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Universitdt Minster

We study information orderings of regression models of continuous time
Gaussian processes. This is done in the framework of “comparison of exper-
iments.” The theory includes parametric, nonparametric and semiparametric
models. Particular simple criteria for information orderings are obtained for lin-
ear models. Applications include the design problem for regression models with
correlated Gaussian errors and the information contained in additional observa-
tion periods. Several examples are discussed.

1. Introduction. Informational inequalities between models of contin-
uous time Gaussian processes are investigated. Let

X(t) = S(6,1) + Z(1), tel, (1.1)

where I is a compact subset of IR, Z is a zero-mean Gaussian process with
covariance function K, 6 is an unknown parameter belonging to an arbitrary
parameter set @, and 5 : ® x [ — IR is a deterministic function. K and S
are assumed to be known. We are interested in comparing the information
contained in such models concerning inference about § when O is fixed while
S, K and I may vary from model to model. The basic ordering which will
be considered is the same as the stochastic ordering of likelihood processes
defined by convex functions.

The above model is an example of a signal-plus-noise model with deter-
ministic signal S and noise process Z. Linear models of type (1.1) are given,
for instance, by parametric regression models

X)) = ioihi(t) + 2(1),

=1
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where § € R" and h; are known regression functions, nonparametric regression
models

X (1) = 6(t) + 2(2),
where 6 is only assumed to belong to a (possibly infinite dimensional) given
space O of regression functions and semiparametric regression models

X() =Y Bihi(t) +v(t) + 2(2),
=1
where 6 = (8,7),8 € IR™ and v belongs to some prescribed space of functions.
For an example of a nonlinear model, consider the observation of a harmonic
signal corrupted by additive noise

X(t) =sin 0t + Z(t),

where the frequency 6 is unknown.

The systematic study of the comparison of nonparametric regression mod-
els for stochastic processes when no prior information about the regression
function is available was started by Luschgy [15], [16].

Let us now briefly describe some basic concepts for comparing statistical
experiments. For this topic we refer to Heyer [4], LeCam [13], Strasser [23] and
Torgersen [26], [28]. Let E = (X,B(X), (Ps:60 € 0)) and F = (¥,B(Y), (Qs :
6 € ©)) be two experiments with the same parameter set ©. Here (P : 6 € O)
and (Qg : 6 € O) are parameterized families of probability measures on the
sample spaces (X, B(X)) and (Y, B())), respectively. Below we will restrict
ourselves to homogeneous experiments with Polish sample spaces equipped
with their Borel o-algebras.

DEeFINITION 1. FE is said to be at least as informative as F, £ > F, if
there is a Markov kernel M from (X, B(X)) to (¥, B(Y)) such that
MPy; = Qg for every 0 € O, (1.2)

where

MPy(C) = / M(z,C)dPi(z), C € B(Y).
E and F are said to be equally informative, E ~ F,if E> F and F > F.

It turns out that this ordering may be phrased in terms of finite subexperi-
ments. For ' C ©,let Er = (X,B(X),(Ps: 0 € T')). Then E > F if and only if
Er > Fr for every finite subset I' of ©. Moreover, for I' = {6g, 61, --,6,} C O,
Er > Fr holds if and only if

/ @dL(dPy, /dPy,,---,dPy,[dPs, | Ps,) (1.3)
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> / @dL(dQo, /dQs,, - -»dQs,/dQs, | Q,)

for every convex function ¢ :(0,00)" — IR.

This important criterion follows from a reduction by sufficiency and [28], The-
orem 4.1. Note that the covariance of the likelihood process is increased by
increasing the information.

The decision theoretic interpretation is based on the comparison of risk
functions available in the two experiments. We have F > F if and only if for
every finite decision space D, for every bounded loss function £: ® x D — IR
and for every decision rule p in F there exists a decision rule o in E such that

]X /D £(0,a)o(z,da)dPy(z)

(1.4)
< /y/;)ﬂ((),a)p(y,da)ng(y) for every 6 € O.

A related (weaker) ordering is the pointwise ordering of Hellinger trans-
forms. The Hellinger transform Hg of E is defined on the set of prior distri-
butions A on O with finite support. If supp(A) = {81,--,6,} and A(6;) = A;,
then

o) = [ [] 0 dC(dPa (dPo, - dPo, [dPs, | Po)(0).
1=1

Note that Hg does not depend on the choice of 6, € ©. Since p(y) =
= | = yi)“ is convex on (0,00)", it follows immediately from the criterion
(1.3) that £ > F implies Hg < HF.

Now let © be an open subset of R™ or a (not necessarily open, nondegen-
erate) subinterval of IR. For “smooth” experiments which are not comparable
with respect to the “global” ordering > a local comparison may be possi-
ble. If the map @ — LY(Pg,), § — fp 4 is differentiable at , € © with
fo,,06 = dPy/dPg,, i.e. there is fgo € LY(Py,)" such that

/lfoo,eo+6 —1—68'fo, | APy, = o((8'6)/?) as 6 — 0 (6 € R"),

where ¢ denotes transposition, then E is said to be L!(Py,)-differentiable with
derivative fg,. Clearly, [ fg,:dPs, = 0 for every i = 1,---,7. For f € L}(Py,),
let f Py, denote the signed measure with Py -density f.

DEFINITION 2. Let E be L'(Py,)-differentiable with derivative fs, and let
F be L'(Q,)-differentiable with derivative gg,, 6, € ©. Then E is said to be
locally at least as informative as F' at 6,, E >4, F, if there is a Markov kernel
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M from (X,B(X)) to (¥, B(Y)) such that

MPy, = Qq, and M(fs,iPs,) = go,:Qq, for every i=1,---,7.  (1.5)
In other words, E >¢, F if and only if the finite “generalized” experiment
(X,B(X), (Ps,, fo,iPs, : i =1,---,7)) is at least as informative as (¥, B(Y),

(Qs,,96,,iQ6, : © =1,---,7)). Analogous to the criterion (1.3) for the ordering
>, the inequality E >, F is equivalent to

/ wdL(fs, | Po,) > / edL(ds, | Qs.)

for every convex function ¢ :R" — R

(1.6)

(c.f. [28], Corollary 4.5). Since M Py = @y for every § € © and some Markov
kernel M implies M(fs,:Ps,) = Go,:Qo, for every i, E > F implies E >4, F
and by the criterion (1.6), the local ordering is stronger than the usual ordering
of the Fisher information matrices.

