Chapter 4

Oscillatory integrals with
convexity

As discussed in Section 1.2, in the case of homogeneous m'" order strictly
hyperbolic operators, geometric properties of the characteristic roots play
the fundamental role in determining the IL” — L9 decay; in particular, if the
characteristic roots satisfy the convexity condition of Definition 1.2.1, then
the decay is, in general, more rapid than when they do not. We will show
that a similar improvement can be obtained for operators with lower order
terms when a suitable ‘convexity condition’ holds. In Section 4.3, we shall
extend this notion of the convexity condition to functions 7 : R — R and
prove a decay estimate for an oscillatory integral (related to the solution
representation for a strictly hyperbolic operator) with phase function 7.

First, we give a general result for oscillatory integrals and show how the
concept of functions of “convex type” allows its application to derive the
time decay.

4.1 Estimates for oscillatory integrals

The following theorem is central in proving results involving convexity condi-
tions. In some sense, it bridges the gap between the man der Corput Lemma
and the method of stationary phase, in that the former is used when there
is no convexity but gives a weaker result, while the latter can be used when
a stronger condition than simply convexity holds and gives a better result.
Here, we state and prove a result that has no reference to convexity; how-
ever, in the following section, we show how convexity (in some sense) enables
this result to be used in applications. An earlier version of this result has
appeared in [Ruzh07], with applications to equations with time dependent
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o4 CHAPTER 4. OSCILLATORY INTEGRALS WITH CONVEXITY

homogeneous symbols in [MR09]. For completeness we also include a more
detailed proof here.

Theorem 4.1.1. Consider the oscillatory integral
I0v0) = [ A v)gly) dy, (4.11)
RN

where N € N, I :[0,00) x N = C, N is any set of parameters v, and
(I1) there exists a bounded open set U C RN such that g € C3°(U);

(I12) ®(y,v) is a complex-valued function such that Im ®(y,v) > 0 for all

yeU,veN;
(I3) for some fivzed = € RY, some 6 > 0, and some v € N, v > 2, the
function
F(p,w,v) = ®(pw + z,v)
satisfies

0, F (p,w,v)| = Cp™" and |0 F(p,w,v)| < Coup' "0, F (p,w, V)|

for all (w,v) € SN"Ix N, all integers 1 < m < [N/y]+1 and all p > 0,
for which pw + z € U,

(I4) for each multi-index o such that |a] < [%] + 1, there exists a constant
Co > 0 such that |05 A(y,v)| < Cq forally € U, v e N.

Then there exists a constant C' = Cy ., > 0 such that

_N
5

I\ v)] < C(1+ ) for all A €[0,00), v e N . (4.1.2)

Constant C in (4.1.2) is independent of A and v.

Remark 4.1.2. This theorem extends to the case where A(y,v) is replaced
by A(y,v'), where V' may be independent of the variable v appearing in the
phase function ®(y,v); these parameters do not have to be related in any
way, provided the estimates in hypotheses (12) and (I4) hold uniformly in
the appropriate parameters. We will simply unite both sets of parameters
and call this union v again.

Proof. 1t is clear that (4.1.2) holds for 0 < A\ < 1 since |I(\,v)| is bounded
for such A.
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Now, consider the case where A > 1. Set y = pw + 2, where w € SV~!
(using the convention that S° = {—1,1}), p > 0 and z € R" is some fixed
point; then

I\ v) = /N 1 / PPtV A ((pw + 2, 1) g(pw 4 2)pN Hdpdw .

By the compactness of S¥~1, it suffices to prove (4.1.2) for the inner integral.
Choose a function x € C§°([0,00)), 0 < x(s) < 1 for all s, which is

identically 1 on 0 < s < % and is zero when s > 1; then, writing F(p,w,v) =

®(pw + z,v), we split the inner integral into the sum of the two integrals

L(\vw,z) = / ei)\F(p,w,u)A(pw + 2,v)g(pw + Z)Xo\%p)prl dp,
0

zxmuww%=/ M) Apu + 2, 1) g(pw + 2)(1 — X) (AT p)p™ "V dp.
0

Let us first look at I; = I;(\, v,w, 2); since X()\%p) is zero for )\%p > 1,
1
we have, by the change of variables p = A7 p,

;] < C/ x(A\p)pNtdp=C / PN XA dp
0
1
< C’Av/ BN Ldp=CN7,
0

where we have used | (?«¥)| < 1 since Im F(p,w,v) > 0 for all p,w,v by
hypothesis (I2); this is the desired estimate for |I;|.
In order to estimate I, = Ir(\,v,w,z), let us first define the operator

L := (iX0,F(p,w, V))*la% and observe that

L(ei)\F(p,w,V)) _ eiAF(p,w,u) )

Denoting the adjoint of L by L*, we have, for each [ € NU {0},

zw=Awawmwwyvmww+aummw+w< V(N ) dp.

