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In this paper we characterize the operations on distribution functions that
are both derivable from functions on random variables defined on a common
probability space and induced pointwise by functions from [0, 1]” into [0,1]. We
specify the class of functions on random variables from which the operations
are derived and show that it includes all order statistics; and we give a descrip-
tion of the n-place functions from which these operations are induced pointwise.
In addition, by way of illustration, we show that mixtures, which are induced
pointwise, are not derivable.

1. Preliminary Concepts and Results. We shall denote by D the
space of proper one-dimensional distribution functions (d.f.’s), i.e. the space of
functions F : R := [~o00, +00] — [0, 1] that are nondecreasing, left-continuous
on R := (—00,+00) and such that

F(-00)=0= lim F(z) and F(4+00)=1= lir_lr_1 F(z).

~ An n-operation ¢ on D is a mapping from D" := D X D X --- X D into
D, i.e., a mapping that assigns a d.f. to every ordered collection of n d.f.’s. If
X; is a random variable (r.v.), we shall denote the distribution function of X;
by F;, Fx,, or df(X;), whichever is more convenient.

DEFINITION 1.1. An n-operation ¢ on D is said to be derivable from a func-
tion on r.v.’s if there exists a Borel measurable function V from R into R that
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satisfies the following condition: For every collection of n d.f.’s Fy, F5,---, F, in
D, there exist a probability space (£2,.A, P) and an n-dimensional random vec-
tor X = (X1, X2,--+,X,) on (Q,.A, P) whose one-dimensional marginals are
Fy, F,, -, F,, respectively, i.e. df(X;) = F;, and such that ¢(F, Fy,---, F,)
is the d.f. of the r.v. V(X1, X5, -+, X,) whose value for any w in ) is given
by V(X1(w), Xa(w), - -+, Xn(w)).

Therefore, if ¢ is derivable, then

S(F1, Foy -+, Fr) = Fy(x, Xz, Xn) (1.1)

for every choice of Fy, Fy,---, F, in D, where X = (X;,X5,---,X,) has a
distribution function belonging to the Fréchet class of Fy, Fy,---, F,.

DEFINITION 1.2. An n-operation ¢ on D is said to be induced pointwise
by an n-place function ® from [0, 1]* into [0, 1] if

¢(F1s B, - -, FR)(1) = ®[F1(2), Fa(?), - - -, Fu(1)]

for every choice of Fy, F5,---, F, in D and for every t in R.

To illustrate, the convolution Fy %« Fy % ---x F,, of n d.f.’s Fy, Fy,---, F,
is an n-operation on D which, since it may be viewed as the d.f. of the sum
of n independent r.v.’s, is derivable from the operation of addition. However,
since the value (Fyx Fyx- - -x F},)(t) generally depends on more than the values
Fi(t), Fo(t), - - -, Fo(t), this operation is not induced pointwise by any n-place
function. In the other direction, the mixture ¢F; + (1 — ¢)F3, 0 < ¢ < 1, of
two d.f.’s F; and F; is induced pointwise by the two-place function ®(z,y) =
cz + (1 — ¢)y; but, as shown in Alsina and Schweizer (1988), this mixture is
not derivable from any binary operation on D.

In Alsina, Nelsen, and Schweizer (1993), the first and third authors of
this paper, in collaboration with C. Alsina, characterized the class of those
bingmry operations on D which are both induced pointwise and derivable from
functions on random variables. In this paper we generalize these results to
n-operations on D. We provide a complete characterization (see Theorem
2.2) of the functions V from which these n-operations are derived: this class
includes the usual order statistics, and, indeed, its elements may be viewed as
generalized order statistics. We also give a description (see Theorem 2.5) of
the n-place functions from which these n-operations are induced pointwise.