Finally, we will be concerned with the following extension of Defini-
tion 1. For probability measures @1 and Q. on B(Y), let ||Q1 — Q2| =
2supcep(y) |Q1(C) — Q2(C)| be the variational distance.

DEFINITION 3. The deficiency §(E, F') of E relative to F' is the number

§(E, F) = infsup || MPs — Qll, (1.7)
M geo

where M ranges over all Markov kernels M from (X, B(X)) to (I, B(Y)).

Note that 0 < §(E,F) < 2 and §(E,F) = 0 if and only if E > F. The
decision theoretic interpretation of §(E, F') < € is the same as for £ > F with
(1.4) replaced by

/X /D £(8,a)0(z,da)dPy(z)

< [ [ 46,0)p(v,da)dQuls) + esup £(6, )], 0 € .
yJD a€D

The remainder of the paper is organized as follows. Section 2 is concerned
with the ordering > and the ordering by Hellinger transforms of general Gaus-
sian models (1.1). The latter ordering coincides with the ordering by simple
testing problems. Section 3 is devoted to linear models. Here the ordering >
coincides with the ordering by Hellinger transforms and may be completely
described by linear estimation problems. In Section 4 we discuss the local
ordering of nonlinear parametric models. This ordering coincides with the
usual ordering of the Fisher information matrices. Finally, in Section 5, we
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consider the information contained in additional observation periods for para-
metric regression models. This quantity is measured by the deficiency. Several
examples which illustrate the theory are discussed.

2. General Gaussian Regression Models. Consider models of the
type (1.1). The proper setting for our results is the notion of a reproducing
kernel Hilbert space (RKHS) since all information about the error process Z
is contained in the RKHS of its covariance function K. Recall that K is a
symmetric nonnegative definite kernel on I X I. The RKHS with reproducing
kernel K is a Hilbert space H(K) of real valued functions on I with scalar
product (-,-)x and corresponding || - ||x such that:

For each t € I, K(-,t) belongs to H(K).
For h € H(K), (h, K(-,t))k = h(t) for every t € I.
Throughout we assume that

Z has continuous sample paths.

Then H(K) is contained in the separable Banach space C(I) of all continuous
real valued functions on I equipped with the supremum norm and the inclusion
map is continuous. Assume further that

S(0) € H(K) for every 6 € O.

This ensures that the distribution Py = L£(X | 6) of X under 6 is equivalent
to P = L(Z). Here Py = P x€g(9) and P are Gaussian measures on the Borel
o-algebra B(C(I)) of C(I). Thus the model (1.1) which is determined by §
and K (and I) corresponds to the homogeneous experiment

E(S,K)=(C(I),B(C(I)),(Ps: 6 € 0)). (2.1)
By the well known Cameron-Martin formula
dPy[dP = exp(Lk(S(8)) - IS(O)%/2), (2.2)

where Ly : H(K) — L?(P) denotes the linear isometry uniquely determined
by
Lk (/ I((~,t)du(t)) (z) = /:c dp P —as. (2.3)
I I

for every p € C(I)*. The topological dual C(I)* of C(I) coincides with the
space of all signed finite Borel measures on I. Under each P, the process
Lk (h), h € H(K), is Gaussian with

E¢Lg(h) = (5(0),h)k, Cove(Lk(h1),Lr(h))= (h1,h2)K. (2.4)
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For more details on these subjets see Kuo [11] and Parzen [20].

The information in the experiment E(S, K) is completely contained in
the covariance function of the log-likelihood process log(dPy/dPs,), 6 € O, for
some 6, € ©, where by (2.2)

log(dPs/dPs,) = Lx(5(6) = 5(65)) = 1S(O)I&/2 + 15 (o)l % /2-

The reason is that this process is a sufficient statistic for E(.5, K') and under
each P, by (2.4), it is a Gaussian process with covariance function Ry, and
mean value function given by

Rg,(61,02) = (5(61) — 5(6,), 5(82) — 5(6o))xc

6 — Ro,(8,7) — Ra(6,0)/2, (2:5)

respectively.

Now let E(S1, K1) and E(S2, K;) be two models with corresponding co-
variances R g, and R g,. For arbitrary symmetric kernels or matrices R, and
Ry, Ry > Rj is short for: R; — Ry is nonnegative definite. It is easily verified
that Ryg, > Ry, for some 6, € O implies this relation for every 6, € O.
Observe further that exp(R;g,) are symmetric nonnegative definite kernels on

O x 0.

A tempting conjecture is that the ordering > of regression models is
characterized by the ordering > of the corresponding covariances. This will
be verified for several special models and, in particular, for linear models.
However, for the general case we can prove only a weaker version. Here is the
basic result.

THEOREM 1.
(a) If Ry, > R34, for some 6, € O, then E(S1, K1) > E(S2, K3).

(b) If E(S1, K1) 2 E(S2, K3), then exp(Ry,4,) > exp(Ry,g,) for every 6, € ©
and in particular, Ry4,(8,6) > R24,(0,6) for every 6,, 6 € O.

(c) E(S1,K1) ~ E(S2,K,) if and only if Ry g, = Rag, for some (every)
0, € ©. This is also equivalent to Ry4,(6,0) = Ry,4,(0,0) for every 6,,
RNCR

Proor.
(a) LetT' = {61, -+,0,} C ©. We have to show that E(S1, I(1)r > E(S2, Ko)r.
Suppressing the index and dealing with E(S, K)r, let
U; = log(dPy;/dPy,) + Ry, (0:,6:)/2
= Lr(5(6:) — 5(8,)) — (5(80), S(6:) — S(80)) k-
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By the Halmos-Savage criterion, U = (U1,--+,Uy) : C(I) = R is a suf-
ficient statistic for the E(S, K)r. Under Py, , the covariance matrix of the
normally distributed random vector U is given by X = (Rg,(6;,0k));j k=1, n
and its mean by the ith column of ¥ according to (2.5). Hence, L(U |
Py,) = N(Xe;, L), where e; denotes the ith unit vector in IR". Identifying
T with {1,---,n} this yields

E(S,K)r ~ (N(Ze;, ) :i € T).

