, 0 <t < 1. We briefly indicate the trivial changes
necessary in the proof of Lemma 7.4 to obtain (7.76). Instead of (7.52)

and (7.53) we have

Pp(t){NF(r) > miR =r} = Pp(t){Nl—.(Y') > m} > Pp {Nr(r) _>_m} .

0
Also, for fixed r we again consider vacant paths $* satisfying
(7.55) and (7.56) with the right hand side of (7.55) replaced by

int(J) N T' . Again S* will be the left-most of all these paths. Then
there exists at least one v on r and a vacant path s* which sat-
jsfies (7.73)-(7.75) with T vreplaced by T' whenever S* exists.
Instead of (7.63) we get

PpO{NF(r) > m}

> P_ {S* exists} « min P_ {N_.(r) > m|S* = s*}
- po ~ pO T —
s

Now if s* ©€T' then its endpoint v on r 1lies in T'. Thus, if we
strengthen (7.64) to

(7.77) M.>1, M 1 and 2M,, <+ M .-1,

> 1
k1 k2 K1 =4 el

then the whole annulus Vk lies inside T . Instead of (7.70) we
therefore obtain
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(7.78) P {NT(r) > m|S= s*} > P_{# of k satisfying (7.77)
po - - po

for which there exists a path t* which satisfies
(7.66)-(7.69) at least m|S* = s*}

As in the proof of (7.72) we may drop the condition $= s* and re-
place "path t which satisfies (7.66)-(7.69)" by "vacant circuit in
Vk" in (7.78). 1In other words the right hand side of (7.78) is at least

(7.79) Pp {# of k satisfying (7.77) for which Vk contains
0

a vacant circuit on Q;z surrounding | v | s at
least m} .

However, the Ppo-probabi1ity that any fixed Vk contains a vacant
circuit on QSR surrounding [ v | is at least 62 (cf. (7.21) and
Lemma 4.1) and the different Vk are disjoint. Vacant circuits in
different Vk occur therefore independent of each other. Moreover,
as & > o the number of k which satisfies (7.77) also tends to .
If we call this number v, then the number of k satisfying (7.77) for
which Vk contains a vacant circuit on Q;Q surrounding [_v J has
just a binomial distribution corresponding to v trials with success
probability 3_62 . Clearly the probability that such a variable is
>m tends to 1 as v >, Thus (7.79) is at least 1/2 for all
large &. This implies (7.76). /]

Proof of Theorem 3.1 (ii) and (iii). It suffices to prove part (ii),

since part (iii) then follows by interchanging the roles of G, p and
"occupied" with those of G*, T-p and "vacant", respectively.
(3.46) follows from (7.35), Theorem 5.1 and Lemma 7.3. To see this

note that (7.35) implies (5.10) with N = M,
Thus by (5.11)

2 Tlarge and p=p' .

(7.80) Pp.{#W(V) = =} = 0,

which is the first relation in (3.46). It is also immediate from (5.11)
that (3.48) holds. To obtain the second relation in (3.46) pick a

p e Fa such that p' << p << Pg- Then automatically 0 << p << 1 and
by the above (applied to p instead of p') also

Ep{#W(v)} < o,
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Lemma 7.3 now shows

P UH*(v) = =} > 0.

But {#W*(v) = «»} 1is a decreasing event so that Lemma 4.1 implies

Pp.{#w*(v) = o} > Pp{#W*(v) = o} >0 .

The second relation in (3.46) follows. Finally, we have from Lemma 4.1
and (7.34)

(7.81) Pp.{ 3 a vacant circuit on Q* surrounding

[N,NIx [-N,NT} Z.Pp { 3 vacant circuit on G* surrounding
0

[-N,N]x[-N,N] =1 for all N.

If v; and v, are two vertices of G* in [-N,N]x[-N,N] and
#w*(v]) = #i*(v,) = =, then there exist vacant paths, ¥ and w; say,
on G* from vy to « and from Vo to « , respectively. Both
these paths have to intersect any vacant circuit c* on G* which
surrounds [-N,N]x [-N,N] (and hence Ve and v2). The intersection
of w? and c* does not have to be a vertex of G*, but nevertheless
ﬂ? and c* must contain a pair of neighboring vertices on G*, as
explained in Comment 2.2 (vii). Consequently c* has to belong to
w*(vi) for i =1,2. Thus, if a vacant circuit c* as above exists,
then N*(v1) and w*(vz) have c¢* in common and N*(v]) = w*(vz).
Thus (7.81) shows w*(v1) = W*(vz) whenever #w*(v]) = #N*(vz) = o

so that there is at most one infinite vacant cluster on Q*. The fact
that there actually exists an infinite vacant cluster follows from
Birkhoff's ergodic theorem (Walters (1982) Theorem 1.14) since for fixed
ve G

15 _ _
n kZOI[#W*(\HkE]) = o] > Pp;{#w*(V) = o} >0 a.e. [Pp.]

