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We study the problem of estimating an unknown solution of the Cauchy problem for the
Laplace equation, with La-norm loss, when the initial conditions are observed in a white
Gaussian noise with a small spectral density. It is shown in particular that asymptotically
minimax estimators are as a rule nonlinear.
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1 Introduction

Hadamard (1912) proposed the famous example of the ill-posed boundary
value problem

2 2
(1) ot g =0 u@0) =0, u(2,0) = (o)
He noticed that sup, |on(z)] — 0, as n — oo for @,(z) = n~!sin(27nz)
whereas sup-norm of the solution un(z,y) = sinh(2wny) sin(2wnz)/(27n?)
tends to infinity for any y > 0. So the problem is called ill-posed in the
Hadamard sense. Nevertheless this problem is the important geophysical
problem of interpreting the gravitational or magnetic anomalies (see Lavren-
tiev (1967) and Tarchanov (1995)).

The usual approach to ill-posed problems deals with the recovery of a
solution based on a ”"noisy” data. In order to guarantee consistent recover-
ing some additional information about the function ¢(z) is required. It is
assumed as a rule that ¢ belongs to a compact set K in a suitable space. The
performance of the optimal solution depends on K and on the definition of
the noisy data. Usually (see Tichonov & Arsenin (1977), Engl & Groetsch
(1987)) it is assumed that the observed data are

¢ (z) = o(z) + n(),
!The research was supported by NSF grant DMS-9600245 and DMS-9971608.
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where n®(z) is an unknown function from a Hilbert space with the norm
[nf]l <e.

On the other hand there exists another approach to ill-posed problems,
which is based on the assumption that n®(z) is a random process (see Su-
dakov & Khalfin (1964), Mair & Ruimgaart (1996), Sullivan (1996)). In the
present paper we assume that n®(z) is a white Gaussian noise with spectral
density €2. Of course, nf(z) does not belong to a Hilbert space and usu-
ally solutions of ill-posed problems obtained by deterministic and stochastic
approaches are different. To illustrate, consider a simple ill-posed problem.
Suppose we need to estimate the first derivative of a function f(z), z € [0, 1]
based on the noisy data

25(t) = f(z) + n®(z).

Assume also that f belongs to the Sobolev ball

wie)={s: [ Paraus [0 P < P

where f(#)(u) denotes the derivative of the order 8 > 1. It is not very
difficult to show that as € — 0 the minimax rates of convergence are given
by

inf sup sup |f'—f|2 < XPN/,

I fewb(p)linclI<e

and

inf sup Ej|f — |2 x 2F-1/5+1)
P fews(p)

for the deterministic and stochastic approaches respectively.

Let us now return to the Cauchy problem (1), where as we will see later
the minimax rates of convergence are the same for the deterministic and
statistical approaches. Let ¢(z) be a periodic function with unit period.
Assume that it admits an analytic continuation into a strip of length L > y
of the complex plane. Then one can easily check that

[e o) .
sinh(27k i 1 oriks
(2)  ulz,y) = Z __;_ﬂc_y)(pkez ik Ok =/(; o(z)e? ikz g

k=—o00

is a solution of (1). The problem is to recover a solution of (1) in the
stochastic setting. We have at our disposal only the noisy data

(3) dz°(z) = p(z)dz + edw(z), =z €[0,1],
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where w(z) is the standard Wiener process. Our goal is to estimate the
function u(z, y) based on these data. For a given y the risk of the estimator
4(z,y) is measured in the Ly-norm, so

Ry(U,u) = /[umy u(z,y))*d

Notice that the data 2¢(z) admit an equivalent representation in terms of
their Fourier coefficients (cf. (3)), given by

(4) 2p = @k + &k,

where 2z}, are the Fourier coefficients of the data z°(z)

1
zlf: ___/ e27nka: dzs(x),
0

and & are iid N(0,1). Thus (2) determines a one-to-one correspondence
between the estimator u(z) based on 2°(t), ¢t € [0,1] and the estimator &
based on the data from (4). By the Parseval formula we can rewrite the risk
R, (%@, u) in the following equivalent, but more convenient form

(5) R,(@,u) =E, Y Biu)IBk — eil?,

k=—o00

where by (y) = sinh(2rky)/(27k).