So the reduction by sufficiency leads to the conclusion that E(Sy, K1)I' >
E(S,, K,)T if and only if

(N(Elei, 21) 11 E F) > (N(Ezei, 22) 11 E F), (26)

where ¥; is defined with respect to R;4,. Now, by assumption, ¥; >
Y. Let II; : R® x R® — IR", II;(y1,%2) = y; and Q; = N((Z1 -
Yo)ei, X1 — 2) ® N(Zqei, X2). Then II; + II; is sufficient for the experi-
ment (Q; : ¢ € T') and defining the Markov kernel M on (IR™, B(IR™)) by
M(z) = Q?2|H1+H2=a¢ independent of i € T', we obtain M N(Zqe;, 1) =
N(Xze;,Z7) for every ¢ € I' which yields (2.6). The implication X; >
Y2 = (2.6) is a special case of the characterization of > for classical
linear models, see Example 3 for references.

We give a second proof based on the convex function criterion (1.3).

SecoNDp Proor. Let I' = {6,,6:,---,0,} C O and let ﬁj denote the
distribution on (0,00)" of the likelihood process dPjg,/dPjg,, ¢ = 1,---,n,
under Pjq,, j = 1,2. By (2.2) and (2.4), ﬁj = L(exp | N(aj,X;)), where
exp : R" — (0,00)", expy = (expy1,-*+,€Xp¥Yn), L  is defined as above and
aj = —(R;6,(01,61)," -, Rj 6, (0n,0r))t/2. Therefore, by the convex function
criterion (1.3), E(S1, K1)r > E(Sq, K2)r if and only if

/ wdL(exp | N(as, ) > / dL(exp | N(az, %2))

for every convex function ¢ : (0,00)" — R.

(2.7)

Since ¥; > Yo, we can define a Markov kernel M on ((0, 00)", B((0,00)")) by
M(y) = L(exp | N(logy + a1 — az, I1 — £y)),

where log : (0,00)" — R™, logy = (logy1,---,logy,)’. Using the formula for
the Laplace transform of a normal distribution, we see that

/ 2:M(y, dz) = exp{el(logy + a1 — az) + e4(E1 — Sy)ei/2)}

= y; for every y € (0,00)",



214

ORDERING REGRESSION MODELS

that is, M is a dilation. Moreover, for A € B((0,00)") we have

MBy(4) = / M(exp o, A)dN (az, Bs)(z)

= /N(m + a3 — az, 1 — Tg)(exp~t(A4))dN (az, T2)(z) = ﬁl(A).

Now (2.7) follows from Jensen’s inequality.

(b)

(c)

Let , € 0, T = {6y,---,0,} C © and a1,---,a, € IR. It suffices
to consider the case 6§, ¢ I'. By assumption and the convex function
criterion, (2.7) holds. For ¢ defined by ¢(y) = (3 i, o;9;)? and j = 1,2,
one gets

n
/gode =) aiak/exp(zl + 2k )dN (a5, Z;)(z)
i,k=1

= Z a;ar exp{(e; + ek)taj + (e; + ek)‘Ej(ei +ex)/2}
1,k=1

= E Q;op eXP(Rj,eo(ohgk))'

1,k=1
This proves the assertion.

This part is known (cf. e.g. [18], Chapter 1.2). The implications Ry, =
Ry, for some 8, € © = E(S1,K1) ~ E(S2,K2) = Ri14,(0,0) =
Ry6,(8,0) for every 8,,0 € © are immediate from (a) and (b). More-
over,for 6, € 0, =1,2

Rjpo(0,7) = (Rj6,(0,0) + Rjp,(7,7) — Rjn(6,0))/2
for every 8, € © which yields the assertions. [ ]

In view of

eXp(R .,00(01302)) = ‘/(dP.yel /dP.,eo)(dP.’e’z/dP.yeo)dP'yoo’ 91702 E @7 (2‘8)

one can show that the necessary condition given in part (b) coincides with the
ordering by the variances of locally MVU estimators, namely, exp(Ry,4,) >
exp(R2,,) if and only if each functional f: © — IR which admits an unbiased
L%(P2,4,)-estimator in E(S2, () also admits an unbiased L2(P, 4,)-estimator
in E(S1, K1) and Varg, g1 < Varg, g2, where g; is the locally MVUE of f at 6,
based on E(S;, K;).
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ExaMPLE 1. Let X (t) = Ah(6t) + Z(t), t € I (e.g. h(t) = sint) with
O C (0,00) and A > 0 such that t — h(0t) € H(K) for every § € O. Setting
Sa(0,t) = Ah(0t), E(S4,,K) > E(S4,,K) holds if and only if 4; > A;
provided that |[{t — h(6t) : 6 € O} > 2. So not surprisingly, the information
about the frequency in a (e.g. sinusoidal) signal corrupted by additive Gaussian
noise is an increasing function of the amplitude.

ExampLE 2. (Gaussian diffusion processes). Consider Gaussian diffusion
models

dX (1) = (AR)X(t) + 6(2)dt + edW(t), X(0)=0, te[0,T], T < oo, (2.9)

where A € L1([0,T],dt),e > 0, 8 € © C L*([0,T], dt) and W denotes a stan-
dard Wiener process (with respect to a complete, right continuous filtration).
Setting Pacg = L(X | 4,¢€,0), (2.9) yields the experiment

EA,e = (00[09 T]a B(CO[O’T])’ (PA,€,0 NS @))’

where C,[0,T] = {z € C[0,T] : z(0) = 0}. (The replacement of C[0,7T] by
C,[0,T] does not effect the results of this section.) Then for 4; € L1([0,T), dt)
and ¢; > 0, j = 1,2, we claim that E4, , > Fg,. if and only if ¢, < €
assuming |©| > 2. The remarkable fact is that the ordering > does not depend
on functions A;. In particular, E4,  and E 4, are equally informative.

The unique (strong) solution of (2.9) is

X(t) = pa(t) { / " a(s)0()ds + € / t gbA(s)‘ldW(s)} ,

wa) = e [ Aos)

(cf. [14], Theorem 4.10). The process Z(t) = e a(t) fot Ya(s)"1dW(s) is a
zero-mean Gaussian process with covariance function

where

min(s,t)
Kadsst) = @oa@va®) [ valr)r (2.10)

Defining S4(6,t) = ¥a(t) [I $a(s)"16(s)ds, we see that Ea. = E(S4, K ).
Moreover, the RKHS of K4 . is given by

H(Ka,e) = {h € Co[0,T]: h(t) = expa(?) /t pa(s)" g(s)ds, g € L*([0,T], dt)}
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equipped with the scalar product

T
(b, ha) K e = / 91(t)ga(t)dt. (2.11)
This follows from [20], Theorem 4D, p. 297. Therefore, S4,(0) € H(K 4,c) for
every 0 € © and

T
Racp,(61,67) = €2 / (B1(2) — 0,(1))(0a(2) — B,(1))dt.

