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Abstract.

In this paper, we study the generalized (co)homology Hopf alge-
bras of the loop spaces on the infinite classical groups, generalizing
the work due to Kono-Kozima and Clarke. We shall give a descrip-
tion of these Hopf algebras in terms of symmetric functions. Based on
topological considerations in the first half of this paper, we then in-
troduce a universal analogue of the factorial Schur P- and Q-functions
due to Ivanov and Ikeda-Naruse. We investigate various properties of
these functions such as the cancellation property, which we call the
LL-supersymmetric property, the factorization property, and the van-
ishing property. We prove that the universal analogue of the Schur
P-functions form a formal basis for the ring of symmetric functions
with the L-supersymmetric property. By using the universal analogue
of the Cauchy identity, we then define the dual universal Schur P- and
@-functions. We describe the duality of these functions in terms of
Hopf algebras.
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§1. Introduction

Let SU = SU(0), Sp = Sp(c0), and SO = SO(c0) be the infinite
special unitary, symplectic, and special orthogonal group respectively,
and QSU, QSp, and Q¢SO denote its based loop space (£y means
the connected component of the identity). These spaces have natu-
ral (homotopy-commutative) H-space structure given by the usual loop
multiplication. On the other hand, it is well-known that these loop
spaces have no torsion and no odd degree elements in (co)homology
with integer coefficients (see e.g., the classical work due to Bott [4], [5]).
Therefore the H-space structure on QSU (resp. QSp, QpSO) endows
H,(QSU) and H*(QSU) (resp. H.(Q2Sp) and H*(Q2Sp), H.(20S0)
and H*(Q50)) with the structure of dual Hopf algebras over the in-
tegers Z. These Hopf algebras were intensively studied by Bott [6].
Although Bott uses the technique of symmetric functions very much in
that paper (see e.g., [6, §8]), he did not give explicitly the descriptions
of these Hopf algebras in terms of symmetric functions. On the other
hand, by means of the celebrated Bott periodicity theorem (Bott [7],
[6, Proposition 8.3], Switzer [62, 11.60, 16.47]), there exists a homotopy
equivalence of H-spaces BU ~ Q)SU, where BU denotes the classifying
space of the infinite unitary group U = U(oc). The H-space structure
of BU is induced from the Whitney sum of complex vector bundles
(see e.g., May [47, p.201, Proposition], Switzer [62, p.213]). Therefore
they have the isomorphic (co)homology. By the theory of characteristic
classes of complex vector bundles, it is well known that the integral co-
homology ring of BU is H*(BU) 2 Zlcy, ca, .. .|, where ¢; (i = 1,2,...)
denote the universal Chern classes. The homology ring of BU is also
known to be a polynomial ring of the form H,.(BU) = Z|[B4, B2, .. .],
where 3; (i = 1,2,...) is an element of degree 2i induced from the
natural map BU(1) ~ CP>* — BU (see e.g., Switzer [62, Corollary
16.11, Theorem 16.17]). Moreover, H*(BU) is a Hopf algebra which
is self-dual: H.(BU) is isomorphic to H*(BU) as a Hopf algebra. In
topology, it is customary to think of Chern classes of complex vector
bundles as elementary symmetric functions in certain variables (some-
times called the Chern roots). From this, both H*(BU) = H*(QSU)
and H,(BU) = H,(QSU) can be identified with the ring of symmetric
functions denoted by A. For cohomology, the universal Chern classes
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¢i (i =1,2,...) correspond to the i-th elementary symmetric functions
e;, and for homology, the elements 3; (i = 1,2,...) correspond to the
i-th complete symmetric functions h; (for this point of view, see e.g.,
Baker-Richter [3, §5], Lenart [44, §4], Liulevicius [45]). The starting
point of our work is to give descriptions of other Hopf algebras H*(Q2.Sp),
H.(Q2Sp), H*(QpS0), and H,(2S0) in terms of symmetric functions.
By the Bott periodicity theorem again, there exist homotopy equiva-
lences of H-spaces Sp/U ~ QSp, SO/U ~ QpSO (see e.g., Switzer [62,
p.409]). Especially we have the isomorphisms H*(QSp) = H*(Sp/U)
and H*(Q¢S0) = H*(SO/U). On the other hand, by the work of Pra-
gacz [55, §6] and Jézefiak [28], we know that the integral cohomology ring
H*(Sp/U) (resp. H*(SO/U)) of the infinite Lagrangian Grassmannian
Sp/U (resp. infinite orthogonal Grassmannian SO/U) is isomorphic to
the ring of Schur @-functions (resp. Schur P-functions) denoted by T’
(resp. I). Therefore we have the following isomorphism abstractly:
H*(QSp) =T and H*(2050) = I". Since I' and I are mutually dual
Hopf algebras over Z, we also have H,(Q2Sp) 2T and H,(Q¢50) =T

Recently, the study of the affine Grassmannian Grg for a simply-
connected simple complex algebraic group G in terms of Schubert calcu-
lus has been developed extensively (see e.g., Peterson [56], Lam [36],
Lam-Schilling-Shimozono [39], [40]). On the one hand, Grg admits
a cell decomposition by Schubert cells from its presentation Grg =
G(C((¥)))/G(CI[t]])(see e.g., Garland-Raghunathan [19, Theorem 1.9,
Mitchell [50, Theorem 1.3], [51, Theorem 1.2], [52, Corollary 3.2]). From
this, H.(Grg) and H*(Grg) have free Z-module bases consisting of
Schubert classes. On the other hand, by the result of Garland-
Raghunathan [19, Corollary 1.7] and an unpublished work of Quillen
(see also Mitchell [51, Theorems 1.1 and 1.4]), [52, Theorem 4.2]), it is
known that Grg is homotopy equivalent to the based loop space QK
on the maximal compact subgroup K of G. Therefore their work is
closely related to our current work. In particular, Lam studied the affine
Grassmannian Grgp(,,c)y ~ Q2SU(n), and identified H.(Grgrn,cy) and
H*(Grgp(n,c)) with a subring A(,) and a quotient A of the ring of
symmetric functions A. Moreover he identified the Schubert classes of
H.(Grsp(n,c)) and H*(Grgrm,c)) as explicit symmetric functions (see
[36, Theorem 7.1]). Also Lam-Schilling-Shimozono [39] considered the
affine Grassmannian Grgy,,(c) =~ 25p(n) and identified H.(Grgp,,(c))
and H*(Grgy,, (c)) with certain dual Hopf algebras I'(,) and ™ of
symmetric functions, defined in terms of Schur P- and Q-functions. By
taking limit n — oo, we obtain immediately the above descriptions of
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H.(2Sp) and H*(QSp). However, these deep results depend on Peter-
son’s remarkable result ([56]): In his lecture notes, he constructed an
isomorphism between the torus equivariant homology H! (Grg) of the
affine Grassmannian and a certain subalgebra of the affine nilHecke ring
A,g. Thus it seems difficult to find a geometric or topological meaning
of their result.

We then turned our attention to topologists’ work on the loop spaces
on Lie groups (e.g., Clarke [14], [15], [16], Kono-Kozima [31], Kozima
[33], [34], [35]). Especially we focused on Kono-Kozima’s work. In [31],
they considered the following homomorphisms in homology:

(1)

Qcoq), = (20), 0 (). : H.(SU) % m(sp) % H.(QsU),
where ¢ : SU — Sp and ¢ : Sp — SU are induced from the quater-
nionification SU(n) — Sp(n) and the complex restriction Sp(n) —
SU(2n) (see (4) in this paper). It is easy to show that (Qc), is a split
monomorphism (Lemma 2.3) and thus H,(2Sp) can be regarded as a
subalgebra of H,(QSU). By a topological argument, they fixed elements
z; € Ho;(QSp) (i = 1,2,...), and determined the Hopf algebra struc-
ture of H,(QSp) explicitly in terms of these elements ([31, Theorem
2.18])*. In course of consideration, they showed the following formula
([31, Theorem 2.9]):

(2) Qcoq)«(B(x)) = B(x)/B(—2),

where we used the isomorphism H,(QSU) = H.(BU) = Z[51, B2, . . ]
as mentioned before, and B(z) := Y_,o iz’ € H,(QSU)|[z]], a formal
power series. This formula is of particular importance in our present
work: From (2), we see immediately that under the afore-mentioned
isomorphism H,(BU) = H,.(Q2SU) = A, the monomorphism (€c), :
H,.(Q2Sp) — H.(Q2SU) can be identified with the natural inclusion
I «— A (the similar consideration can be found in Lam [37, §2.3]).
In this way, we are able to give a sequence of homomorphisms (1) an
interpretation in terms of symmetric functions (for more details, see
§3.4). The advantage of our method is that it has immediate application
to any generalized homology theory F.(—) which is complex oriented in
the sense of Adams [1, p.37] (for the application to the K-homology
theory, see Clarke [15]).

n topology, it was known that H,(QSp) is a polynomial algebra generated
by elements of degrees 4i —2 (i = 1,2,...). The problem was to fix algebra gen-
erators and to give an explicit description of the coalgebra structure of H, (2Sp).
(cf. Bott [6, §11]).
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Let E*(—) denote a complex oriented generalized (multiplicative)
cohomology theory, and E.(—) the corresponding homology theory in
the sense of Adams [1, p.37]. The coefficient rings for these two the-
ories are given by E, := E.(pt) (E-homology of a point) and E* :=
E*(pt) (E-cohomology of a point). Our first aim is to describe the E,-
(co)homology of QSU, QSp, and QpSO in terms of symmetric functions.
Generalizing the approach due to Kono-Kozima [31] and Clarke [15], we
are able to describe the Hopf algebras FE.(Q2Sp) and E*(QSp) (resp.
E.(Q0S0) and E*(Q¢S50)) as subalgebras of F,(Q2SU) and E*(QSU)
(see Section 2). Motivated by the description of E, (£2050) and E, (2Sp)
(resp. E*(Q2Sp) and E*(¢S0)), in Section 3, we shall introduce certain
subalgebras I'Z, F’*E of AF (resp. %, I} of A%). By definition, using
the identification E,(QSU) = E,(BU) with AF := E,®zA (scalar exten-
sion) (resp. E*(QSU) = E*(BU) with A% := Homp, (A, E,) (graded
dual)), one sees immediately that E,(250) = T'F and E, (QSp) = T"7
(resp. E*(QSp) =2 T and E*(20S0) 2 I'%). Thus our first main result
identifies E,(Q2Sp) and E*(Q2Sp) (resp. E.(QpS0O) and E*(2¢50)) with
certain dual Hopf algebras I'"Y and ['% (resp. I'E and I'}) of symmetric
functions, defined in terms of a generalization of the rings of Schur P-
and Q-functions (Propositions 3.11, 3.12).

Having constructed certain Hopf algebras I'F, T f of AE and I',
[} of A% of symmetric functions as above, our next task is to construct
certain symmetric functions which may serve as “nice bases” for these al-
gebras as free E, (or E*)-modules. Since the complex cobordism theory
MU*(—) is “universal” among complex oriented generalized cohomology
theories (Quillen [57]), it suffices to consider the case E = MU. In this
case, the coefficient ring MU, = MU™* is known to be isomorphic to
the Lazard ring L (Lazard [42], Quillen [57, Theorem 2], Adams [1, Part
II, Theorem 8.2])%. We wish to construct certain symmetric functions
which constitute bases for I}, s, and their dual bases for TMU/
F’*MU. We also expect them to correspond to cohomology Schubert bases
for MU*(Q0S0) =2 MU*(SO/U), MU*(2Sp) = MU*(Sp/U), and ho-
mology Schubert bases for MU, (QSO) = MU,(SO/U), MU, (QSp) =
MU, (Sp/U) respectively. In Sections 4 and 5, we tackle this problem
along the following lines: Firstly, at the time of this writing, it is not

2L is known to be a polynomial algebra over the integers Z on generators
of degrees 2,4,6,8,... (see e.g., Adams [1, Part II, Theorem 7.1], Ravenel [58,
Theorem A2.1.10]). One can define L as the quotient of a polynomial ring P
generated by formal symbols a; ; (i, > 1) of degree 2(i+j—1) by a certain ideal
I (see e.g., Adams [1, Part II, Theorem 5.1], Ravenel [58, Theorem A2.1.8]).
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known how to define or characterize geometrically the Schubert classes
of general flag varieties G/P or affine Grassmannians Grg in generalized
(co)homology theories E*(—) and E,.(—) (for the Schubert classes in
generalized (co)homology theories, see e.g., Ganter-Ram [18]). Thus we
switch our attention from geometry to algebra, and deal with the above
problem purely algebraically. Secondly, it seems plausible to define the
Schubert classes by way of the torus equivariant cohomology theory and
the technique of the localization theory (see Ganter-Ram [18], Harada-
Henriques-Holm [20], Tkeda-Naruse [25], Kostant-Kumar [32]). In torus
equivariant theory, various factorial analogues of Schur functions play
an important role (for the factorial Schur functions and the complex
Grassmannians, see Knutson-Tao [30], Molev-Sagan [54]; for the facto-
rial Schur P- and Q-functions and the maximal isotropic Grassmanni-
ans, see Ivanov [27], Tkeda [22], Tkeda-Naruse [23]; for the K-theoretic
analogues of factorial Schur P- and Q-functions, see Ikeda-Naruse [25]).
Thus we wish to construct the required functions as a natural general-
ization of these factorial Schur functions. This suggests that our func-
tions will contain multi-parameter b = (by,bs,...). The definition of
our functions in cohomology, denoted Py (x|b) and Q%(x|b) with A a
strict partition, x = (x1,x2,...) independent variables, b = (b, bs,...)
parameters, will be given in §4.2, Definition 4.1. We shall call them the
universal factorial Schur P- and Q-functions. As the name suggests, if
we specialize a; ; = 0 for all 4,7 > 1, we will obtain the usual facto-
rial Schur P- and Q-functions Py (x|b) and Qx(x|b) due to Ivanov [27]?,
and if we specialize a;; = 3, “Bott’s element”, and a; ; = 0 for all
(i,5) # (1,1), we will obtain the K-theoretic analogue of the factorial
Schur P- and @-functions G Py (x|b) and GQ(x|b) due to Ikeda-Naruse
[25]. Further we shall investigate various properties of our functions such
as

3In [27, Definitions 2.10, 2.13], Ivanov introduced a multi-parameter gen-
eralization of the usual Schur P- and @-functions denoted by P\,, and Qx,q,
where X is a strict partition and a = (ax)k>1 (with a; = 0) is an arbitrary
sequence of complex numbers. By definition, Qx,a = 2/ Py.,, where £())
denotes the length of A. In this paper, we use the definition of these func-
tions due to Ikeda-Mihalcea-Naruse [24, §4.2]. They denote these functions by
Py (z]a) and Qx(x|a), where a = (a;);>1 is an infinite sequence of variables. By
definition, Qy(x|a) = 2°) Py(2]0,a). Note that Py(z|a) is the even limit of
the corresponding polynomials PA(")(xl, ..., Zpla) of finite variables because of
the mod 2 stability (see Ikeda-Naruse [23, Proposition 8.2]). Also we shall use
[x|b]¥ := [T5_,(z + b;) as a generalization of the ordinary k-th power in place

of (z|a)* == [T, (z — ay).
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e the LL-supersymmetric property which is a generalization of
the “Q-cancellation property” due to Pragacz [55, p.145], “su-
persymmetricity” due to Ivanov [27, Definition 2.1], and “K-
supersymmetric property (K-theoretic Q-cancellation property)”
due to Ikeda-Naruse [25, Definition 1.1];

e the factorization property (cf. Pragacz [55, Proposition 2.2]
and Tkeda-Naruse [25, Proposition 2.3));

e the vanishing property (cf. Ivanov [27, Theorem 5.3], Tkeda-
Naruse [23, Proposition 8.3], Ikeda-Mihalcea-Naruse [24, Propo-
sition 4.2], Ikeda-Naruse [25, Proposition 7.1]);

o the basis theorem (cf. Tkeda-Mihalcea-Naruse [24, Proposi-
tion 4.2], Tkeda-Naruse [25, Theorem 3.1, Propositions 3.2, 3.4,
3.5]).

In particular, in the non-equivariant case, i.e., b = 0, our functions
{P(x)} (resp. {Q%(x)}) turn out to constitute a formal L-basis for
the ring Iy, &2 MU*(£0S0) (vesp. 'y & MU*(2Sp)). Combining
these “cohomology bases” {Py(x)} and {Q%(x)} with the argument us-
ing an analogue of the Cauchy identity, we shall define the dual bases.
More precisely, we define functions p%(y) and g% (y) with A a strict par-
tition, y = (y1,¥s2,...) one more set of independent variables, by the
following identity (Definition 5.3):

Asy) = [[—2% = Y Qx5 (y),

1 — 2y,
i,7>1 iY; A: strict

Alxy) = Hﬂ= > P )

1— 2y,
i,j>1 Yi 3 serict

We also show the basis theorem for these dual functions, and furthermore
we will discuss the duality of these functions in terms of the theory of
Hopf algebras. Thus our second main result is the algebraic construction
of the universal factorial Schur P- and Q-functions P} (x|b)’s, Q% (x|b)’s
and their duals g% (y)’s, pX(y)’s (with b = 0). At present, the geomet-
ric meaning of our functions Py (x|b), Q%(x|b) and p%(y), ¢x(y) is not
apparent. However, for instance, the vanishing property of Q%(x|b)’s
strongly suggests that these functions will provide the “Schubert ba-
sis” for the torus equivariant complex cobordism MU (LG(n)) for a
Lagrangian Grassmannian LG(n) = Sp(n)/U(n), T a maximal torus of
Sp(n). We shall discuss this problem elsewhere.

This paper is organized as follows: In Section 2, we review the
topologists’ work concerning the loop spaces on SU, Sp, and SO. Es-
pecially, we shall give descriptions of E-(co)homology Hopf algebras of
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QSp and ¢SO, where E*(—) denotes a complex oriented generalized
cohomology theory (see Theorems 2.8, 2.13, and 2.18). In Section 3,
we introduce the E-theoretic analogues of the rings of Schur P- and
Q-functions (see Subsections 3.2, 3.3), and give an interpretation of E-
(co)homology Hopf algebras of QSp and ¢SO in terms of symmetric
functions (see Propositions 3.11, 3.12). These are the first main result of
this paper. In Section 4, we define the universal factorial Schur P- and
Q-functions Py (x,|b) and Q%(x,|b) (Definition 4.1), and establish the
fundamental properties of these functions such as L-supersymmetricity
(Subsection 4.3), stability property (Subsection 4.4), factorization for-
mula (Subsection 4.6), vanishing property (Subsection 4.8), and basis
theorem (Subsections 4.7, 4.10). In this section, we also define the uni-
versal factorial Schur functions s%(x,|b) and discuss their properties
(Subsection 4.5). In Section 5, we define the dual universal Schur P-
and Q-functions p% (y) and gx(y), and establish the basis theorem (The-
orem 5.6). Moreover, we describe the duality of these functions. Then
our second main result is summarized in Theorem 5.8. In the Appendix,
Section 6, we discuss another version of the universal factorial Schur
functions s%(x,||bz), which are the universal analogues of Molev’s dou-
ble Schur functions [53] (Subsection 6.1). We also collect the necessary
data concerning the Weyl groups, the root systems, etc. of classical

types.

Acknowledgments. We would like to thank Takeshi Ikeda,
Nobuaki Yagita for helpful comments and valuable conversations.

§2. E-(co)homology of QSp and QSO

2.1. Generalized (co)homology theory

As in the introduction, E*(—) denotes a complex oriented general-
ized (multiplicative) cohomology theory, and E,.(—) the corresponding
homology theory in the sense of Adams [1, Part II, p.37], Switzer [62,
16.27]. A generator ¥ € E?(CP>), where E*(—) is the correspond-
ing reduced cohomology theory, is specified and it is called the orien-
tation class. The coeflicient rings for these two theories are given by
E, = E.(pt) and E* = E_,. In what follows, the coefficient ring F, is
assumed to be torsion free. Then it is known that the cohomology ring
of the infinite projective space CP> is E*(CP>) = E*[[z¥]], a formal
power series ring with the given generator z¥ € E?(CP>) (see Adams
[1, Part II, Lemma 2.5]), and the homology E,(CP°) of CP* is a free
E.-module with a basis {8F}i>0 (88 = 1) (Adams [1, Part II, Lemma
2.14]). With respect to the E-theory Kronecker product (pairing), we
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have 4
("), BF) = 615,

namely, {(2”)"}i>0 and {5 };>0 are dual bases over E..
Let

pe(u,v) =u+v+ 3, o autv) € E*[lu, o]
(af; = aij € B> = Byiyj_1))

be the (one dimensional commutative) formal group law over the graded
ring E* associated with the cohomology theory E*(—). The formal
power series g (u,v) satisfies the conditions

(i) pe(u,0) =u, pp(0,v) = v,

(i) pp(u,v) = pe(v,u),

(ili) pp(u, pe(v,w)) = pe(pe(u,v),w).