In order to get nontrivial results we suppose that ¢(z) admits an analytic
continuation into a strip of length L of the complex plane. More precisely,
we assume that ¢ € ®, where

(6) <I>={ /|<p(z+1L)|2d:1:— Z |ox|? cosh(4mkL) < D}.

k=—00

It is easy to see from (2) that if ¢ € ®, a solution of the problem (1) exists
provided that L > y.
In order to find the rate of convergence of the risk to 0 we begin with

the projection estimators (cf. (2))

~ c-: 21r1k.1:
'U'N('T’ Y,z Z bk
|k|<N

The main problem related to this estimator is how to choose N = N(e)
to minimize its risk. In view of (5)—(6), one easily computes the risk of
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un(z,y,2°) fory>0ase—0
(7 sup R, (Gy,u) =sup Y BE(y)lesl® +> ) bily
PEL k>N lk|<N

= Dby (y)cosh™ (4rLN) + &% > bi(y)
|k|<N

D N-1
= (1+0(1)) [W exp(4n(y — L)N) + 2¢* Z bﬁ(y)]

2D e exp(4nyN)
fa 9ty = 10 + (exp(47ry)—1>]'

Minimizing the right-hand side in the above equation with respect to N we
get the optimal bandwidth

= (1+0(1))

2 exp (47
N(e) = arg nl,gn{exp(‘l’f(y — L)k) + D(e:p(lzl(:y)yf)l) }

where the minimum is taken over all integers. It follows from the above
formula that

_ 1 D(L - y)(exp(dmy) —1) |
Ne) = 4nL 18 g2y

where |c| < 0.5. Substituting N(e) in (7) one arrives at the following formula
for the risk of the projection estimator as ¢ — 0:

gl

€2 exp(4nLN (g))
fsup R , 2+0(1)D|1 + 4m(y—L)N(e)
% N pca ol u) = (2 +o(L) D(exp(4my) — 1) |
—9 D(L —y)(exp(4my) — 1) _
g2y -

x log D(2/D)(1=¥/D) 10g=2(D/€?).
We prefer to write D/e? because it is dimensionless expression, and it is
easy to see that the above equation is uniform in D such that D/e? — oo.
It is not difficult also to show that the above rate of convergence cannot be
improved in the class of all estimators. But the goal of the present paper is
more delicate. We try to find the asymptotic minimax risk up to a constant.
We will see that in the general case the asymptotically minimax estimator is
nonlinear and only in some special cases one can use a linear or a projection
estimators to achieve the optimal constant.

2 Main results
In this section we compute up to a constant the minimax risk

re(y, L) = inf sup R,(@,u) = inf sup E,, Z b2 (4)|k — e/,

U pecd ? peP k=—o00
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where inf is taken over all estimators. In order to describe the asymptotic

behavior (¢ — 0) of this risk we consider an auxiliary statistical problem.
For convenience denote vectors from R? by bold letters. Assume that

one observes

(8) zr = O + 0§y,

where &, are iid NV'(0,I) and I is the identity matrix. We also suppose that
the unknown vectors 6, belong to the set

oo
©) o={o: 3 lourem <1,

k=—00

where ||-|| is the Euclidean norm in R2. The goal is to find the best in the
minimax sense estimator of @, k € (—o0,00) based on the data z, when
the risk is defined for L > y as

oo
(10) plo,y, L) = infsupEg Y |8k — OklPe*™*.
0 6c0
Let " ={...,0;5_,,0%,65%.,...} be the minimax estimator in (8)—(10) with

the components

21 21
0;k=0Tk(..., 22:,..-), 9;’3:6516("" 22: ,...).
We construct now a counterpart ¢* of 8* in the model (4). Let

1— € o2 Lk
V2D

where the minimum is taken over all integers. Denote for brevity

Ale) = (2D)—1/2e21rLW(s) .

(11) W (e) = arg n%in

)

For |k| < /W (e) we set

* 1 * A(E)215'n+W(s)
(12) Prrwi(e) = Z(e—)elk (, A ey )

* _ _1_9* A(E)an_q.w(e)
e = A A iy )

We continue this estimator over the set of all integers as follows

« [0, [k|>W(e)+ /W),
(13) Pk = { £, k| < W(e) — vW(e).

The following theorem determines relations between the estimators ¢*,
6* and the minimax risk 7¢(y, L).
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Theorem 2.1 For0<y< L ase—0

re@,L) = (1+0(1)supE, E:bka% el

k=—o00

(1+0(1))D r(y—L)W (e
W etrv-LW( )P(Uea?/aL),

where
(14) 0. = eD™ Y2 exp(2rLW (¢)).