Our claim now follows from Theorem 1.

For instance, in case A = 0, So(0,t) = fot 8(s)ds and K, ¢(s,t) = €2 min(s, t)
and for A(t) = (¢t —c)™}, T < ¢, we have S4(6,t) = <t :C—f—;e(s)ds and
Ka.(s,t) = €2(min(s,t) — st/c) (Brownian bridge on [0,c]). The estimation
problem for functionals of 6 in the model E, = E(S,, K, .) for various sets
O has been treated by Ibragimov et al. [6], Section VIL.4, [7], [8].

The following consequence of Theorem 1 is of interest for regression mod-
els with a large set of possible regression functions.

CoroLLARY 2. Suppose that Sy = S; =85 (Iy = I = I) and S(O) is a
dense subset of H(K1). Then the following conditions are equivalent:

(1) E(S, K1) > E(S, K>).
(II) K; £ K,.
(II) H(K,) C H(K?) and ||h||k, > ||h||k, for every h € H(K1).
(IV) Ry, > Rs g, for some (every) 6, € O.
(V) Ri14,(0,8) > Ry 4,(0,0) for every 6,, 0 € O.

Proor. (II) & (III) is well known (cf. [10], Theorems 3.3, 3.4) and (IV)
= (I) = (V) is contained in Theorem 1. (III) = (IV) follows immediately
from 33, o Rj0,(0:: k) = || 2 (S (8:) — S (Bo));;» 0 € R.

(V) = (III). We prove first that H(K;) C H(K;). Let h € H(K,).
Choose a sequence 6,, n € IN, in O such that ||S(6,) — h||x, — 0. Since by
(V); 15(8n) = S(8m)llre, < [15((6n) — $(0m)llxcy» $(6n), m € IN, is a Cauchy
sequence in H(K3) and hence, ||5(6,) — g||k, — 0 for some g € H(K3). Since
the inclusion maps H(K;) — C(I) are continuous, 5(6,) — h and S(6,) — ¢
in the norm topology of C(I). Thus h = g which yields h € H(K3;). Next
observe that the inclusion map H(K7) — H(K3) is continuous by the closed
graph theorem and 5(0©) — S(O) is a dense subset of H(K;). Therefore, (V)
implies ||h||x, > ||h||x, for ever h € H(K;) and the proof of (II) is complete.§
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Thus for the specific models of the preceding corollary, the ordering >
coincides with the ordering < of the covariance functions of the error processes
and also with the ordering by Hellinger transforms as the following character-
ization shows.

ProrosiTioN 3. The following statements are equivalent:

(I) The Hellinger transform of E(Sy, K1) is pointwise < the Hellinger
transform of E(S,, K3).

(II) E(S1, K1)r > E(S2, K2)r for every subset T' of © with |T'| = 2.
(III) R14,(0,0) > Ry4,(8,0) for every 6,, 6 € O.

ProoF. (I) < (III). The Hellinger transform of E(S, K) is given by

exp (— D AOAMIIS6) - 5(7)“?\'/4)

0,y

for every prior distribution A on © with finite support.

(II) < (III). In case |©| = 2, the condition R;g, > Rag, is equivalent

to Ry,9,(0,60) > R2p,(0,0) for every 68 € O since R;g,(0,,8) = 0. Thus the
assertion follows immediately from Theorem 1. ]

An immediate implication is the following interpretation by simple testing
problems of the ordering by Hellinger transforms. For T' = {6;,60;} C © and
a € (0,1)let

Br(a) = sup {/cdeo2 :/(,DdPgl <a, ¢ test}

be the power of the most powerful level a test for testing 6§ = 6; vs. § = 65 in
E(S,K). By the Neyman-Pearson lemma,

fAr(a) = &(=za +[15(61) - 5(62)lIx),

where @ denotes the df of N(0,1) and ®(z,) = 1 — , so that condition (III)
is equivalent to (81 r(@) > fB2r(a) for every o € (0,1) and ' C O with |T| = 2.
The equivalence of the latter condition and (II) follows also from [23], 15.0
and 54.2.

REMARKS.

(a) Without any change the results are valid for compact subsets I of R¥,
k > 1. Therefore, it would be possible to deal with Gaussian random
fields.
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(b) The topological support supp(P) of P = L(Z) is a closed linear subspace
of C(I). One may choose as sample space for E(S, K) any closed linear
subspace of C(I) containing supp(P) instead of C(I) as we did in (2.1).

3. Linear Models. In this section we deal with models (1.1) when O is
a linear space and S is a linear map. In this case, the covariance of the log-
likelihood process (w.r.t. §, = 0) is bilinear. Hence, the converse of Theorem
l.a is valid and the ordering > may be characterized as follows. Recall that
IS(0)||% is the variance of log(dPy/dP,).

ProposITION 4. Let O be a linear space and let §; : © — H(K;) be linear
maps, j = 1,2. Then E(S1, K1) > E(S,, K») if and only if

1S:@)llx, 2 152(6)llx, for every 6 € ©. (3.1)

ProOF. In view of the assumptions, condition (3.1) is equivalent to R, o >
Ryp. Since (3.1) is also equivalent to the condition Rjg(8,6) > Rz(6,6) for
every 8 € O, the assertion follows from Theorem 1. |

This proposition combined with Proposition 3 shows that the ordering >
of linear models coincides with the ordering by Hellinger transforms and by
binary subexperiments. Moreover, it coincides with the ordering by variance
of BLUE’s (or UMVUE?’s) for linear functionals of §. Here estimators Lg(h),
h € H(K), are called linear estimators in E(S, K). It is not difficult to check
that the space of these estimators is the L?(P)-closure of the space of usual
linear estimators  — [; zdp, p € C(I)*, see (2.3). By (2.4), the variance of
linear estimators does not depend on 6.

