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1 Introduction

The aim of this paper is to present a review of some results about nonpara-
metric estimation of analytic functions. A part of it is written in exposition
style and summarizes some recent work of the author on the subject (de-
tailed versions have already been published). The rest of the paper contains
new results in the area. Sometimes the proofs are only outlined and will be
published elsewhere.

Generally the problem looks as follows. We are given a class F of func-
tions defined on a region D C R? and analytic in a vicinity of D. It means
that all f € F admit analytic continuation into a domain G D D of the
complex space C?. To esimate an unknown function f € F one makes ob-
servations X.. Consider as risk functions of estimators f for f the averaged
L,(D)-norms

- . 1/
BoF -1l =B ([ 70 - f0l) 7, 1<p<oo,
B/1 -/l = B{sup |7(2) - /(&)1

where in the case of noncontinuous f the supremum is understood as an
essential supremum. Put

Ap(e,F) = A(F) = inf sup E¢||F — fl|p-
f f€F
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The last expression gives some understanding of our estimation problem and
below we study the asymptotic (¢ — 0, say) behaviour of Ap(e, F). The rate
of convergence of A depends on F and the understanding of this dependence
is the main interest of the paper. Of course the problem is formulated too
general and to have reasonable results we are to consider concrete variants
of it. Below we are dealing with the following problems.

Problem I An observed signal X, on the interval [a, ] is of the form
dX(t) = f(t)dt + edw(t).

Here w(t) is the Wiener process, € is a known small parameter and the
unknown function f belongs to a known class F of functions analytic in a
vicinity of [a, b].

Problem IT Assume that one observes iid random variables X1, Xs,... X,
taking values in R' and having a density function f € F where again F
consists of functions analytic in a vicinity of an interval D = [a,b]. The
problem is to estimate f on the interval [a, b].

Problem IIT Let {X;} be a real-valued stationary Gaussian process with
discrete or continuous time ¢, mean zero and spectral density f()\). We
assume that the spectral density f is unknown and should be estimated
on the base of observations X;,0 < ¢ < T. Assume further that f € F
where F is a given (known) class of spectral densities. Let [a,b] be an
interval and assume that we would like to estimate the restriction of f to
[a,b], {f(X),a < A < b}, when all f € F are analytic in a vicinity of [a, b].

Problem IV Let f be an unknown function belonging to a known class F of
functions analytic in a vicinity of an interval [a, b]. To estimate f one makes
n observations of the function f at the points X;, Xs,... X, and observes

Y; = f(X;) + Gj(X;,w),

where E(G;(X;,w)|X1,...X;_1) = 0 and the noise variables G; are con-
ditionally independent under a given observation plan (see in more detail

[14]).

One may ask why such attention to the estimation of analytic functions,
isn’t the class of such functions too special and too narrow? I believe that
apart of their mathematical beauty these problems are rather natural. I
appeal to two arguments of authority.

"When I asked Hilbert what were the general considerations which
brought him to the hypothesis (proved later by myself) that all solutions
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to regular problems of the calculus of variations are analytic, the cele-
brated geometer answered that by his opinion solutions to all naturally
posed problems should be analytic.” (S. Bernstein, Sur la deformation
de surfaces, Ann.Math., 1905).

"It may seem that analytic functions are a refined, a recherché object
and that such a refined property as analyticity is not necessary in nu-
merical analysis. In fact it is not true. Analytical functions constitute a
very disseminated object and many natural scientific problems lead to
analytic functions. Ignoring the analytic nature of solutions we narrow
drastically our possibilities and operate squanderingly.” (K. Babenko,
Foundations on numerical analysis).

Notice also that in the case of stationary processes a fast decay of the
correlation function implies the analyticity of the spectral density. If the
correlation radius is finite, the spectral density is even an integer function.

Below we denote through ¢, C' with or without indices various constants.
In different places the same notation may stay for different constants.

2 Functions analytic on bounded regions

In this section we suppose that the class F consists of functions analytic on
the bounded region G D [a, b] of the complex plane and bounded there by a
constant M. The region G and the constant M are supposed to be known.
Thus

8y(F) = intsup ([ 17(0) = f(0)Pat)"”.

Theorem 2.1 Under the conditions of Problem I when € — 0 the minimax
risk Ap(F,¢€) satisfies the following asymptotic relations

< ey/In(1/e), 1<p<i4
ey/In(1/e)(Inln(1/e)) /4,
e(In(1/e))1"%P, 4 <p<oo.

e

F))
(2.1) (F)
( )

X

The constants under the =< sign depend on G, M, and p only.