To present our results we need a number of preliminary notions which
are combinatorial in nature.
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The set of vertices of the unit n-cube [0, 1]™ will be denoted by J,, i.e.
Jn = {(z1,22,-,2n) | i = 0 or 1,1 < ¢ < n}. The set J, with the usual
coordinate-wise partial ordering, given by (y1,¥2,-+,yn) < (21,22, "+, 2,) if
and only if y; < z; for 1 < ¢ < n, is a lattice which, as is well-known, is
isomorphic to the lattice P(n) of all subsets of n = {1,2,---,n} — the vertex
(21,22, +,2pn) corresponding to the set of integers i for which z; = 1. We
let ¥, denote the set of nondecreasing Boolean functions f from J, onto
{0,1} and, for any f € F,, we let Sy denote the set {(z1,22,-+,2,) € Jy |
f(21,22,-++,2,) = 1}. Note that since f is onto {0,1}, the set Sy is neither
empty nor equal to J,. Clearly any f € F, is completely determined by the
(non-empty) set of minimal elements of Sy. This set is an antichain (any two
elements are incomparable) which corresponds to a non-empty antichain in
P(n). Since any non-empty antichain in J,\{(0,0,---,0)} can be taken as the
set of minimal elements of the set Sy associated with a nondecreasing Boolean
function f from J, onto {0,1}, it follows that F,, endowed with the usual
pointwise partial ordering, is isomorphic to the set of non-empty antichains in
P(n)\{0}, ordered by set inclusion (for details, see Kleitman (1969)).

While we shall give a complete description of the case » = 3 in Section
3, it is instructive to consider an example from that case now. Suppose that
h is the nondecreasing Boolean function from J3 onto {0, 1} for which S, =
{(0,0,1),(0,1,1),(1,0,1),(1,1,0),(1,1,1)}. The set of minimal elements of
Sy is {(0,0,1),(1,1,0)} ; and the corresponding antichain in P(3)\{0}is 0 =
{{3},{1,2}}. Furthermore, it can be shown, Harrison (1965), that k is given
by the Boolean sum of products of the variables whose subscripts appear as
members of the elements of o; so that here h(z1, 22, 23) = 23 + 2z122. We shall
return to this example throughout this section and the next.

Now let ¥, be the set of all the functions @ from [0, 1]" into [0, 1] satis-
fying
(a) ® is nondecreasing in each place on [0,1]" and left-continuous in each
place on (0, 1]™;
(b) #(0,0,---,0) =0 and ®(1,1,---,1) = 1;
(c) ®(z1,22,- -, 2s) equals either 0 or 1 at every vertex (21,2, -, 25) € Jn.
Note that the restriction of ® to J, is an element of F,.
DEFINITION 1.3. Two functions ®; and ®, in ¥, are said to be vertex-

equivalent, and we write ®,E®,, if they take the same value at every vertex
of [0,1]™.
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Clearly £ is an equivalence relation on the set ¥,; and it follows at
once from the above discussion that the quotient set ¥,/ is in one-to-one
correspondence with F,,. Thus the preceding discussion yields:

LemMA 1.4. The quotient set ¥,, /€ is in one-to-one correspondence with
the set of non-empty antichains of P(n)\{¢}.

2. Derivable Operations. We begin with the following:

LEMMA 2.1. If ¢ is an n-operation on D which is derivable fromV : R" —
R and induced pointwise by ® : [0,1]* — [0,1] then ® belongs to ¥,.

Proor. Since ¢ is induced pointwise by ®, for all Fy, F5,---, F, in D,
and all ¢ in R, we have

¢(F17 F27 v ’Fn)(t) = Q[-Fl(t)a FZ(t)$ o ,Fn(t)],

and since ¢(Fy, Fa,- -+, F,) is in D, setting, respectively, t = —oo and t = +00
yields (0,0,---,0) = 0 and ®(1,1,---,1) = 1. It is also easy to see that ® is
nondecreasing and left-continuous in each place.