It follows fro i) that

m (i), (i
1 (i=1), 1 (=1,
w10 (iz2 M PIT10 (22

and a; ; = aj; (i,j > 1). Therefore g (u,v) is in fact of the form
up(u,v) =u-+v+ Z a; ju'v!
ih,j>1
=u+v+a1uv+ a172u21) + a172uv2 + -
We shall use this formal group law to define the formal sum, formal

inverse, and formal subtraction. Namely, for two indeterminates X, Y,
the formal sum X +,Y is defined as

X+, =pp(X,Y)=X+Y + > a;; X'V’ € E*[[X,Y]].

i,j>1
Denote by
[Flp(X) =w(X) =X =) X/ € E*[[X]
Jj=1
the formal inverse series?. Namely [—1]z(X) is the unique formal power

series satisfying the cond1t10n we (X, [-1]g(X)) = 0, or equivalently

Tt might be convenient to use the notation X instead of [~1]z(X) in later
sections (see §2.5, §3.2).
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X+, [-1]g(X) = 0. It follows directly from the definition that we have
(3)
[—1]E(X) =—-X+ a1,1X2 — a%’lX?’ + (ail + ai1a1,2 + 2@1’3 — 042’2))(4

4 2 5
+(*CL1,1 - 3&1710,172 - 6041716L173 + 3(1171(1272)X —+ e

This formal inverse allows us to define the formal subtraction:

X—-pY =X+,[-1g¥)=X+,Y
Finally, we define [1]g(X) := X, and inductively,
[A]5(X) = 1 — 1p(X) + X = (o — 15(X), X) (1> 2),

and [—n]p(X) = [n]p([-1]p(X)) = [-1r([n]e(X)) (n = 1). We call
[n] 5(X) the n-series in the following. In later sections, we often need the
2-series [2]p(X) = X+, X = up(X, X). If we put [2]p(X) = > _af X*¥,

k>1
then

E E E E E
ay =2, ay = a1, a3 =2a12, ay =2a13taz2, ag = 2a14+2a23,. ...

Example 2.1.

(1)  For the ordinary cohomology theory (with integer coefficients)
E = H, the coefficient ring is H* = H*(pt) = Z (H° = Z,
H* =0 (k#0)). We choose the standard orientation, namely
the class of a hyperplane £ € H?(CP>). Then the associated
formal group law is the additive formal group law py(X,Y) =
X +Y. The 2-series is [2]g(X) = 2X, and the formal inverse
is [~ 1]z (X) = —X.

(2)  For the (topological) K-theory E = K, the coefficient ring is
K* = K*(pt) = Z[B,871], with 8 := 1 —n} € K 2(pt) =
K(S?), where n stands for the tautological (or Hopf) line bunlde
over CP = 5% and n; its dual. We choose the standard ori-
entation = == B71(1 — nt) € K2(CP>), where 1 stands
for the tautological line bundle over CP> °. Then the as-
sociated formal group law is the multiplicative formal group

®We adopt the convention due to Bott [8, Theorem 7.1], Levine-Morel [43,
Example 1.1.5] so that the K-theory first Chern class of a line bundle L (over a
space X) is given by ¢X (L) = f~(1 — L*), where L* denotes the dual bundle
of L. In this convention, the orientation class € is equal to the K-theory first
Chern class of the bundle 7o, namely ¢ (n.) = 8711 — n%).
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law p(X,Y) = X +Y — BXY. The 2-series is [2|x(X) =
2X — BX2, and the formal inverse is
X

[_1]K(X):_1—5X =X - BX?2-B2X3 - p3Xxt ...,

(3)  For the complex cobordism theory E = MU, the coefficient ring
MU* = MU*(pt) is a polynomial algebra over Z on genera-
tors of degrees —2,—4,. .. (see e.g., Adams [1, Part I, Theorem
8.1]). As in Adams [1, Part II, Examples (2.4)], Ravenel [58,

Example 4.1.3], we take the orientation class MY € MUQ((CPOO)
to be the (stable) homotopy class of the map CP> ~ BU(1) —
MU (1), where MU (1) denotes the Thom space of the universal
line bundle over BU(1). Then the associated formal group law

(X)X ¥+ 3 a0V,

4,521

is a universal formal group law first shown by Quillen [57, The-
orem 2|. Namely, for any formal group law p over a commu-
tative ring R with unit, there exists a unique ring homomor-
phism 0 : MU* — R such that W(X,Y) = (Oupiniv)(X,Y) =
X +Y + 355, 0MY)X Y. Quillen also showed that the
coefficient ring MU* is isomorphic to the Lazard ring L (see
also Section 4).

2.2. FE-(co)homology of the loop space of SU

Let SU = SU(c0) be the infinite special unitary group, and QSU
its based loop space. By the celebrated Bott periodicity theorem (see
Bott [6, Proposition 8.3], [7, p.314, Theorem II], Switzer [62, 16.47]),
there exists a homotopy equivalence go, : BU — QSU (for the pre-
cise construction of the map g.., see Bott [6, Propositions 8.2, 8.3],
Switzer [62, 16.47], Kono-Kozima [31, §1]). Therefore they have isomor-
phic (co)homology for any (co)homology theory. Moreover, both spaces
QSU and BU are equipped with H-space structures defined by the loop
multiplication and the Whitney sum map respectively, and the above ho-
motopy equivalence is actually an equivalence as H-spaces. Since the in-
tegral homology of BU has no torsion, the (co)homology of these spaces
are isomorphic as Hopf algebras for any (complex oriented) generalized
cohomology theory E*(—). The following facts are well known to topol-
ogists (see e.g., Adams [1, Part II, Lemma 4.1, Lemma 4.3], Switzer [62,
Theorems 16.31, 16.32]).
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Theorem 2.2.
(1) The E-cohomology ring of BU is given as follows:

E*(BU) = E*[[cF,cF, ..., cE ..,

»Pn

where c£ € E?"(BU) (n=1,2,...) are the E-theory universal
Chern classes. The coalgebra structure is given by

Z cF ®c F=1),

1+j=n

where the coproduct map® ¢ is induced from the multiplication
u: BU x BU — BU that arises from the Whitney sum of
complex vector bundles.

(2) The E-homology ring of BU is given as follows:

where BE € F,(BU) (n = 1,2,...) are the images of the
elements BE € By, (CP>) under the induced homomorphism
E.(CP*) — E,(BU) from the natural map CP*> ~ BU(1) —
BU. The coalgebra structure is given by

- Y BEesf (8 =1
i+j=n

where the coporoduct map ¢ is induced from the diagonal map
A: BU — BU x BU.

Notice that the Kronecker product
(=, —): E"(BU) X E,,(BU) — Ep—p,  (n,m € Z)

induces the following isomorphism (see e.g., Switzer [62, pp.289-290,
p-396])
E™(BU) = Homp"(E.(BU), E.)

for each n € Z, and under this duality, E*(BU) and E,.(BU) are mu-
tually dual Hopf algebras over E.. In what follows, we shall use the
identification

“(BU) = E*[[cF, ... cE . ],
L(BU) = E,[BF pE,....BE ...

SIn the following, when we refer to the coproduct of a certain Hopf algebra,
we shall always denote it by ¢ if there is no fear of confusion.
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2.3. FE-homology of the loop space of Sp

Let Sp = Sp(c0) be the infinite symplectic group and Q.Sp its based
loop space. Let

q:SU(n) — Sp(n), c¢:Sp(n)— SU(2n)

be the quaternionification and the complezification (or complex restric-
tion) respectively. These maps induce the following sequence of inclu-
sions:

SU <Ly Sp <5 SU.

Further they induce the following maps of based loop spaces:

asu 2% qasp 24 su.

Consider the induced homomorphisms in E-homology:

(4) Qcoq), : E.(QsU) % B asp) C% B (asv).

Then one can show the following fact:

Lemma 2.3 (Kono-Kozima [31], Corollary 6.7). The homomor-
phism
(Qc). : EL(Q2Sp) — E.(QSU)

18 a split monomorphism.

Therefore we can regard the algebra F, (25p) as a subalgebra of E, (QSU).
Following the idea of Kono-Kozima [31] and Clarke [15], we shall describe
this algebra explicitly. We extend the algebra homomorphism (4) to the
following algebra homomorphism of formal power series rings:

Q(coq). : E.(QSU)([T]] — E.(QSU)[[T]].

Let B5(T) = X,5 BT € E.(QSU)[[T]] be the formal power series
with coefficients in E,(QSU). By a topological argument, Kono-Kozima
calculated the image of B (T) under the homomorphism Q(c o q).:

Proposition 2.4 (Kono-Kozima [31], Theorem 2.9, Proposition
6.10; Clarke [15], p.18).

E
) Q(co q).(85(T)) = W(]TE)(T))

This formula will be crucial for our study later.
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Remark 2.5. Here we make one important remark which gives a
more geometric interpretation about the map Q(c o q). Let v — BU
be the universal (virtual) bundle over BU, and 7 its conjugate bundle.
Denote by h : BU — BU the classifying map of y—7. Then Clarke [15,
Proof of Proposition 2] showed essentially that the following diagram is
homotopy-commutative:

BU —=— QSU

oo

6) al | 2teon
BU —~— QSU.

oo

From this, the expression (5) follows easily (see Clarke [15, p.18]). The
above construction (in the case of SO) of the map h : BU — BU also
appears in Baker [2, p.711], Ray [59, Theorem 7.1].

Example 2.6. For exzample, we compute’:

Qcoq)«(B1) = 28,
Q(coq)«(B2) 267 — a11/1,
Q(coq)«(Bs) 2(83 — B2 + BY) + 2a1,182 — 3a1,167 + af 1 .

In Clarke [15, pp.16-17], he introduced the elements 77 € E5;(2Sp)
(i=1,2,...) so as to satisfy the following relation

(7) (Q20)«(85(T)) = 1+ [2]e(T)n"(T),
where n"(T) == 3,5, T7 € E.(QSp)[[T]]. More explicitly, we have

I
(Q29).(81) = Z%Tll+1—k =2m 4 a1+ +am ((=1,2,...).
k=1
Then in E,(QSU), we have
(3)
Q(coq)«(B1) = 2(2e)x () +az(Qe) s (m—1)+ - +ar(Qc).(m) (1 =1,2,...).

Using Proposition 2.4 and (8), we can express (Q¢).(n) (I=1,2,...) in
terms of 5, (j =1,2,...).

"Here and in what follows, we often omit the superscript E for simplicity.
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Example 2.7. Using Example 2.6 and (8), we compute

(Qc)(m) = P,
(Q0)u(m2) = B —ar1p,
(Qc)u(ns) = B3 — P21+ B+ a1,182 — 2011587 + (af ; — a12)p1.

Then it can be shown that FE.(2Sp) is multiplicatively generated by
nE nf, ... (Clarke [15, p.16, Corollary 4]). Moreover, one sees that
E.(QSp) is polynomially generated by nf, n¥ nE ... (Clarke [15, p.17]).
More precisely, one can express the even nt. (i = 1,2,...) in terms of
the odd nk:_, (i = 1,2,...) in the following way: By Proposition 2.4, we
have
BE(T)

—Er o = o q)(BF(T)) = (Qc). 0 (Qq).(B7(T))

FR(]s (D)) )
= (Qe). (1 + [2l5(T)n™(T)).
Therefore we obtain

(Q0)u((1+ 2]e(T)n™(T))(1 + 26~ (T))n" (-1]6(T))))
BE(T)  BE(—1s(T))

SR pE(T) ¢

Since (Qc). is injective, the elements n’s satisty the following relation:

(1+ 2]e(T)n®(T) (1 + 2= Us(T)n" (-1=(T))) = 1,
or equivalently, we have the following (see Clarke [15, p.19]):

) [2]B(T)n™(T) + [—Q]E(T)WE([—HE(T)% .
+R2le(D)[=2e(T)n™(T)n" ((-1](T)) = 0.
Using the relation (9), it can be shown directly that n (i = 1,2,...) can
be eliminated (see Clarke [15, p.19], Examples 2.9 (3), 2.10 (3) below).
The coproduct ¢(nF) can be obtained immediately by the definition of

nE (see Clarke pp.17-18). Thus we obtain the following description of
E.(QSp):

Theorem 2.8 (Clarke [15]). The Hopf algebra structure of E.(QSp)
s given as follows:

(1) As an algebra,

E*[nlEvaEv"'ﬂniE?"‘]
(1 +R2le(@n®(T)A + Rle(-1]e(T)n"([-1](1)) = 1)
:E*[nlEanfv"'v’rIQEi—lr"]'

E.(QSp) =
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(2)  The coalgebra structure is given by

oY) = ' @1+1@n7,
o) = nf@l+1@nf + > afmfen)
i+j+ k=1,
ij>1
= pPel+ienf+2 > nfen’+aof > nfen
iti=1, iti=1-1,
ih,j=>1 i,j>1

+otafl P enf (1>2).

(3)  The elements nL, (n = 1,2,...) are inductively determined by
the recursive formula:

21e(T)n® (T) + [-2]p(T)n" ([-1]2(T))
+2lp(T)[=2]e(T)n®(T)n® ([-1]5(T)) = 0.

Example 2.9 (Kono-Kozima [31], Theorem 2.9). For the ordinary
homology theory, we have

2lg(T) =27 and [-1g(T) = —T.

From Theorem 2.8, the Hopf algebra structure of H.(2Sp) is given as
follows:

(1) As an algebra,
H*(QSp) = Z[Zl, 23y R20—15- - .],

where we set z; = (i =1,2,...).
(2)  The coalgebra structure is given by

i+j=mn,
ih,j>1

(3)  The elements za, (n=1,2,...) are determined by the recursive
formula:

Zon + Z (—1)i2i2j =0.

i+j=2n,
g =1
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Example 2.10 (Clarke [15], Theorem 1). For Z/2Z-graded K-
theory®, we have
T

(1) =27+ 1% and [-1]x(T) =~

From Theorem 2.8, the Hopf algebra structure of Ko(2Sp) is given as
follows:

(1) As an algebra,
Ko(QSp) = Z[nf ni' - i3y, ).

(2)  The coalgebra structure is given by

o) =nfe1+ieni+2 Y nfenf+ > nfenf

n, i+j=n—-1,
1 h,j =1

(3)  The elements nk. (k=1,2,...) are determined by the recursive
formula:

2nf +nf,) + 71(—1)1'(27715_1- +0f1) Z {2<Z i 1) + (Z P 1) } U

i=1 j=1 J—1 J

g () () -0 o

2.4. FE-homology of the loop space of SO

Quite analogously, we can describe the E-homology Hopf algebra of
the loop space on an infinite special orthogonal group SO = SO(0).
Let

N

©
I

r:SU(n) — SO(2n), c¢:80(n)—— SU(n)

be the real restriction and the complezification respectively. These maps
induce the following sequence of inclusions:

SU <= SO <= SU.
Further they induce the following maps on based loop spaces:

Qsu 2 0,50 24 Qs

8We put formally 8 = —1 in Example 2.1.
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Consider the induced homomorphisms in E-homology:

Qcor), : B.(QSU) 2% B, (250) @% E.(Qsv).

We can show the following facts:

Lemma 2.11.

(1)  The homomorphism (Qr), : E.(QSU) — E.(Q0SO) is sur-

jective.

(2)  The homomorphism (2¢)x : Ex(Q0SO) — E.(QSU) is injec-

tive.

Proof. (1) According to Bott [6, p.44], as a generating variety
for SU(n) (resp. SO(2n)), we can take the complex projective space
CP" ' 2>U(n)/(U(1) x U(n—1)) (resp. the even dimensional complex
quadric Qa,—2 = SO(2n)/(SO(2) x SO(2n — 2))). Let g, : CP"~1 —
QSU(n) (resp. g : Qan—2 — 20S0(2n)) be the corresponding gen-

~

erating map. Then we have the natural embedding i, : CP"~! =
Un)/(UQ)xU(n—1)) = Qan—2 = SO(2n)/(SO(2) x SO(2n — 2)),
and we have the following commutative diagram:

cprt 2, QSU(n)

.| Jov
Qon_s —2 s 0,SO(2n).

Letting n — oo, this diagram induces the following commutative dia-
gram:

cPe =, QSU
| Jov
0w —%=4 0,50.

Note that the vertical map is : CP® —3 Q. is a homotopy equiva-
lence. Passing to homology, we have the following commutative diagram:

H,(CP>®) =, H (QSU)

ioo*J(% J/(Q?")*
Ho(Qu) —2= H.(2S0).

By the result of Bott [6, p.36, Theorem 1] again, the Pontrjagin ring
H.(£20S0) is generated by Im ¢/, as an algebra. From this along with
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the isomorphism 4., the surjectivity of (Qr). follows. For a complex
oriented generalized homology theory F.(—), we argue as follows: By
the universality of the complex bordism homology theory MU, (—), it
is sufficient to prove that the homomorphism (Qr), : MU, (QSU) —
MU, (9¢S0) is surjective. Since both H,(QSU) and H.(50) are
concentrated in even degrees and MU, = MU, (pt) is also evenly graded,
the homology Atiyah-Hirzebruch spectral sequence

E*=H,(X;MU,) 2 H.(X)® MU, = MU,(X)

collapses for X = QSU and QySO. As a consequence, we have an
isomorphism MU,(X) & H,(X) ® MU, for X = QSU and Q(,S0.
Therefore the surjection (Qr). : H.(QSU) — H,(QpSO) induces a
surjection (Qr), : MUL(QSU) = H,(QSU) @ MU, — MU, (QyS0) =
H,(Q0S0) ® MU, since MU, is free as a Z-module.

(2) By the Bott periodicity, we have homotopy equivalences

SO/U = Q4SO and g. : BU — QSU,
and the following diagram is commutative (see e.g., Cartan [12, p.11]):

SO/U —— BU

(10) zl gwl:

Q()SO T) QS(]7

where y is induced from the inclusion SO(2n)/U(n) — U(2n)/(U(n) x

U(n)) (note that y is the fiber inclusion of the Borel fibration SO /U <
BU — BSO). Therefore we have to show that x. : H.(SO/U) —
H,(BU) is injective. In cohomology, it is well known that y* ® Q :
H*(BU)®Q — H*(SO/U) ® Q is surjective. From this and the fact
that H,(SO/U) is torsion free, the injectivity of y. follows. For a com-
plex oriented generalized homology theory E.(—), the same discussion as
in (1) above can be applied, and we obtain the required result. Q.E.D.

By means of the monomorphism (€c),, we can regard E,(Qp50) as a
subalgebra of E,(2SU). We shall describe this algebra explicitly. Since
(Qr). is surjective, if we define

(11) F = (Qr).(BF) (i=1,2,...),

then E,(Q0S0) is generated by 7 (i = 1,2,...) as an algebra. We shall
determine the relations that 72’s satisfy. Let 8Z(T) := > >0 BET! €
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E,(QSU)[[T]] be the formal power series with coefficients in E,(2SU),
and consider the following ring homomorphism

Qcor). : EL(QSU)[[T]] — E.(QSU)[[T]].

Then by the similar manner to Proposition 2.4, one can show the fol-
lowing:

Proposition 2.12.
BE(T)
[~

1p(T))

(12) Qcor)(B7(T)) = B

We put 75(T) == 3", 7°T" € E.(QSO)[[T]] (75° := 1). By definition,

we have
(Qr).(B7(T)) = 7%(T),
and hence

BE(T)
pE(=1]e(T))

Therefore we have

= Q(cor).(B7(T)) = (Q)x0(r).(B7(T)) = () (r7(T)).

=1

(Qc)*(TE(T)TE([—l]E(T)))— [ﬁ (1) B*(=Us(T))

BE([-1]e(T))  B(T)
Since (Q2¢). is injective, we obtain the following relation:
(13) m(T)rP([~1p(T) = L

For E = H, the ordinary homology theory, H,(QSO) can be easily
obtained from the result of Bott [6, Propositions 9.1 and 10.1]. It is
generated by 7 (i = 1,2,...) and these elements satisfy the relation
(13) for E = H, namely 77 (T)7# (~T) = 1. Since E-homology Atiyah-
Hirzebruch spectral sequence

E? = H,(QSO; E,) = H,(2S0)® E, =— F,(Q50)

collapses by degree reasons, no other relations except (13) can arise.
Thus we obtain the following description of E,(€¢SO):

Theorem 2.13. The Hopf algebra structure of E.(20S0) is given
as follows:
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As an algebra,

E*[TF,TQE,...,TiE,...]