Now,

2N ONF. .. OyF or
(L ) - ()\) 2051,...,sp,p,r,l (apF)H_p (/),CU V)a -
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where the sum is over all integers si,...,s,,p,7 > 0 such that s; +---+ s, +
r — p = [. By Hypothesis (I13),

OuF .. Oy F

G py )| S CormTe i = o
P

Also, we claim that, for r < [%] +1,

‘ I

5y AP 2 )g(pw + 2)(1 =) (N Y]] < O™ RO p) s (413)

where X (A, p) is a smooth function in p which is zero for A p < 3. Assuming
this is true, we see that, for large enough [—it suffices to take [ = [%] +1,
i.e. N —ly < 0—we have,

| 5| SCN)‘_l/ ZCsl,...,sp,p,r,lpT_h[PN_l_r]Q(A,P) dp
0

N—lvy

]OO == CNN)‘_%;

1
1,-2
2N 7

<O\~ = N-1-ly g, — )\_l[ p
<Cy Z,\% Y p=Cn —N Iy

2

together with the estimate for |I;], this yields the desired estimate (4.1.2).
Here we need | > N/v, which means an application of (L*)!, or estimates on
Oy F for |a| < 1. This gives a restriction on the number m of derivatives in
(I3).

Finally, let us check (4.1.3). It holds because:

(i) 10;(p" 1) < ConpN 71" for all 7 € N.
(i) For each r € N, 95[(1 = x)(\7p)] = =A% (@ix) (A7 p); mow, (3,)(A7 p)
is supported on the set {()\,p) € (0,00) x (0,00) : 3 < )\%p < 1}, S0,

in particular, on its support AT < p~L: therefore,
L —r(qr ES
10,1 = x) (A7 p)]| < Cp™(O;x)(A7p) forallr €N,

and (8;")()()\%,0) is smooth in p and zero for )\%p <1

(iii) By hypothesis (I4), [0 A(pw + 2,v)| < C, for each r < [%] +1 (this can
be seen for r = 1 by noting that d,A(pw + 2,v) = w -V, A(y,v) |y:pw+z,
and then for r > 2 by calculating the higher derivatives). Also, g is
smooth in U, so, |0)[A(pw + z,v)g(pw + 2)]| < C; for r < [%] + L.
Furthermore, by hypothesis (I1), there exists a constant pg > 0 so that
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g(pw + 2z) = 0 for p > po; thus, 9)[A(pw + z,v)g(pw + 2)] is zero for
p > po; hence, forr<[ ] +1,

107 [A(pw + 2,v)g(pw + 2)]| < Crppp™" .

This completes the proof of the claim, and thus the theorem. O

4.2 Functions of convex type

Hypothesis (I3) of Theorem 4.1.1 is sufficient for the result of the theorem to
hold; however, it is often difficult to check. For this reason, we now introduce
the concept of a function of convex type—a condition that is far simpler to
verify—and show that for such functions, (I3) automatically holds.

Definition 4.2.1. Let F' = F(p,v) : [0,00) x T — C be a function that is
smooth in p for each fized v € T, where Y is some parameter space. Write
its M™ order Taylor expansion in p about 0 in the form

M
F(ov) = Y a,(0) + Burlp.v). @21)
=0
where Ry (p,v) = [ OMHIF (s, v) P57~ =" g5 is the M™ remainder term.

We say that F is a function of convex type 7 if, for some vy € N, v > 2,
and for some § > 0, we have

(CT1) ap(v) = a1(v) =0 for allv € Y (i.e. the Taylor expansion of F' starts
from order > 2);

(CT2) there emists a constant C' > 0 such that Y ]_,|a;(v)| > C for all
veT,

(CT3) for each v € Y, |0,F(p,v)| is increasing in p for 0 < p < 6;
(CT4) for each k € N, 9YF(p,v) is bounded uniformly in 0 < p < 4§, v e T.