Next, for any « in R, let €, be the unit step function in D defined by

0, t<x,
ex(t) =

1, t>z,

and for any zy,29, -,z in R, consider the d.f.’s €5,,€5,,**,€z,. Since ¢ is
derivable from V, there is a probability space ({,.4, P) and a random vector
X = (X1,X2,--+,X,) on (Q, A, P) such that df(X;) = €, whence X; = z;
P-as. (i =1,2,---,n). It follows that V (X, X3,--+,X,) is a r.v. which is
equal to V(zy,22, -+, z,) P-a.s. Thus, for every t € R,

B (€21 (1): €22 (1), * 1 €20 (1) = Fy(ay,25,20) (1) = €V (21,25,002m) (1) (2:1)

Now let (21, 22, -+, 2,) be an arbitrary vertex in J,,. Then it is clear that for an
appropriate choice of 2,23, -+, &, and t we have €,,(t) = %, ¢ = 1,2,--+,n.
(Indeed, we may let z; = 1 — z; and ¢ = 1/2.) Thus, since ey (g, z;,...5,)(t) is
either 0 or 1, it follows that ® belongs to ¥,,. 1

Using Lemma 2.1, we can now give a representation of the Borel measur-
able functions V from which the ¢’s are derived.

THEOREM 2.2. Let ¢, V and ® be as in Lemma 2.1. Let ®/€ be the
equivalence class of ®, let f be the nondecreasing Boolean function in F, that
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corresponds to ®/€, and let o be the corresponding antichain in P(n)\{0}.
Then, for any 1,22, -, %, in R, we have

V(z1,%2, -+, 2n) = min{max{z; | j € s} | s € o}. (2.2)

For example, if 0 = {{3}, {1,2}}, then V (21, z2,23) = min{z3, max{z;,
.’1}2}}

Proor. First consider the case when o is a singleton, say o = {s}. Then,
since f(z1,22,+,2,) = 0 unless all the 2; having subscripts in s are equal to
1, we have that

0, ift <max{z;|J
Q(Em(t)v“:rz(t)v' ' .38$n(t)) = { , . - { ’ |] ) 8},
1, ift > max{z;|j € s},

from which, using (2.1), it follows that V(zy,22, -, z,) = max{z; | j € s}.
Now suppose that o has two elements, say o = {s1,s2}. Then f(z1,22,--+,2,)
= 0 unless all the z; having subscripts in sy are 1, or all the 2; having sub-
scripts in sp are 1, whence ®(eg, (t),€5,(t), *,€z,(t)) is 0 as long as t is less
than or equal to the smaller of max{z; | j € s1}, max{z; | 7 € s2} and
D(eg, (t),€5,(2), "+ €2,(t)) is 1 for any larger t. It follows that in this case
V = (21,22, *, %) = min{max{z; | j € s1}, max{z; | j € s2}}. Continuing
in the same fashion yields (2.2). 1

Note: It is convenient to view the composite function ®(ez, (1), €5,(2),- -,
€z,(t)) as a “two-stage binary counter” and to consider the operation of this
counter as t increases from —oo to +00. For t < min{zy, 23, -, 2,}, we have
€z, (1) = €5,(t) = -+ = €4, (t) = 0, whence ®(eg,(1),€4,(t),- -+, €2,(¢)) = 0. As
t increases the €;,’s begin to jump from 0 to 1 in an order which is determined
by the ordering of the z;. The resulting arguments of ® form a chain from
(0,0,---,0) to (1,1,--+,1) in J, — which has maximal length whenever the z;
are distinct. Finally ®(ez, (t),€5,(t),"+,€z,(t)) jumps from 0 to 1 when this
chain first hits the set Sy.

CoroLLARY 2.3. When Sy = {(1,1,---,1)},i.e.,, wheno = {{1,2,---,n}},
we have V(z1,zq, -+, &) = max{zy,Z2, -+, Zn}; when Sy = J,\{(0,0,---,0)},
ie., wheno = {{1},{2},---,{n}}, we have V(z1, 22, -+, 2,) = min{zq, 2, -,
z,}; and when Sy = {(21,22, -, 2,) € Jn | 2j = 1}, i.e,, when 0 = {{j}}, we
have V(z1,22, -, Ty) = ;.

CoroLLARY 2.4. When Sy consists of precisely the ordered n-tuples in
J, with k or more 1’s, 1 < k < m, le., when o consists solely of the (’,:)
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subsets of n of cardinality k (so that s € o if and only if card(s) = k), then
V(z1,%2,- -, 2y) is the kth order statistic z[y. That is,

V(z1, 22, +,2n) = min{max{z; | j € s} | card(s) = k} = 2.