Proof The proof is based on a modification of renormalization arguments
(see, for instance, Donoho and Low (1992)). It is divided into two steps.
First, we obtain a lower bound for the minimax risk. For brevity we use

from now on W instead of W (e) and v'W instead of /W (g). Let
(15) <I>5=‘I>ﬂ{<pk:<pk=0, Ik —W|> VW, |k‘+W|>\/W}.

Since &, C 9, it follows that

(16) re(y, L) > inf sup E, Z b2 ()| @k — wxl?

1 1 ~

_ 140 )2 infsup B Y e41ry|lc|(|<pk — o2
16(mW)? & ,eo,

[k—W|<VW

+ 15k — o kf?)

1+0(1
= 16(7rVI(/)) ™ W inf sup E Z eyt (|<Pz+w orw?
Peete oW

+ |P1-w — <P—z—W|2)-
Define the vectors 8; € R? as follows

(17) 01 = A(e)(rsw, p-1-w)

In view of (15) and (17), it follows that (...,0;—1,80;,0i41,...) belongs to
the set

@e={(...,o,,...): > l6?e™ < d., 6,=0, for |p|>¢v_v},

lli<vw

-1
with d; = [1 + e_s"L(W""/W—)] . Let E‘g be the expectation with respect to
the measure generated by the observations (cf. (8))

zp = O + Ueds—lﬂgk,
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and Eg is the expectation, which corresponds to the observation from (8)
with o = o, (see (14)). Since d. < 1 we have

infsupE§ ) "8, — 6/ > infsupEe »_ "8~ 61|
6 6¢€O U<V 6 6co <V

and hence

inf sup Bg Y e*™)|8,— 0))* = d; illfgup Eg Y )6, -6,

0 6€0, (]
€ VW 0 80 v
> dcinfsupEp ) ™0, - 6,]%.
]
800 <vw

Therefore noting that d. — 1, we obtain by (16) and (17)

re(y,L) > D(2+ 0(1))e4w(y—L)W igf sup Eg Z e41ryl”§l _ 01”2

- 8(aw)? 8 660 <vw
— M&ﬂr@w inf sup Eg Z e47ryl||§t - 01“2-
8(rW) 66c0 | Tw

Thus to complete the proof of the lower bound it remains to check that

(18) infsupEg »  e*™||§; — 6,
8 60 |1|S\/V_V

> infsupEg Z '8, — 6,2 + o(1).
8 oco

By the triangle inequality, which guarantees that inf taken over all
estimators coincides with inf over 8 € ©, we have

(19) inf supEg 3 e*™¥[@; — 64|]* = inf supEe Y et - 6
6 6co 1 6cO 0€6 1

< infsupEg ) ™9, — 6, + sup sup Eg > '™, — 6,2

Beoveo T feofco T
< inf supEg Y ™8 — 8|2 + O(exp(4n(y — L)VW)
6cO 0O lsx/W
< infsupEg Z ™18, — 6;]? + o(1).
0 6¢€6 lS\/W

Define

or={o: 3 foulietrs* < 1},

k| <vW



426 G. Golubev and R. Khasminskii

Since evidently © C ©F we have

(20) infsupEg Y e*™¥|8;—6/[* < inf sup Bp ) '8, ~ 6]
0

6 oco T 0€0f W
= inf sup Eg{ Z e4"yl“§1 — 0% + Z e4"yl||§z - 01”2}
6 gcof | <VW I<—vVW

= inf sup Eg ) e*™!(9; — 6,2
0 ocof lt|<vW
+ inf sup Eg Z e4”yl||§l - 0,2
] 91€R2 lS—-\/V_V

On the other hand it is clear that
inf sup Eg Z '™ |9, — 6, = o? Z et = o(1).
0 0 eR*  Uw IS—VW
The above equality together with (19) and (20) completes the proof (18).
Let us turn to the upper bound for the minimax risk. In proving of the

lower bound we used the following relations between the estimated parame-
ters and the data in the models (8) and (4)

()= (g, ). ()=ae(E, )

The above equations provide a motivation for the estimator (12). By (12),
(13) and simple algebra we have

(21) supE, Y. BRW)lek —@l> = o(l)re(y, L),
PE2 s WVW

(22) supE, Y Bi@)lei — ekl = o(l)re(y, L).
PR WV w

On the other hand we obtain
(23)  suwpE, Y B®)lei — ekl
k=W |<vW
D(2+ o(1 _
< g(WW)(Q))e4W(y L)W sup Eo Z e47ryk”0; _ ok“2’
0€06, |k|§\/W

where

- -1
6. = {Gk . Z ”0k|l2e41rLk < [1 +e—81rL(W-—\/W)] }
|k|<VW
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It is also clear that

sup Eg ) e™*||0; — 04/ < supEg Y '™ |6} — 6%
0€0:  |p<vW 6€0 k

This inequality together with (21)—(23) completes the proof of the upper
bound. u

Remark 2.1 Ase >0
re(y,L) < D (2/D) " 1og=2(D /e?).
Proof easily follows from Theorem 2.1 since by (11)
(4rL)"'log(2D/e?) — 0.5 < W, < (4nL)'log(2D/e®) + 0.5

and hence by (14) exp(—nL) < o, < exp(wL), so that the limiting risk
ploe,y, L) is O(1).