Remark 4.2.2. Note that, if F is real-valued, then (CT3) implies that we
have either 02F (p,v) > 0 for all 0 < p < &, or &2F(p,v) < 0 for all
0 < p < 0—this is because 0,F(0,v) = 0. This is the connection with
convexity, hence the name of such functions.

Such functions have the following useful property:
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Lemma 4.2.3. Let F(p,v) be a function of convez type v. Then, for each
sufficiently small 0 < 6 < 1 there exist constants C,C,, > 0 such that

10,F (p,v)] > Cp7~!
and |6ZLF(,O,’U)| S Ompl_m|aﬂF(p7U)|
forall0 < p<d,ve™ and m € N.

Remark 4.2.4. A version of this lemma appeared in [Sug94] for analytic
functions without dependence on v and is based on Lemmas 3, 4 and 5 of
Randol [Ran69] (which also appeared in Beals [Bea82], Lemmas 3.2, 3.3).
Lemma 4.2.3 extends it to functions that are only smooth and which depend
on an additional parameter, which will be necessary of our analysis. A limited
reqularity version of this lemma appeared in [Ruzh07]. The proof of lemma
given here is based on estimating the remainder rather than on wusing the
Cauchy’s integral formula for analytic functions.

Proof. First, let us note that, for 0 < p < 1 we have, by (CT2),

Zﬂag )t > Cprt (4.2.4)

Thus, in order to prove (4.2.2), it suffices to show
|0,F(p,v)| > Cr(p,v) forall0<p<d,veT; (4.2.5)

For 1 < m < ~, we have, using (4.2.1),

Y—m

m (k + m)
a F p? Z ak+m(v)pk + Rm,'y—m(ﬁ, U) ) (426>
k=0
where Ry, o—m(p,v) = [f 017 F(s,0) (( ) " ds is the remainder term of the

(v — m)™ Taylor expansion of 7" F(p, v ) By (CT4) and (4.2.4), we see
|Rinry—m(p,0)] < Cypp™™7" < Cyum(p,v)p>™™ for0<p<4. (4.2.7)

Hence, for 0 < p < 6,

—_

2

|0, F'(p, v)| =

(k + Do (v)p" + Riga(p,v)
0

>[S00 | - [Risao0)] 2 ,m

=
Il

— Cym(p,v)p.
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Now, by (CT3), |0,F(p,v)| is increasing in p for each v € T and, by
(CT1), 0,F(0,v) = 0; therefore,

10,F (p, v)| = max |0, F (0, v)|

.
Zjaj(v)ojfl — max Cy7m(o,v)o

0<o<p

Y das(w)p e = Com(p,v)p,

since m(o,v)o = Y 7_, jlaj(v)|o’ clearly achieves its maximum on 0 < o < p
at ¢ = p. Noting that

max
0<6<1

L L
Z zj5j_1’ and Z|zj\
j=1 j=1

are norms on C” and, hence, are equivalent, we immediately get

9,F(p,0) 203" jlay)|o ™" — Cynp,v)p

j=2

>(C - 075)7T(p, v) = 0%57]—(:@ v),

which completes the proof of (4.2.5).
To prove (4.2.3), we consider the cases 1 < m <~ and m > 7 separately.
For m > -, we have, by (CT4),

0 F(p,v)| < Cpy < Crrop?™ ™™ for 0 < p <,
since y+1—m < 0, and, thus, p7™1=™ > §7+1=™ > (; so0, by (4.2.2), we have
07 F(p,v)| < Crsp® ™0,F (p,v)| for 0 < p<d,m>r. (4.2.8)

For 1 < m <, we have the representation (4.2.6). It is clear that

Y—m

k+m)! o
Z % ak-f-m(v)pk < Cm’n'(p,v)pl )

k=0

which, together with (4.2.7) and (4.2.5), yields

10, F(p,v)| < Crnsp' ™0, F(p,v)] for0<p<d, 1<m<r.

This, together with (4.2.8), completes the proof of (4.2.3) and, thus, the
lemma. 1
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This lemma means we have the following alternative version of Theo-
rem 4.1.1.

Corollary 4.2.5. Hypothesis (13) of Theorem 4.1.1 may be replaced by:

(I3') for some fized z € RN the function F(p,w,v) := ®(pw+z,v) is a func-
tion of convex type v, for some v € N, in the sense of Definition 4.2.1
with (w,v) €SNI x N =T.