We note that V(z1, 2, -,2,) is an order statistic for the set {z1,z2,- -,
z,} whenever o is invariant under a permutation of the elements of n, e.g., in
cases (1), (11), and (18) of Table I. Whenever this holds for a proper subset m
of n, then we obtain the order statistics for the proper subset of {z1,z2,---,2,}
whose elements have subscripts in m, e.g., in cases (2) and (15) of Table
I, where m = {2,3}. However, not all of the V’s given in (2.2) are order
statistics for {z1, 22, -+, z,} or one of its subsets; for example, V (21, z3,23) =
min{z3, max{z,z2}} is not such an order statistic.

Using Theorem 2.2, we can obtain further information about the structure
of the n-place functions ®. To this end, recall that if ¢ is derivable from V
and induced pointwise by ®, then for every n-tuple of d.f.’s Fy, F,,---, F, in
D and every ¢t in R, we have

Q[Fll (t)a F2(t)7 Tty F'n(t)] = FV(Xl,XQ,"',Xn)(t)’

where X1, X,,---, X, are random variables defined on a common probability
space and such that df(X;) = Fi, i = 1,2,---,n. Considering the functions V
listed in Corollary 2.3, we first have — trivially — that:

If V(z1,22, - ,2n) = ¢, then ®[F (1), Fa(t),- -, Fa(t)] = Fj(2).

IfV(zq,22, -, 2,) = max{zy, s, -, Zn}, then as is well-known, ®[F; (1),
Fa(t),- -, Fo(t)] = Hyp(t,t,--+,t), where H, is the n-dimensional joint d.f. of
X1,X3,-++, X,. Next, by Sklar’s Theorem, Schweizer and Sklar (1983), Sklar
(1959), we have that

Hy(u1,ug, -y up) = Cu(Fi(w), Fa(u2), - - -, Fu(un)), (2.3)
where C,, is the n-copula of X7, X5, -+, X,,, whence
O[F1(2), Fa(1), - - -, Fu(t)] = Cu(Fi(2), Fa(2), - - -, Fu(2))-

Consequently, for any n-tuple of d.f.’s Fy, Fy,-- -, F},, there exists an n-copula
Cr having the property that ® agrees with C,, on a “track in [0,1]" from
(0,0,---,0) to (1,1,--+,1),” specifically, on the set {(Fy(t), F(t),-- -, Fu(t)) |
t € R}. Thus, following the terminology introduced in Alsina, Nelsen, and
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Schweizer (1993), we define an n-dimensional quasi-copula (briefly, an n — g-
copula) to be a function on [0, 1] that agrees with some copula on every track
in [0,1]" from (0,0,---,0) to (1,1,---,1). Then we have that:

If V(z1,22, -,2,) = max{zy,22,-+-,2,}, then ® is an n — ¢g-copula.

In the case V(z1,22,: -+, 2,) = min{z1, 2, -+, 2.}, indeed, in all the re-
maining cases, we need to appeal to the Inclusion-Exclusion Principle. Specif-
ically, we have

THEOREM 2.5. Let ¢ be an n-operation on D which is derivable from
V : R" - R and induced pointwise by ® : [0,1]* — [0,1]. Let ®/& be the
equivalence class of @, let f be the nondecreasing Boolean function in F, that
corresponds to ® /&, and let o be the corresponding antichain in P(n)\{0}. Let
Fy, F5,---, F, be any collection of n d.f.’s in D, and for s C n, let v;(s) = Fi(t)
ifi € s and vi(s) = 1 ifi ¢ s. Finally, let Ug(o) be the collection of all (Izl)
unions of k elements of 0. Then there exists an n-dimensional copula C, such
that

lo|

B[F(1), Fa(t), -+, Fa()] = Y _(-1)**" D" Ca(vi(s),v2(5), -+, va(s)).
k=1 s€Uk(0)
(2.4)

Thus, on the track {(Fy(t), F5(t), - -, Fn(t)) | t € R}, ® agrees with the linear
combination of C,, and its margins given by the right-hand side of (2.4).

Note that the collection Uk(o) is a multiset, that is, it may have repeated
elements; e.g., if o = {{1,2},{1,3},{2,3}}, then U,(0) = {{1,2,3},{1,2,3},
{1,2,3}}.