Recall that the sign ”a, < b,” means that 0 < ¢ = liminf(a,/bn) <
lim sup(ay, /bn) = C < oo.

Theorem 2.2 Under the conditions of Problem II when n — oo the
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minimax risk Ap(F,n) satisfies the following asymptotic relations

Ap(F) <[ —, 1<p<d4,

(2.2) Ay(F) <4 ln?”(ln Inn)'/4,
Ap(F) < \/g(lnn)l'wp, 4 <p<Loo.

The constants depend on G, M, and p only.

Theorem 2.3 Let X; be a stationary gaussian process with discrete time.
Under the conditions of Problem III when T' — oo the minimax risk A,(F,T)
satisfies the following asymptotic relations

InT
AP(T) = 'n—a 1 SP < 47

(2.3 A(T) = [ (lIn )4,

1
A,(T) < \/;(m:r)l—?/", 4<p<oo.
The constants depend on G, M, and p only.

In the Theorems 2.4 and 2.5 below we suppose that X; is a stationary
Gaussian process with continuous time (may be a generalized one).

Theorem 2.4 Let the set F consist of all spectral densities of generalized
processes analytic in some bounded region G, [a,b] C G and bounded there

by a common constant M. Then there exist estimators fr such that

T
supEf|fT flo<C “, 1<p<4,

(2.4) supEf|fT fla< C,/ (lnl T)Y4,
supEf|fT—f|,,SC'T_1/2(1nT)1 2p, 4<p< oo
feF

The constants C depend on G, M, and p only.

Theorem 2.5 Let the set F consist of all spectral densities of real-valued
(not generalized) processes analytic in some bounded region G,[a,b] C G
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and bounded there by a common constant M. Then there exist positive
constants ¢ > 0 such that

Ap(T) > ¢ w T , 1<p<4
(2.5)
A4(T) > ¢ lnlnT 174,
Ay(T) > T (lnTl 2, 4<p<oo.

The constants ¢ depend on G, M, and p only.

Theorem 2.6 Let under the conditions of Problem IV the variables G
have moments of all orders. Then when n — oo the minimax risk A,(F,n)
satisfies the following asymptotic relations

1
AP(F) = ﬂa 1 Sp < 0,

(2.6)

1
A (F) < r;n (Inlnn)Y/2.

The constants depend on G, M, and p only.

Theorems 2.1, 2.2 and 2.6 and their multidimensional analogues are
proved in [1]. Theorem 2.3 is proved in [2]. The proofs of Theorems 2.4
and 2.5, which also have been mentioned in [2], will be published elsewhere.

3 Functions analytic in strips

In this section we suppose that the interval [a,b] = (—00,00) and the set F
consists of functions f(z),z = t + is, analytic inside the strip |s| < A and
bounded in the closure of this strip by a common constant M, |f(z)| < M.
The strip and the constant are supposed to be known.

Theorem 3.1 Under the conditions of Problem II when n — oo the
minimax risk Ap(F,n) satisfies the following asymptotic relations

1
Ap(F) < r;“ 2 <p< oo,

(3.1)
Ax(F) < lnTn\/ln Inn.

The constants depend on A, M, and p only.
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Note that the restriction p > 2 here is essential. For p < 1 the behaviour
of Ap(F) depends on p. For p = 1 we can not even have consistent estimators
for f (see [3]).

Theorem 3.2 Let under the conditions of Problem III X; be a real valued
Gaussian process with continuous time. Then when T' — oo the minimax
risk Ap(F,T) satisfies the following asymptotic relations

T
AP(F)X\/IHT, 1<p<oo,
(3.2)

InT
Ao (F) < nT\/ln InT.
The constants depend on A, M, and p only.

Theorem 3.3 Let under the conditions of Problem III X; be a real valued
Gaussian process with discrete time. If F consists of all 2r-periodic functions
analytic and uniformly bounded inside a strip |s| < A, then when T' — oo
the minimax risk Ap(F,T) satisfies the following asymptotic relations

AP(F)\’< lnTT'a 1SP<00,
(3.3) V

A (F) < lnTT\/lnlnT.

The constants depend on A, M, and p only

Evidently in the case of Problems I or IV we can not expect reasonable
results in the L,(R') norms. So we suppose that the risk functions are
defined with respect to a bounded interval [a,b] and that the estimated
functions f are (b — a)- periodic functions analytic and bounded inside the
strip |s| < A. Under such conditions relations (3.1) are true for both these
problems (in the case of Problem I we have to substitute € instead of 1//n).