PROPOSITION 5. Let O be a linear space and let S; : © — H(Kj) be linear,
Jj = 1,2. Then E(S1,K,) > E(S,, K3) if and only if each linear functional
f 10 — IR which admits a linear unbiased estimator in E(S2, K3) also admits
a linear unbiased estimator in E(S1, K1) and Var g1 < Var gg, where g; is the
BLUE for f(8) based on E(S;, K;). Furthermore, the BLUE is even UMVTU.

Proor. By Proposition 4, E(S1, K1) > E(S,, K7) if and only if Ryo >
Rp. The latter condition is equivalent to H(R1,0) D H(Rz,0) and || f]l1 < || fll2
for every f € H(R;p), where || - ||; denotes the norm in H(R;o) (cf. [10],
Theorems 3.3, 3.4). In view of (2.5), we have

H(Rjo) = {f:0 = R: f(8) = (h, S;(8))x,, h € 5;(@)" 7}
equipped with the scalar product

(f1, f2); = (h1, k) K},
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where Sj(@)(Kj) denotes the closure of S;(0) in H(K}) (cf. [20], Theorem 7B,

p. 325). Furthermore, the BLUE for f(6) = (h, S;(0))k,, h € H(K;), is given

by g; = Lk,(h*), where h* is the orthogonal projection of A onto S; (@)(KJ

and Var g; = ||h*||? K; = || f||2. This proves the desired characterization of >.

Suppressmg the index 7, let Lg(h*) be the BLUE for f(6) = (h*, S(9))xk,
h* € S(@) ) Choose an orthonormal basis, hn, n > 1, of S(O)( ) contained

in 5(0) (note that H(K) is separable) and let A be the sub-o-algebra of
B(C(I)) generated by the sequence Lg(hyp), n > 1, and the P,-null sets.

Then Lg(h) is A-measurable for every h € m(K). Hence, by (2.2) and the
Halmos-Savage criterion, A is a sufficient o-algebra for E(S, K). Moreover,
(Ps | A:8 € 0)is complete. To see this, let v € Ngeo L'(Py | A) such that
Egu = 0 or every 6 € O, that is, Eo[uexp(Lx(h) — ||h||%/2)] = 0 for every
h € §(0). For every h in the linear span of {hq,---,h,}, we obtain

n n
o |Eo(u | Li(h),- -+, Li(hn)) exp (Z(h,hi)KLK(hi)-Z(h,hi)%ﬂ)] =
i=1 i=1
which yields E,(u | Lig(h1), -, Lk(hn)) = 0 P,-a.s. and from the martingale
convergence theorem follows E,(u | A) = v = 0 P,-a.s. Now we can con-
clude that Lx(h*), being A-measurable, is UMVU for f(6) by the theorem of
Lehmann-Scheffé. 1

ExampLE 3. (Classical linear models). We can deduce from Proposition

4 the following known result on the comparison of classical linear models, see

Stepniak and Torgersen [22] and Torgersen [27] (cf. also [3], [5], [9]). Let

= (R™,B(IR™), (N(A;0,Z;): 0 € R")), where A; is an n; X r matrix, X;

is a (possibly singular) nonnegative definite n; X n; matrix and assume that

{A4;0 : 0 e R"} C {Z;y : y € RY}, j = 1,2. If weset I[; = {1,---,m;},

K;(i, k) = e;Zjex, S;(0) = A;0 and identify C(I;) with R™, then H(K;) =
{Z;y:y € R™} equipped with the scalar product

<$1,$2>]‘{j = wiing, (32)

where 3; denots an arbitrary generalized inverse of &;, and E; = E(S;, K;)
with @ = IR". Note that (3.2) does not depend on the choice of ¥;. We thus
obtain E; > E; if and only if A1, 4; > A T A,.

For a,b € R, a < b, let
W2[a,b] = {h : [a,b] = IR : h is absolutely continuous A’ € L?*([a,b],dt)}.

In all subsequent examples, the RKHS’s are Sobolev spaces of the above type
equipped with a suitable scalar product.
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ExaMPLE 4. (Gaussian white noise and colored noise). Consider the

model
X(t) =)+ N, te[o,T),

where N denotes Gaussian white noise (with intensity 1) and © = WZ[0, T).
If the ordering > is a reasonable concept, then this model should be less
informative than the model where N is replaced by the colored (stationary)
noise with covariance function K;(s,t) = exp(—|s —t|)/2. In fact, this is true.
Following the conventional approach to deal rigorously with Gaussian white
noise we replace the above equation by the integrated version

Y() = / “o(s)ds + WD),  te 0T,

where W is a standard Wiener process. Setting $1(8) = 6, S2(6,t) = fot 6(s)ds
and Ks(s,t) = min(s,t), we claim that E(S1, K1) > E(S2,Kq) (I1 = I =
[0,T]). Note first that H(K;) = W2[0,T] equipped with the scalar product

T
(h1, h2)k, = 2h1(0)h2(0) + / (h1 + hy)(he + hy)dt

(cf. [20], p. 430) and H(K3) = {h € W2[0,T] : h(0) = 0} equipped with the
scalar product

T
(b, )i, = [ W03 (3.3)

Using integration by parts this yields for § € ©

T T
161k, = #20)+6*(T)+ [ (#(0)+ 0% ()it 2 / 0(t)dt = | Sx(0)|1%,.

The desired informational inequality follows from Proposition 4.
In the sequel we consider some special models.

Parametric regression models. Let

X(t)=) 6:ihi(t)+ 2(t), tel, (3.4)
1=1
where A = (hy,-+-,hy) € H(K) and ®© = IR". In this model S(8) =
> i=10:h; and the corresponding experiment is denoted more concisely by
E(h, K). Define a symmetric nonnegative definite 7 x r matrix by J(h, K) =
({his hj) K )i j=1,-.r Then according to Proposition 4, given h € H(K;)" and
g € H(K,)", E(h,I{y) > E(g, K>) if and only if
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Since J(h, K) is the Fisher information matrix of E(h, K), the ordering > of
parametric regression models coincides with the ordering > of the Fisher infor-
mation matrices. Note further that the ML-estimator of 8 in E(h, K) is given
by = J(h, K)*(Lx(h1),- -+, Lx(h,))t and its covariance matrix by J(h, K)*
under each Py, where J(h, K)* denotes the Moore-Penrose inverse of J(h, K).
If J(h, K) is regular, § is an unbiased estimator of 8 which is UMVU in the
sense that Cov 8 < Covg 8 for every 6 € O and every other unbiased estimator
8 € Ngeo L%(Py) of 8, see Proposition 5 and [29], Satz 2.114. Hence, the order-
ing > of parametric regression models with independent regression functions
may also be characterized by the ordering < of the covariance matrices of the
ML-estimators (UMVUE’s) of 6.