4.3 Convexity condition for real-valued phases

Using the results of the previous two sections, we can now prove a series
of results for which a so-called convexity condition holds; here we recall
Definitions 2.2.3 and 2.2.4 from Section 2 and prove the basic result for real-
valued functions. We recall that a smooth function 7 : R® — R is said
to satisfy the convezity condition if ¥ is convex for each A € R (and the
empty set is considered to be convex). The mazimal order of contact of a
hypersurface ¥ is defined as follows. Let o € ¥, and denote the tangent
plane at o by T,,. Let P be a plane containing the normal to ¥ at ¢ and
denote the order of the contact between the line 7, N P and the curve XN P
by 7(X; 0, P). Then we set
v(X) :=supsupv(%;0, P).
cey¥ P

In the proof of Theorem 2.2.6 we will need a Besov space version of the
estimate for the kernel. For this, let us introduce some useful notation for
a family of cut-off functions gr € C§°(R"), R € [0,00): these functions will
correspond to the cut-offs to annuli in the frequency space and we need to
trace the dependence on the parameter R. Suppose g € C3°(R™) is such that,
for some constants cg, c; > 0, it is supported in the set

{€:co <[] <1},

and let go € C3°(R™\ {0}) be another (arbitrary) compactly supported func-
tion. Then, for R > 0, set

_ Jo¢/R) ifR>1,
9r(§) = {go(f) F0<R<l (4.3.1)

Now we can prove the main convexity theorem:

Theorem 4.3.1. Suppose 7 : R® — R satisfies the convexity condition. Set
v :=8Upy- V(ZA(T)) and assume this is finite. Let a(§) be a symbol of order
”T_l —n of type (1,0) on R™ ; furthermore, on supp a, we assume:
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(1) for all multi-indices o there exists a constant C, > 0 such that

087 (€)] < Ca(1 + [€])1;

(i) there exist constants M,C > 0 such that for all || > M we have
7€) = CIEl;

(iii) there exists a constant Cy > 0 such that |0,7(M\w)| > Cy for all w €
S™1 X > 0; in particular, |V7(£)| > Cy for all £ € R™\ {0};

(iv) there exists a constant Ry > 0 such that, for all A > 0,

1 1 " B
EA(T) = $HE R 7(€) = A} C B, (0).

Then, the following estimate holds for all R > 0, x € R™, t > 1:
( / @O () gr(€) dE| < Ot (4.3.2)

where gr(§) is as given in (4.3.1) and C > 0 is independent of R.

Remark 4.3.2. For an integral of this type with some specific compactly
supported function, x € C§°(R"™) say, in place of gr, we can just use the
result for R = 0. In this way we obtain Corollary 2.2.7.

Proof. We may assume throughout, without loss of generality, that either
7(€) > 0 for all £ € R™ or 7(§) < 0 for all £ € R™. Indeed, hypothesis (ii)
and the continuity of 7 ensure that either 7(&) is positive for all |{| > M or
negative for all || > M. In the case where 7(§) is positive for all |£| > M,
set

7+ (&) = 7(£) 4+ min(0, ‘£i|r<1§v[ 7(£)) > 0 for all £ € R™.

Now, 7(§) — 7(§) is a constant (in particular, it is independent of £) and
| ©=7+@ = 1, s0 it suffices to show

‘/ e @0a(€) g (€) d ) <ot

In the case where 7(£) is negative for |£| > M, set 7(§) := —7(£) and by
similar reasoning to above, it is sufficient to show

[ et nae)gn(e e < o8
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where —7, (§) < 0 for all £ € R™.

We begin by dividing the integral into two parts: near to the wave-front
set, i.e. points where V¢[z - £ + 7(€)t] = 0, and away from such points. To
this end, we introduce a cut-off function x € C§°(R"™), 0 < k(y) < 1, which
is identically 1 in the ball of radius 7 > 0 (which will be fixed below) centred
at the origin, B,(0), and identically 0 outside the ball of radius 2r, By, (0).
Then we estimate the following two integrals separately:

h(t.a)i= [ ST Nae)gn(En(t o+ Vr(©)) de,
L(t,z) = /n ei($'5+7(§)t)a(§)gR(§)(1 — /i)(t_lill + VT({)) dg .

For I5(t,z) we have the following result:

Lemma 4.3.3. Suppose a(§) is a symbol of order j € R. Then, for each
[l € N with | > n + j, we have, for all t > 0,

It )| < Crt ™, (4.3.3)

where the constants C,; > 0 are independent of R.