(rB(T)rB([-1](T)) = 1)’
where (T2 (T)rE([~1)g(T)) = 1) means an ideal in B, [T, 7F, ...
generated by the coefficients of the formal power series
(1) " ([-1]p(T)) - 1.

The coalgebra structure is given by

o)=Y Ferf (F =D,
i+j=n

E,(250) =

Remark 2.14. Baker [2, Proposition 3.3] described the E-homology
E.(SO/U) of SO/U. By the homotopy equivalence SO/U ~ QSO
derived from the Bott periodicity theorem, his description of E.(SO/U)
is the same as that of Theorem 2.13.

Example 2.15 (Bott [6], Propositions 9.1 and 10.1). For the ordi-
nary homology theory, we have

2lg(T) =27 and [-1g(T) = —T.

From Theorem 2.13, the Hopf algebra structure of H,(QpSO) is given
as follows:

(1)

As an algebra,

Ho(2S0) 2 Zlr, 7o, Ty /(7742 (=1 77y (i > 1)),
j=1

(2)

2.5.

The coalgebra structure is given by
o)=Y @7
i+j=n

FE-cohomology of the loop space of Sp

In a similar manner as in §2.3, we can describe the E-cohomology
Hopf algebra of Q2Sp. We consider the maps of based loop spaces

asu 2% qsp 24 qsu,

and the induced homomorphisms in E-cohomology:

(14)

sy €2 grasp) €L Brasv).

Then we can show the following fact:
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Lemma 2.16.
(1) (Q)*: EX(QSU) — E*(Q2Sp) is surjective.
(2) (Qq)*: E*(Q2Sp) — E*(QSU) is injective.

Proof. (1) By the Bott periodicity theorem, we have the homotopy
equivalences

Sp/U = QSp and g : BU — QSU,
and the following diagram is commutative (see e.g., Cartan [12, p.10]):

Sp/U —X— BU

(15) zl gwlz

where x is induced from the inclusion Sp(n)/U(n) — U(2n)/(U(n) x

U(n)) (note that y is the fiber inclusion of the Borel fibration Sp/U AN
BU — BSp). Therefore it suffices to show that x* : F*(BU) —
E*(Sp/U) is surjective. For E = H, the ordinary cohomology the-
ory, this follows immediately from the fact that the Leray-Serre spectral
sequence (with integer coefficients) for the Borel fibration Sp/U —
BU — BSp collapses. Then the collapsing of the Atiyah-Hirzebruch
spectral sequence

Ey=H*(X;MU*) 2 H*(X)® MU* = MU*(X)

for X = BU and Sp/U implies that MU*(X) = H*(X)® MU* ? for
X = BU and Sp/U, and we obtain the desired result (by the universality
of MU*(-)).

(2) First we show that (Qq)* : H*(QSp) — H*(QSU) is injec-
tive. By a result of Kono-Kozima (see Example 2.9), there exists el-
ements z; € Ho;(Q2Sp) such that (Qq).(8;) = 32 (i = 1,2,...), and
H,(QSp) is generated by z;’s as an algebra. Therefore with rational
coefficients, (Q2¢). ® Q : H.(QSU) ® Q — H.(2Sp) ® Q is surjective.
This implies that (Q¢)* ® Q : H*(QSp) ® Q — H*(QSU) ® Q is in-
jective. Since H*(2Sp) and H*(QSU) are torsion free, it follows that
(Qq)* : H*(2Sp) — H*(QSU) is also injective. Again analogous argu-
ment as in (1) above shows that (2q)* : E*(Q2Sp) — E*(Q2SU) is injec-
tive for any complex oriented generalized cohomology theory. Q.E.D.

9We need to use the completed tensor product & because the coefficient ring
MU* = @,-, MU™?" is negatively graded.
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By means of the monomorphism (q)*, we can regard the algebra
E*(QSp) as a subalgebra of E*(Q2.SU). Using the same idea as in §2.4, we
shall identify this algebra explicitly. We define the elements of E*(Q2Sp)
to be

pE = (Qe)*(cF) (i=1,2,...).
We shall determine the relations that uf’s satisfy. As stated in §2.2,

the Chern classes ¢®’s can be identified with the elementary symmetric

i
functions in the variables x1,xs,.... This means that the total Chern
class of the universal bundle v on BU can be written formally as

) =Y e = [0+,
i>0 i>1
Then the total Chern class of the conjugate bundle 7 can be written as
FH) = F@H=]]0+m).
i>0 i>1

Therefore, by the definition of the map h : BU — BU (see Remark
2.5), we have

_ cF 14+ 2;
(16) Fly—7) = CEE;; = ];[1 e

With these preliminaries, we argue as follows: The algebra homomor-
phism (14) extends to the algebra homomorphism of formal power series
rings:

Qcoq)* : E*(QSU)|[[T])] — E*(QSU)[[T]].
We put ¢®(T) := 37,5 ¢ T" € E*(QSU)[[T]], and we would like to cal-

culate the image of this formal power series. First we can write formally

F(T)=> T =T](0 +2:T).

i>0 i>1

Define the formal power series cZ(T') := > >0 cETi by
E(T) = cPr =[(1 +31).
i>0 i>1

Then the homotopy-commutative diagram (6) and the formula (16) im-
ply the following:
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Proposition 2.17.

(17) Qcoq)*(c(T) = =
We also define L .
pe = (Qe)*(cf) (i=1,2,...),
and we put p?(T) = 300 uf T, PE(T) = Y no nFT? € E*(QSp)([T]]
(u¥ =1, p¥ :=1). By definition, we have
(Qe)* (P(T) = p™(T),

and hence,
Z—jg; — Qfcoq) (B(1)) = ()" o ()" (¢5(T) = ()" (4B (T)),
Coir = eo )y (@(D) = (90)" o (20 (GF(T) = (@) (F (1)

Therefore we have

o Bpm—gmy _ CE(T) F(T)
(@) (WP OPD) = S Gy =

Since (2q)* is injective, the following relation holds:

WP (TVRE(T) = 1.
Thus we obtain the following description of E*(2Sp):

Theorem 2.18. The Hopf algebra structure of E*(QSp) is given as
follows:
(1) As an algebra,

B f b pfo ]
(L (T)p"(T) = 1)
(2)  The coalgebra structure is given by
)= > pfoul (uf =1).
i+j=n

Remark 2.19. In [14, Proposition 6.1], Clarke computed the K-
theory of a Lagrangian Grassmannian manifold Wy, := Sp(n)/U(n). In
the limit n — oo, Sp/U is homotopy equivalent to QSp by the Bott peri-
odicity theorem, and therefore his result gives a description of K*(QSp).

E*(QSp) =
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2.6. FE-cohomology of the loop space of SO

Analogously we can describe the E-cohomology Hopf algebra of
Q0S0O. We consider the maps of based loop spaces

QsU 2 0,50 24 Qsu,

and the induced homomorphisms in E-cohomology:

e (QsU) €Y Er9,50) €L E*(QsU).

Then we can show the following fact:

Lemma 2.20. The homomorphism (Qr)* : E*(Q¢S0) — E*(QSU)
s a split monomorphism.

Proof. In Lemma 2.11, we proved that (Qr). : E.(QSU) —
E.(£20S0) is surjective. Since both E.(QSU) and E,(250) are free
E,-modules, the result follows. Q.E.D.

By means of the monomorphism (Qr)*, we can regard the algebra
E*(©pSO0) as a subalgebra of E*(Q2SU). However, unlike the case of Sp,
the homomorphism (€¢)* is not a surjection in general, and we have not
been able to find the generators of E*(£2¢S0) for generalized cohomology
theory. Here we only comment the following fact: In the case of ordinary
cohomology theory, we know that there exists a homotopy equivalence
SO /U ~ QySO by the Bott periodicity theorem. Therefore we have the
isomorphism of algebras: H*(SO/U) = H*(£¢S50). The integral coho-
mology ring H*(SO/U) is well known since Borel (see e.g., Cartan [13,
11. Homologie et cohomologie de SO(X)/U(X)]), and it is a polyno-
mial algebra generated by the elements of degrees 4k+2 (k =0,1,2,...).
Then by the collapse of the Atiyah-Hirzebruch spectral sequence

Ey = H*(Q0SO; E*) =2 H*(Q0S0)® E* =  E*(2050),
we know that E*(£20S0) is of the form
E*(Q050) = E*[lyf,y5 s - Yakss - -ll;

where y2i | € E*2(Q,50) (k=0,1,2,...).

Finally we state the analogous formula to Proposition 2.17, which
might be useful for the description of E*(0S0). Let c(T) =
SisocE Tt € E*(QSU)([T]] be the formal power series ring with co-
efficients in E*(QSU), and we write formally

E(T) = Zcf T = H(l + x;T).

i>0 i>1
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We also put

E(T) = cFr =] +=1).

i>0 i>1
Consider the ring homomorphism
Q(cor)*: E*(QSU)|[T]] — E*(QSU)[[T]].
Then by the similar manner to Proposition 2.17, one can show the fol-
lowing:
Proposition 2.21.

18 Q(cor)*(cB(T :C_( .
(18) (cor)™(c™(T)) (1)

Remark 2.22. Baker [2, Proposition 3.12] described E*(SO/U).
He asserted that

E*(SO/U) = E*Hy1E7yfv ce ﬂyiJrl? c ]]7

where the elements y3, ., € E*T2(SO/U) are dual to a certain E,-
basis for the module PE.(SO/U) of primitive elements. Notice that the
formula in that paper [2, p.713], “¢*x*cB(T) = B(T)cE([-1)(T))~1”
should be corrected as in (18).

§3. Rings of F-(co)homology Schur P- and Q-functions

In this section, we introduce the E-theoretic analogues of the rings
of Schur P- and @-functions, and describe the E-(co)homology of QSU,
QSp, and Q¢SO in terms of symmetric functions.

3.1. Ring of symmetric functions

We use standard notations for symmetric functions as in Macdon-
ald [46]. Let A = A(x) be the ring of symmetric functions with integer
coefficients in infinitely many variables x = (1, 22,...). In the sequel,
we provide the variables z; (i = 1,2,...) with degree deg (z;) = 1, and
regard A as a graded algebra over Z. When we work with the finite

set of variables x,, = (x1,...,2,), we denote by A(x,) the ring of sym-
metric polynomials, namely A(x,) = Z[z1,...,2,]°", where S, is the
symmetric group on n letters acting on x,, = (z1,...,2,) by permu-

tations. Then A(x) is the inverse limit of the A(x,) in the category of
graded rings. Note that it is possible to describe A(x) by using the formal
power series ring instead of the inverse limits (see Hoffman-Humphreys
[21, p.92], Stanley [60, §7.1]). Thus A(x) C Z[[x]] = Z[[x1,z2, .. ]]
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We denote by e; = e;(x) (i = 1,2,...) (resp. h; = hi(x) (i =
1,2,...)) the i-th elementary symmetric function (resp. the i-th complete
symmetric function). The generating functions are respectively given by

T)=> T =[[A+xT) and H(T)=) wnT' =]] !
i>0 i>1 i>0 s 1=

(ep := 1 and hg := 1). Note that the relation H(T)E(—T) = 1 holds.
It is well known that A is a polynomial algebra over Z in both e; (i =
1,2,...)and h; (i =1,2,...):

A= Z[@heg, o ] = Z[hl, hg, .. ]
Furthermore, by the coproduct (or comultiplication, diagonal map),
(19) = Y e®e; and ()= Y h;@hy,
i+j=k i+j=k

A is a commutative and co-commutative Hopf algebra over Z (see Mac-
donald [46, I, §5, Examples 25]). Using the Hall inner product (—, —) :
A x A — Z (see Macdonald [46, I, §4, (4.5)]), we can identify A with
its graded dual A* = Hom (A, Z).

Next we recall the Schur Q- and P-functions (for details, see Mac-
donald [46, 111, §8]). Define Qy (k = 1,2,...) as the coefficients of T* in
the generating function

1+2,T
= Tk = v =
Yot =[] = BB
k>0 i>1

(Qo :=1). In other words, Q is defined to be Q := Ziﬂ:k hie;. The
obvious identity Q(T)Q(—T) = 1 yields the following relations:

(20) Q2 + 22 QH—]Ql j= (Z > 1)
Define T" to be the subalgebra of A generated by @;’s. Then we have

=7Z[Q1,Q2, ., Qi,.. ]/ Q2+2Z ) QirjQi-j (i = 1)).

. . 1 1
The function Py, (k = 1,2,...) is defined by P}, := EQk =3 Ziﬂ-:k hie;.

By (20), P;’s satisfy the following relations:

(21) P2+22 TP Py + (<1)Py =0 (i >1).
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Note that by the above relations (21), we can eliminate Py; (i > 1).
Define I to be the subalgebra of A generated by P;’s. By definition,
I c IV € A. Then we have

' = Z[Py, Py, Piy /(P4 2301 (<1 Py Py + (= 1) Py (i > 1))
— Z[P1, Py, Pon1,.. .

These two subalgebras I' and I also have natural Hopf algebra struc-
tures (for the Hopf algebra structures on I' and I", readers are referred
to e.g., Lam-Schilling-Shimozono [39, §2]). The coproduct is given by

#(Qr)= > Qi®Q; and ¢(Py)=P@1+10P+2 Y PP
i+j=k i+j=k,i,j>1

One can also define the pairing [—,—] : I x I' — Z (Lam-Schilling-
Shimozono [39, (2.14)], Macdonald [46, 11T, §8, (8.12)], Stembridge [61,
(5.2)]), and then I" and I are dual Hopf algebras each other with respect
to this pairing.

3.2. Rings of F-homology Schur P- and @Q-functions

Motivated by the description of E.(£20S0) and E.(Q2Sp) in the pre-
vious two subsections §2.3 and 2.4, we define E-homology analogues of
the rings of Schur P- and @-functions (Definitions 3.4 and 3.7). First
we define

AE
A%

E. ®z A (extension of coefficients),

(22) Hompg, (AP E,) (graded dual of AEF).

Then AP inherits naturally the Hopf algebra structure from that of A.
Actually it is obvious from the definition that AZ = E,[hy, ho,...], and
the coalgebra structure is given by (19). Dually, A}, = E*[[e1, ea, .. .]],
the formal power series ring in e; (i = 1,2,...), and the coalgebra struc-
ture is also given by (19). One can verify this latter assertion by purely
algebraic manner (see e.g., May-Pont [48, §21.4]).

Definition 3.1 (E-homology Schur Q-functions). We define gF =
qF(y) € AE (k=1,2,...) as the coefficients of the generating function

@ =TT - g [T gy, A7)
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For E = H, the ordinary homology theory, the formal inverse T =
[~1]g(T) = =T, and hence g (k = 1,2,...) coincide with the usual
Schur Q-functions Qx = >_,,,_ hiej (k=1,2,...). By definition,

¢°(T) = HDE(=T) = | D>_hT" | | > e;(-TV |,
i>0 §>0
and since T = —T + higher terms in 7', we have

qA];E = Q. + lower terms iny = (y1,y2,...).

Example 3.2. By the same calculation as in Fxample 2.6, we have

alE = 2h1 - Q17
@ = 2hf—ai1hy = Q2 — a1 hy,
G5 = 2(hs— hohy + h3) + 201 1hs — 301103 + a2

= QB + 2(11,1h2 — 3(11,1h% + ailhl.

By Definition 3.1, the relation

(24) 7" (T)g"(T) =1
holds.

Example 3.3. For example, the relations in low degrees are given
by

@) = 2@ +a.qr,
@) = —2q7 +235q7 — 301135 +a11GY G0 — a3 1Gy

B
+(—ai1a1,2 — 2013 + a22)q7 -

Definition 3.4 (Ring of E-homology Schur Q-functions). Define
T'Z to be the E.-subalgebra of AP = E, @7 A generated by ¢F,q%, . ...
More explicitly we define

rf =p.qf,q,....,q7,.. 1)@ (T)q"®(T)=1) — AL

For E = H, the ordinary homology theory, g = Q; (i = 1,2,...), and
hence ' =T = Z[Q1,Qa,...]/(Q(T)Q(=T) = 1) is the ring of Schur
Q-functions.

Analogously, we make the following definition.
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Definition 3.5 (E-homology Schur P-functions). We define pr =
PP(y) € AP (k=1,2,...) by the equation
(25) 1+ [2p(D)p"(T) = 1+ (T +, T)p"(T) = 3" (T) € AZ[[T]),

where we put pT(T) := ijoﬁﬁ_lTj. Equivalently, since

k
2le(Mp™(T) = | Dol T | [ D _0iaT? | = [ D ak_pf | T",

i>1 j>0 E>1 \j=1

PY’s are defined by the recursive formulas:

k
(26) qu;E = ZQEJrlfjﬁjE = 2ﬁkE + OZZEﬁkEfl +ot akEﬁ{E (k=1,2,...).
j=1

Actually we have to show that each pF (k = 1,2,...) can be determined
uniquely as an element of A¥ by these formulas. By (25), we have

@) Rl = (1) 1= 1=

Since H(T) — H(T) is divisible by T — T, and T — T is divisible by
[2]g(T), the right hand side of (27) is divisible by [2]g(T) (see also
the argument in §5.1). For the ordinary cohomology theory, we have
g = Qi (k = 1,2,...), and therefore p (k = 1,2,...) are the usual
Schur P-functions Py (k =1,2,...). In general, we have

ﬁkE = Py + lower terms iny = (y1, 2, .. .).

Example 3.6. By the same calculation as in Example 2.7, we have

ﬁlE = hy =D,
pY = h—ai1hi =Py —a11h,
PY = (hs —hohi +B3) + ar1ho — 201103 + (a3 — a12)n

= Pg —+ 0171h2 — 2@171h% =+ (a%’l — alyg)hl.
By the definition (25), the following relation holds:

(28) 1+ [2e@p"(1))(1 + [21e(T)p"(T)) = ¢°(T)7"(T) = 1.

Using the same argument as in §2.3, with the above relation (28), we
can eliminate p%. (i = 1,2,...).
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Definition 3.7 (Ring of E-homology Schur P-functions). Define

F’f to be the subalgebra of AE generated by p¥,p%, . ... More explicitly,

we define

U0 = EpE, 5, BF, - /(L + [21e(T)P5(T)) (1 + [21(T)p"(T)) = 1)
=E.[pr,pY,....pE_4,..] — AL

The coalgebra structures of I'? and T *E are defined by

o@r) = Y. a’eq (kx1),
i+j=k

(1) = Prel+lepr,

o) = PPOl+10pf+ Y apab @b
i+j+ k=1,
i,j>1

= PPel+1®pf+2 > prep +ay >, PPRPY

itj=1 itj=1-1,
i,j>1 i, > 1

+otaf PPepP (1>2).

These colagebra structures make I'? and I f into Hopf algebras over
E..

3.3. Rings of F-cohomology Schur P- and @-functions

Motivated by the description of E*(Q2Sp) and E*(£20S0) in the
previous two subsections §2.5 and 2.6, we define the E-cohomology ana-
logues of the rings of Schur P- and @-functions. In order to do so, let
€ = ¢;(T1,Ta,...) (vesp. h; := hi(T1,T2,...)) be the i-th elementary
symmetric function (resp. the i-th complete symmetric function) in the

variables Ty, To, . ... Namely their generating functions are given by
_ . _ _ 1
E(T) = e;T" = 1+z; T H(T) = ;T = ——
(T) Zel H( +z;T) and (T) Zhl Hl—fiT
>0 i>1 >0 i>1

Note that the relation H(T)E(—T) = 1 holds. Then we make the fol-
lowing definition:

Definition 3.8. We define §& = ¢F(x) € Ay (k= 1,2,...) as the
coefficients of the generating function

2 == - [T} 5 )
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(@ =1).
For £ = H, the ordinary cohomology theory, we have T, = —x;, and

hence (j,f (k=1,2,...) coincide with the usual Schur Q-functions Q; =
> itrj—r hiej (k=1,2,...). By definition,

3
B
Il
i
|
3
&
B
Il

ZEZ (—T)Z ZejTj

>0 >0
=D | 2o (D)hes | T,
k>0 \it+j=k
and we have GF = Zi+j:k(_1)iﬁiej' Since T; = —x;+higher terms in z;,

we have h; = (—1)*h; + higher terms, and hence we have
[jf = @, + higher terms in x = (z1,22,...).

We also define

— — E(T) 1+ 7T
(30) P =Y afTh = o =
g) k E(T) 1;[1 1+ a,T

(gF :=1). By Definition 3.8, the relation
@) ) = 20 2D,

holds.

Definition 3.9 (Ring of E-cohomology Schur @Q-functions). Define
the subalgebra I'y, of A%, by

B=Eal @, /@5 (1)E(T) = 1) — A,

For E = H, the ordinary cohomology theory, ¢ = Q; (i = 1,2,...), and
hence I'}; = T is the ring of Schur @-functions. The coalgebra structure
of I';; is defined by
$(a) =Y i
itj=k

This makes I'}, into a Hopf algebra over E*.