All the above mentioned theorems of this Section have been found by
Ibragimov and Khasminskii beginning from the middle of the 70’s (see [4],
[12], [14]). In 1980 M. Pinsker [5] worked out a new method which in the
case of Ly norms allowed to compute the precise asymptotics of the type ~
not <(the relation a, ~ bp,n — oo, means that lim %f = 1). His method
heavily used the fact that in the case of L spaces the sets F are ellipsoids
in Hilbert space Ly. Later Korostelev, Donoho, Golubev, Levit, Tsybakov
have spread Pinsker’s results on non Hilbert norms case. I quote below some
last results of F. Guerre and A. Tsybakov [6].
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Denote by F = F(L,~) the class of all real valued functions f € Ly such
that

[ o]
/ cosh?(v8)|g(8)2dt < 2rL
)

where g is the Fourier transform of f and L, are positive constants. Evi-
dently the functions f € F are analytic inside the strip |s| < 7.

Consider now the Problem I when the signal f(t) is observed on the
whole real line. Denote by | - |, the norm in the space Ly,[0, 1].

Theorem 3.4 (F. Guerre, A. Tsybakov) Let 1 <p < co. Then

lim inf sup e~ (In(1/¢)) " Y?E,|f — =M,
liyinfsup e~ (1n(1/¢)) ™7y [} — fl, = M,

Mp _ P + 1 l/p.
V 'y7r

The case p = oo has been treated earlier by Golubev, Levit, Tsybakov

[7].

Theorem 3.5 (Golubev, Levit, Tsybakov) When e — 0

where

liminf supe?In(1/¢)In ln(l/e)‘l/2EJe|jAr —floo = (1)1/2.
ym
Notice that one may expect the same results for the other problems
mentioned in Section 1. Notice also that in the frames of Theorems 3.4
and 3.5 it would be natural to make observations on the interval [0,1] only.
The final formulas would change of course but how?

4 Integer functions

In this section we will suppose that the class F consists of functions analytic
on the whole complex plane. One may expect that now the rate of A,(F) will
depend on the growth of functions f € F at co. We consider the following
well known standard classes of integer functions (see [20]).

1. The class F1(M, ¢, p) consists of all integer functions f(2),z = z+1y,
such that

sup|f(@ + iy)| < M exp{elyl’}.

2. The class Fa(M,c, p) consists of all integer functions f(z) such that

sup |f(2)| < M exp{cr’}.
|z|<r
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Theorem 4.1 Let under the conditions of Problem II the unknown density
function belong to a class F1 with p > 1. Let the minimax risks A, be defined
through L,(R') norms. Then when n — 0o

Ap(F) < %(lnn)(p—l)/up), 2<p< oo,

(4.1)
oL (p—1)(2p)

A (F) < p=2kEP) .

(F) Tn (Inn) Inlnn

The constants depend on M, c, p, and p only.

Proof of Theorem 4.1 Upper bounds. Consider estimators fr(z)
defined by the formula

(2 R S

1

and study the behaviour of its bias and stochastic term.
1. Bias. Let

B(t) = Efe“XI _ /'°° eitzf(.’v)d:L‘

be the characteristic function of X; under the density function f. Then the
bias of the estimator fr(z) at the point z is

f@-Epr@ =@ - - [~ %y—;—‘”)f(wdy

(4.3) 1/ e~ (t) t—— / f(y)dy / etv=2)dt

Y
1

= — T 4(4)dt.
— /We 6(2)

A function g € Ly, p > 2, and its Fourier transform § satisfy the following
inequalities (see [8], ch. IV):

(4.4) lgll, < Cliglly, — 1/p+1/g=1.

Hence for 2 < p < oo the Ly-norm of the bias satisfies

@5 W By <C [ le@ra<o [, 100N

To estimate the last integral consider an analytic function ¢ € Ly whose
Fourier transform 1) is zero outside an interval [—A, A]. Then for any y

Yatiy) =5 [ eHeehn)ax
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and Parseval’s identity implies that

| @+ ide = - [ o()eh(-2x

—00

Changing on the left the contour of integration we find that for any y

@s) [ ferip@iz =5 [T sneP-2ix

—00

Take at the last relation

{L()‘) — "ZJA(/\) — {g”()‘)(l —|Al/4), g I

where A is a positive number. Then

wn Ya(z) = 217r/ e M Pa(N) = 2} /‘Z" ¢()\)(1;|_/\L/A)e_uzd)‘=
=§/_m (y)%de_o

and

“8 /_ o:o ba(z)de = 1.