Proof. In the support of (1—k&)(t"'z+V7(£)), we have |z+tVT(£)| > rt > 0,
SO we can write

(z +tV7()) i(@e+r(©)1) _ i(a-g+r(E)D)
e rvr@pR Vo )=

Y

therefore, denoting the adjoint to P = % - V¢ by P*, we get

b(tx) = / TP [a()gn(€) (1 — k) (e + V()] dE

for each [ € N. We claim that for each [ there exists some constant C,.; > 0
independent of R so that, when ¢ > 1, we have

(P [a(€)gr(©) (1 — k) (t 2+ V7T(E))] < Cot ' (A + €)Y 5 (4.3.4)

assuming this, we obtain,

1
|L(t,x)] < Crpt™ /Rn Wdf-

Noting that fRn W d¢ converges for [ — 7 > n yields the desired esti-
mate (4.3.3).
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It remains to prove (4.3.4). Let f = f(&;x,t) be a function that is zero
for |x +tV7(§)| < rt and is continuously differentiable with respect to &;
then,

[ +tVT(E)) 1 tAT(E) (z +tV7(£))
ilz +tVT(€))27 ] i|x+tVT(§)|2f+ il +tVT(§)[? Vel
2z +tVT(E)) - [VPT(E) - (2 +tVT(E))
ilz 4+ tVr(§)*

Hence, using |z+tV7(£)| > rt (hypothesis on f) and [9%7 ()| < C(1+[¢]) e
(hypothesis (i)), we have

[P fI < Gt (1 + [E) ST+ Ve Sl (4.3.6)

P'f =V

] f. (4.3.5)

Now, for all multi-indices a and for all £ € R", we get
o [02a(&)] < Co(1+|€])771! for all £ € R™ as a € S ,(R™);

o [0¢[(1 = K)(t7 e + VT(E))]| < Call+ [€])71, for all £ € R™—here we
have used hypothesis (i) once more. Also, it is zero for each o when
|z +tV7(€)| < rt by the definition of k.

Furthermore, [0%gr(€)| = |0%go(€)] < Cu(1 + [€])71el for 0 < R < 1, since
C°(R™\ {0}) C SP((R™). For R > 1, we have:
0°gr(€) = 0°g(¢/R)] = R7*(0°g)(¢/R) and g € S7,(R")
= [0%gr(§)| < CaR™I(1 +[€/R) 71 < Ca(1 + Jg]) 7.
Therefore,
10%gR(€)] < Cau(1 + €))7 for all € € R™ and multi-indices o,  (4.3.7)

where the C, > 0 are independent of R.
Hence, by (4.3.6), we obtain

[P a(@gr(€)(1 =) (¢ 2 + Vr(§)]] < Ct (1 + 1€
To prove (4.3.4) for | > 2 we do induction on [. Note that

(P < Gt (1 + ) THP) T+ Ve (P) )

The first term satisfies the desired estimate by the inductive hypothesis. For
the second term, repeated application of the properties of a(¢), g(¢) and
(1 — k)t 'z + V7(£)) noted above to inductively estimate derivatives of
(P*)'f, 1 <I' <1— 2 yields the desired estimate. This completes the proof
of the lemma. ]
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This lemma, with 7 = ”T_l — n, means that it suffices to prove (4.3.2) for
I (t,z), where [t 'z + VT ()] < 2r.

Let {W,(€)},_, be a partition of unity in R” where W,(¢) € C>(R")
is supported in a narrow (the breadth will be fixed below) open cone K,
¢ =1,...,L; let us assume that K; contains the point e, = (0,...,0,1)
(if necessary, relabel the cones to ensure this) and also that each Ky, ¢ =
1,..., L, can be mapped onto K; by rotation. Then, it suffices to estimate

Ii(t,z) = / T gr() T (On(t T+ V() s (438)

since the properties of 7(£), a(£), gr(€) and k(t 'z +V7(£)) used throughout
are invariant under rotation.

By hypothesis (iii), the level sets ¥, = {¢ € R : 7(¢) = A} are all non-
degenerate (or empty). Furthermore, the Implicit Function Theorem allows
us to parameterise the intersection of the surface ¥4 = ;X and the cone
K.