As we saw in subsection §2.6, we do not have a good grasp of
E*(©Q0S0O) = Hompg, (E.(2050), E.). So we merely make the follow-
ing definition.
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Definition 3.10 (Ring of E-cohomology Schur P-functions). De-
fine 'y to be the graded dual of 'Y over E,, namely I'}, = Hompg, (TE,

"% has also a Hopf algebra structure over E* as a graded dual of the
Hopf algebra I'Z over E,.

3.4. Identifications with symmetric functions

In topology, it is well-known that the ordinary homology and co-
homology of BU can be identified with the ring of symmetric func-
tions A. This identification can be generalized obviously in generalized
(co)homology theory E*(—) and E,.(—). In the previous subsection, we
defined

AF = E,®zA (extension of coefficients),
Ay = Hompg, (AF E,) (graded dual of AE).

Then by Theorem 2.2, we have the following identifications of Hopf
algebras:

E.(QSU) = E.[pE,p¥,..] =5 AE = E.[h1,ha,.. ],
B'LE ’—>hi7
32 ~
(32) E*(QSU) = E*[[cF,cl .. )] — Ay = E*[[e1,ea,...]],
cFo—e

Under these identifications together with Lemmas 2.3, 2.11 (2), 2.16 (2),
and 2.20, we can realize F,(Q2Sp), E.(20S0), E*(QSp), and E*(£250)
as algebras of certain symmetric functions. By Theorems 2.13 and 2.8,
we have the following:

Proposition 3.11. There is a natural identification of Hopf alge-
bras over E, :

Bu[r, 5", . ~ E.[qF .35, ...
B.(Q080) = — [ T I~ p— [qlA,qu;, ] 7
(TP(T)TP(T) = 1) (@ (T)g?(T) = 1)
T; — quE
E.(QSp) = E.nf 0¥, ] = T =E[FPE, .,
772Eifl — 1/7\]291'71-

Furthermore,
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(1)  the surjective homomorphism
(Or), : B.(QSU) — E.(250), BE+—71F (i=1,2,..))
18 identified with the surjection
AP —TE  hi—gf (i=1,2,..),

(2)  the injective homomorphism (Qc). : E.(£20S0) — E.(QSU)
is identified with the natural inclusion T —— AF,

(3)  the homomorphism
(Q9)« : E.(QSU) — E.(QSp),
BE =2 +agnl + - +afnr (i=1,2,..)
18 identified with the homomorphism

AP 177 by 25F + o P+ + ol P (1 =1,2,..),

(4)  the injective homomorphism (Qc), : E.(QSp) — E.(QSU) is
identified with the natural inclusion F'f — AF,

Dually from Theorem 2.18 and the argument in subsection §2.6, we have
the following:
Proposition 3.12. There is a natural identification of Hopf alge-

bras over E™* :

* E E *x[[~F ~F
(WE(T)pP(T) = 1) (@"(T)g"(T) = 1)
peo— 4@
E*(QyS0) = T’}
Furthermore,

(1)  the surjective homomorphism
(Qc)* : E*(QSU) —» E*(QSp), cFr—puf (i=1,2,..))
1s identified with the surjection
Ny —T%, er—aqf (i=1,2,...),

(2) the injective homomorphism (Qq)* : E*(QSp) — E*(QSU)
is identified with the natural inclusion I'y, — A},
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(3) the injective homomorphism (Qr)* : E*(2050) — E*(QSU)
is identified with the natural inclusion Iy — A%.

Remark 3.13. For E = H, the ordinary (co)homology theory so
that A = A3, = A and TH =T%, =T, the homomorphisms

(Qr)e : H (QSU) — H,.(2050), Bi— 1 (i=1,2,...),
(Qe)* : H*(QSU) — H*(2Sp), ci—p (1=1,2,...)

give a geometric interpretation of the ring homomorphism ¢ : A —
T, o(en) = Qn (n > 1) (Macdonald [46, 111, §8, Examples 10]).

84. Universal factorial Schur P- and @Q-functions

In the previous section, we have constructed certain subalgebras
IEZ 17 of AE and I'%, Iy of A%. Our next task is to construct cer-
tain symmetric functions which may serve as nice bases for these alge-
bras as free E, (or E*)-modules. As mentioned in the introduction (see
also Example 2.1), Quillen showed that the complex cobordism theory
MU*(—) (with the associated formal group law ppsr7) has the following
universal property: for any complex oriented cohomology theory E*(—)
(with the associated formal group law ug), there exists a homomor-
phism of rings 0 : MU* — E* such that ug(X,Y) = (Gupnv)(X,Y) =
X+Y+3 51 G(a%U)Xin. Thus it will be sufficient to consider the
case when F = MU, for general case follows immediately from the uni-
versal one by the specialization a;i¥ — 0(a}V) (i, > 1). Recall that,
by Quillen again, the coefficient ring MU, = MU ~* is isomorphic to the
Lazard ring L. In this section, we shall construct the “universal facto-
rial Schur P- and Q-functions” Py (x|b), Q% (x|b) for A strict partitions.
Then we shall see at the end of Section 5 that these functions consti-
tute required bases for I}, I, (when b = 0). Since the functions
PY(x|b)’s and Q% (x|b)’s will be of independent interest in terms of, e.g.,
algebraic combinatorics, so apart from geometry, we shall deal with the
above problem purely algebraically in this section.

4.1. Lazard ring L. and the universal formal group law

We begin with collecting the basic facts about the Lazard ring (in
Sections 4 and 5, we use the convention as in Levine-Morel’s book [43]).
In [42], Lazard considered a universal commutative formal group law of
rank one (L, F},), where the ring IL, called the Lazard ring, is isomorphic
to the polynomial ring in countably infinite number of variables with
integer coefficients, and Fy, = Fy(u,v) is the universal formal group
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law (for a construction and basic properties of I, see Levine-Morel [43,
§1.1]):
Fr(u,v) =u+v+ Z ai ju'v? € L[u,v]].
i,j>1
This is a formal power series in u, v with coefficients a;; of formal
variables which satisfies the axiom of the formal group law (see §2.1).

For the universal formal group law, we shall use the notation (see Levine-
Morel [43, §2.3.2])

a+,b=F.(a,b) (formal sum),

a=x,(a) (formal inverse of a).

Note that @ € L[[a]] is a formal power series in a with initial term —a,
and first few terms appear in Levine-Morel [43, p.41] (see also (3)). In
what follows, we regard LL as a graded algebra over Z, and the grading of
L is given as follows (see Levine-Morel [43, p.5]): The homological (resp.
cohomological) degree of a; ; (i,j > 1) is defined by degy, (a; ;) = i+j—1
(resp. deg”(a;;) =1 —1i— j). We will indicate which grading of L we
choose in each time, and sometimes we use the notation L* or L, to
avoid confusion. Be aware that in topology, it is customary to give a; ;
the homological degree 2(i+j—1) or the cohomological degree 2(1—i— j)
(see Section 1).

4.2. Definition of Py (x,|b), Q%(x,|b)

The factorial Schur P- and @Q-functions were first introduced by
Tvanov [27, Definitions 2.10 and 2.13] (for their definition, see also Tkeda-
Mihalcea-Naruse [24, §4.2]), and it turns out that these functions rep-
resent the Schubert classes of the torus equivariant cohomology rings of
Lagrangian or orthogonal Grassmannians (see a series of works due to
Tkeda [22, Theorem 6.2], Tkeda-Naruse [23, Theorem 8.7]). Furthermore,
in [25, Definition 2.1], they introduced the K-theoretic analogue of the
factorial Schur P- and @Q-functions. They showed that these functions
also represent the Schubert classes of the torus equivariant K-theory of
the above homogeneous spaces.

In this subsection, we shall generalize their definition to the case
of complex cobordism cohomology theory. Besides the variables x =
(z1,22,...), we prepare another set of variables b = (b1, ba,...). We
provide the variables x = (21, 22,...) and b = (b1,bs,...) with degree
deg (x;) = deg (b;) = 1 for i = 1,2, ..., and we use deg" (a; ;) =1 —1i —
j (i,j > 1). Following §3.2, 3.4, we introduce the rings of symmetric
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functions

Ap(x) = L. ®zAXx),
A¥(x) = Homp, (Ap(x),L,).

By definition, we have Ay (x) = AMY and A¥(x) = A%/, and we know
that
AL(x) =2 Lihi(x),he(x),...] (&2 MU(QSU)),

A (x) = Ll (x), e2(x),.. ] (= MU*(QSUV)).

Moreover we put

where L[[b]] = L[[b1, b2, .. .]] is a formal power series ring in the variables
b1,b2, . ... In this section, we also consider the ring of symmetric formal
power series of finite variables x,, = (z1,...,2,) with coeflicients in L
(or L[[b]]), and use the notation

AF(x,) == L*[e1(xn), ..., en(x,)]] and AY(x,|b) := L[[b]] &L A¥(x,).

In what follows, when considering polynomials or formal power series
f(x1,22,...) with coefficients in I (or LL[[b]]), we shall call the degree
with respect to z1,x2,...,b1,b2,..., and a;; (i,7 > 1) the total degree

of f(l‘l,.rg, . )
For an integer £ > 1, we define a generalization of the ordinary k-th
power t* by

k
[t[b]* o= T (t +, bi) = (t 4+, b1)(t +, b2) - (t +, by)

i=1
and its variant by

[[tb]]* == (¢ +5 O™ = (t +5 1)+, b1)(t +4 b2) -+ (¢ 4, ),

where we set [t|b]® = [[t|b]]® := 1. For a partition, i.e., a non-increasing
sequence of non-negative integers A = (A1,...,A.) (A > XAy > -+ >
Ar > 0), we set
x[b]* := [Jlzib]* and [[x[b]]* := ] Jllz:lb]]*.
i=1 1=1

Let A = (A1,...,A) be a strict partition of length ¢(\) = r, i.e., a se-
quence of positive integers such that Ay > --- > A\, > 0. We denote by
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SP the set of all strict partitions, and SP,, the subset of SP consist-
ing of strict partitions of length r» < n. The following Hall-Littlewood
type definition with coefficients in L[[b]] was suggested to us by Anatol
Kirillov (cf. Kirillov-Naruse [29]), and we thank him for this.

Definition 4.1 (Universal factorial Schur P- and Q-functions). For
a strict partition X = (A1, ..., A\.) with length ((A\) = r < n, we define
(33)
Py (x,|b) = Py(x1,...,2,/b)

weS, i=1j=i+1 F
where the symmetric group S, acts only on the x-variables x1,...,x, by
permutations. If {(\) =1 > n, we set Py (x,|b) = Q%(x,|b) = 0.
Since
xX; +F fj

= (x; — z;)(1 + higher degree terms in z; and z; with coefficients in L),

Pi(x1,...,2,]b) and Q%(x1,...,2,|b) are well defined elements of
A¥(x,|b), namely these are symmetric formal power series with coef-
ficients in L[[b]] in the variables z1,...,z, and formal power series in
bi,ba, ..., by, for Py (vesp. by, ba...,by,—1 for Q%). Notice that these
are homogeneous formal power series of total degree |A| = >"1_; \;, the
size of A. We call these formal power series the universal factorial Schur
P- and Q- functions. In Definition 4.1, if we put a; ; = 0 for all i,7 > 1,
the functions Py(x,|b), Q% (x,|b) reduce to the usual factorial Schur P-
and @Q-polynomials Py (x,|b), Qx(x,|b). If we put a11 = 3, a;; = 0 for
all (i,7) # (1,1), then Py(x,|b), Q% (x,|b) reduce to the K-theoretic
factorial Schur P- and Q-polynomials GPy(x,|b), GQx(x,|b) due to
Ikeda-Naruse. Thus our functions Py (x,|b), Q%(x,|b) are a generaliza-
tion of these polynomials and hence universal in this sense.

Example 4.2.
(1) Forn=1and A= (1), we have

PéLl)(£U1|b) = [zibl=21 4+, b1 =21+ b1+ a1 12101+ -,
Q%l)(xln)) = H(E1|b]] =21+, 21 = 2z, + al,lx% I
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(2) Forn=2and A= (1) = (1,0), we have

T+, by To +. b1
Pli(z1,20|b) = (21 +, 2 F— + u >
analb) = (o) (S0 T e
L b) — T +,T1 Tt X2
Q(l)($1,$2| ) (:Ul +5 132) (56’1 T, —|—$2 — .
We also set
Py (x,,) Y@y xn) = Py, .., 2,]0),

P
QX(xn) = QX(w1,..,2n) = QX(x1, ..., 2n]0).

These are homogeneous symmetric formal power series in A*(x,,) of total
degree |A|. By definition, we have

P/{L(acl, ceyXpn) = Pyxr,..mn) o, xn),

Qx(xr, .. yen) = Qa(x1,..., @) +ha(z1, ..., 20),
where Py(z1,...,2,) and Qx(x1,...,2,) are the usual Schur P- and
Q@-polynomials, and gy(z1,...,2,) and hy(z1,...,z,) are formal power
series with coefficients in L in x4, ..., 2, whose degrees with respect to
T1,...,x, are strictly greater than |A|. From this, we see that Py (z1, ...,
z,)’s (resp. Q%(z1,...,2,)’s), X € SP,, are linearly independent over
L. For suppose that there exists a homogeneous relation of the form
(34) ZCAPE\I‘(x17~--7$n):O

A€A

with ¢y € L, deg(cy) +|A| = N > 0, and the summation ranges over
a certain subset A C SP,. Since deg(cy) < 0 by our convention of
the grading of . = L*, we have |A\| > N for all A that appear in the
above relation (34). Let Ny > N be the minimum of the size || for all
A€ A and Ag := {A € A| |\ = Nyg} C A. Then we have from (34),

Yorea, APY (@1, xn) = 0. Thus we have
0 = Z Py (zy, ... x,) = Z ex(Pa(zy, ..o, xn) F9x(x1, ..., 20))
A€Ag A€Ao
= Z C)\PA(Ila s 7$n) + Z CAgA(zla s 7$n)'
AEAg AEAg
Considering the degrees with respect to zi1,...,z,, we have

E)\E-AO exPy(z1,...,2,) = 0. On the other hand, it is known that
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Py(z1,...,2,)'s, A € 8P, form a Z-basis for the ring I'(x,,) of su-
persymmetric polynomials in n variables z1,...,x, (see Pragacz [55,
Theorem 2.11], Ivanov [27, Proposition 2.12]). Therefore they form an
L-basis for the ring L ®z I'(x,,). In particular, they are linearly inde-
pendent over L, and hence we conclude that ¢y = 0 for all A € Ay. Next
we consider the minimum N; of the size of |A| for all A € A\ Ag, and
repeat the above argument. In this way, we conclude that ¢y = 0 for all
Ae A
Similarly, by definition, we have

Pi(x1,...,zb) = Pi(z1,...,2,/b) + gr(21,...,2,|b),
Q%(w1,...,znb) = Qx(x1,...,20|b) + hx(z1,...,2,|b),
where Py (z1,...,2,|b) and Qx(x1,. .., x,|b) are the usual factorial Schur
P- and @Q-polynomials, and gy(z1,...,2z,|b) and hy(z1,...,2z,|b) are
formal power series in x4, ..., 2y, b1, bo,... whose degrees with respect
to Z1,...,@y, b1, ba,... are strictly greater than |A|. The verification
of linear independence of Py (x1,...,2,|b)’s (resp. Q%(x1,...,2,|b)’s),

A € SP,, over L[[b]] will be deferred until we show the “vanishing prop-
erty” of these functions in §4.8.

4.3. L-supersymmetric series

In this subsection, we introduce the notion of the “LL-supersymmetric-
ity” which is a generalization of the “Q-cancellation property” due to
Pragacz [55, p.145], “supersymmetricity” due to Ivanov [27, Defini-
tion 2.1], and “K-supersymmetric property (K-theoretic Q-cancellation
property)” due to Ikeda-Naruse [25, Definition 1.1]. L-supersymmetric
formal series is defined as follows.

Definition 4.3 (IL-supersymmetric series). A formal power series
flxy, ..., x,) in the variables x1, ..., x, with coefficients in L is called
L-supersymmetric if

(1) f(x1,...,2p,) is symmetric in the variables x1, ..., x,, and

(2)  f(t,t,z3,...,2,) does not depend on t, or in other words,

flt,t,xs,. .., x,) = f(0,0,23,...,7,) holds.

For example, the formal power series x1 +, T2+, -+ 4+, Tn is
L-supersymmetric. Formal power series with the L-supersymmetric
property form a subring of A¥(x,), and we denote it by I'*(x,). Here-
after we shall call T'¥(x,) the ring of LL-supersymmetric functions in
the n variables z1,...,x,. We also define I‘E (x5,) to be the subring of
I'“(x,,) consisting of f(z1,...,z,) € T¥(x,) such that f(t,xa,...,2,) —
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f(0,2a,...,2,) is divisible by t + . t. We also define
I'“(x,[b) :=L[[b]] & ™(x,) and TI%(x,[b):=L[[b]]&L % (x,).

Proposition 4.4.

(1)  For\ € 8Py, Pr(x1,...,2,) and Q% (z1,...,x,) are in T (x,,).
Moreover Q% (w1, ..., x,) is an element of FE_;_(Xn).

(2) For A\ € SP,, P:(z1,...,m,|b) is in TV(x,|b), whereas
Q% (x1,...,2a|b) is in F]I_;_(xn|b).

We can prove this proposition along the same lines as in Ikeda-Naruse
[25, Propositions 3.1, 3.2]. However we shall give a proof for convenience
of the reader. Before proving this proposition, we prepare two simple
lemmas.

Lemma 4.5. Let f(z,y) € L[[z,y]] be a formal power series. Sup-
pose that f(y,y) =0. Then f(x,y) is divisible by x +,. y.

Proof. By the assumption, f(x,y) is divisible by —g. On the other
hand, we see that  +, y = (x — 7) x u(z,y) with u(x,y) € L[[z,y]], a

unit. From this the claim follows. Q.E.D.

Lemma 4.6. Let r <n, and f(x1,...,2,) be a formal power series
in L[[z1,...,2.]]. Then the following function is L-supersymmetric.

T+,
(35)  Rp(z1,...,x4) = Zw (T1,...,@ H H xz—|— mj
wWE Sy i=1j=i+1

Furthermore if f(x1,...,x,) is divisible by [[;_, x; = x1---x,, then
R, (x1,...,2,) has the stability in the following sense:

Ryi1(z1, ..., 20,0) = (n+1—71)Rp(21,...,20).

Proof. By the definition, R, (x1,...x,) is a symmetric formal power
series. We shall show that this formal power series has L-supersymmetric
property. Let z, = t, z, = t for arbitrary integers p, ¢ such that
1 < p < q < n. We claim that each summand corresponding to
w € S, does not depend on t. For convenience we put F,(z1,...,2,) =

+
H’L 1 Hg =i+1 +: x]
directly that the term

H H Lw(i) Tr Tw(j)
Fn(xw(l)v s axw(n) T,z
i=1j=i+1 Luw(s) w(J)

. If one of p, ¢ is in {w(1),...,w(r)}, then we see
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vanishes because of t +,t = 0. If p,q € {w(r +1),...,w(n)}, then the
term

Pty Fugy) = [ ] 220 Bttt Tt e Tt

=1 Tw@) Tr Tw(it1) Lw(i) Tr Tw(n)
Loy (i) +r tX L (i) +pl o
Tw() tr b Twi) trt
Note that in this case f(Zuy(1),---;Tw(r)) does not depend on ¢. Thus
the first assertion is proved.

For the second assertion, we argue as follows: In the defining equa-
tion of R, 11, we divide the summation into two parts: one is the sum-
mation for w € S, 41 such that n+ 1 € {w(1),...,w(r)}, and the other
is the summation for w € Sy, 41 such that n + 1 € {w(r+1),...,w(n +
1)}. Let Rpt1(x1,...,&pnt1) = » .4 + 2o be such decomposition. If
we set p41 = 0, then each summand in ), becomes zero because
f(@ywy, o, Twy) = 0 by the assumption. Therefore we have only
to consider the entries in ) ,. If n+1 € {w(r+1),...,w(n + 1)},
we have n + 1 = w(k) for some r +1 < k < n+1. Ifk =n+1,
namely w(n + 1) = n + 1, the element w € S,;; naturally defines
an element w' € S, ie., w'(i) = w() (1 < i < n). Then we have
f(xw(l), . ,:L'w(7.)) = f(xw/(l), R axw’(r))- Ifr+1 <k <n, we con-
sider the permutation (w(n + 1) n 4+ 1)w. Since this permutation
fixes n + 1, it defines naturally an element w’ € S,, ie., w'(i) =
w(i) (1 <i<n, i#k)and w' (k) = win +1). Then we also have
J(@way, s Twry) = f(@wr1), -+ Tur(ry). In either case, we see directly
that

1.

does not depend on t because of the identity

Foy1(Tways - Twme1) = Fal@w1)s - Twr (n))s

when we put x,41 = 0. Therefore )", becomes

(n -7+ 1) Z f($w1(1)7 N ,xw/(r))Fn(xw/(l), ca ,.Z'w/(n))

w'eS,
=mn—-r+1)R,(z1,...,2,)

when we put x,,4+1 = 0, and the second assertion is proved. Q.E.D.