It follows from (4.6) and (4.7), (4.8) that

1 A 0o )
o [ OO~ W/A)dA = [ flo+igpa(e)ds
m™J—-A —o0
< sup|f(z +diy)| < Mexp{cly|’}-
The last inequality implies that for any y

(4.9) [ 18O exp{A i} < 2mMest.

But then for |y| > 1
oo 1/2
/ Pl s < (/ _2|A||y|d,\) (/ eI jp(2)[2dA) /
B < (27I_M)1/2ec4plyl‘° — Mlecllylp.

Hence for any y > 0

[T 16ide < ™ [ clivioe)ide < My exp{~Ty +eilyl?}
T —00
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Take here y =T 1. We find that
(e o]
(410) [ 16(0)de < My exp{—esT?/ D},
T

The last inequality together with (4.5) gives us the following bound for
the bias. For any p,2 < p < o0,

(4.11) Ifr — Ezfrll, < Bexp{-bT?/(P~1},

where the constants B,b > 0 depend on M, c, p, and p only.
2. The stochastic term is the L,(R!)-norm of the random function

-1 2": [sin T(X;—z) EfsmT(X - x)] _

Xj'—it

To estimate it we use the following inequality of Rosenthal ([9], see also [10]):

Lemma 4.2 Let&,...,£, be independent random variables with E§; = 0.
Then for 2 <p < 00

(4.12) E| iﬁjl” < cp(i ElgP + (i Efa?)m)'
1 1 1

It follows from this inequality that for 2 < p < oo

¢, [ _|sinT(X;—z)|°
— P L - 77
E”fT EfT” = mwPnp-l —-ooE X1—z

oo 02 _ p/2
L% / gsin T(X: —z) da.
TnP/2 | _oo (X1 —z)2

dz

Now for p > 2
00 ) _ p/2
/ gSin T(X; — ) i
—o00 (X1 - 1')2

2
< MP/2-1 ( / = sin” TI ) / / - sm(xT(my y) f(y)dy
—o0
< Mp/2—17rp/2Tp/2.

It follows from these two inequalities that

sin

np-1 T

(413)  E|fr —Efr|f < o {Tp_l /_0;

2
i dz + MP/? (%)p/ } )
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We always suppose that T = o(n). The last inequality implies then that for
2<p<oo

(4.14) Elfr — Bfrlly < cp\/g.

The case p = oo needs a special consideration. At first we need to know
the behaviour of Cp, in (4.14) for large p. Letting

_ sinT(X; —z) E (sinT(Xj - z))

§i(z) =§; X, -2 X, -3

we find for even p = 2k and p = o(n) that

n
E|Y ¢ = 3 E¢l .. Egl
1 Ihi+.. .lﬂ;lln =2
J

2k! _ 2k! k
= nEe + (g) @y BB (:) e (B

It follows from this inequality that if p < n!=7,v > 0, which will be the case,
that

(4.15) I éiaum%mzs(cmk(%)k

|
—o0
where C is a constant. It means that (4.14) can be rewritten as

(4.16) Efllfr — Effrllp < ey/py/T/n

where the constant ¢ does not depend on p. We apply now the following
Nikolskii inequality(see [11]):

Lemma 4.3 Let g(z) be an integer function such that
(4.17) lg(2)| < Cexp{T|zl}.

Then for1 <p<g< o0

(418) lgllg < <T7~lg]lp

where c is an absolute constant.

The function g7(x) = fr(z)—Efr(z) is a random integer function which
satisfies (4.17). The inequalities (4.16), (4.18) imply then that

E|lfr — Efrlleo < <TYPE||fr — Efrll, < Cv/pTY?/T/n.
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Take here p = InT. We find that
(4.19) E|fr — Efr|cc < CVInT4/T/n.

Now we are ready to establish the upper bounds of the theorem. If
p < 0o, we apply (4.11) and (4.14) (or (4.16)) and get that

Efllfr — fllp < 1Bsfr — fllp + Efll fr — Effrllp <
< C(exp{—T*/(-1} 4 \/T/n).

Take here T ~ (Inn)®~1)/P. We find that for such fr
1
4.20 Efllfr — fllp < C—=(lnn)P~1/%
(4.20) flfr = £llp -C\/E(lnn)
In the same way we find applying (4.11) and (4.19) that for the same T'
1
(4.21) E|lfr — flleo < c%(lnn)(p—l)ﬂp\/ln Inn.

Lower bounds. To prove the lower bounds of the theorem we use methods
from Hasminskii and Ibragimov [12]. The following lemma is proved in [12].