KN\ ={(y,ha(y)) :y € U} ;
here U C R™! is a bounded open set for which p(U) = S"~! N K; where
p(y) = (y, /1 — |y|?), and h) : U — R is a smooth function for each A > 0; in
particular, each h, is concave due to 7(§) satisfying the convexity condition,
i.e. ¥ is convex for each A € R. Then, in the case that 7(£) > 0 for all
¢ € R™, the cone K; is parameterised by

Ky = {(Ay, Ma()) : A> 0,y € U},
and when 7(§) < 0 for all £ € R",
Ky ={(A\y,A\(y)) : A <0,y €U} .
Now, let n : K1 N X4 — S"! be the Gauss map,

V)
20 = [7r o)

By the definition of x(t 'z + V7(£)), we have
t e — (=VT(&)] < 2r

for each &, € K; N X} that is also in the support of the integrand of (4.3.8).
Hence, provided r > 0 is taken sufficiently small, the convexity of ¥/ ensures
that the points t 1z /|t 1z| and —n(&,) are close enough so that there exists
z(A) € U (for each &, € K; N X)) satisfying

n(z(A),h(z(N)) = =t 'z/|t 2| = —z/|z] € "
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Also, (—Vy4ha(y),1) is normal to X at (y, ha(y)), so, writing z = (2/, x,,),
we have

ot EVyEN)Y Lt 1
[zl (= Vyha(z(V), D) 2]~ 1=V (z(N), 1)
and — 2 V() zaVyha (V)
[ [(=Vyha(z(A)), 1) |z ’

therefore, —z' = z,V,hy(2(A)). We claim that z,, is away from 0 provided
the breadth of the cone K is chosen to be sufficiently narrow, so

x/

= -V, ha(z(N)) . (4.3.9)

To prove this claim, first recall that ¥} C Bg,(0) for all A > 0 (hy-

pothesis (iv)) and note that Jg, 7(£) is absolutely continuous on Bpg, (0) (it is
continuous in R™): taking Cy > 0 as in hypothesis (iii), we get that

there exists § > 0 so that [p* — n?| < 4, where n',n* € Bg, (0),

4.3.10
implies |0¢, 7(n") — Og, 7(n?)| < Co/4 . ( )

Then, fix the breadth of K; so that the maximal shortest distance from a
point £ € K1 N (Jyo X4) to the ray {ue, : p > 0} is less than this 4, i.e.

sup{ir;%|§—uen| :SGKlﬂ(UE’/\)} <.
A>0

Now, observe that for any £° € R™, ;1 > 0, we have

| > 10, 7(nen)| — |06, 7(€°) — O, T(nen)| — |5 + 06, 7(8%)].

Choose £° € K1NY\ Nsupp[k(t 1z +V7(€))] and > 0 so that |2 — pe,| < &
and, hence,
106, 7(€") — O, 7(nen)| < Co/4;
also, by hypothesis (iii), |0, 7(ue,)| > Co, so
[t~ 1x,| > 3Cy/4 — 2r.

Taking r sufficiently small, less than Cy/8 say, (ensuring r > 0 satisfies the
earlier condition also) we get

|zp| > ct >0 (4.3.11)
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proving the claim.
Before estimating (4.3.8), we introduce some useful notation: by the def-
inition of ggr(£), (4.3.1), when R > 1

€ esuppgr = Rcy < [£| < Rey;

also, if 0 < R < 1, then there exist constants ¢g,¢; > 0 so that ¢g < |£] < ¢
for & € suppgg. Thus, by hypotheses (i) and (ii), there exist constants
¢y, ¢4 > 0 such that

Rey < |1(§)| < Ry, if R>1 and £ € supp gg,
o < |t < if 0 < R < 1and ¢ € supp gg.

Let G € C§°(R) be identically one on the set {s € R : ¢, < s < ¢} } and iden-
tically zero in a neighbourhood of the origin; writing R = max(R, 1), this
then satisfies

9r(&) = gr(§)G(T(§)/R).

Also, for simplicity, write

a(§) = ar(§) = a(§)gr(§)¥1(£); (4.3.12)

this is a type (1,0) symbol of order =% —n supported in the cone K, and the
constants in the symbolic estlmates are all independent of R as each gr(&),
R >0, is a symbol of order 0 with constants independent of R (see (4.3.7)).