Let us briefly discuss an application to the comparison of sampling de-
signs in (3.4). Designing problems for parametric regression models with not
necessarily Gaussian error processes are treated in the book of Nather [19]
from a different point of view; see also the survey article of Bandemer et al.
[1].

Suppose that observations X (t) are available only at t € D for some
closed subset D of I. Let E((h,K)p, J(h,K)p and ||g||p for ¢ € H(K) be
short for E(hp, Kp), J(hp, Kp) and ||gp||x, respectively, where hp denotes
the restriction of h on D and Kp denotes the restriction of K on D x D. Note
that gp € H(Kp) and ||g|lp < ||g||r for every ¢ € H(K), D C I (cf. [20],
Theorem 6C, p. 312). For (closed) designs D;, D2 C I, it is natural to say
that Dy is at least as informative as Dy in E(h, K)if E(h,K)p, > E(h,K)p,.
By (3.5), this is equivalent to the condition

J(h,K)p, > J(h,K)p,. (3.6)

Clearly, I is at least as informative as any other design. The most interesting
situations are discrete sampling and continuous sampling in closed subintervals
of I. In case of discrete (finite) designs Dy, Dy C I, (3.6) takes the form

hﬁ;lffplhpl > hbszpzhpz,, (3.7)

where for D = {t1,--+,t,}, hp is identified with the nxr matrix (h;(t; )),_

and Kp with the nxn matrix (K (%;,;))i j=1,-n, see (3.2). We remark that for
the comparison of discrete designs D with regular matrix K p, the assumption
h € H(K)" can be dropped, since then H(Kp) coincides with IR? as set. In
the special case

n
h; = Zaj,-K(',t,-) for every j=1,---,7, aj; € R,
=1
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we obviously have J(h, K); = J(h,K)p with D = {t1,---,t,}, so that D and
I are equally informative. This is best understood by the observation that
C(I) - R", z — (2(t1),--,2(tn)) is a sufficient statistic for E(h, K) in view
of (2.2) and (2.3).

ExaMPLE 5. Let »r = 1 and K(s,t) = min(s,t) on [0,7T]. For two-point
designs D = {t1,12},0 < t; <ty < T, we have

[l = h*(t1)/t1 + (h(t1) = h(t2))?/(t2 = ta)

if 1 > 0 and ||A||% = h2(¢2)/t2 otherwise. In case h(t) = 2, ||h||} = 13+ (t2 —
t1)(t2 + t1)? and thus, D* = {T/2,T} is at least as informative as any other
two-point design. If h(t) = 3, then ||A||% = 5 + (t2 — t1)(t2 + t1t2 + 3)? and
D* = {T(1+ 17Y/%)/8,T} is at least as informative as any other two-point
design. In case h(t) =t = K(¢,T), {T} and [0,T] are equally informative.

Now consider continuous designs D = [a,a + £] C [0,T] of fixed length ¢,
0 < £ < T. For any interval [a,b] with a > 0, we have H (K, ) = W[a, ]
equipped with the scalar product

b
(P, ha)pa ) = a“1h1(a)h2(a)+/ R (8)ha(t)dt;

for the case a = 0 see (3.3). Again for A(t) = 2, we obtain ||h||} = 4(a +
£)3/3 —a®/3 and for h(t) = 3, ||h||% = 9(a+£)%/5—4a®/5 holds. This implies
that for both regression functions, D* = [T — ¢, T] is at least as informative as
any other design interval of length £.

Nonparametric regression models. Let
X(t)=0(t) + Z(¢), tel, (3.8)

where O is a (possibly infinite dimensional) linear subspace of H(K). Here
S5(8) = 6 and the corresponding experiment is simply denoted by E(K). Given
two such experiments E(I(1), E(K;) on O (I; = I, © C H(K,) N H(K3)),
(3.1) takes the form

19llx; > ||0]|lk, for every 6 € ©. (3.9)

As in the proof of Corollary 2, one can show that (3.9) implies ) c 8
and ||0||x, > ||6]|k, for every 8 € @(K‘), where @7 denotes the closure of ©
in H(K;).

Let us consider in more detail error processes which are solutions of linear
stochastic differential equations of the following type

dZ(t) = A(t)Z(t)dt + dW(¢t), Z(0)=0, te[0,T], (3.10)
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where A is a continuously differentiable function on [0,7]. The covariance
function K4 of Z is given by (2.10) (with € = 1) and the corresponding ex-
periment E(K 4) is equipped with the sample space C,(0,T] of all continuous
functions vanishing at zero. Since £(Z | A) is equivalent to £(Z | 0) = L(W)
(cf. [14], Theorem 7.5), the RKHS H(K 4) coincides with H(K,) as set and
their norms are equivalent (cf. [10], Theorems 3.3, 3.4 and 4.5). In particular,
H(K4) and H(K,) coincide as topological spaces.

THEOREM 6. Let A and B be continuously differentiable functions on
[0,T] and let © be a dense (not necessarily linear) subset of H(K 4). Then
E(K4) > E(KB) if and only if

A'+ A% > B'+ B? on[0,T] and A(T) < B(T). (3.11)

Proor. According to Corollary 2, E(K4) > E(Kp) holds if and only if
Ihllk, = ||hllkg for every h € H(K4). (3.12)

For h € H(Ka), h(t) = a(t) [Sa(s) " g(s)ds with g € L*([0,T7]),dt), we
obtain from (2.11) ’
i, = [ gyt

Using integration by parts, one gets
T T
ik, = [0 - A@mOF = [ [70) + (4(0) + A0
° T ° o
- AT = [ Wrwae- [ @),

where pg = A(T)er — (A" + A%)dt € C,[0,T]*. Therefore, (3.12) is equivalent
to the condition

T
/ R*d(pup — pa) > 0 for every h € H(K,). (3.13)

Since the functional C,o[0,7] — R, z — [, OT z2d(pp — pa) is continuous and
H(K,) is dense in C,[0,T), (3.13) holds if and only if up — p4 > 0 and this
condition is equivalent to (3.11). Thus the proof is complete. 1

REMARKS.