Proof of Proposition 4.4. The assertion (2) follows immediately from
(1). Let us prove (1). First assertion follows from Lemma 4.6 when we
put f(z1,...,z.) = X0} = [T w0 = TTi_, @, or [x[0]* =
[Tl 0 = [Ty (s +p wi)a ™

For the second statement, we shall show that Q%(¢,za,...,z,) —
Q%(0,z2, ..., x,) is divisible by ¢ 4. t. In the defining equation (33), we
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divide the summation into two parts: one is the summation for w € S,
such that 1 € {w(1),...,w(r)}, and the other is the summation for
w € S, such that 1 € {w(r +1),...,w(n)}. Let Q%(t, z2,...,2,) —
Q%(0,29,...,2,) = >, + >, be such decomposition. Since [[z1|b]]** =
(z1 +, z1)[z1|b]* 1, we see easily that each summand in 3, is divisible
by t +, t. Each summand in )", is also divisible by ¢ 4, ¢ because the
numerator of the following term

ﬁ Loy (i) +pt ﬁ (zw(i) +r t) B (Iw(i) +r t)

T (4) +5 t T T (4) —|—Ff

i=1 i=1

is divisible by ¢ +,. ¢ from Lemma 4.5. Therefore we have the required
result. Q.E.D.

4.4. Stability Property

In this subsection, we discuss the stability property of our functions
Py and QY. First consider the formal power series Py (z1,...,2,) and
Q%(x1,...,2,) (A € SP,,). They have the following stability property:

Proposition 4.7. Let A be a strict partition of length r < n. Then
(1) P{‘(ml,...,xn_l,()):P;I\‘(xl,...,xn_l),
(2) Q%(xl,...,xn_l,O) :Q%($1,...7$n_1),

where the right-hand sides are zero if r = n.

Proof. First note that both [x|0]* = []i_, [0 = [, 2}
and [[x|0]* = [T_,[[z:0]]* = [T, (2i +, x)x} " are divisible by
II;_;zi = x1---x,. Therefore the result follows from Lemma 4.6.

Q.ED.

For each positive integer n, let ¢, 1 : I™(x,41) — I'(x,) be a ho-
momorphism of graded L-algebras given by the specialization x,,41 = 0.
Then {T'*(x,,), ©n tn=1,2,. form an inverse system of graded L-algebras.
Define the ring of L-supersymmetric fucntions T™(x) to be the inverse
limit of this system. Namely, we define

L L
I (x) = m I (xy).
n
For each strict partition A € SP, by Proposition 4.7, the sequence

{P¥(x1,...,2,)} defines an element

Py(x) = liLnP;I\‘(xl, ) € TH(x).

n
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Similarly we define
Il (x) := @F&(xn),

which is a subring of I'™(x). Also for each strict partition A\ € SP, the

sequence {Q%(71,...,2,)} defines an element
Q% (x) == @Q%(ml, ceyXp) € Fﬂ;(x).

n

Note that we have the following inclusion relations:
Fﬂ.f. (xn) C F]L(Xn) - AL(Xn) = Li[e1(xn), - en(xn)]]-
This implies that
I (x) € TH(x) € A(x) = L[[eq(x), ea(x), ... .]].

From this, I'*(x) and IT'} (x) inherit the Hopf algebra structure over L
from A(x) = L[[e1(x), e2(x), .. .]].

Next consider the stability property of Pr(z1,...,z,|b) and
Q%(x1,...,2,/b) (A € SP,). The homomorphisms of graded L[[b]-
algebras v¥,11 : I'“(x,.1|b) — I'*(x,|b) given by the specialization
Tpy1 = 0 define an inverse system {I'“(x,|b),%,}n=12... Then we
define

P (xfb) i= lim T (xa[b) = i L{[b]] & T-(x,) 2 L{[b] &1, T ().

—
n

Similarly, we define

I (x[b) := im I'} (x,, |b) = lim L{[b]] & I'} (x,,) = L{[b]] & I'} (x).

In contrast to Proposition 4.7, the functions Py (z1,...,2,|b) and
Q%(x1,...,2,|b) have the following stability property:

Proposition 4.8. Let A be a strict partition of length r < n. Then
(1) P:(z1,...,%0-2,0,0b) = P:(z1,...,7,_2/b),
(2) Qﬂi(l‘l,...,xn,hOlb) :Q%($1,...7$n,1|b),

where the right-hand sides are zero if r = n.

Proof. The proof of (1) goes along the same lines as in Tkeda-Naruse
[23, Proposition 8.2] (see also Tkeda-Naruse [25, Remark 3.1]). The
assertion (2) follows from Lemma 4.6 because [[x|b]]* = [T;_, [x:|b]]* =
IT—; (z; +, )[z:[b]Y ! is divisible by [[;_, z; = z1 -z, Q.E.D.
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Following Tkeda-Naruse [23, Proposition 8.2], we call the above stability
property (1) the stability mod 2.

Remark 4.9. Note that (see also Ikeda-Naruse [25, Remark 3.1])
the usual stability property Py(w1,...,2,-1,0b) = PL(z1,...,7,-1|b)
does not hold in general. For from Example 4.2, we have P(Hfl)(x1|b) =
x1 +, b1, whereas P(Hi)(xl,()|b) =z +, b1 + blg.

T

Therefore in the case of Py(x1,...,x,|b), there exist well-defined even
and odd limit functions. In what follows, we shall use only the even limit
functions. To be precise, for each strict partition A € SP, we define the
functions Py (x,|b)™ € I'(x,|b) by

. N 5 N PY(x1,...,2,|b) if n is even,
PX(en|b)™ = PX (21, wn[b) T i= PY(x1,...,2,,0[b) ifnis odd.
By Proposition 4.8 (1), the sequence {Py(z1,...,2,|b)T} defines an
element

Py(x[b)™ :=lim Py (z1,. .., z4[b)" € I (x|b).

Similarly, for each strict partition A € SP, define
Qk(x[b) = lim QX (z1,..., zalb) € TX (x]b).

n

This is a well defined element of I'} (x|b) because of Proposition 4.8 (2).
Finally, note that we have the following inclusion relations:

[ (xn[b) € T (xn[b) € A(xp[b) = L[[b]] o, A™(x)
= L{[b]] &1, L[e1 (%n), - - - en(xn)]]-

This implies that
' (x|b) € T™(x[b) C A¥(x|b) = L[[b]] &1, L[e1 (x), €2(x), - - .].

4.5. TUniversal factorial Schur functions

4.5.1. Definition of s%(x,|b) Let P, denote the set of all partitions
of length < n. For a positive integer n, we set p, = (n,n —1,...,2,1).
The factorial Schur function sy(x|a) (for its definition, see e.g., Ikeda~
Naruse [23, §5.1], Macdonald [46, I, §3, Examples 20], Molev-Sagan [54,
p.4431)) and the factorial Grothendieck polynomial Gy(x1,...,x,|b) (for
its definition, see Ikeda-Naruse [25, (2.13), (2.14)], McNamara [49, Def-
inition 4.1]) can also be generalized in the universal setting. Here we
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assign the variables x1,xza,...,b1,ba,... degree deg(z;) = deg(b;) =
1(=1,2,...), and use deg” (aij) =1—14—7j(i,j > 1). For partitions
A it € Pn, A+ pis a partition of length < n defined by (A + p); =
i + (1§Z§n>

Definition 4.10 (Universal factorial Schur functions). For a par-
tition X\ = (A1,...,\n) € Pn, we define the universal factorial Schur
functions s%(z1,...,2,|b) to be

[x|b]APn—1
(36) SL(anb) :SL(J)l’...,xn“;)) = w _
A ' w%;{n ngiqgn(%‘ +,. T;)

Remark 4.11. The non-equivariant version, i.e., b = 0, of our
functions are already defined by Fel’dman [17, Definition 4.2]. These are
called the generalized Schur polynomials there. We thank the referee who
pointed out this fact to us.

By the same reason for the universal factorial Schur P- and @-functions,
s%(21,...,2,|b) is a well-defined element of AY(x,|b), namely it is a
symmetric formal power series with coefficients in L[[b]] in the variables
T1,...,Tn. 1t is also a homogeneous formal power series of total degree
|Al. In Definition 4.10, if we put a; ; = 0 for all 4,5 > 1, the functions
s%(xn|b) reduce to the usual factorial Schur polynomials sy (x,[b). If
we put ay1 = S, a;; = 0 for all (4,5) # (1,1), then s%(x,|b) reduce to
the factorial Grothendieck polynomials G (x,|b). Note that unlike the
usual Schur polynomials, s%(xl, ..., xy|b) # 1. For instance,

21+ by L T2 +, b1

L
b =
sg(x1,22|b) T+, o T+, T

= 1+4a; 2122401 101 2011 T2+ - - .

We also define

sN(xp) = s5(x1, .. ) = 85(x1,. ., 2,]0).

It is a homogeneous symmetric formal power series in A(x,) of total
degree |A|. By definition, we have

(37) sﬂg(ml, cenyp) = S$a(@1, . Tn) Foa (T, T,

where sy(x1,...,2,) is the usual Schur polynomial and gy(x1,...,2,)
is a symmetric formal power series with coefficients in LL in the variables
r1,...,T, whose degree with respect to x1, ..., x, is strictly higher than
|A]. From this, one can show that s%(x1,...,2,), A € P,, are linearly

independent over L by the same argument as with the case of Py’s (see
§4.2).
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4.5.2. Basis Theorem for sk(x,) It is well-known that the usual
Schur functions (polynomials) sy(z1,...,x,), where £(\) < n, form a Z-
basis of A,, = A(x,,) = Z[x1,...,7,]%" (see Macdonald [46, I, §3, (3.2)]).
Also the Grothendieck polynomials Gy (x1,...,2,) (A € P,) form a Z[5]-
basis of Z[B][x1,...,2,]" (see e.g., Ikeda-Naruse [25, Corollary 2.1],
McNamara [49, Theorem 3.4]). Our functions s(z1,...,2,), A € Py,
also have the similar property. Indeed one can prove the following Basis
Theorem:

Proposition 4.12 (Basis Theorem). sk(z1,...,2,) (A € Py,) form
a formal L-basis for A¥(x,,).

Proof. We already remarked the linear independence of sﬂx(xl, ey
Zn)'s, A € Py, over L. Therefore it only remains to prove that an ar-
bitrary symmetric formal power series f(x1,...,2,) € A¥(x,) can be
written as a formal L-linear combination of s%(z1,...,2,)’s. This fol-
llows immediately from (37) and the fact that the usual Schur poly-
nomials s)(x1,...,2,), A € Py, form a formal L-basis for the ring
AL(Xn) = L[[el (Xn)a sy en(xn)]] Q.E.D.

4.5.3. Vanishing Property for sH;(xn|b) In order to prove the linear
independence of s%(x1,...,2,|b), A € P,, over L[[b]], we shall make
use of the following vanishing property for s%(x,|b) (for the vanishing
property of the factorial Schur polynomials sy(z|a), see Molev-Sagan
[54, Theorem 2.1]. For the Grothendieck polynomials G (z1,...,2,|b),
see Tkeda-Naruse [25, Proposition 2.2], McNamara [49, Theorem 4.4]).
Given a partition pu € Py, define the sequence

by = (buysbpgs -3 bpss e sy

Then we have the following. Here we identify a partition A = (A1, Mg, .. .)
with its Young diagram

D) ={(i,j) €Z* [i=1, 1 <j< A}
(see Macdonald [46, I, p.2]).

Proposition 4.13 (Vanishing Property). Let \,u € P,,. Then we
have

0 if DA
SHS\I(B#+Pn‘b) = H ([_))\Hrn*iJrl +F b7l+j—t>\j) Zf n= )\7

(i,4)EX

where p, = (n,n —1,...,2,1) and '\ is the diagram conjugate to \.
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Proof.  The proof is essentially identical to that of Molev-Sagan [54,
Theorem 2.1 (Vanishing Theorem)]. See also Ivanov [26, Theorem 1.5
(the zero property)]. We shall exhibit a proof for the sake of complete-
ness. Let us prove the first assertion. We use the expression (36):

b])\+pn71
sk(xnlb) = w x| _
o w;n H1§i<j§n(xi +,. T;)

_ H?:l [l’w(i) ‘bpﬁn_i
wes, H1§i<j§n($w(i) +r Tu(j))

(38)

We wish to show that this becomes zero when we make a substitution

Xn = bu+pn = (b/,l,1+n7 b,ungnfl, ) b,uiJrnfier cee 7bun+1)'

The condition A ¢ p implies that there exists an index k such that
pr < Mg (and hence pi+1 < Ag). For an arbitrary permutation w € S,
there exists a positive integer 1 < j < k such that w(j) > k. Thus we
have 1,y < e < Ax < Ay, and hence the following inequalities hold:

H7"(i)+n_w(j)+1S/lk‘f‘n—k—l—lg)\k+n—k§)\j_~_n_j.

Therefore the term [2,,(;)[b]* ™" 77 becomes zero when we specialize
Top(j) tO Euw(j)Jrn_w(j)H, and the first assertion follows.

Next consider the case ;= A\. We shall show that in the expression
(38), the terms other than the one corresponding to w = e vanish when
we set x, = B)\ern. For w # e, there exists a positive integer 1 < k <n
such that w(k) > k (and hence w(k) > k+1). Thus we have an inequality

Awiky +n—wk) +1 < A\ +n— k.
Therefore the term [z, [b]** ™% becomes zero when we specialize
Tap(k) tO 5,\1‘](k)+n,w(k)+1. The term corresponding to w = e is
(bt p, D]} FPm
[Ticicjcn®ritn—it1 +p bx;4n—j+1)
| Y e |
ngi<jgn(b>\i+n_i+1 +r b/\j-&-n—j—i-l)
Aitn—i T
[Lo TS (bassn—ivr +4 b5)

| J N | Y (D W TRE  NNI IR

By cancellation, we obtain the required formula. Q.E.D.
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4.5.4. Algebraic localization map of type A In §4.5.2, we have
proven the Basis Theorem for s¥(x,)’s. We shall prove the Basis Theo-
rem for s%(x,|b)’s in §4.5.5. In order to prove this, we shall exploit the
“localization technique”. This subsubsection will be devoted to a brief
introduction of such technique. Here we shall introduce the following
two devices: the GKM ring and the algebraic localization map. In order
to define these two notions, we freely use the standard notations and
conventions about the Weyl group, the root system, the Grassmannian
elements of type Ay,. We collect them in the Appendix 6.2.1 for the
reader’s convenience.

First we introduce the GKM ring. Let L denote a free Z-module
with a basis {t;};>1. The positive roots A C L of type A are given
by

Aj‘_:{a]’,i:t]‘—ti |j>121}
The simple roots are given by «; = a;11,; (¢ > 1). We define a map
e : L — L[[b]] by setting e(t;) := b; (i > 1) and by the rule e(a +
o) = e(a) +, e(a’) for a,a’ € L. Note that by definition, we have
e(—a) = e(a) for a € L. For the simple root a; = t;41 —t; (i > 1), we
have

e(ai) =e(tiyr —t;) =biy1 +, b (i >1).

Let Map (P,,, L[[b]]) denote the set of all maps ¢ : P, — L[[b]], A —
¥. Tt has a natural L[[b]]-algebra structure under pointwise multiplica-
tion (- @) := ¥y - for ¥, ¢ € Map (P, L[[b]]) and scalar multiplica-
tion (c- )y := c- ¢y for ¢ € L[[b]], ¥ € Map (Py,, L[[b]]). Hereafter we
use the identification Map (Pn, L[[b]]) = [],cp, (L[[b]]),. Thus an ele-
ment 1) € Map (P, L[[b]]) can be regarded as a collection ¢ = (¢,) .ep,,
with v, € L[[b]]. With these notations, we introduce the GKM ring.

Definition 4.14 (GKM ring of type A,). Let \IIEZL) be a subring
of Map (P, L[[b]]) = [[,cp, (L[[b]]). that consists of elements ¢ =
(V) pep, satisfying the following condition (GKM condition) :

(39) s, — Y € e(—a)L[[b]] for all p € Py, and alla € AT = AT,

It is easy to see that \I/(:) is indeed a subring (more precisely, an L[[b]]-
subalgebra) of [ ,cp (L[[b]]),. We call the ring \I/Xl) the GKM ring of
type Aco-

Next we shall introduce the algebraic localization map of type A...
For each partition p € P, define an LL[[b]]-algebra homomorphism

3\ - Al(xu|b) = L{[b]] @A (x,) — L[b]], F = F(x,[b) — ¢4 (F)
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by ¢4 (F) := F(byp, b).

Definition 4.15 (Algebraic localization map of type Ao ). Define
the homomorphism of L[[b]]-algebras to be

(40)
oG Ab(x,[b) — ] (i), Fr— @5 (F) = (0% (F)) e, -

HEPn

We call the homomorphism @E:) the algebraic localization map of type

As.
Lemma 4.16.
1 The image of ™ s contained in the GKM rin, \Il(n), that is,
( g A U
Im (&) c v

(2)  The homomorphism @E;L) is injective.
Proof. (1) For an arbitrary I = F(x,|b) € A¥(x,|b), we have to

show that F(bs,,4p,|b) — F (b4, |b) € e(—a)L[[b]] for all 4 € P,, and
for all &« € A™. More accurately, we have to show that

F(Bstj—till«+Pn|b) - F(Euﬂ)n‘b) € <l_7j +p b)) forj>i>1,

where (b; +, b;) denotes an ideal of L[[b]] generated by b; +,. b;. This
is a direct consequence of the action of the reflection St;—t; on ji € Py
(see Appendix 6.2.1) and Lemma 4.5.

(2) We shall prove the following statement:

For F € A%(x,|b), suppose that there exists a positive integer N

(which may depend on n) such that qb,(fl)(F ) = 0 for all partitions
i € Pp, containing (N™) = (N, N,...,N). Then we have F = 0.

From this, the conclusion of (2) immediately follows. Let us prove
the above statement by induction on the number n of z-variables. For
the case n = 1, the proof is easy. For if ' = F(z1|b) € L[b]][[z1]]
satisfies the assumption, we have F(by,x|b) = 0 for all k¥ > 1. This
implies that F(z1|b) is divisible by x; — by, for all k£ > 1. From this,
we conclude that F' = 0 as a formal power series in z; with coefficients
in L[[b]].

Next we consider the case n > 1, and assume that the above as-
sertion holds for the case of n — 1 variables x,,_;. Suppose that F' =
F(x,|b) € A¥(x,|b) satisfies the assumption ¢Ln) (F) =0 for all u >
(N™). For each k > 1, we put Fy, = Fy(x,_1|b) := F(xn_1,bn1x|b).
Then we see easily that Fy, € A¥(x,_1|b) and ¢)S,”71)(Fk) = 0 for all
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v € Pn_1 such that v O ((N + k)"~ 1)). Therefore by the induction hy-
pothesis, we have Fj, = 0 as a formal power series in x1,...,x,_1 with
coefficients in L[[b]]. Thus F' depends only on the variable z,. But F
vanishes when we set z,, = l_7N+k for all £k > 1, and hence we deduce
that F' = 0 as required. Q.E.D.

4.5.5. Basis Theorem for sk(x,|b) The factorial Schur polynomials
sa(z1,...,xn|a), where £(N\) < n, form a Z[a]-basis of Z[a] ®z A, (see
Macdonald [46, I, §3, Examples 20]). For the factorial Grothendieck
polynomials Gy (x1,...,x,|b), readers are referred to Ikeda-Naruse [25,
Lemma 2.5], McNamara [49, Theorems 4.6, 4.9]. By the technique intro-
duced in the previous subsubsection, we shall prove the Basis Theorem
for the universal factorial Schur functions s(z1,...,x,|b)’s.

Theorem 4.17 (Basis Theorem). s%(x,|b) (A € P,,) form a formal
L[[b]]-basis for A¥(x,|b).

The proof of this theorem will be divided into two steps: the linear
independence property and the generation (spanning) property.

