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Stochastic search for semiparametric
linear regression models
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Abstract: This paper introduces and analyzes a stochastic search method
for parameter estimation in linear regression models in the spirit of Beran
and Millar [Ann. Statist. 15(3) (1987) 1131-1154]. The idea is to generate a
random finite subset of a parameter space which will automatically contain
points which are very close to an unknown true parameter. The motivation for
this procedure comes from recent work of Diimbgen et al. [Ann. Statist. 39(2)
(2011) 702-730] on regression models with log-concave error distributions.

1. Introduction

This paper introduces and analyzes a stochastic search method for parameter es-
timation in linear regression models in the spirit of [1]. The idea is to generate a
random finite subset of a parameter space which will automatically contain points
which are very close to an unknown true parameter. The motivation for this pro-
cedure comes from recent work of [3] on regression models with log-concave error
distributions. Section 2 reviews the latter setting. In Section 3 the stochastic search
method is described and analyzed in detail. Our construction relies on the exchange-
ably weighted bootstrap as introduced by [5] and developed further by [6]. While
these papers are dealing with i.i.d. random elements, the present considerations
will show that the exchangeably weighted bootstrap is also asymptotically valid in
heteroscedastic linear regression models under mild regularity conditions. Thus it is
a viable alternative to the wild bootstrap as proposed by [7]. All proofs are deferred
to Section 4.

2. Linear regression with log-concave error distribution

Suppose that for integers ¢ and n > g we observe (€n1, Yn1), (€n2, Yn2), ..., (€nn,
Yin), where
Yni = HIIBTLZ + €

with an unknown parameter 8,, € RY, fixed design vectors ®,1, €n2, ..., Ty, € RY
and independent real random errors €,1, €0, ..., €,, With mean zero. We assume
that our regression model includes the constant functions, i.e. the column space of

the design matrix X, := [Zn1,%n2,- .-, Tnn] | contains the constant vector (1)%;.
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Mazxzimum likelihood estimation

Suppose that the errors €,; are identically distributed with density f,, such that
Yy, := log f, is concave. One may estimate f,, and 6,, consistently via maximum
likelihood as follows: Let ®, be the set of all concave functions ¢ : R — [—o0, 00)

such that
/ e?@dy=1 and / ye?W) dy = 0.
R R

Then we define (lﬁn, én) to be a maximizer of

n

Z ¢(Ynz - T’Twni)a

i=1
over all pairs (¢,m) € &, x R?, provided such a maximizer exists. It follows indeed

from [3] that (qun, én) is well-defined almost surely if n > ¢+ 1. Precisely, the MLE
exists whenever Y,, = (¥,,;)"_; is not contained in the column space of the design
matrix X,,. Simulation results in [3] indicate that @, may perform substantially
better than the ordinary least squares estimator, for instance when the errors have
a skewed, log-concave density.

Consistency
General results of [3] imply that the MLE is consistent in the following sense, where
asymptotic statements refer to n — oo, unless stated otherwise:

Theorem 2.1. Suppose that ¢ = q(n) such that ¢(n)/n — 0 and

[ 1) = )l ay =0
for some probability density f. Then fn = exp(a&n) satisfies

/R ) — Fu)l dy =, 0,
and

% > min(|(8, — 0,) @i, 1) =, 0.
i=1

For fixed dimension ¢ and under additional conditions on the design points @,;,
Theorem 2.1 implies a stronger consistency property of 8,,, where || - || denotes stan-
dard Euclidean norm, and Apin(A) denotes the minimal eigenvalue of a symmetric
matrix A:

Corollary 2.2. Suppose that the assumptions of Theorem 2.1 are satisfied, where
the dimension q is fized. In addition, suppose that

- IR T
hnn’—l>£f )\min <gzlwnzwnz> >0
1=

and
n

. 1
lim - Z H{||&ni|| > c}l|anil|* = 0.

n,c—00 ;
i=1

Then

16, — 6, —p 0.
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3. Stochastic search

Computing the MLE (1/A1n, én) from the previous section is far from trivial. For any
fixed n € RY, the profile log-likelihood

L,(n):= rnax Z gzb i — w;n)

can be computed quickly by means of algorithms described by [2]. Furthermore, as
shown by [3], L, () is continuous and coercive in that L,(n) — —oo as ||n|| — oc.
However, numerical examples reveal that L, (-) is not concave or even unimodal in
the sense that the sets {n € R?: L,(n) > c}, ¢ € R, are convex.

To deal with this problem, we resort to a stochastic search strategy in the spirit
of [1]. In particular, we construct a random finite subset ©,, of R? such that

12y,
(1) min 02| =6, =, 0.