Lemma 4.4 Assume that there are N(§) densities fis € F,i =1,---, N,
such that || fis — fjsllp > 0 for i # j. Let {fos} be a family of densities . Let

1 fis — fis||?

. = P < .
(4.22) 5(n, F) = sup{ ORI 1/2n}
Then for any estimator }n of fand allp > 1

- o(n,F
(4.23) sup By — fllp > 22,
feF

For the sake of simplicity we consider the technically simpler case p = oo.
We begin with constructing a family {fi;s} which will satisfy the conditions
of Lemma 4.4. Set

sin(yz + ib) sin(yz — ib)

fol@) =a vy + b vy — b

where the real positive constants a,<y,b are chosen to make fo a density
function from the class F1(1/2M, c). Define now
(4.24)

sinN(z — 2n(k —1)/N
fro(o) = Julz) = fola) + ¢ (202 Tl L)

z—2n(k—1)/N

3
), ket
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where ¢ will be fixed later. Evidently [°% fx(z)dz =1 and if € is sufficiently
small, e < cN 73, cis a small constant, fix(z) > 0. Hence all f are probability
densities for e sufficiently small. The differences

Ife — filloo > eN?.

Evidently all fi are integer functions. Notice that

sin N(z + iy) |2

T+1y

sup |fi(z +iy)| < %M exp{cly|’} +esup
< %M exp{cly|’} +eNeNlWl.
To ensure that fr € F we have to choose ¢ in a such way that for all y
eNeMWl < %Mec“"p.

The expression
clyl” +InM/2 - Nly| —InN —Ine

takes its maximal value at the points |y| = (N/cp)}/(P~1) and it is enough
to take as € any number

A< %MN exp{—c'/(P~1) (p=(1/(p-1)) _ pPl (=) NPI(P=1)}

We take

where « is a sufficiently large number.
Let us find now §(n,F) from (4.22). We have

fe=GlIE /°° sin Nz ¢ AP+
Tk—Jill <4 ' ;
Vo llg ™ cOSP ) olz— 2n(k —1)/N| |sin(yz + ib)|2 :
(4.25) < ce?N°

where c is a positive constant. Hence we may take any N which satisfies the
inequality

(4.26) c(In N)~'e2N% = ¢(Inn) ! exp{—2aN?/P"D}N5 > 1/2n.
In particular we may take
(4.27) N ~ c(lnn)P~V/r

where c is a sufficiently small positive number. For such a choice of N the
inequalities (4.25), (4.26) imply that

35> O /NN > L(inn)P-V/%inlnn
(4.28) d(N,F) >eN 2\/5 NlnN_\/ﬁ(lnn) Inlnn
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which gives the needed lower bound for the case p = oc.
If p < o0, then (following again [12]) we construct the family f;s as

N . 3
fa(@) = folz) +€_ ax (SInN(x —2r(k — 1)/N)>
1

z—2n(k—1)/N

where the vectors @ = (a1,...an) run a set of vectors a with a; = 1.
Combining arguments from [12] with those we have just used we get the
lower bound for p < 0o. The theorem is proved.

Remark. The restriction p > 2 is essential. For p = 1 we cannot even
expect the existence of consistent estimators, see [12], [13].

The last result can be strengthened if p = 1. Namely in 1982 Ibragimov
and Khasminskii proved the following result [13].

Theorem 4.5 Let under the conditions of Problem II the observations
X take their values in R® and have density function f belonging to a class
Fof functions whose Fourier transform is zero outside a compact convex
symmetric set K. Then when n — oo

1 m(K)
n (27)2

where m(K) denotes the Lebesgue measure of K.

(4.29) AYF) ~

Analogous results can be proved also for stationary processes.

Theorem 4.6 Let under the conditions of Problem III X; be a real valued
Gaussian process with continuous time. Let A, be defined through L,y(R')-
norms. Then when T — oo the minimax risk Ap(F1(M, ¢, p)), p > 1, satisfies
the following asymptotic relations

Ap(Fy) < %(lnT)(‘"‘l)/z”, 2<p< oo,
(4.30) T
Aoo(F1) < ﬁ(lnT)(”_l)/?“’\/ln InT.

The constants depend on M, c, p, and p only.

The theorem will be proved elsewhere. We show below only that in the
case p = 1 the rate of convergence of A, is T-1/2,

Theorem 4.7 Let under the conditions of Problem III X (t) be a station-
ary Gaussian process with continuous time and spectral density function f
belonging to a class F = F1(M,a,1) N {f : ||f|| < 0?}. Then when T — oo

limsup TA3(F) < 4ac?.
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Proof By the Paley-Wiener theorem the correlation function R(t) of the
process is zero outside the interval [—a,a]. Thus the spectral density

) = 2—17; /_ R(t)dt.