Proof of Theorem 4.17 (Linear independence property). We show
the linear independence of s%(x,|b)’s over L[[b]] by using the Vanishing
Property (Proposition 4.13). Suppose that there exists a linear relation
of the form

(41) Y ea(b) sk(xab) =0 (ea(b) € L[b]).
A

Let p be minimal (with respect to the containemgnt) among all parti-
tions in (41) such that cx(b) # 0. We set x,, = by, in (41). Then
using the first part of Proposition 4.13 and the choice of u, we obtain

Cu (b)s%(guﬂn |b) = 0.

By the second part of Proposition 4.13, we have s); (by4p,|b) # 0, and
hence we have ¢, (b) = 0. We repeat this process, and we finally conclude
that all the coefficients ¢y (b) turn out to be zero. Q.E.D.

Proof of Theorem 4.17 (generation (spanning) property). Let F =
F(x,|b) € A¥(x,|b). We wish to express F as a formal L[[b]]-linear
combination of s%, A € P,,. Define the support of F by

Supp (F) := {pn € Py | ¢\ (F) # 0} C Ph.

Let v € Supp (F) be a minimal element (with respect to the contain-
ment). We know from Lemma 4.16 (1) that &) (F) = ( &n)(F))Hepn €
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U therefore by the GKM condition (39) and the minimality of v,
we see that ¢U" (F) is divisible by e(—a) for all a € Inv (). Since the
elements {e(—a) | « € Inv (v)} are relatively prime, o (F) is divisible
by their product [],erny () €(—@). Here we know from the Vanishing
Property (Proposition 4.13) and (52) (see Appendix 6.2.1) that

¢1(/n)(sﬂ;) = S%(Bv+pn|b) = H (buitn—it1 +p bn-&-j—tvj) = H e(—a).

(i,5)€v aclnv (v)
Thus we have ¢_") (F)=c¢,- qb(un)(sﬂlj) for some ¢, € L[[b]]. Let
F':=F—c¢, s

Then we have qb(yn)(F') = (Vn)(F) — ¢y I(,n)(s]l‘) = 0, and hence v ¢

v

Supp (F’). Moreover, for every u € Supp (F') \ Supp (F) (obviously,
p# v), we have 0 # ¢ (F') = ¢ (F) —c, ¢ (s5) = —c 0" (s5) =

—c, - $%(byutp, [b), and hence v < pu. Therefore Supp (F”) \ Supp (F)
consists of elements strictly greater than v. Then we apply to F’ the
above argument, and repeat this. Eventually, we will obtain the function

F of the form F = F — > aep, Cx -8y with ¢y € L[b]] whose restriction

qb,(]l) (F) to all u € P, vanish, i.e., &) (F) = 0. Since the homomorphism
() is injective (Lemma 4.16 (2)), we have F' = 0, and hence we obtain
the required expression. Q.E.D.

Corollary 4.18 (Corollary to the proof of Theorem 4.17). The
algebraic localization map @XL) is onto the GKM ring \IJ%).

Proof. Let ¢ = (Yu)uep, € \Ilff), and put Supp () = {p €
Pn | ¥y # 0} C P,. Applying the same argument as in the proof
of the above theorem, one sees that 1 is the image of a certain function
of the form ZAePn Cy - s%\‘, whence the result follows. Q.E.D.

4.6. Factorization Formula

The following factorization property (cf. Pragacz [55, Proposition
2.2], Tkeda-Naruse [25, Proposition 2.3]) will be useful in the proof of
the Basis Theorem below (Theorem 4.20).

Proposition 4.19 (Factorization Formula). For a positive integer
k > 1, let py denote the partition (k,k —1,...,2,1) (and po = 0 by
convention).
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(1)  For a positive integer n, we have

P,]O}‘n71(x1’ P ,$n|b)

H (i +, 7;) | s5(x1,. .., 2n|b),

1<i<j<n

%n(.’ljl, . ,J}n|b)

H (z; +, xj) s%(ml, ey Znlb).

1<i<j<n

(2)  For a a positive integer n. and a partition A = (A1, Aa, ..., A\,) €
Pn, we have

Pg“n_1+/\(x1,...,acn|b) = H (i 4+, x;) | $5(z1,...,7,]b),
1<i<j<n

QL (@1, anb) = IT @i+ea)) | sk@i,...,2alb).
1<i<j<n

Proof. The first formulas (1) follow immediately from (2) once we
put A = (). We shall show the formulas (2). We first prove the case of
Py. Note that the length of p,—1 + A is n — 1 or n. In any case, the
product in the expression (33) becomes [x|b]**#n-1 [li<icj<n LFT’
ST e T

Therefore we modify it as follows:

Ti 4+ X z|b|APen—1
[X|b]/\+pn71 H Z F 7]4 _ H (xl +, (Ej)X [ ‘ } ' —.
1<idj<n T TR Ti e [hicicjon (@i +7 7))

Since [[,<;j<,, (i +, x;) is symmetric, we have from (33),

P (@) = ] @i+, )

1<i<j<n

Apn—1
oy | e

weS,, [licicicn(@i +- 7))

= H (i +p 24) X sX(z1,...,2,[b).

1<i<j<n
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For the case of QH/(, the product in the expression (33) becomes

[x[brter [ Ztrt
1<icj<n i Tr T
n

= [+ alafp =% [ 22

€T; T
i=1 1<i<j<n i Tr T

[ (o 4y ) x 2R
= x4+, T; _
1<i<j<n L [licicjcn(@i +r 7))

and the result follows. Q.E.D.

4.7. Basis Theorem for Py (x), Q%(x)

In [55, Theorem 2.11], Pragacz showed that the usual Schur P-
polynomials Py(x1,...,2,) (A € SP,) form a Z-basis for the ring I';, =
I'(x,,) of “supersymmetric polynomials” (cf. Macdonald [46, III, (8.9)]).
Their K-theoretic analogues GPy(x1,...,z,) (A € SP,,) form a Z[B]-
basis for the ring GT',, of “K-supersymmetric polynomials” (Ikeda-Naruse
[25, Theorem 3.1]). Our functions Py (z1,...,7,) (A € SP,) also have
the similar property. Namely we have the following theorem:

Theorem 4.20 (Basis Theorem).

(1)  The formal power series Py(z1,...,x,) (A € SP,) form a
formal L-basis of T™(x,,).

(2)  The formal power series Q%(x1,...,7,) (A € SP,) form a
formal L-basis of ' (x,,).

Proof. For the proof of this theorem, we make use of the same
strategy as in Ikeda-Naruse [25, Theorem 3.1], Pragacz [55, Theorem
2.11 (Q)], and thus we shall only prove the case (1) when n is even. First
note that Py(x1,...,2,) (A € SP,) are linearly independent over L as
we showed earlier (see §4.2). We use the induction on the number of the
variables n. Let n = 2 and f(x1,22) be an L-supersymmetric function.
We may assume that the constant term of f is zero, namely f(0,0) = 0.
Then L-supersymmetricity implies that f(¢,¢) = f(0,0) = 0. There-
fore by Lemma 4.5, f(x1,x2) is divisible by #1 +, 2. Thus f can be
written as f(x1,22) = (£1 +, 22)g(x1, 22) for some symmetric function
g(x1,72). By the Basis Theorem for s%(x,)’s (Proposition 4.12), we can
write g(71,72) = Dy cp, exsy(w1,72), ¢y € L. Then by the factorization
property (Proposition 4.19), we have

flan,ee) = D e+, wa)si(w,m0) = Y exPy (21, 22).
AEP2 AEP,
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Thus f(21,z2) is an L-linear combination of PE;(xl, x2)’s, i € SP2 (note
that for A € Py, we have p; + A € SPa).

For n > 4, we proceed as follows. Let f(z1,...,2,) be an L-
supersymmetric function. Notice that f(z1,...,Tp_2,tt) = f(z1,...,
ZTpn—2,0,0) holds. Put fi(x1,...,2n—2) := f(x1,...,2,-2,0,0). Since
fi(xy, ..., xn_2) is also L-supersymmetric, we can write f; as an L-linear
combination of Pf{‘(mh .oy Tp—2)’'s with A € SP,,_o by the induction hy-
pothesis. Thus we have the following expression:

filxy, .. xp_a) = Z c,\P;I\‘(atl, ceyXp_a), ¢ € L.
ANESP 2

Consider the function g(z1,...,2n) == Y \csp, exPr(z1,...,xy). Note
that g(x1,...,2,-2,0,0) = fi(z1,...,2p—2) = f(21,...,2Tpn_2,0,0) holds
because of the stability of Py. Put h(zy,...,z,) = f(z1,...,2,) —
g(x1,...,2,). Then we have

h(.’El,. N 7l’n_2,t,%) = h(l’h. .. ,ZL'n_27O,0)
f(xlv"' axn—27070) _g(xlw" 73371—27070) =0.

This implies that x,_1 +, x, divides h. Since h is symmetric, we see
that A is a multiple of V' :=[[, ., ;< (i +, ;). Thus we have

flay,..oyxn) =gz, xn) + Ve s(x, .. xy)

for some symmetric function s. By the Basis Theorem for s%(x,)’s
(Proposition 4.12) again, we can write

s(x1,y ... my) = Z dAs]I)j(zl,...,xn), dy € L.
AEP,

Using the factorization theorem (Proposition 4.19) again, we have

f=g+V-s

= Z c)\Pﬁ\L(:cl,...,xn)—i—Zd)\ H (i +p z5) | S5(21,. .., 20)

AESPr—2 AEPn 1<i<j<n
= ex Py (z Zn) + dyP" ( )
= AN 1yeee9Lp A pn_1+)\l'1,...,$n.
AESPr_2 AEP,

Note that if A € P,, then p,_1 + X € SP,,. Thus f can be written as
an L-linear combination of Pg‘(xl, cey Xp)’S, 1 € SP,. Q.E.D.

Taking limit n — oo, we obtain the following:
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Corollary 4.21 (Basis Theorem).
(1)  The formal power series Py (x) (A € SP) form a formal L-basis

of TH(x).
(2)  The formal power series Q%(x) (A € SP) form a formal L-basis

of T (x).

4.8. Vanishing Property

Various factorial analogues of Schur P- and Q- polynomials (func-
tions) satisfy the vanishing property (see Ivanov [26, Theorem 1.5 (the
zero property)], [27, Theorem 5.3 (Vanishing property)], Tkeda-Naruse
[23, Proposition 8.3], Tkeda-Mihalcea-Naruse [24, Proposition 4.2], Tkeda-
Naruse [25, Proposition 7.1]). In this subsection, we shall prove the
vanishing property for the functions Py'(x,|b)™’s (for its definition, see
§4.4) and Q% (x,|b)’s. For a strict partition g = (pu1,...,u,) of length
r, we set

b, = (buy,-..,bu,.,0,0,...).
We also set
sh(p) = +1,..., 0 +1) if r is even,

sh(p) == (i +1,...,0r+1,1) if r is odd.
Here we consider only even variable case Py (z1,...,x2,|b) because of

the mod 2 stability (see Proposition 4.8).

Proposition 4.22 (Vanishing Property). Let A\,u € SP. Then we
have

(1)
Pi(bahlD)t =0 if pB A
P} (bgn(n)|b) ™

T

= H H (5)\1'+1 tr bj) ’ H (l_)/\z‘Jrl +r l_))‘jJFl)
i=1

1<5< ), Jj=i+1
JFEAp+1 for z+1<p<r

(2)
Qx(dub) =0 if ppA

T

Qx(balb) =] 11 (br, +, b)) U (bx, +5 by,

i=1 1<i<A;—1,
J#Ap for i+1<p<r
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Proof. 'We will only prove (1) when the length £(y) = r is even.
The proofs of the remaining cases are similar. Using the stability prop-
erty (Proposition 4.8),  Py(bgy[b)™ can be evaluated as

P;I\‘(bul-‘rl’ bu2+17 A bur+1|b)'

If u 2 A, there exists an index 1 < k < r such that pup < Ax (and
hence g +1 < A\g). For an arbitrary permutation w € S,., there exists a
positive integer 1 < j < k such that w(j) > k. Then we have inequalities
P < pk < Ak < A Therefore the term

[2w(j) [PIY = (@w() +5 01)(@wi) +r b2) (Tu(g) Fr Duygy+1)
o (Zug) e byy)
vanishes when we specialize ;) to Z_)uw(j)+1. This means that

P (byy(,[b) = 0.
For the case p = A, we shall show that in the defining equation

(33) of Py(z1,...,z,|b), each term corresponding to w € S, other than
the identity e becomes zero when we evaluate them at (zq,...,2,) =
bgnx) = (b, 415+ -+, b, 41). For w # e, there exists an index 1 <k <r

such that w(k) > k. Thus we have A, ) < Ar (and hence A, ) +1 <
Ak)- Then it is obvious that
[mw(k:)|b])\k = (xw(k) +r bl)(xw(k) +r b2) o (mw(k:) +r b)\w(k)-l-l)
o (xw(k) +p b)\k)
becomes zero when we specialize ) to 5,\w(k)+1. The term corre-
sponding to w = e is

r

1O | )

i=1 i=1j=i+1 bx;+1 +p by 41

T

= (a1 45 1) -+ (a1 +5 ba,) X =
g " " i=ig1 Dxrn e by

ba;+1 +5 b +1

By cancellation, we obtain the desired value. Q.E.D.

4.9. Algebraic localization map of types By, Cy, or Dy

In §4.7, we have proven the Basis Theorem for Py (x,,)’s and Q%(x,,)’s.
We shall prove the Basis Theorem for Py (x,|b)*’s and Q%(x,|b)’s in
§4.10. For the proof, we apply the same technique as the case of s(x,|b)
(see §4.5.5), namely the Vanishing Property (Proposition 4.22) and the
localization technique. Because the idea of the proof is the same as that
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of Theorem 4.17, we only exhibit the definitions and the results. We
mainly follow the notation and convention as in Ikeda-Naruse [25, §4]
and Tkeda-Mihalcea-Naruse [24, §3] (we collect the necessary data in the
Appendix 6.2.2).

Let us introduce the GKM ring and the algebraic localization maps
of type X for X = B,C, or D. As with the type A, case (§4.5.4), de-
note by Map (SP,,, L[[b]]) the set of all maps from SP,, to L[[b]]. It is an
L[[b]]-algebra under pointwise multiplication and scalar multiplication.
We identify Map (SP;,, L[[b]]) with the product ring [],csp, (L[[b]]),-

Definition 4.23 (GKM ring of type X). Let X be B, C, or

D. Let \I/g?) be a subring of Map (SP,,,L[[b]]) that consists of elements
Y = (Yu)uesp, satisfying the following GKM condition:

Vsop — by € e(—a)L[[b]] for allp € SP,, and all o € A%.

We call \I/g?) the GKM ring of type Xoo

Next we shall introduce the algebraic localization map of type X
for X = C,D. For each strict partition p € SP,, define the L[[b]]-
algebra homomorphisms to be

3 T (xu[b) = L[b]] &1 T (x,,) — L{[b]],
F = F(%,[b) +— ¢\"L(F) := F(b,[b),

6"« TH(xa[b) = L{[b]] &1 I™(x,,) — L{[b]],
F = F(x,|b) — ¢, (F ) = F(byy () |b).

Definition 4.24 (Algebraic localization map of type X,). Define
the homomorphisms of 1L[[b]]-algebras to be

o8 i T (xab) — [ (WIBI,, F— 02 (F) i= (8 0(F))uesp,.

HESPy
e T (xab) — [[ @Ibu, F s 05 (F) = (61') (F))uesp, -
HESPy

We call the homomorphism @S?) the algebraic localization map of type

X. Concerning the above algebraic localization maps, the following
lemma can be proved analogously (see the proof of Lemma 4.16):
Lemma 4.25. Let X be C' or D. Then we have
(1)  The image of@g?) agrees with the GKM ring \I/()?) : Im (<I>g?)) =
o,
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(2)  The homomorphism <I>g?) is injective.

4.10. Basis Theorem for Py (x|b)", Q%(x|b)

The GKM ring and the algebraic localization map of type X, for
X = B,C, or D, and an analogous argument as in the Basis Theorem
for s%(x,|b)’s (Theorem 4.17) enable us to prove the Basis Theorem for
Pr(x|/b)*’s and Q% (x|b)’s.

Theorem 4.26 (Basis Theorem).

(1)  The formal power series Py (x,|b)* (A € SP,,) form a formal
L[[b]]-basis of T™(x,|b).

(2)  The formal power series Q%(x,|b) (A € SP,) form a formal
L[[b]]-basis of T (x,|b).

Taking limit n — co, we obtain the following;:

Corollary 4.27 (Basis Theorem).

(1)  The formal power series Py(x|b)™ (A € SP) form a formal
L[[b]]-basis of T™(x|b).

(2)  The formal power series Q% (x|/b) (A € SP) form a formal
L[[b]]-basis of T (x|b).

§5. Dual universal (factorial) Schur P- and Q-functions

In the previous section, we have constructed “cohomology bases”
{P(x|b)*} and {Q%(x|b)}. Our next task is to construct the corre-
sponding “homology bases” {p%(y|b)} and {g%(y|b)}. In this section,
we consider this problem only in the non-equivariant case, i.e., b = 0.
Namely, we shall construct certain functions p%(y) (resp. g5 (y)) for
strict partitions A € SP dual to Q%(x) (resp. Py(x)). Here we use
the countably infinite set of variables y = (y1,¥2,...). Their degrees
are given by deg(y;) = 1 and deg(a;;) =i+ j—1 (4,5 > 1). Let
AL(y) = L. ®z A(y) be the ring of symmetric functions in y with coef-
ficients in L, (see the beginning of §4.2).

5.1. One row case

First we shall construct the required functions corresponding to the
“one rows”, that is, strict partitions (k) (k= 1,2,...). We put
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Then we define g¢(y) € Ap(y) (k= 10,1,2,...) as the coefficients of the
following expansion:

(42) Altiy) =yt

k=0

Next we shall define py(y) € Au(y) (k= 1,2,...) as the coefficients of
the following expansion:

(43) Altsy) =14 (t+,1)> pry)t" .
k=1

We set pg(y) := 1 by convention. In order to make the above definition
valid, we have to verify that A(¢;y)—1 is divisible by ¢ +,. t. This follows
from Lemma 4.5. More concretely, if we write ¢ +, ¢t =2t + =, aj tk
with ol € L, we have

(44) @(y)=20r(y). &) Z%H ]PJ y) (k> 2).

Remark 5.1.

(1)  Notice that comparing (42) (resp. (43)) with the equation (23)
(resp. (25)), we see immediately that gy (y) (k =1,2,...) (resp.
pr(y) (k=1,2,...)) coincide with MY (y) (resp. pMY(y)) in
Definition 3.1 (resp. Definition 3.5).

(2) It follows from Definition 4.1 that Pg;c)(xl) =2V and Q%k) (x1) =

(1 4+, xl)xl Y for k =1,2,.... Therefore we can write (42)
and (43)
(45)
' T1Y
A($1;Y)=H1_xlyj Zp(k) 1) k ZQ(k) 1) k y)-
j=1 k=0

5.2. Definition of pi(y) and g%(y)

In §5.1, we have constructed py(y) and gi(y) corresponding to the
one rows (k) (k= 1,2,...). In this subsection, we extend these functions
to arbitrary strict partitions A € SP. For this end, we argue as follows.
Define

I'L(y) := the L-subalgebra of AL (y) generated by pr(y), k =1,2,...,
I (y) := the L-subalgebra of Ay(y) generated by gi(y), k=1,2,....
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As we remarked in the previous subsection, pk(y) = piY (y) and g& (y) =
gMY(y) for k= 1,2,..., and hence the above algebras I't (y) and I} (y)
coincide with the algebras I’ *MU and T'MU respectively defined in Defi-

nitions 3.7 and 3.4. In particular, we have
F]L(y) = L[ﬁ]f(}’)v%(Y)v cee 7%1’71(}’)3 .- ] (g MU*(QSP))
I (y) =L@ (y),a5(y), - @ (y), .- /(@13 (T) = 1) (= MU.(Q50)),

where g“(T) := 3", 5, (y)T*. Also I'L(y) and I'f (y) have the Hopf
algebra structure over L as explained in §3.2.
For later discussion, we prepare the following: For a partition A =

(A1,-..,A), define the monomials
) = JIp% ) =55, (B, (v) - P%, (),
=1
iy = [Jane) =& 0, ) - ()

Note that there exist some relations among py (y)’s and gy (y)’s (see the
relations (24) and (28)), and these monomials are not linearly indepen-
dent over L. Then we define the L-submodule of I'y (y) (resp. I} (y))

spanned by these monomials ﬁﬁ“)\] (y)’s (resp. ?]?‘M (y)’s) with X € P:

I(y) = Y L) C L),
AEP,

" y) = 3 Layly) ¢ Iy
AEP,

Now consider the iterated product of A(xz;;y)’s, and their limit.