We now turn to estimating (4.3.8). Using the change of variables £ —
(Ay, Ahy(y)) and equality (4.3.9), it becomes

[1(t,1;) = /oo/ei[Am’-y+/\xnhx(y)+T(>\y,>\hx(y))t]a()\y’ Ma(y))
0o JuU

(2 Vi (1) T (g Mo (1) (4”2 + F7(01 M (9)) 75
/ / iIAER [~ Vyha (2(N)-y+ha(y) ey ()\y,>\h)\( ))
(4.3.13)
GONR)K(t 1 + V7 (hy, Mia(y )))d&gy) dy ),

where we have used 7(Ay, Ahy(y)) = A (definition of X)) in the last line.
Here, note that

dg _’ A Y = AN\ M) — ¥ - Vyha(y))

d\,y)  [AVyha(y) Ox[Aha(y)]
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where I is the identity matrix. Differentiating 7(A\y, Ahy(y)) = A with respect
to A in the first case and with respect to y in the second, gives

Y- Ver(Ay, Aa(y)) + OA[MNx(y)] 0, T(Ay, Aha(y)) = 1,
)\V&/T()\y, )\h,\(y)) + )\Vyh,\(y) gnT()\y, )\h,\(y)) =0.

Substituting the second of these equalities into the first yields

(O\APAW)] — ¥ - Vyha(y)) Oe, T(Ay, Aha(y)) = 1.

We claim that
\8§n7'()\y, Ah(y))| > C > 0. (4.3.14)

To see this, first note that
106, 7(Ay, AbA(Y))| = 106, m(Apen)| — |06, 7(Apen) — O, 7(Ay, Aha(y))]
where p > 0 is chosen as above so that |ue, — (v, ha(y))| < J; now,
|0e,, 7(Auen)| = Co

by hypothesis (iii). Also, by the Mean Value Theorem, there exists ¢ lying
on the segment between (Ay, Ahy(y)) and Aue, such that

[0c, 7(Mten) — O, T(Ay, Ma(y))| < C| Ve, 7(€)|A < ClE[T'Ad < C6;

choosing ¢ > 0 small enough (also ensuring it satisfies condition (4.3.10)
above) completes the proof of the claim. Hence,

¢ | At
‘d()\,y)‘ B ‘agnr(ky,hhx(y))

<ot (4.3.15)

Also, note that this Jacobian is bounded below away from zero because
0, 7(€)] < C for all £ € R™ (hypothesis (i)), which means that the transfor-
mation above is valid in Kj;. _

Next, using the change of variables A = Az, = Azt in (4.3.13), writing
h(\,y) = hy(y) and setting 7 := t 'z (so 7,, = t~'z,,), we obtain

/00/ eiX(—Vyh(gitvz(ixm))'“h(;m’y)ﬁ"l)a(%y’%h(%’y))
0 U

G(ﬁ)fi(% + VT(%y, ﬁh(%t, y))) d(i’gy)t_ligl dy dx.
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Therefore, using ‘%} < Oz, |~ D¢~ (by (4.3.15)) and recalling
that |k(n)| < 1, we have,

I(t, )| S(Jt—"ilmr"f/o ‘J(X,%;%%))G(%)X’%l—l‘di,
(4.3.16)
where,

~ ~ ~ ~ n—L_l
(e un(Zov)) () 7

With Theorem 4.1.1 in mind, let us rewrite this in the form of (4.1.1):

I\ p;2) = / e W) g0 (y, phy,(y))b(y) dy,
Rnfl

with arbitrary A > 0, x> 0 and 2z € R"!, where
o Oy, 15 2) = hu(y) = hu(2) = (y = 2) - Vyhu(2);
o a(6) =A™

e b e C°(R"!) with support contained in U.

We shall show that the following conditions (numbered as in Theorem 4.1.1
and Corollary 4.2.5) are satisfied by I (A, u; 2):

(I1) there exists a bounded set U C R™! such that b € Cg°(U);

(I12) Im ®(y, p;2) > 0forally € U, pu > 0;

(I3") F(p,w,u;2) = ®(pw + 2,15 2), w € S*2, p > 0, is a function of convex
type 7 (see Definition 4.2.1);

(I4) there exist constants C, such that |95 [ao(uy, phu(y))]| < C, for all
yeU, p>0and |a|§[”7_1]+1.

Assuming for now that these hold, Theorem 4.1.1 (or, more precisely, Corol-
lary 4.2.5) states that, for all A > 0, u > 0,

IO\ 3 2)| < C(1+XA)~F <O .
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This, together with (4.3.16), gives

Lol <o T ET [ ()N ks
0

then, setting v = we have

_A
RTnt’

—1 n

(7)< O 5 75 / (Rintv) " Gv) Rt dv
0

n 1

= Ctifl]inr% / v IG(v)dr < Ct™"5 forallt>1.