We estimate R(t) by

Tt _
Ry ={ rmle " X(+u)X () du, if[]<a,
0, if [t| > a.

= %/R(t)dt

Not difficult computations show then that

and f(X) by

Ellf - 713 = E{inR ~ Ry

T—|t| T- It|
2— T —|t]) 2dt/ / 2(u —v)

+R(t+u—v)R(t —u+v))dudv

2
- %(1 +0(1)) <2a||R||§ + ( _aR(u)du) ) :

Further 1 = ||RlIZ = || £l < 0% and
a 2
( f R(u)du) < 24||R|2 < 4mac?.
a
The theorem is proved. =

Consider now problems when f € Fa(M, ¢, p). (Recall that the last con-
dition means that sup|, <, |f(2)| < M exp{c|y|*}, see p.6).

Theorem 4.8 Let under the conditions of Problem I the observations
be X, (t),—00 < a < t < b < co. If the unknown signal f € Fo(M,c,p),
then when € — 0 the minimax risk Ap(F,¢€) defined through Ly(a,b)-norm
satisfies the following asymptotic relations

Ay(F)) <€ %1({2—), 1<p<4
(4.31) Ay(F) <€ l—%(lnln(l/f))”“’

n(1/e) \'~%P
A,,(F)xe(ﬁ%/)s)) ) 4 < p<oo.
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The constants depend on M, c, p, and p only.

The same results take place for all other problems if the risk is measured
in Ly(a,b)-norms, —oo < a < b < oo except for Problem IV.

Theorem 4.9 Let under the conditions of Problem IV the unknown func-
tion f € Fa(M,c,p) and variables G; have moments of all orders. Then

when n — oo the minimax risk Ap(F,n) satisfies the following asymptotic
relations

/ Inn
AP(F) = L] p < OO,
(4.32) ninlnn

Inn

Ao(F) = (Inlnn)'/2.

ninlnn

The constants depend on M, c, p, and p only.

We give the proof of Theorem 4.8 only. The proof of upper bounds in
(4.32) is based on the inequality (4.33) below and arguments from [1]; the
proof of lower bounds is based on arguments from [14], [15]. A detailed
version of the proof will be published elsewhere.

Proof of Theorem 4.8 The proof repeats the main arguments of the
proof of Theorem 1 from [1] and we omit the details. Evidently we may and
will suppose that [a,b] = [-1,1].

Upper bounds. Consider the Fourier expansion of f with respect to the
Legendre polynomials Pg(x):

[o ]
f(@) =) arPi(z)
0
and estimate the coefficients a; = [, Py(z)f(z)dz by the statistics

= [ 11 Py(z)dX. (z).

Introduce now the statistics
N
In(@) =) axPi(z)
0
and study separately their bias

by(z) = f(z) —Efn(z) = Y arPi(z)
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and the random term

z2n(2) = fn(z) — Efn ().

1. The bias. Introduce into the consideration the Chebyshev polynomi-
als Ty(z) = 2 cos(karccos z). They are orthonormal on [—1,1] with respect
to the welght (1 —2%)"1/2, Let

= i b Tk ()
0

The value of the best approximation of the function f in the Ls-norm by
polynomials @ of degree N is equal to

/El a; = (mf/ |2d.7:) v
1/2
< (mf / ()21 — )‘1/2dx> - @

The coefficients bx have the following representation (see [11], [16])
1 T
by = wdx _2 / f(cos8) cos k6 dé
-1 V1—2z2 T Jo
= % / f(cos @) cos k6 df
1 1 d
o [ FGG+NEE Y,
lz]l=1" "2 z

271

The function f is analytic in the whole complex plane and we can apply the
Cauchy theorem and integrate on the right along the circles of radii R~! and
R respectively. We find that for R > 1 because of the definition of the class
F, i
lbe] <7 'R7* [ |£(1/2(Re® + R~'e™%))|db
-7

<2R7* ﬁ%'f(z)l < 2MR* exp{cRF}.