Proor: From Definition 1.1, we know that there exist a probability
space (2,4, P) and an n-dimensional random vector X = (X1, X3, -+, X,)
on (,.A, P) whose one-dimensional marginals are Fy, F, - - -, F;, respectively.
Let H, denote the n-dimensional d.f. given by H,(z1,22, - -,%,) = P[X; <
€1, X, < xg,- -+, Xp < ). Since ®[F1(t), Fa(t), -+, Fu(t)] = Fv(x,, X5, %) (1)
and V (X1, X2, -+, X,) = min{max{X; | j € s} | s € 0}, we have ®[F;(1), Fa(t)
e Fo()] = P[\/sea{/\jes[Xj'l(—oo,t)]}]. Applying the Inclusion-Exclusion
Principle now yields

lo|

Q[Fl(t)v F2(t)7 e 7F7I(t)] = Z(—l)k+l z Hn(ul(s)’ u2(5)7 B un(s))y
k=1

s€Uy(o)
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where u;(s) = t if ¢ € s and u;(s) = +oo if ¢ ¢ s. Invoking (2.3) now yields
(2.4). |

To illustrate (2.4), if o = {{3},{1,2}}, then |o| = 2, so that U;(0) = o
and Uy(o) = {{1,2,3}}. Thus

D[F1(t), Fa(t), Fa(t)] = C3(1, 1, Fa(t)) + Ca(Fi(t), Fa(t), 1)
- C3(F1(2), F2(2), F3(1)),

which is equal to P[X3 < t or (X; <t and X; < t)], as it should be, since
V(z1,22,23) = min{zs, max{z1,22}}. (See case (14) in Table I.)

On specializing Theorems 2.2 and 2.5 to the case n = 2, we obtain the
principal result of Alsina and Schweizer (1988) as the following;:

COROLLARY 2.6. Suppose that ¢ is a binary operation on D which is
derivable from V : R° — R and induced pointwise by ® : [0,1)2 — [0,1].
Then precisely one of the following holds:

(a) V(z,y) = max{z,y} and ® is a quasi-copula, i.e., for any F1,F, € D,
there exists a copula Cy such that ®(Fi(t), F2(t)) = Ca2(Fi(t), Fa(t)) for
alltin R;

(b) V(z,y) = min{z,y} and ® is the dual of a quasi-copula, i.e., for any
Fy, F, € D, there exists a copula Cy such that ®(Fy(t), F5(t)) = Fi(t) +
F2(t) - Cz(Fl(t),Fz(t)) for all t in R,

(c) V(z,y) = ¢ and ®(u,v) = u; or

(d) V(z,y) = y and ®(u,v) = v.

3. The Case n = 3. In this section, to illustrate the situation relat-
ing the antichains o, the Borel-measurable functions V : R" — R, and the
n-place functions @ : [0,1]* — [0,1], we present the case n = 3 in detail.
The results for the 18 non-empty antichains of P(3)\{0} appear in Table I
In the first column, we list the antichains; in the second column the func-
tions V; and in the third column, for any Fi, F3, F3 in D, we give the values
O(Fy(t), Fo(t), F3(t)) in terms of the 3-copula C3 with which ® agrees on the
track {(Fi(t), F»(t), F5(t)) | t € R}. Furthermore, z V y = max{z,y} and
z Ay = min{z, y}.
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Table I. The case n = 3