3 Asymptotic behavior of the limit minimax risk

The minimax estimator in the problem (8)—(10) is of course nonlinear. Un-
fortunately in the general case it is impossible to find it in an explicit form.
Therefore, we study in this section the behavior of the minimax risk p(o, y, L)
and respectively the minimax estimator for L < 1 and for L > 1. In the
first case we recover the solution in the vicinity of the boundary and show
that the minimax estimator can be well approximated by a linear smoother.
The second case is related to estimation of ”very smooth” functions. There
are two possibilities in this situation. The asymptotically minimax estimator
may be either a simple nonlinear estimator or a linear projection estimator.
Denote [z]+ = max(0, z).

Theorem 3.1 Uniformly in y such that
2rL(L + y) <l

4, 6>0
the following assertion holds
: p(aE’ Y, L)

—_—— =1
(25) 1S plin(y,L)
where ) . Ly \—y/L

m —

(26) P = o ||

is the risk of the best in minimaz sense linear estimator

~ _ 1 2rL(L +y)
— [1 = e2r(Z—y)(k-w) -
@7 8= [1 ¢ ]+ % W L}mL g =7~ }

in the model (8-10) with o = 1.
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Proof The proof consists of two steps. First we compute the risk of 6k
thus proving the upper bound for the minimax risk and then we show by
constructing a prior distribution on ©, that our upper bound cannot be
improved. Notice that by (14) 02 — 1 as L — 0, so that

(28)  p(o*,y, L) < supEy 2 185 — 6| %e*™*

k=—o00
2
< e~ 4mw(L-y) 2 anyk |1 _ 2n(L—y)(k—w)
<e + 207 Z e [1 e ]+
k=—o00

1 1 1
< —4rw(L—y) 2 1 ATyw _
<e +(2+0(1))e ry  w(L+9) o

= (L+0(1))p"™(y, L)-

Our next step is to prove that the above upper bound is precise. Here we
follow the idea of Pinsker (1982). Let ¢, € R? be iid (0, I). Define

ol = [1 _ e%(L—y)(k—w)] . o—2m(L—y)(k—w)_

We shall show that
2
(29) Jim B[S ettioR (Jeul? - 2)| o
k
We have by simple algebra
(30) [Z e47rkL 2 "C ”2 _ 2 ] — 4ZeS7rkL 4

— eSﬂ'wL Z e87rch [e—4wk(L—y) _2e—-21rk(L—-y) + 1]

k=—o00
2(1 + o(1))ebmv L 1 2 1
T [2(L+y)—3L+y+4_E]
_ e81er(L _ y)2
= U5 75 9BL + )
= (o) ZLEAY) o

3L+y
thus proving (29). Let ©¢ be the subset in ©

&= {o

w
: Z |0k)%e* Lk <1, 6, =0, k> w}.

k=—o0
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Then by the triangle inequality we have

(31)

p(o,y) > inf sup Eg Z 185 — Oy ||2e v
b

6€6o k=-o00

= _inf sup Eq Z 18k — 8| 2%

B0 86y k——oo

Assuming that for some § > 0

_J (1=08)orCx, k<w
ek—{O, kE>w

we get

EY e'™e} = (1-6)2(1+0(1),
k

and hence by the Markov inequality and (30) P{O ¢@0} = 0(1). Therefore,
by the Cauchy-Schwartz inequality and (29-31) we obtain

(32) p(o,y)

2

\Y

v

Y]

2

inf E Z 18k — 0]2*™*1{0 €6}

0690 k___oo

inf E Z 8k — 05| 2e™¥*

06@0 k_ —00

— sup E Z 8% — Bx]2e*™*1{8 ¢ O}

9c0o k=—00

inf E Z 18k — O || 2e*™¥* —

0690 k——oo

_9Rl/2 (

k=—o00

inf E Z 8% — x| % ™ —

9coy k=—o00

inf B Z 18 — Bk e*™* —

k=—o00

9etmw(L—y) P{o ¢90}

w 2
Z nek“2647ryk) P1/2{o ¢ @0}

0(1)e4ﬂ'w(L—y)

o(1)p""(, ).