0
Here we have used that G is identically zero in a neighbourhood of the origin
and that it is compactly supported and also (4.3.11) (|z,| > C > 0); also,
note the constant here is independent of R. Since this inequality holds for
I{(t, z), it also holds for I (¢, z); thus, together with Lemma 4.3.3, this proves
the desired estimate (4.3.2), provided we show that the four properties (I1)—-
(I4) above hold.

Now, clearly (I1) holds automatically and (I2) is true since h,(y) is real-
valued, so Im ®(y, p;2) =0 for ally € U, p > 0.

For (I3') and (I4), we need an auxiliary result about the boundedness of
the derivatives of hy(y):

Lemma 4.3.4. All derivatives of hy(y) with respect to y are bounded uni-
formly in y. That is, for each multi-index o there exists a constant C, > 0
such that

10, ha(y)| < Co forally e U, A > 0.

Proof. By definition, 7(Ay, Ak (y)) = A. So,

(Ver)(Ay, Aha(y)) + (0e,7)(Ay, Aha(y)) Vyha(y)
= AV, [T(Ay, Aa ()] = 0,

or, equivalently,
(Ver)(Ay, Aha(y))

(0e,7)(Ay, Aha(y)) -
Hypothesis (i) (|0g7(¢)] < Ca(l + €))7l for all £ € R") and (4.3.14)
(10e,7(Ay, AhA(y))| > C > 0) then ensure that |V hy(y)| < C for all y € U,
A>0.

For higher derivatives, note that |(y, hx(y))| < Ry by hypothesis (iv); so,
using hypothesis (i) once more, for all multi-indices «, there exists a constant
C,, > 0 such that

Vyhaly) = - (4.3.17)

|(887) Ay, Aha ()] < CaAt o
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Then, differentiating (4.3.17), this ensures, by an inductive argument, that
the desired result for higher derivatives of hy(y) holds, proving the Lemma.
O

Returning to the proof of (I4), note that,
|08ag(€)| < Ca(1 +[¢]) 71! for all £ € R",

since, a(£) is a symbol of order =1 — n (see (4.3.12) for its definition).
Together with Lemma 4.3.4, this ensures that 95 [ao(py, phy(y)) is uniformly
bounded for all y € U, p > 0 and || < [”T_l] + 1 as required.

Finally, we show (I3’): observe that for |p| < ¢’, some suitably small
o' >0,

F(p,w,,u; Z) = hﬂ(pw + Z) - hM(Z) —pw vyhu(z>

y+1 .
- Z [ Z a(ﬁ;hu)(z)wa] P+ Ry (pyw, s 2)p7 2.
k=2 |a|=k ’

So, F(p,w, u;2) is a function of convex type v if (using the numbering of
Definition 4.2.1)

(CT2) Zié Z|a\:k ﬁ(@;h”)(z)w“

R 1

>C>0forallwe S 2 u>0,z2¢

(CT3) |0,F (p,w, p; 2)| is increasing in p for 0 < p < 4, for each w € S" 72,
p > 0;

(CT4) for each k € N, 8§F(p,w,u; z) is bounded uniformly in 0 < p < ¢,
weS" 2 u>0.

Condition (CT4), follows straight from Lemma 4.3.4. The concavity
of h,(y) means that

2F (p,w, p; z) = 82[hy(pw + 2)] = w' Hess by, (pw + z)w < 0

for all 0 < p < &' and for each w € S" 2, u > 0, 2 € R*!; coupled with the
fact that 0,F(0,w, u; z) = 0, this ensures Condition (CT3) holds.

Lastly, recall that, by definition, v > ~(X,) for all A > 0, which is the
maximal order of contact between Y, and its tangent plane; furthermore,
is assumed to be finite; thus, for some k£ < v+ 1 < oo, we have

Okl (= + p)l|_y # 0.
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Now, 0%[h,(z + pw)”pzo = D lal=k %ayahu(z)wa, so for some k < v+ 1, we
have

1
KDY 0y hu(2)w”| = C >0

for all w € S*~2. Thus, condition (CT2) holds.
This completes the proof of conditions (I1)—(I4), and, hence, Theorem
4.3.1. [