case antichain V(z,y,2) O(Fi(t), Fa(t), F3(t)) = ®(a,b,c)
1 {{1,2,3}} TVyVz Cs(a,b,c)
2 {{2,3}} yVvz Cs(1,b,¢)
3 {{1,3}} zVz Cs(a,1,¢)
4 {{1,2}} TVy Cs(a,b,1)
5 {{1,2},{1,3}} (zvy)A(zVz) Cs(a,b,1)+ Cs(a,l,c)— Cs(a,b,c)
6 {{1,2},{2,3}} (zVvy)A(yVvz) Cs(a,b,1)+Cs(1,b,¢)— Cs(a,b,c)
7 {{1,3},{2,3}} (zVvz2)A(yVvz) Cs(al,c)+Cs(1,b,¢)— Cs(a,bd,c)
8 {{1}} z a
9 {{2}} y b
10 {{3}} z c
11 {{1,2},{1,3}, (zVvy A(zV2) Cs(a,b,1)+ Cs(a,1,c)+
{2,3}} ANy V z) C3(1,b,¢) — 2C5(a, b, ¢)
12 {{1},{2,3}} zA(yVz) a+ Cs(1,b,¢) — Cs(a,b,c)
13 {{2},{1,3}} yA(zV2) b+ Cs(a,1,c)— C3(a,b,c)
14 {{3},{1,2}} zA(zVy) ¢+ Cs(a,b,1) - Cs(a,b,c)
15 {{2}, {3}} YAz b+c—C3(1,b,¢)
16 {{1},{3}} TAz a+c—Cs(a,l,c)
17 {{1},{2}} Ay a+b- Cs(a,b,1)
18 {{1},{2},{3}} TAYNz a+b+c—Cs(a,b,1)-Cs(a,1,c)—

C3(1, b, C) + 03((1, b, C)

4. Concluding Remarks and Open Problems.

1. Let ¢;,¢9,+++,¢, besuch that 0 < ¢; < land eg +ca+ -+ ¢, =1,
and let M, : [0,1]* — [0, 1] be defined by

M, (21,22, +,2n) = €121 + €222 + + * + + Cp 2.

It is not true that M, (21,22, -+, 2,) equals either 0 or 1 at every vertex of
(21,22, **,2n) € Jy. And, by Lemma 2.1, it follows from this simple obser-
vation that mixtures of d.f.’s are not derivable from operations on random
variables defined on a common probability space.

2. In Alsina and Schweizer (1988) a two-dimensional quasi-copula that

is not a two-dimensional copula was explicitly exhibited. Using this quasi-
copula, it is easy to construct n-dimensional quasi-copulas that are not copulas.
Consider first the case n = 3. Let ® be the two-dimensional quasi-copula
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constructed in Alsina and Schweizer (1988), let ®’ be the mapping from [0, 1]*
onto [0, 1] given by
?'(z,y,2) = 22(z,y),

and note that, since ®'(z,y,1) = ®(z,y), & is not a 3-copula. Now let B be
any track in [0,1]3 from (0,0,0) to (1,1,1). The projection 8 of B onto the
zy-plane is a track in [0, 1]? from (0,0) to (1,1); and since ® is a quasi-copula,
there exists a copula Cg that coincides with ® on 3. By Theorem 6.6.3 of
Schweizer and Sklar (1983), the mapping Cp from [0, 1] onto [0, 1] given by

CB((E,y, Z) = ZCﬁ((E,y)

is a 3-copula. Clearly Cp and ®’ agree on B, hence ®’ is a 3-quasi-copula.

In general if, for any positive integers m and n, C,, is an m-copula and
Cy, is an n-copula, then again by Theorem 6.6.3 of Schweizer and Sklar (1983),
the mapping C,4r from [0,1]™*™ onto [0, 1] given by

Cm+n(x1a R} wm+n) = Cm(zl, . "zm)cn($m+1’ ) $m+n)

is an (m + n)-copula. A simple extension of the above argument then shows
that if ®,, is an n-quasi-copula (n > 2) and C,, is an m-copula, then the
mapping ®,,4, from [0,1]™*+" onto [0, 1] given by

q)m+n(ml’ R xm+n) = Cm(xly Tty zm)¢n(-’”m+1, ) $m+n)

is an (m + n)-quasi-copula but not an (m + n)-copula. (Note that if m =1,
then necessarily Cp,(2) = 2.)

3. The number of order statistics of {X;, Xs,--+,X,} and its subsets
is known to be n2"~!. The problem of determining the number of derivable
n-operations on D is equivalent to the problem of determining the number of
nondecreasing Boolean functions from J,, onto [0,1]. This problem dates back
to Dedekind. It is known that for n = 1 through n = 7 these numbers are 1, 4,
18, 166, 7579, 7828352 and 2414682040996, respectively. Asymptotic results
are also known. For details, see Kleitman (1969) and Wegener (1987).
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