L —k
If we take here R = ( )” we find that |by| < 2MeF/P ( ) /p. But then

(4.33) law] < \/Z Jaxl? < \[Z Ibi|2 < (Cp)NIPN-Nle,
N N

The Legendre polynomials satisfy the inequality (see [17]): for all z € [-1,1]

(4.34) IPu(e)| < Be(1) = 22
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It follows from (4.33) and (4.34) that for all p the Ly-norm of the bias
435) vl =1l Y- akPe(@)lp << e Y kTP < (eaN) VP
N+1 N+1

2.The random term. The random term is a Gaussian random polynomial

N
an(z) =€) & Pi(x)
0

of degree N whose coefficients

1
£ = /_ P(@)du(a)

are iid standard Gaussian variables. It has been proved in [1], pp 195, 196
that the norms ||zn||, satisfy the following inequalities:

Elzvllp, < eVN,  1<p<i4,
(4.36) Elzn|ls < cseVN(In N)/4,
Ellznllp < CPENI‘Z/I’, 4 < p<oo.

Now we are ready to establish the upper bounds of the theorem. Combining
inequalities (4.35, (4.36) we find that

Efllf = fullp < el N7V + coeE| zn|lp.

Letting here N =< (In %)(ln In %)'1 with a proper constant we prove the upper
bound of the theorem.

Lower bounds.We begin with the following lemma of Ibragimov and
Khasminskii, see [18], ch. VI.

Lemma 4.10 Let S = {f;,j =1,...,M} be a family of functions f; € F
such that ||f; — fill, > 26 for all 4,j,4 # j. Then for large M,e™!

. % 1 1 /113
. — >> — _— pLLALLER, I
(4.37) ‘,’{f %13 Ef||f = fellp 22 25 (1 oM ?‘elg 222

The inequality is true for any p > 1.

The construction of the set S depends on p and we have to consider
separately three cases: 1 < p < 4,p = 4,p > 4. All these constructions
essentially coincide with those from [1]. The main difference is that now the
norming factor in these constructions is not e as in [1] but N™"V. We
outline shortly how to treat the case p < 4.
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If p < 4, we define the set S as such a set of functions

N
fﬁ(fb) =N_'YNZaij(fL'), a= (ao,_..,aN)a a; = =1,
0
that for any two functions f;, fa € F the distance
1 -
(4.37) Ifa = farllp > 5VNNTY.

It is shown in [1] that the number M of the points of the set S is bigger than
N/8
eV/s,

The polynomials Py (z) satisfy the inequality (see [16]): for all complex

2 1
|Pe(2)] < kT+|z + V22 - 1]k

Hence for |z| = R
|fa(2)| < CN2N-"N(1 4+ 2R)N

and it is easy to see that for sufficiently large v the functions fa € Fa.
Because of (4.36), (4.37) for any estimator f of f

- 1
sup Ef“f - f“p > EWN_’YN . (1 —_— ca_2N—2'yN)'
FEF,

If we take here N as the minimal integer for which ce2N~2"V < 1/2, we
find that
In(1/¢)

Inln(1/e)’ ¢>0.

sup ||[f — fllp > ce
FEF?

The theorem is proved. =

5 A problem of extrapolation

An analytic function f(z) possesses a remarkable property: being observed
on an interval it becomes immediately known throughout its domain of ana-
lyticity. Of course the problem of recovering f(z) from such observations is
an ill posed problem and it would be interesting to know what will happen
if the observations are noisy. We consider below an example of this problem.

Denote F = F(M, o) the class of integer functions f(z) such that f are
integer functions of exponential type < o, real valued on the real line and
such that ||f|l2 < M where | - |2 denotes the Ly(R') norm. By the Paley-
Wiener theorem (see, for example, [20]) functions f € F admit the following
representation

(5.1) f@) = o [ emglu)au

=%—a
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and hence

6.2)  |f(2)l < %Hgﬂz\//_a e2elluldu < e[ £l min(v2a, 2] ).

Suppose now that a function f € F is observed on the interval [a, b],
where —00 < @ < b < 00, in the Gaussian white noise of intensity . It
means that one observes X, (t) where

(5.3) dX.(t) = f(t)dt + edw(t), a<t<b,

w(t) is the standard Wiener process. Consider the following problem: es-

timate the value f(z) of a function f € F at the point z on the base of
observations (5.3).