(a) In case A = 0 or B = 0, the preceding theorem has been proved in [16].
If © is a linear subspace of H(K 4), it is enough to impose the (weaker)
assumption that © is dense in C,[0,T]. To see this, one only has to
replace Corollary 2 by the criterion (3.9) in the proof of Theorem 6.
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(b) Using (3.11) it is easy to construct functions A and B such that E(K4) >
E(Kp) holds if the processes are observed up to time 7', but this in-
formational inequality fails for longer observation periods; consider e.g.
A(t)=t-1,B =0,T = 1. On the other hand, noncomparable regression
models E(K7) and E(K,), where I = [0,T] and © is dense in H(I),
cannot be made comparable by longer observation periods (provided, of
course, that Iy and K, do not depend on T'). This is caused by the
fact that the ordering > may be characterized by the ordering < of the
covariance functions K; and K, see Corollary 2. As a nice consequence
one obtains that solutions A and B of the differential inequality (3.11)
must satisfy A < B on [0,T].

(¢) For parametric regression models it may happen that noncomparable
models become comparable by longer observation periods, in contrast
to nonparametric regression models with a large (dense) set of possible
regression functions. A corresponding observation in the setting of iid
observations can be found in [26]. For instance, let K(s,t) = min(s,t),
h(t) = 2 and g(t) = ¢ on [0,T]. By (3.3), [kll%, = 4T°/3 and [lg|% = T
holds. Hence, by (3.5), E(h,K) # E(g,K) for 0 < T < (3/4)/2, but
E(h,K)> E(g,K) for T > (3/4)2.

ExampPLE 6. (Ornstein-Uhlenbeck error processes). Let A = ¢, ¢ € R,
and © = {§ € WZ[0,T]:6(0) = 0} (or e.g. @ = space of polynomials on [0, 7]
vanishing at zero or © = linear span of {t — cos(n7t/T)~1:n € IN}). Then

K.(s,t) = (2¢)"Texp(cs + ct) — (2¢) texp(c|t — s|) if ¢#0

and by Theorem 6, E(K,.) > E(K ), c,d € R, if and only if ¢ = d in case ¢ > 0
and d > 0;|c] >dincasec < 0and d > 0; ¢ < din case ¢c < 0 and d < 0.
This example shows that the “ergodic” case ¢,d < 0 corresponds to compa-
rable experiments while the “nonergodic” case, ¢,d > 0 yields noncomparable
experiments. For these notions we refer to Basawa and Scott [2].

ExaMpPLE 7. (Brownian bridges). For ¢ € R, ¢ # 0, let A.(t) = (t —¢)7!
and assume 7' < ¢ if ¢ > 0. Choose O as in the preceding example. Then
K4 (s,t) =min(s,t) —st/cand E(K4,) > E(K4,) if and only if ¢ < d in case
¢,d > 0,T < min(¢,d), and in case ¢,d < 0; ¢, d arbitrary in case ¢ > 0, d < 0
and T < c.

Semiparametric regression models. Let

X() = Y Bh() 410+ 20),  tel, (3.14)
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where b = (hy,--+,h,) € H(K)" and 7 is assumed to belong to some linear
subspace T of H(K). Here § = (3,7),©® =IR" x I and S(8,7) = Sr(B,7) =
Sie1Bihi+ . Given h € H(K1)" and g € H(K,)" (I, = I, T C H(K;)Nn
H(K,)), it follows from Proposition 4 that E(Sh, K1) > E(Sy, K2) if and only
if

ﬁsélngr(zﬂtf('f) — BtIB) < |k, — I7ll%, for every v € T with
F() = (b, Mk = {901 K5 (e Ty = (97, V) K (3.15)

and J = J(h, K1) — J(g, Ka2).

Since supger-(28'f(7) — B4IB) = f()Tf(7) if f(7) € J(R") and = oo
otherwise, provided J > 0 (cf. [21], p. 108), this condition is equivalent to

J20,f(T) c J(R") and f(7)Tf(7) < Ilvlk, — Ik, for every y€T.
(3.16)
Recall that J denotes an arbitrary generalized inverse of J. For semiparametric
regression models which differ only by their parametric part, that is, I{; =
K, = K, (3.16) takes the particular simple form

J(h,K)> J(g,K) and h; —g;

3.17
belongs to the orthogonal complement of I' for every ¢ = 1,.--,7. ( )

4. Nonlinear Parametric Models. This section is concerned with
the local comparison of smooth regression models (1.1) when © is an open
subset of R or a (not necessarily open, nondegenerate) subinterval of R. We
refer the reader to Ibragimov and Has’minskii [6] and Kutoyants [12] for the
estimation theory of such parametric models; for the testing theory in case
r =1 see [17].

The differentiability condition involved in the definition of the local or-
dering of experiments is ensured for differentiable functions S. Here S5 : @ —
H(K) is differentiable at 6y € © with derivative S(6,) € H(K)" if

158 + 6) — 5(8,) — 6:S(8o)||x = o((6'6)*/?) as & — 0.

Then $(8,,t) = VS(6,,t) for every ¢ € I and sup,er|S(6, + 6,1) — S(8o,) —
6t5(8,,1)| = o((8'6)/?) since the inclusion of H(K) into C(I) is continuous.

THEOREM 7. Let 6, € © and suppose that S; : © — H(K;) is differen-
tiable at 6, with derivative S;(0,) € H(K;)", j = 1,2. Then E(S1, K1) >,
E(S2, K3) if and only if

J(51(6,), K1) > J(8(6,), K>). (4.1)
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ProoF. We suppress the index j. Computing the likelihood ratio fg, ¢ =
dPy/dPy, yields

foo8 = exp{Lr(S(6) = S(65)) = IS(O)% /2 + 15 (Bo)I % /2},

see (2.2). Since normal random variables have finite exponential moments,
fo.0 € L*(Py,) for every 8 € O. We claim that © — L%(Py,), 0 — fo,,6 is
differentiable at 6, with derivative fo, € L%(Ps,)" given by

fooii = Lr(S5(00)i) — (S(80)is S(0o))k, — i=1,---,m (4.2)
Observe that by (2.4), Egofgo,i =0 and
Covs, fo, = J($(60), K). (43)
Furthermore, we have