(compare Harris (1960), Lemma 5.1 and Lemma 3.1). (3.47) is immediate
from these considerations. []

Proof of Theorem 3.2. Let Py € PX be such that the set in the right

hand side of (3.56) is nonempty, so that tO in (3.56) is well defined.
Assume further that 0 << Py = tgPy << T. We shall now give an indir-
ect proof of
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(7.82) 1im inf o*((d,n,d.n);1,p,) > O
m inf o*((dyn.dgn)stapg
and
(7.83) 1im inf o*((c,n,c,n):2,p,) > 0
e 2">C3M73:Pg

Assume for the sake of argument that (7.82) fails. Then there exists
a sequence n, > « such that

Tim o*((d,n,,d5n,)s1,p4) = O

pam 07 daNg 30y )3 15P
and by (3.55) also

Tim c*((nz,d]nl);Z,po) = 0.

L0

If this is the case, then we see from (7.14) and (7.15) that

(7.84) Tim o((n,-2A,,d.n_+27,)31,p,) = 1
Qorco L 774°71°8 4 0

as well as

112 o((d2n2+2A4,d3n£-2A4);2,p0) = 1.
By virtue of Lemma 2.1b the probabilities of occupied horizontal and
vertical crossings on sz of suitable rectangles also tend to 1.
More precisely, the existence of an occupied horizontal crossing on G
of [0,n—2A4]><[0,d]n+2A4] implies the existence of an occupied hori-
zontal crossing on ng of [A,n—2A4—A]x [—A,d]n+2A4+A]‘ Therefore
(7.84) implies

llg 0((n2-2A4-2A—],d1n2+2A4+2A+1);1,po,qpl) = 1.

Similarly
Tim 0((d2n£+2A4+2A+],d3n£—2A4—2A-]);2,p0,qu) = 1.
2>
By virtue of the RSW theorem (Theorem 6.1) (and Comment 3.3 (v)) there
must exist a 7 (depending on d1,d2,d3 only) such that for all k

Tim o((knl,(ﬂ+3)n2);1,po,qpl) = llg c((ﬂ+3)nl,knz);2,po,qp2) = 1.

Qo0

By Lemma 2.la we can now go back to G to obtain
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(7.85) Tlim o((knz,(ﬂ+4)n2);1,p0,Q) = Tim o(((w+4)n2,knl);2,p0,q) = 1.
{00

Q>0

Finally, by (7.12) we have for any integers my > m,

(7.86) o((m, My 31 ,DO)+0*((m1 sMy)32,p0) <1

and by interchanging the horizontal and vertical direction also

(7.87) o((mym,y)52,pg)+a*((m.m,);1,p)) < 1.

(7.85)-(7.87) show that

Tim o*((knl,(ﬂ+4)n2);2,p0) = 1im c*(((n+4)n2,kn2);1,p0) = 0.

fro0 f>00

If we take N = (Tr+4)n2 and k = 3n+12 this implies
(7.88) T*((NgNp ) 575pg5G) = T((Ng.N;)31,T-py.G%) + 0

as &>~ for i=1,2. Indeed (3ﬂ+12)n2 = 3N, so that

L

t*((N_,N,)31,p~-G) = P_ { 3 vacant horizontal crossing on
2278 0 P

G* of [0,N;1x[0,381) = o*((m+4)n,,(3r+12)n,)31,py),

and similarly for the vertical direction. In particular (7.88) allows
us to pick on N with

T((N,N);i,T—pO,C}*) 5% k(2), 1 =1,2,

where «k(2) 1is defined by (5.9). By continuity we can then also find

a 0 <ty <ty such that 0 << tipy << T and

(7.89) T((N,N)315t9p756) = T*((N,N)51,T-t,p1,G%) < «(2).

This, however, contradicts the definition of tO via Theorem 5.1.
Indeed (7.89) and Theorem 5.1 applied to G* show
con

(7.90) {#W*(v) > n} < C.e ,n>0
Py 1

P
t] -

for any vertex v of G*, which implies
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1im o*((n+2A
n->

4,a]n-2A4);t1p],2) =0,

by the same argument as at the end of the proof of Lemma 5.4 (especially
(5.55)). Together with (7.14) this finally gives

1im c((n,a1n);t1p1,1) =1,

nooo
contradicting (3.56) since ty < tp. It follows that (7.82) must hold
and (7.83) is proved in the same way. (3.39) for some choice of &,
ﬁi is now immediate from (7.82) and (7.83). (Note however, that the
b],b2 for which (3.39) holds are not the b],b2 of (3.53).)

Interchanging the role of G and G* one proves in the same way

that

lim inf c((bzn,bsn);l,po) =0

n—>oo

implies for some t, > t, with 0 << typy << 1

1im 0((n,a1n);1,t2p]) = 1im 0((n,b]n);2,t2p]) = 0.
n oo

—>-00

Again this contradicts (3.56), since t, > t;. Hence
1im inf o((b,n,b,n);1,p,) > 0
o 2">"3 0
and similarly
1im inf 0((a2n,a3n);2,p0) > 0.

N

Thus also (3.38) holds, i.e., Condition B is fulfilled for p,.  []