Since 8}, are independent Gaussian random variables and oe = 1+ O(L) we

have

lnfE Z Hok “ek“2 anyk _ 2 Z O'ka' 41ryk (1+0(1)) lm(o_,y)

k=—o00
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Equation (32) together with the above formula complete the proof. =

Remark 3.1 It follows from Theorems 2.1, 3.1 that the asymptotically min-
imax estimator in the initial problem is linear as L — 0 and condition (24)
is fulfilled.

Let us look at the asymptotic behavior of the minimax risk p(o,y, L)
as L — oo. There is a simpler statistical problem, which determines the
asymptotics. Assume that we are given the sample

(33) z=0+ 0§,

where £ is N'(0, ), and we want to estimate the unknown vector @ provided
that it belongs to the ball

(34) 0 ={0:/6]? <1}.

Let R

(35) p™(0) = inf sup E||§ — 0
8 6€06y

be the minimax risk in the considered problem.

Theorem 3.2 Uniformly in 0 and y < L as L = o0

36)  plow.I) = [1+0(°‘e‘“’)] [Pw(")*e—‘*’%]

+ 0 (Detn—).

Proof In order to obtain an upper bound for the risk p(o,y, L) we denote
by 6* the minimax estimator in the problem (33)-(35) and consider the
following estimator

~ Zk, k<O,
0, = 0*(Z0), k=0,
0, k>0.

Then we have

sup E Z 185 — BPe ™ < SUPE||90—00||2

LIS —
+ 207 Z e4"yk+sup2||0k||2 ety
k=—o0
2 2 —4n(L—y)
< sup E||6*-0|° + Ay +D .

6€0g
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Let us turn to the lower bound. The idea is to construct a suitable prior
distribution on ©. First of all, we assume that 8; = 0 for £ > 0. Next we
suppose that ||@]|> < 1 — 4. For k < 0 the unknown vectors are defined

as follows 8y = S(n1k,m2x)T, where njk € [—1,1] are iid with the density
p(z) = cos?(mz/2), and S is such that

2 52 Z e47rLk =4
k<—1
Noting that the Fisher information of 8, for k < 0 is 72/5? we obtain from
the Van Trees (1968) inequality

2
plo,y,L) > inf sup E|6o — 0ol + = E etmyk
CA) 90 8o[2<1—5 282 + o2 1

= (1—-4)inf sup E||6, — 6o + 20°5° Z etk

8o [160]12<1 202 + 52 k<-1
202 1
= (1-96§ :
( )p ( ) + ety 1 14 0.5%2025‘1(64"1‘ _ 1)—1
202 2ot
2 p%(0) +

edmy _ 1 - 5p (0’) - 6(e41ry — 1)e41rL )

Maximizing the right-hand side of the above equation with respect to § we
arrive at

202 _ p™ (o) 1/2
p(a, Y, L) 2 poo(o,) + Wl—l - 27T0'2€ 2nk [e47ry -1

202
—7L 00
(1—7rae )(p (o) + e47'y—1>'

This concludes the proof. =

\Y

In proving Theorem 2.1 we have assumed that y is fixed. On the other
hand we see from Theorem 3.2 that p(o,y,L) ~ O(y~!) for small y, thus
indicating that the rate of convergence of the minimax risk (see Theorem
2.1) is not uniform with respect to y. To cover this gap we describe in the
next theorem the asymptotics of the minimax risk and an asymptotically
minimax estimator, when y is in a vicinity of 0.

Theorem 3.3 Let y° be such that
lim ¢ log D/e? = 0.
e—0

Then uniformly in y € [0,4°] ase = 0

2
Yy D
r®(y,L) = (1+ 0(1))———27TLE2 log )
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and the projection estimator

1 D
} : e 21r1k:c w — _
x y, bk ’ (E) - 47TL log 62

k|<W (e)

1s asymptotically minimaz.

Proof The upper bound for the minimax risk follows from the Taylor
formula for by (y), when y € [0,%%]

bk(y) = y + (2mk)y* sinh(27k(y),
where ¢y € [0,y°]. Therefore, we have (see (7))

r(y,L) < supRy(Uw,u) < wa(e)( ) cosh™! (47 W () L)
PED

y?
D
2
E b( 1—+—o(1)) A logg—z-.
IkI<W £)

The proof of the lower bound is based on arguments used in Golubev &
Levit (1996).
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