Eg,(f2,0)* = exp([|S(6) — $(6,)lI%)

and
Eo,(foo6* foui) = Eofooi = (5(8)i, S(8) — S(8,))k-
This yields

Eo,(fop,6045 — 1 — 8 f3)?
= Eg,(f00,00+8)* = 1 — 2 Eg,(fo, 6,46 - 6' fa,) + Eo, (6" fo,)*
= exp(||S(6 + 6) — S(80) %) — 1 — 2(6°S(8,), S(6, + 6)
— 5(80))x + [16°5(6,)|I%
= exp([|S(8o + 8) — S(8)I%) — 1 — 115(8 + 6) — S(8o)lI%
+ 156, + 8) — 5(8.) — 6°5(6,)|%
=o0(6'%) as 6 >0 (6€R")

and our claim is proved. It follows that E(S, K)is L'(Ps,)-differentiable with
the same derivative (cf. [29], Satz 1.199 and Satz 1.190). Now, noting that
L(fs, | Psy) = N(0,J(5(8,), K)), the convex function criterion (1.6) yields the
assertion. 1

Equation (4.3) shows that J(S;(6,), K;) is the Fisher information matrix
of E(S;,K;) at 0,. Therefore, the local ordering of regression models with
differentiable functions S coincides with the ordering > of the Fisher infor-
mation matrices. In case 7 = 1, the local ordering >g, of arbitrary L!(Py,)-
differentiable experiments may be completely described by the slopes of power
functions of the locally most powerful level « tests for testing § = 8, vs. 8 > 6,
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(cf. [28]). This is obvious in our setting, since we have in E(S, K) by (4.2) and
the generalized Neyman-Pearson lemma

sup{Ea,(ehh.): Bop = o, o test = [5G0k [ vaN (0,10

Za
for every a € (0,1).

ExampLE 8. (Wiener processes with a nonlinear drift). Let © = [0, c0),
51(8,1) = log(6t+1), S5(8,t) = (8t+1)/2—1 and K; = K, = K with K(s,t) =
min(s,t) on [0,7]. Then $3(0,t) = t and S5(0,t) = t/2 are the H(K)-
derivative of Sy, Sy at 0, respectively, and [|$1(0)[|% = T and ||S2(0)||% = T/4,
see (3.3). Hence, F(S4, K) is locally more informative than E(S3, K) at 6, = 0.
Clearly, E(S1, K) is not (globally) more informative than E(S, K') by Theo-
rem 1, since e.g. R10(1,1) = T/(T + 1), Ra0(1,1) = log(T + 1)/4 and hence
R1,0(1,1) < Rypo(1,1) at least for T > e — 1.

Theorem 7 may be applied to the local comparison of sampling designs
along the lines described in Section 3.

5. Information Contained in Additional Observation Periods.
For the discussion of this topic, consider the parametric regression model

X(t) =Y 6ihi(t)+ 2(t), t>0, (5.1)
=1

where © = IR" and Z(t), t > 0, is a mean-zero Gaussian process with
continuous sample paths and covariance function K. The restriction At of
h = (h1,---,h,) on [0,T] is assumed to belong to the r-fold product of the
RKHS of the restriction K7 of K on [0,T] x [0,T] and J(h, K)r is assumed
to be regular for every T' > 0, where J(h, K)r is short for J(hy, K7). Obser-
vation of X up to time T corresponds to the experiment E(hr, K7) which is
simply denoted by Er.

Let f: (0,00) — (0,00) be a function satisfying f(t) > t for every ¢t €
(0,00). Clearly, Ey(7) is at least as informative as Er. How large is the amount
of information contained in the additional observation period [T, f(7T')]? This
quantity is measured in terms of the deficiency of E7 relative to Ey(r). Since
(Lrr(P1),- -+, Lryp(hr)) is a sufficient statistic for ET, see (2.2), we find that

Er ~ (N8, J(h, K)7Y) : 6 € R").

Therefore, according to a result of Torgersen [25] (cf. also [13], p. 130, [24]) on
the comparison of translation experiments, we obtain

8(Er, Eg(ry) = [IN(0, I (h, K)7Y) = N(0, J(h, K) 7 I (5.2)
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This is a rather complicated function of the Fisher information matrices
of Er and Ep(7). So the following bounds may be helpful. They are the usual
bounds for the variational distance using the Hellinger distance (cf. [23], 2.15)
and for the above normal distributions given by

2{1 — [det(JrJ (7)) *[det((Jr + T5(1)/2))"/?} < 6(Er, E4(1))
< 2{1 = [det(Jrd p(r))]Y *1det((J1 + T5())/ 2] 1
with Jr = J(h, K)r. An immediate consequence is that 6(Er, Efr)) — 0 if
JflJf(T) — I, as T — oo.

Now let 7 = 1 and h = hy. Let||h||r be short for ||h7||k,. Then (5.2)
yields

6(Er, Egry) = G(Il2y/IIRII3), where (5.3)

G(z) =4 {@ <(%l%gi’f)1/2) . ((i"fi)lﬁ)} if £ >1and G(1)=0.

Observe that G : [1,00) — [0,2] is continuously differentiable with bounded
derivative and strictly increasing. Setting C' = sup{G'(z): z > 1}, we get for
everyz > 1, T >0

6(Er, Ef(7)) = G(2)| < C| ||hll3 7/ IRIIF - .

The most interesting case is
Jim (103 /(1 = 1. (5.4)
Then, by (5.3) and Taylor expansion of G about 1, we obtain

§(Er, Eg(ry)) = (2/me)" *(Ihll} 2/ IRIIF — 1)

) : (5.5)
+o([[Bll7)/lIRllz = 1) as T — oo

since G'(1) = (2/me)/2.

ExaMPLE 9. Let K(s,t) = min(s,t), h(t) = t*, n > 1, and f(T) =
T +o(T) as T — oo. Then by (3.3), ||h||3 = n?T?""1/(2n — 1) and hence
8(Er, Exny) = (2/7e2((f(T)/T)™1 = 1) + o (/TP — 1), T —
co. In particular, if A(¢) = t and f(T) = T + ¢ for some ¢ > 0, we ob-
tain 6(Er, Ey1)) = (2/me) /2eT~1 4 o(T1), for f(T) = T + T2 we get
§(Er, Efr)) = (2/me) /2T~ 4 o(T~1/?), and for f(T) =T + logT, §(Er,
Ejry) = (2/7€)/?T 1 1og T + o(T~*log T).
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