Axyy) = Az, z,y) = HA(W}, HHl—izzj

i=1j5=1
Alx;y) = hmA (Xn3y HH xlyﬂ

1—=x
” i=1j=1 Zyj

We can think of A(x,,;y) (resp. A(x;y)) as an element of A¥(x,,) ©r, AL(y)
(resp. A™(x) ®LAL(Y))-
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Proposition 5.2.

(1) A(x1,...,2n;y) is L-supersymmetric in the variables xq, . .., T,.
Therefore A(x1, ..., x,;y) is in T(x,) @ AL(y). Moreover,
Az, ... xnyy) ds in T (x,) @ AL(y).

(2)  Furthermore, we have A(x1, ..., xn5y) is in I (%) @1 F]én)(y)
and A(z1,...,2,;y) is in TE(x,) @ Fin)’+(y).

Proof. (1) By the definition, it is obvious that A(¢,t,x3, ..., z,) =
A(0,0, 23, ...,2z,) holds. Moreover, using Lemma 4.5, we see easily that
A(t,zo, ..., xn;y) — A0, 2o, ..., x,;y) is divisible by ¢ +,. ¢, and hence
the first assertion is proved.

(2) Using (42), we have

[T =22 -T2 50) = X s )

i=1j=1 i=1 \\;=0 AEP,

where m (x,,) denotes the monomial symmetric polynomial correspond-
ing to a partition A € P,,. Using (44), we see that Q\LE)\] (y) can be written
as a certain L-linear combination of the monomials of the form ﬁb ] (y)
with p € P,. From these, the result follows immediately. Q.E.D

Taking limit n — oo and using the Basis Theorem (Corollary 4.21), we
can expand A(x;y) in terms of a basis {Q%(x)}resp for I'} (x) (resp. a
basis {Pr(x)}aesp for T¥(x)). Then we will obtain the required func-
tions as the coeflicients of these expansions. Thus we make the following
definition:

Definition 5.3 (Dual universal Schur P and Q-functions). We de-
fine p%(y) and g&(y) for strict partitions A € SP by the following iden-
tities (Cauchy identities) :

. _ L=y Lo\ L
Alxyy) = H m = Z Qx(x) Px(¥)
4,521 XeSP

Asy) = J[ =28 = 3 P d(y)

1 — 1.
ij>1 Lilj AESP

(46)

By the Definition 5.3 and Proposition 5.2 (2), we see that for a strict
partition A of length r,

PX(y) €T (y) CTely) and @5(y) e T (y) € Tf ().
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Remark 5.4.

(1) By using the Basis Theorem ( Theorem 4.20), we can also define
PX(y) and @5 (y) for strict partitions \ € SP,, by the following

identities:

Ay) = TITI—2% = 3 Qhea) ().
LLAL T — 2y,
i=1j=1 AESP,

Moiy) = [T = 3 Pl )
LA T — 2y,
i=1j=1 AESP,

Then by the stability property of Py (x,) and Q% (x,) (see Propo-
sition 4.7), we see that the definition of p5(y) and g5 (y) does
not depend on n. In particular, in view of (45), we see that
;B%k)(y) and a}(Lk)(Y) corresponding to the one rows (k) (k =
1,2,...) agree with pk(y) and @i (y) defined in §5.1 respectively.

(2) By using A(x;y) and the Basis Theorem (Corollary 4.27), one
can formally define the dual universal factorial Schur P- and
Q-functions px(y|b), gx(y|b). However, in order to make this
definition valid, we have to remove some technical difficulties.
We hope to return to this problem elsewhere.

The functions px(y) (resp. ¢x(y)) are elements of T',(y) C AL(y) (resp.
I'f (y) € AL(y)), and hence symmetric functions of total degree |A|. If
we put a; ; = 0 for all i,j > 1, pl(y) (resp. gx(y)) reduce to the usual
Schur P-functions Py (y) (resp. Q-functions @x(y)). Therefore we have

px(y) = P\(y) + lower order terms in y,

(47) ax(y) = Qx(y) + lower order terms in y.

Here are some examples of these functions (see also Examples 3.2 and
3.6):

Example 5.5.

pr(y) = Ply),

P5(y) = Paly) —arahaly),

P5(y) = Pi(y) +ai,iha(y) — 2a1,1h(y)? + (a1 — a12)ha (y).
ar(y) =@Qiy),

G(y) =Qy) —aril(y),

33(y) = Qs(y) +2a1,1ha(y) — 3a11h1(y)? + af 1ha(y).
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5.3. Basis Theorem for p%(y), ¢%(y)

As expected, the functions {p%(y)}resp (resp. {Gy(y)}resp) con-
stitute an L-basis for I'(y) (resp. I} (y)).

Theorem 5.6 (Basis Theorem).

(1) {ﬁk(}’)}/\esp are linearly independent over L and form an L-
basis of TL(y).

(2) {Zjﬂ)\‘(y)}/\esp are linearly independent over L and form an L-
basis of I (y).

Proof. 'We only prove the assertion (1). (2) can be proved similarly.
From (47) and the similar argument as in §4.2, we see that p5(y)’s,
A € SP, are linearly independent over L. In particular, an L-submodule
T'L(y) of T'.(y) generated by p%(y)’s, A € SP, is a direct sum: T'(y) =
@Drcsp LPx(y) C I'(y). We wish to show that I'L(y) agrees with
I'(y), or equivalently, the set {p%(y)}resp spans I'y(y) over L. To this
end, it is sufficient to show that monomials py;, (y)pf, (y) -~ Py (v) (k1 >
1,...,k. > 1, r > 1) are expressed as L-linear combinations of p§(y)’s,
A € SP, since I'L(y) is generated by pi(y) (k = 1,2,...) as an L-algebra.
We prove this by making use of the Hopf algebra property of F& (x). Let
x = (21, x2,...) and X’ = (2}, 2),...) be two countable sets of variables.
Then the function Q%(x,x’) can be written in terms of the two sets
separately, that is,

(48) AXxx)= Y &,Qx Q) (@, €cL).

w, VESP

This gives the coproduct (comultiplication, diagonal map) ¢ : I'y (x) —
' (x) @1 I'% (x). Note that by the Basis Theorem for Q% (x)’s (Corollary
4.21), the coefficients 5271, € L are uniquely determined in the above
expression. On the other hand, we have by Definition 5.3,

1 —2y;
Alxyy) = H ﬁ = Z Q%(X)ﬁ%(y),
ij>1 iY; HESP
1 —ajy;
Alxy) = H ﬁ = Z Q%(X/)%(Y)-
i,j>1 Yi Jesp

Multiplying these two expressions, we have

> RNx)Pi(y) = A X5y) = D PP (y)Qr(x)Q)(X).

AESP w, vESP
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By (48), the left-hand side turns into

>, (Z &k >> QL (x)QL(x),

n,vESP \AESP

and therefore we have the following product formula (we used the Basis
Theorem for Q%(x)’s again):

(49) LB (y) = > o, Bi(y).
ANESP

Notice that by our convention of the grading of I = L, the right-hand
side is necessarily a finite sum, and hence is contained in an L.-submodule
TL(y) = @D, csp LDX(y). Thus I'L(y) is closed under multiplication.
Especially, in the case p = (k) and v = (), i.e., one rows, the product
Pr(y)pr(y) is contained in I't,(y). Iterating use of the product formula
(49) yields the required result. Q.E.D.

5.4. Hopf algebra structure

As mentioned in §3.1, the ring of symmetric functions A has a struc-
ture of a self-dual Hopf algebra over Z. Also its subalgebras T' and I”
have Hopf algebra structures over Z which are dual to each other. In
this subsection, we shall mention the Hopf algebra structure of our rings
I'k(x), T% (x) (see §4.4) and I'i(y), I} (y) (see §5.2). As we saw in the
proof of the Basis Theorem (Theorem 5.6), through the Cauchy iden-
tity (46), the coproduct formula (48) of Q%(x) determines the product
formula (49) of ﬁﬂl\‘(y)’s. By an analogous argument, one sees easily that
the product formula

Q]L Z cp, v Q)\ (C//), v € ]L)
AESP
determines the coproduct formula
Ry y)= > By Py,
w, vESP

where y = (y1,¥2,...) and y' = (y},v5,...) are two countable sets of
variables. Thus we obtain the following result as a formal consequence
of the Cauchy identities (46). Here we write ¢ for the coproduct map.
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Proposition 5.7 (Duality).
(1) (Duality between 't (x) and ' (y ))

]f Q]L Z C)\ u QL then

veSP
A, nESP

If p(Q%(x Z C,\MQ,\ ®QL( ), then

A, LESP

(2) (Duality between F]L( ) and F+( ))

If Pr(x = Y d , Pr(x), then

veSP

Z d)\ y,q)\ y,(y)

A, pESP

IFoPix) = > d x) ® Ply(x), then
A, LESP
>\ Z d>\ uqu
veSP

By the Basis Theorems (Corollary 4.21 and Theorem 5.6), we can
define the L-bilinear pairing between the rings I'; (x) and I'(y),

[= —1: T (x) xTi(y) — L,

by setting [Q%(x),ﬁ(y)] = 0, u- This pairing induces an L-module
homomorphism

kT (x) — Homy (Tw(y),L), Fr— &(F)=[F,—].

Using the Basis Theorems (Corollary 4.21 and Theorem 5.6) again, one
can show that k is an isomorphism of L-modules. Furthermore, both
I'% (x) and Homy, (I'. (), L) have a Hopf algebra structure over L. Using
the above duality (Proposition 5.7), one can also show that s is actu-
ally an isomorphism of Hopf algebras over L. As we remarked earlier, we
know that I' (y) = T'MV = MU, (2Sp), and therefore Homy (I'r(y), L) =
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MU*(QSp) as Hopf algebras over L. Thus we have the following iso-
morphism of Hopf algebras over L:

% (x) 2 Ty = MU (QSp).
Similarly we define the pairing
[77 7} : FL(X) X F]I—i_(y) — ]La

by setting [Py (x), Ejf;(y)} = 0y, ;. By means of this pairing and the same
argument as above, we have the following isomorphism of Hopf algebras
over LL:

I (x) 2T, = MU*(250).

Summing up the results so far, we have the following:

Theorem 5.8. There is a symmetric function realization as Hopf
algebras over L, :

MU.(QSp) = TV =Ti(y) =LY (y), 55(¥), - By (¥), .- ]

AESP
MU,(250) = TMU=T}(y)
(

= LG &)@ (). /@0 (T) =1)

AESP

Dually, there is a symmetric function realization as Hopf algebras over
L*:

MU*(QSp) = Tip=Ti(x) = J] LQYx) c A¥(x),
AESP

MU*(250) = T'y, =Tt x) = [[ LPY(x) c Ax).
AESP

5.5. Concluding remarks
(1) In §3.3, we introduced the functions gMY(x) € Ty (b =
1,2,...), and described the ring I}, in terms of these func-
tions. At present, we have not been able to obtain a gen-
eral formula relating the functions MY (x) (k = 1,2,...) and
Q%(x) (A € SP) under the isomorphism I'},,; = T (x).
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(2) By the result of Buch [11], we observe that the stable
Grothendieck polynomials Gx(x), A € P, represent the Schubert
classes of the K-theory (more precisely, K-cohomology) of the
infinite Grassmannain BU =~ QSU. Dual functions g,(y),
A € P, called the dual stable Grothendieck polynomials, are
defined and studied by Lam-Pylyavskyy [38, §9.1]. By the con-
struction, these dual functions {gx(y)} represent the Schubert
classes of the K-homology K.(QSU). There is a “type C”
analogue of the above story: If we specialize a1 = 3, a;; =0
for all (i,7) # (1,1) in Definition 5.3, the resulting functions
will be denoted by gp(y) and gga(y), A € SP. By definition,
these functions are dual to the K-theoretic Schur P- and Q-
functions G Py (x) and GQ(x) due to Tkeda-Naruse [25, Defini-
tion 2.1]. As shown in that paper, the functions {GPy(x)} and
{GQx(x)} represent the Schubert classes for the K-cohomology
of infinite maximal isotropic Grassmannians Sp/U ~ QSp and
SOJU ~ 0ySO (see Tkeda-Naruse [25, Corollary 8.1]). There-
fore the functions {gpx(y)} and {ggx(y)} are expected to repre-
sent the Schubert classes for the (non-equivariant) K-homology
K. (22Sp) and K,(£2050) of the loop spaces QSp and QpSO.
We return to this problem elsewhere.

86. Appendix

6.1. Universal factorial Schur functions

In §4.5, we defined the universal factorial Schur functions in the
n-variables s%(x,|b), A € P,. In order to consider the limit function as
n — 0o, we need to modify its definition. In fact, we are able to gen-
eralize the double Schur function sy(z||la) and the dual Schur function
Sa(ylla) due to Molev [53, §2.1, §3.1] in the universal setting. In this
appendix, we only exhibit the definition and basic property of our func-
tions. Details will be discussed elsewhere. Here we use a doubly infinite
sequence by, = (...,b_9,b_1,bg,b1,ba,...) in place of b = (by,ba,...).
First we introduce another variant of the ordinary k-th power t* (see
§4.2 and Molev [53, p.7]). For a fixed positive integer n, we define

k

[t || bZ]fL = H(t Tr anrl*i) = (t +r bn)(t +r bnfl) T (t +r bn+1*k)v
i=1
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where we set [t || bz]% := 1. For a partition A = (A1, A2, ..., \,), we set

T

x|/ bz]) = H[xi | bz).

Definition 6.1 (Universal factorial Schur functions). For a parti-
tion A = (A1, A2y ..., A\n) € Py, we define

k(xa || b) = sk( Ibe) = 3w | el
sx(xn || bz) = sx(x1,..., 2, || bz) = w —
wESy, HlSi<an(xi +r 7))

b

where pp—1 = (n—1,n-2,...,1,0).
This is a symmetric formal power series with coefficients in L in the
variables x1, ..., 2, and by, b,—1,...,b2_y,. One sees immediately from
the Definitions 4.10 and 6.1 that s%(x,|b) turns into s%(x, || bz) by
changing the parameters b; — b,_;1+1 (i = 1,2,...), and vice versa.

As with the case of s%(x,|b) (see Proposition 4.13), the functions
s%(xy || bz) also satisfy the Vanishing Property. Given a partition u €
P, we introduce the sequence EI_,L by

EI—;L = (Z_)I—H17l_)2—u27 cee 757;—;”7 e )

Proposition 6.2 (Vanishing Property). Let \,u € P,. Then we
have

0 if B A

SHX(BIfu |[bz) = H (bi—x, +» bt,\,-—j+1) if p=A
(i,5)EX

|| bz)}n>1 have the stability property un-

Since the functions {s%(x,,
= b,,, we can take limit n — oo to obtain the

der the evaluation map x,
limit function s%(x|| bz).

Using the Cauchy identity and an analogous argument that we did
in §5, we can define the dual functions s%(y||bz) for A € P,. These
functions are a generalization of Molev’s dual Schur functions ) (y||a)
in the universal setting. Here we use one more set of variables y =
(1,32, ).

Definition 6.3 (Dual universal factorial Schur functions). For a
partition X € Py, we define 5% (y || bz) by the following identities (Cauchy
identities)

TITT =% = 3™ e l1be) Sty b2,

AEP,
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For a geometric meaning of Molev’s double and dual Schur functions,
readers are referred to Lam-Shimozono [41].

6.2. Root data

6.2.1. Type A
Weyl group of type A, Let Sy 1= lim Sy, be the infinite symmetric

n
group, that is, the Weyl group of type Aoo: W(Ax) = Soo. An element
w of Sy is identified with a permutation of the set of positive integers
N:={1,2,...} such that w(i) = ¢ for all but a finite number of i € N. We
shall use the one-line notation w = w(1l)w(2) --- to denote an element
w € So. The group S is also a Coxeter group generated by the
simple reflections {s;}icr, where the index set I = {1,2,...}. More
explicitly, the simple reflections are given by the simple transpositions,
ie, s;=(ii+1) (i >1). The defining relations of {s;};cs are given by

2 =1 (i >1),
5iSi418i = Siy1858i1 (i >1),
5iSj = 8jSi (i, > 1, li—j| > 2).

Root system of type Ao, ~ We fix notation about the root system
of type As. Let L denote a free Z-module with a basis {¢;};>1. For
J >1 > 1, we define the positive root o ; to be oy ; := t; —1;, and denote
the set of all positive roots by Aj{ 10 namely

Az::{aj,i:tj—ti|j>i21}CL.

The set of negative roots is defined by A} := —A% = {—a | a € AT}
We also set Ay := ATJ[A} and call it the root system of type Ane.
The following elements of A are called the simple roots:

QG = Q41,4 = ti+1 — ti (Z Z 1).

The Weyl group S, acts on the lattice L by the usual permutation on
t;’s, and hence on the root system A. The action of an element w € S
on a root a € A will be denoted by w - @ or w(«) in the sequel. For
a positive root o € AT, we have o = w(c;) for some i € I and some
w € So. Then we set s, = Sw(ai) = ws;w ™! (thus for a simple root «;
itself, we have s,, = s; (i € I)).

101y what follows, we often drop the subscript A for brevity when there is
no fear of confusion.
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Grassmannian elements

Definition 6.4. An element w € So is called a Grassmannian
element of descent n if the condition

w(l) <w2) < <wn), wh+1l) <wn+2)<---
18 satisfied for some fized positive integer n.

The set of all Grassmannian elements of descent n will be denoted by
Sélf) in the sequel. Note that Sc(g) is equal to the set of elements w € S
sucht that ¢(ws;) > £(w) for ¢ # n, where ¢(w) is the length of w. In
other words, ng) is the set of minimal length coset representatives of
the quotient group S /(S X S ), where S,, X Sy is a subgroup of So,
generated by the elements {s;}\(n}. It is well known that there is a

bijection between the set P,, of partitions of length < n and S((,g ). To

be precise, the bijection is given as follows: For w € Séif), we define a
partition Ay, = (Aw)1, Aw)2, -5 (Aw)n) € Pn by

Aw)i=wn+1—9)—(n+1—1) (1 <i<n).

Conversely, given a partition A € P,,, we can construct a Grassmannian
permutation w)y of descent n by the following manner. First note that
when considered as a Young diagram, A is contained in the rectangle
nx (N —n) for sufficiently large N, and we identify A with a path starting
from the south-west corner to the north-east corner of the rectangle. We
assign numbers 1,2,..., N to each step. For example, for A = (4,2, 1,0)
with n =4, N = 10, we have the following picture:

9 10
617]8
4 19
213
1
If the assigned numbers of the vertical steps are i1 < 1o < -+ < iy,

and those of the horizontal steps are j; < jo < --- < jN_n, then the
corresponding Grassmannian permutation is

Wwx =112 ... In j1J2 -+ JN—n-
More explicity, we have

(50) i = Ap—gr1 + k(L <k <mn), jkzn-i-k—t/\k (1<k<N-—n),
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where ‘A is the conjugate of A\. In the above example, we have wy =
1358 2467910. Note that the set P, (resp. S ) is a partially
ordered set given by the containment A C p of partitions (resp. the
Bruhat-Chevalley ordering), and the above bijection preserves these par-
tial orderings.

Furthermore a reduced expression of wy can be obtained by the
following manner. For each box (cell) « = (i,5) € A, the content of «
is defined to be c¢(a) := j —i . We fill in each box o = (i,7) € A with
the number n + ¢(a) = n — ¢ + j. For the above example (A = (4,2,1),
n = 4), the numbering is given by the following picture:

5 6\7\

‘Mwﬂk
IS

We read the entries of the boxes of the Young diagram of A from right
to left starting from the bottom row to the top row and obtain the
sequence i1 2 - i)y. We then let s;,5;, - - Siy be the product of the
corresponding simple reflections, which gives a reduced expression of w,.
For the above example, we have

wy =13582467910 = s9 - 5453 + 57565554.-

Action of Soc on P,, By means of the above bijection P, —

Ség), A — wy, the group S, acts naturally on the set P,,. We only de-
scribe the action of the simple reflections s; (i € T) on partitions A € P,,.
Given a partition A € P,,, a box o = (4,5) € A (resp. « = (4,5) € A and
t < n) is removable (resp. addable) if A\ {a} (resp. AU {a}) is again a
Young diagram of a partition in P, i.e., (i,j+1) € Xand (i+1,j) € A
(vesp. (i,j —1) € A and (i — 1,5) € A). Furthermore, we fill in each
box a = (i,j) € A with the number n + ¢(o) = n+ j —i. Then A is
called k-removable (resp. k-addable) if there is a removable box o € A
(resp. an addable box a ¢ \) such that ¢(a) = k — n. Under the above
convention, the action of the simple reflections s; (i € I) on partitions
A € P, is given by the following manner:

(1) s;A < Aif and only if X is i-removable.