Theorem 5.1 There exist an estimator f,(z) of f(z) such that uniformly
in{z:|2z] < (In1)°*},a <1,

(5.4) sup E|f(2) — fo(2)2 < Cac®1-2),
feF
Moreover
(5:5) supEs{ sup |f(2) — Ju(2)2} < Cae®79).
fEF " Je|<(in })e

Proof We may and will suppose that the interval [a,b] = [-1,1]. Expand
the function f(t) into the Fourier series with respect to the orthonormal
Legendre polynomials

(5.6) f(2) = arPi(2).
0
It follows from (5.2) (see (4.33)) that
k+1/2 k
k+1/2 o ) < T _
(5.7) k] < Cre (k +1/2 SOk

We have seen also that

(5. IPe()] < 1 22 1o+ /el + 1)

Hence the series (5.6) converges in the whole complex plane.
As before consider estimators

N 1
N =Y uh(),  w= [ PtdXe)
0 i
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and study separately their bias and variance.
It follows from (5.7), (5.8) that for |z| = R the bias satisfies
(5.9)

|f(2) = Efn(2 I<Z|ak||Pk

N+1
<0 Z R +VR2 +1)F < CoetB(cR)VNNN.
N+1

The random term is a Gaussian random polynomial

N
2) =€) &Pi(2)
0

where &, are iid standard Gaussian random variables. Hence

E|’I‘N =€ Z |Pk
(5.10)
<é¢? Z k|R+ VR2 + 1| < e2N?(cR)*.
0

Moreover
(5.11) Elrrlla.x Irn (2 |<EZ|§k] (R+VR2+
Combining (5.9) and (5.10) we find that

E|f(2) = fn(2)]” < e (RN (N2 +€2).

It follows that if we let N ~ (In1)(Inln 1)=1 and denote fy with this N
trough fe, then for |z| =

Inl
SpElf(2) - fo(2)? < cree* R exp{- =y InR}.
fEF nln ;

The last inequality yields the inequality (5.4). In the same way the inequal-
ities (5.9, (5.11) imply the inequality (5.5). The theorem is proved. =

Theorem 5.2 Let |2| > (In1)®a > 1. Then for all sufficiently small
£,€ < Cq,

(5.12) inf sup Ef|f(z) — fe|? > 1/2.
fe feF
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Proof We reduce our problem to a one dimensional estimation problem of
a parameter 6 and establish the lower bound for this new problem. Consider
the following set of functions fg(t) depending on a real parameter 6,|6| < 1,

(613)  for(z) = folz) = 6% nfjl (Si“(g = 2§fa__Tf;‘_an“) — 06(2)

where a > 1,T are real numbers. Because of ""zﬂ’ < el the product on
the right converges uniformly on compacts of the complex plane and deter-

mines an integer function. Moreover this integer function has an exponential
growth < 1. Indeed

fo(2)] < Bexplz] +1z — Tl(a - 1) 3 n~} < eTe2k
1

In the same time because on the real line |s‘g—z| <1

% gin?¢
1< [~ St =m.
—00

Thus all fo € F(y/7,2).
Let f be an estimator for f4(7"). We have

(5.14) Eo|fs(T) — f|* = Eql6 — f|*.

Consider now the problem of estimation of the parameter § on the base of
observation X,(t). It is easy to see that the statistic

1 1 1
Y. = / $(H)dX.(t) = 0 / S (D)dt + ¢ / duw(?)
-1 -1 -1
is a sufficient statistic of the # estimation problem. Hence
(5.15) supBol6 - Fol? > sup Eo|6 - E{f|Y:}* > inf sup Ey|f — P(Ye)[?

where

1 2(t)de
and inf is taken over all statistics 1(Yz).
We use the following well known result, see [19]:

Ye=0+

Lemma 5.3 Suppose one is estimating a parameter |6| < a on the base of
observation
Y=0+n
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where n is a Gaussian random variable with mean zero and variance s2.
Then

(5.16) igf sgp Eg|0 — %(Y)|? > s%h(a/s)

where the function h is an increasing function such that h(z) ~ z? when
z — 0 and h(oc0) =1

It follows from the last result together with (5.14) and (5.15) that
1 -1
infsup E|f(T) — fe|? > ce </ ¢2(t)dt> , c>0.
fe feF -1
Let us estimate the integral on the right. We have
1 e ]
[ &0t < [T min(1, (T - 1)2(a=1)72) < (T = 1)(a— 1)) (L1
where L is the largest integer < ((T' — 1)(a — 1))'/2. Hence for large T
b —2aT/
| #0dt < T - 1)ee e,
-1
It follows that for any f.
sup Ef{|f(T) - £’} > 1/2
fEF(2,1)

if T > c(e)(In 1)®. With slight changes the same arguments will work for
any 2, |z| > ¢(a)(In 1)*. The theorem is proved. =

Remark 5.1 The Theorems 5.1 and 5.2 mean that roughly speaking when
€ — 0 consistent estimation of f(z) is possible on the disks {|2| << Inl}
and impossible outside larger disks, namely on {|z| >> In1)}.
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