(2) s;A > A if and only if A is i-addable.
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Otherwise s; acts trivially on A. For a general w € S, write w =
Siy Siy -+ - Si,. as a product of simple reflections, and apply the above pro-
cess successively to a partition A\ to obtain the action w - .

Let A € P, be a partition, and w) € S((,g ) the corresponding
Grassmannian element. Define its inversion set by

Inv (\) := {a € A% | saA < A} = {a € AT | sqwy < wy}.

In view of the above action of S, on A (or more directly by considering
the condition sqwy < wy), we can describe the inversion set Inv (\)
explicitly for a given A € P,,.

(51) Inv(A) = {txitn—it1 —tnrj-n, | (4,5) € A}
= {tw)\(n-i-l—i) - tw;(n-i—j) | (7’3.]) € >‘}
Euler classes  Lastly we define a map e : L — L[[b]] by settlng

e(t;) == b; (i > 1) and by the rule e(a + a) = e(a) +, e(a’) for

a,a’ € L. Note that by definition, we have e(—a) = e(a) for a€ L For
the simple root o; = t;41 — t; (i > 1), we have

e(ai) = e(ti-i-l —t;) = bit1 +5 Bl (i > 1).
In particular, for a partition A € Py, it follows from (51) that
H e(—a) = H (Ori4n—it1 +p bngjn,)
a€lnv (N) (i,5)€EX

= H (wa(n—i-l—i) tr bw)\(n"!‘j))'
(4,5) €N

(52)

6.2.2. Type Bso, Cso, Doo
Weyl groups of type Xoo Let X = B,C, or D, and W = W(X,) be
the Weyl group of type X,. This is a Coxeter group generated by the
simple reflections {s; };cs, where the index set J = IU{0} = {0,1,2,...}
for X = B,C, and J = TU {1} = {1,1,2,...} for X = D. If W is of
type Cx (or By), the defining relations of {s;}ics are give by

2 = 1 (i=0,1,2,...),
8iSi418; = Si418iSi+1 (1>1),
$iS; = 8;8; (Z]>1 ‘Z—j|> )

S$08150S51 = 851505150, S0S8; = S;S0 ( Z 1)
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If W is of type D4, the defining relations are given by

s = 1 (i=1,1,2,...),
$i8i+18i =  Si+18iSit+1 (i>1),
5iSj = 8jSi j =1, [i—jl=2),
{528 = 525182, si8; = 8581 (J # 2).

Tt is also well known that the Weyl group W(X,) of type Xo, can be
realized as a (sub) group of signed or barred permutations. As before, let
N = {1,2,...} be the set of positive integers. Denote by N = {1,2,...}
a “negative” copy of N (thus i = i for i € N). A signed permutation w

of N is defined as a bijection on the set N UN such that w(i) = w(i)
for all ¢ € N and w(i) = 4 for all but a finite number of 7. Denote
by S the group of all signed permutations. We shall use the one-line
notation w = w(1) w(2) --- to denote an element w € S, (we have only

to specify w(i) for i € N because of the condition w(i) = w(i)). Then
the above-mentioned realization is given by the following identifications:

so=(11), s;=(i+1)(i+14) fori>1.

Then W (B ) and W (Cy) can be identified with S... Further the simple
reflection s; is identified with sps1sg, in other words, s; = (2 1)(1 2).
Then W (D) can be identified with the subgroup Soo 4 of Soo generated
by s; and s; (1 > 1).

Root systems of type X, Let L denote a free Z-module with a
basis {t;};>1. The set of positive roots is defined respectively by

Type Boo: AL = {t;|i>1}U{t;£t;|j>i>1},
Type Coo : AL = {24 |i>1}U{t; £t |5 >i>1},
Type Do : A5 = {tj+t;|j>i>1}.

The set of negative roots is defined by Ay = —AL = {—a | a € AL},

and set Ay := A} [TA%. The following elements of A}} are the simple
roots:

Type Boo ' o =t1, a;=tipy1—t; (i >1),
(53) Type Coo : g =2t1, o; =t —t; (i >1),
Type Do : af =11 +t2, =1t —1t; (i >1).
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Grassmannian elements We introduce the Grassmannian elements
in the case X = B, (', or D. For simplicity, we only deal with the case
X = B,C. For X = D, we need an appropriate modification (see e.g.,
Tkeda-Mihalcea-Naruse [24, §3.4], Ikeda-Naruse [25, §4.3]).

Definition 6.5. An element w € S is called a Grassmannian
element if the condition

w(l) <w(2) < <w(i)<---
is satisfied, where the ordering is given by
e mM< - <2<1I<1I<2< <M<

Let n be a fixed positive integer. We are concerned with a Grassmannian
element w € S satisfying the condition

wl)<w@2)<--<wlr)<l, T<wlr+1l)<w(lr+2)<---

for some 1 < r < n. In other words, it is a Grassmannian element in S
whose first r values w(1), w(2),...,w(r) (r < n) are negative. The set of

all such Grassmannian elements is denoted by S.. in the sequel. Then
there is a bijection between the set SP,, of strict partitions of length
<n and ?iz). The bijection is given explicitly as follows: For w € g(oz),
let 1 < r < n be the number such that w(l) < --- < w(r) < 1 and
I <wlr+1) <w(r+2)<---. Then we define an r-tuple of positive
integers Ay, = (Aw)1, Aw)2y -+ (Aw)r) by (Aw)i :=w(i) for 1 < i <.
By the above ordering, we see immediately that A\, is a strict partition
of length < n, ie., A\, € SP,. Conversely, for a strict partition A =

(A1,-. ., ) of length r < n, we define the element w) € ?i,’f) by w (i) =
i (1 <i <), and the remaining values wy(j) (j > r + 1) are given by
the increasing sequence of positive integers from N\ {\., A\._1,..., A1 }.
For example, the Grassmannian element w = 6431257 - corresponds

to the strict partition A = (6,4,3,1). Note that the set SP,, (resp.

FS,Z)) is a partially ordered set given by the containment A C p of strict
partitions (resp. Bruhat-Chevalley ordering), and the above bijection
preserves these partial orderings.

Furthermore a reduced expression of w) can be obtained by the fol-
lowing manner. First we associate to each strict partition A = (A\q,..., \,),
A1 > Ay > -+ > A\ > 0 the shifted Young diagram

D'\ :={(i,j)€Z?|1<i<r,i<j<\+i-—1}

For example,
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is the shifted Young diagram of a strict partition A\ = (4,2,1). We shall
identify a strict partition A\ with its shifted Young diagram if there is
no fear of confusion. For each box o = (i,j) € D'()\), we define its
content c(a) € I L{0} by ¢(a) :=j —i (for X = B,C). We fill in the
number ¢(«) to each box o € D'(A). For example, for A = (4,2, 1), the
numbering is given by the following picture:

‘o 1] 2 3\
01
9

Type B, C

We read the entries of the boxes of the shifted Young diagram of A\ from
right to left starting from the bottom row to the top row and obtain
the sequence iy ia,...,4)x. We let s;, 8,55, be the product of the
corresponding simple reflections, which gives a reduced expression of w.
For the above example, we have

wy = 1513 = 808150 " S3525150-

Action of the Weyl group W (X)) on SP,, By means of the above

bijection SP,, — 7((:2), X — wy, the group S acts on the set SP,,.

We shall describe the action of the simple reflections s; (i € I U {0})
on strict partitions A € SP,,. Given a strict partition A € SP,,, a box
a = (i,7) € X (resp. a = (i,7) € X and i < n) is removable (resp.
addable) if A\ {a} (resp. AU {a}) is again a shifted Young diagram
of a strict partition in SP,, ie, j = A\ +i—1 and \jy1 < A\ —2
(resp. j = A\ +4 and \; < A\;—1 — 2). Furthemore, we fill in each box
a = (i,7) € A with the number ¢(a) = j—i. Then X is called k-removable
(resp. k-addable) if there is a removable box o € X (resp. an addable
box a ¢ A) such that ¢(a) = k. Under the above covention, the action
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of the simple reflections s; (i € I LI {0}) on strict partitions A € SP,, is
given by the following manner:

(1) s;A < Aif and only if X is i-removable.

(2) s;A > A if and only if A is i-addable.
Otherwise s; acts trivially on A\. For a general w € S, write w =
Siy Siy - -+ Si, as a product of simple reflections, and apply the above pro-
cess successively to a strict partition A to obtain the action w - \.

Let A € SP,, be a strict partition, and wy € 552) the corresponding

Grassmannian element. Define its inversion set by

Invx () = {a € A% | soX < A} = {a € AL | sqwy < wy}.

In view of the above action of S., on A, we can describe the inversion set
Invx () explicitly for a given A € SP,,. For instance, the set Inve ()
for a strict partition A = (A1, Aa,..., \.) € 8Py, £(\) = r, is described
as follows: Let wy € g(()z) be the corresponding Grassmannian element.
Recall that wy (i) = A; (1 <i <r)and wy(j) (j > r+1) are obtained by
the increasing sequence of positive integers from N\ {\., \._1,..., A\ }.
From this, we have

(54)

Inve(A) ={ tm+tm | (¢,7) € A}
={tr, +tn, 1<i<r, i<j<r)}

Ufty, +55(1<i<m 1< <N =1, j# Nig1, -5 M) )

Here A is identified with its associated shifted diagram, and ¢; for ¢ € N
is understood to be —t;.

Euler classes  We define a map e : L — L[[b]] by setting e(t;) :=
b; (i > 1) and by the rule e(a + ') := e(a) +,. e(a’) for o,/ € L. For
the simple roots a; (¢ > 0) and «; given in (53), we have
Type Boo : e(ag) = by, e(a;) =biq +, b; (i > 1),
Type Coo . 6(0&0) = b1 +F bl, 6(0[1‘) = bi+1
Type Dy : 6(0&1) =b +5 ba, 6(0[2‘) = bi+1
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In particular, for a strict partition A\ € SP,,, it follows from (54) that
(55)

II e=0) = T Guri) +r bur)

a€lnve (N) (i,7)EX
= H H(EM +r EA]‘) . H (Z_)M +r bJ)
i=1 | j=i 1<j<Ai—1

J#Ap for i+1<p<r

Notice that this value is equal to the specialization Q% (bx|b) in Propo-
sition 4.22. Similarly, an analogous result holds for Py(x,|b)*.

References

[1] J. F. Adams, Stable Homotopy and Generalised Homology, Chicago Lec-
tures in Mathematics (1974), The University of Chicago Press.

[2] A. Baker, On the spaces classifying complex vector bundles with given real
dimension, Rocky Mountain J. Math. 16 (1986), 703-716.

[3] A. Baker and B. Richter, Quasisymmetric functions from a topological point
of view, Math. Scand. 103 (2008), 208-242.

[4] R. Bott, On torsion in Lie groups, Proc. Nat. Acad. Sci. 40 (1954), 586-588.

[5] R. Bott, An application of the Morse theory to the topology of Lie-groups,
Bull. Soc. Math. France 84 (1956), 251-281.

[6] R. Bott, The space of loops on a Lie group, Michigan Math. J. 5 (1958),
35-61.

[7] R. Bott, The stable homotopy of the classical groups, Ann. of Math. (2) 70
(1959), 313-337.

[8] R. Bott, Lectures on K(X), W. A. Benjamin, Inc., New York-Amsterdam
1969.

[9] P. Bressler and S. Evens, The Schubert calculus, braid relations, and gener-
alized cohomology, Trans. Amer. Math. Soc. 317 (1990), no. 2, 799-811.

[10] P. Bressler and S. Evens, Schubert calculus in complex cobordism, Trans.
Amer. Math. Soc. 331 (1992), no. 2, 799-813.

[11] A. S. Buch, A Littlewood-Richardson rule for the K-theory of Grassman-
nians, Acta Math., 189 (2002), 37-78.

[12] H. Cartan, Démonstration homologique des théorémes de périodicité de
Bott, I, Séminaire Henri Cartan, 12 no.2 (1959-1960), Exp. No.16, p.1-
16.

[13] H. Cartan, Démonstration homologique des théorémes de périodicité de
Bott, II. Homologie et cohomologie des groupes classiques et de leurs
espaces homogene, Séminaire Henri Cartan, 12 no.2 (1959-1960), Exp.
No.17, p.1-32.



Generalized (co)homology of the loop spaces 415

[14] F. Clarke, On the K-theory of the loop space on a Lie group, Proc. Camb.
Phil. Soc. 76 (1974), 1-20.

[15] F. Clarke, The K-theory of QSp(n), Quart. J. Math. Oxford Ser. (2) 32
(1981), 11-22.

[16] F. Clarke, On the homology of 2Sp, J. London Math. Soc. (2) 24 (1981),
346-350.

[17] K. E. Fel'dman, An equivariant analog of the Poincaré-Hopf theorem, J.
Math. Sci., 113 (2003), 906-914; Translated from Zap. Nauchn. Sem.
POMI, 267 (2001), 303-318.

[18] N. Ganter and A. Ram, Generalized Schubert calculus, J. Ramanujan Math.
Soc., 28 A (2013), 149-190.

[19] H. Garland and R. S. Raghunathan, A Bruhat decomposition for the loop
space of a compact group: A new approach to results of Bott, Proc. Nat.
Acad. Sci. USA 72 (1975), 4716-4717.

[20] M. Harada, A. Henriques, and T. S. Holm, Computation of generalized
equivariant cohomologies of Kac-Moody flag varieties, Adv. Math. 197
(2005), 198-221.

[21] P. N. Hoffman and J. F. Humphreys, Projective representations of the sym-
metric groups. @Q-functions and shifted tableaux, Oxford Mathematical
Monographs. Oxford Science Publications. The Clarendon Press, Oxford
University Press, New York, 1992.

[22] T. Ikeda, Schubert classes in the equivariant cohomology of the Lagrangian
Grassmannian, Adv. in Math. 215 (2007), 1-23.

[23] T. Ikeda and H. Naruse, Excited Young diagrams and equivariant Schubert
calculus, Trans. Amer. Math. Soc., 361 (2009), 5193-5221.

[24] T. Ikeda, L. C. Mihalcea, and H. Naruse, Double Schubert polynomials for
the classical groups, Adv. in Math. 226 (2011), 840-866.

[25] T. Ikeda and H. Naruse, K-theoretic analogues of factorial Schur P- and
Q-functions, Adv. in Math. 243 (2013), 22-66.

[26] V. N. Ivanov, Dimensions of skew-shifted Young diagrams and projective
characters of the infinite symmetric group, Zapiski Nauchnykh Seminarov
POMI, 240 (1997), 115-135 (J. of Mat. Sci., 96, No.5 (1999), 3517-3530).

[27] V. N. Ivanov, Interpolation analogs of Schur Q-functions, Zapiski Nauch-
nykh Seminarov POMI, 307 (2004), 99-119 (J. of Math. Sci. 131, No.2
(2005), 5495-5507).

[28] T. J6zefiak, Schur @-functions and cohomology of isotropic Grassmannians,
Math. Proc. Camb. Phil. Soc. 109 (1991), 471-478.

[29] A. N. Kirillov and H. Naruse, Construction of double Grothendieck poly-
nomials of classical type using Id-Coxeter algebras, preprint.

[30] A. Knutson and T. Tao, Puzzles and (equivariant) cohomology of Grass-
mannians, Duke Math. J. 119 (2003), 221-260.

[31] A. Kono and K. Kozima, The space of loops on a symplectic group, Japanese
J. Math. 4 (1978), 461-486.

[32] B. Kostant and S. Kumar, T-equivariant K-theory of generalized flag vari-
eties, J. Differential Geom. 32 (1990), no.2, 549-603.



416 M. Nakagawa and H. Naruse

[33] K. Kozima, The Hopf algebra structure of K,.(Q2Sp(n)), J. Math. Kyoto
Univ. 19 (1979), 315-326.

[34] K. Kozima, The comodule structure of K, (€2Sp(n)), J. Math. Kyoto Univ.
20 (1980), 315-325.

[35] K. Kozima, The Hopf algebra structure of MU, (2Sp(n)), J. Math. Kyoto
Univ. 23 (1983), 225-232.

[36] T.Lam, Schubert polynomials for the affine Grassmannian, J. Amer. Math.
Soc. 21, No.1 (2008), 259-281.

[37] T. Lam, Affine Schubert classes, Schur positivity, and combinatorial Hopf
algebras, Bull. London Math. Soc. 43 (2011), 328-334.

[38] T. Lam and P. Pylyavskyy, Combinatorial Hopf algebras and K-homology
of Grassmannians, Int. Math. Res. Not. IMRN 2007, no.24, rnm 125.

[39] T.Lam, A. Schilling, and M. Shimozono, Schubert polynomials for the affine
Grassmannian of the symplectic group, Math. Z. 264 (2010), 765-811.

[40] T. Lam, A. Schilling, and M. Shimozono, K-theory Schubert calculus of the
affine Grassmannian, Compos. Math. 146 (2010), 811-852.

[41] T. Lam and M. Shimozono, k-double Schur functions and equivariant
(co)homology of the affine Grassmannian, Math. Ann. 356 (2013), no.4,
1379-1404.

[42] M. Lazard, Sur les groupes de Lie formels & un parametre, Bull. Soc. Math.
France 83 (1955), 251-274.

[43] M. Levine and F. Morel, Algebraic Cobordism, Springer Monographs in
Math. 2007.

[44] C. Lenart, Symmetric functions, formal group laws, and Lazard’s theorem,
Adv. Math. 134 (1998), 219-239.

[45] A. Liulevicius, Arrows, symmetries, and representation rings, J. of Pure
and App. Alg. 19 (1980), 259-273.

[46] I. G. Macdonald, Symmetric functions and Hall polynomials, 2nd edition,
Oxford Univ. Press, Oxford, 1995.

[47] J. P. May, A Concise Course in Algebraic Topology, Chicago Lectures in
Mathematics, The Univ. Chicago Press, Chicago and London, 1999.

[48] J. P. May and K. Ponto, More Concise Algebraic Topology: Localization,
completion, and model categories, Chicago Lectures in Mathematics, The
Univ. Chicago Press, Chicago and London, 2012.

[49] P.J. McNamara, Factorial Grothendieck polynomials, Electron. J. Combin.,
13 (2006), no.1, Research Paper 71.

[50] S. A. Mitchell, A filtration of the loops on SU(n) by Schubert varieties,
Math. Z. 193, no.3 (1986), 347-362.

[51] S. A. Mitchell, The Bott filtration of a loop group, Algebraic topology,
Barcelona, 1986, 215-226, Lecture Notes in Math., 1298, Springer,
Berlin, 1987.

[52] S. A. Mitchell, Quillen’s theorem on buildings and the loops on a symmetric
space, Enseign. Math. (2) 34 (1988), no.1-2, 123-166.



Generalized (co)homology of the loop spaces 417

[53] A. I. Molev, Comultiplication rules for the double Schur functions and
Cauchy identities, Electron. J. Combin. 16 (2009), Research paper 13,
44 pp.

[54] A. I. Molev and B. E. Sagan, A Littlewood-Richardson rule for factorial
Schur functions, Trans. Amer. Math. Soc., 351 (1999), 4429-4443.

[55] P. Pragacz, Algebro-geometric applications of Schur S- and Q-polynomials,
Topics in invariant theory (Paris, 1989/1990), 130-191, Lecture Notes in
Math., 1478, Springer, Berlin, 1991.

[56] D. Peterson, Quantum Cohomology of G/ P, Lecture Notes at MIT, Spring,
1997.

[57] D. Quillen, On the formal group laws of unoriented and complex cobordism
theory, Bull. Amer. Math. Soc., 75, No.6 (1969), 1293-1298.

[58] D. C. Ravenel, Complex cobordism and stable homotopy groups of spheres,
2nd ed. AMS Chelsea Publishing, Amer. Math. Soc., Providence, Rhode
Island, 2004.

[59] N. Ray, Bordism J-homomorphisms, Illinois J. Math. 18 (1974), 290-309.

[60] R. P. Stanley, Enumerative Combinatorics. Volume 2, Cambridge Studies
in Advanced Mathematics 62. Cambridge University Press, Cambridge,
1999.

[61] J. R. Stembridge, Shifted tableaux and the projective representations of
symmetric groups, Adv. in Math. 74 (1989), 87-134.

[62] R. Switzer, Algebraic Topology -Homology and Homotopy, Classics in
Mathematics, Reprint of the 1975 Edition, Springer-Verlag, Berlin, 2002.

Graduate School of Education
Okayama University
Okayama 700-8530
Japan
E-mail address: nakagawa@okayama-u.ac. jp

Graduate School of Education
University of Yamanashi
Yamanashi 400-8510

Japan

E-mail address: hnaruse@yamanashi.ac.jp