Then we redefine 9n to be a maximizer of L,(-) over ©,. A close inspection of the
proofs reveals that the consistency results in Theorem 2.1 and Corollary 2.2 carry
over to this new version. Moreover, if the original MLE 0,, satisfies H@n —0,] =
Op(n’l/Q), which is an open conjecture of ours, the same would be true for the
stochastic search version.

Exchangeably weighted bootstrap

For the remainder of this section we describe and analyze a particular construc-
tion of ©,,: Let W), W@ wW®  be iid. random weight vectors in [0,00)",
independent from the data (X,,,Y ). Then we consider the ordinary least squares
estimator

- (0) -

077, = arg mlnz ni = nzn Z L L Z niLni
neR? =1

and the randomly weighted least squares estimators

-1
A (b) (b b
0” - a‘rg mln Z W( ) 7” - mTLLn <Z W ) nz ;’Lrl> Z W( )Ynzmnz

neR? =1 =1

for b = 1,2,3,..., where W = (W(b))Z CIEYT ) or ST 1W(b)a; !

n n ni*ni
happens to be singular, we interpret its inverse as generalized inverse. If we define

ni=1{0Y :0<b<B,)

with integers B,, — oo, the subsequent considerations imply that (1) is satisfied
under certain conditions.

Asymptotics

We assume that the random weight vectors W, := szb) satisfy the following three
conditions:
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(W.1) The random variables W1, Wy, ..., W, are exchangeable and satisfy

n
E Wni = n.
i=1

(W.2) For a given number ¢ > 0,

(W.3) Asn — oo and K — oo,
I~
- S WRW,, = K} =, 0.
1=1

Note that (W.1) implies that IEW,; = 1. In fact, when (W.1) holds, condi-
tions (W.2-3) are a consequence of the following moment conditions:

(W.4) For a given number ¢ > 0,
Var(W,1) — ¢*.
Moreover,

lim sup COV(W21, Wﬁg) <0 and lim supIE(W:,fl) < o0.

n
n—oo n—oo

To see this, observe that under (W.1) and (W.4),

]E{
Var{

3=
M=

(Wi — 1)2} =Var(W,,;) — ¢ and

(Wi — 1)2} = Var (% z”: Wfl>
i=1

1 -1
= E Var(Wzl) + nT COV(Wnla WTLQ)

1 4
- E(W,,) 4 o(1) =0

1

SRS
M=

Il
-

IN

as n — 0o, which proves (W.2). Moreover,
E{% > Wal{W,; = K}} = EWAH1{W,y > K}) <E(W;)/K* =0
i=1

as n — oo and K — oco. This proves (W.3).

As to the data (X,,Y,), we drop the assumption of identically distributed
errors and only require the €,; to have mean zero and finite variances. Further we
assume that the following three conditions are satisfied:

(D.1) For a fixed positive definite matrix I' € R7%9,

1 n
- Zwmx; — T.
i=1
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(D.2) For a fixed matrix I'. € R?7%9,
1 n
— ZVar(em x,x — ..
n 4

(D.3) With Ly; :=n"Y(1 + €2,)||zn %,

E Z Ly min(Ly;, 1) — 0.

i=1

Note that (D.1-2) implies that IEY"" | L,; — trace(T' + I'.). Even under the
weaker condition IEY"" | L,; = O(1), condition (D.3) is easily shown to be equiv-
alent to the following Lindeberg-type condition:

(D.3’) For any fixed § > 0,
EY " Lpil{Lni >0} — 0.
i=1

Theorem 3.1. Suppose that conditions (W.1-3) and (D.1-3) are satisfied.
(a) For any fized integer B > 1,

W20, — 6,), . T7HZO +1{b > 1}ez®)

b=0
with independent random vectors Z(O), Z(l), Z(2), R zB) having distribution
N, (0,T).
(b) For arbitrary integers B, — oo,
. 1/21p® _
b:lflzl,l.?,Bn n 0, OnH —p 0
Part (a) of this theorem is illustrated in Figure 1. Asymptotically, 6 (deplcted

as ) behaves like 6, (depicted as %) plus n~ /2T~ 1Z© From the latter point

one gets to é;b), b > 1, by adding another Gaussian random vector en=121071Z®),
Writing £(A) for the law of a random vector A, the ellipses with broken lines
indicate E(éflo)), while the ellipses with solid lines indicate Lﬁ(é;b) Y ,).

Note that for any fixed integer B > 1,

1/2 (

min n -0 H —>£ mln HF (Z(O)-‘rCZ(b))H.

=1,....B

The next result provides a more detailed analysis of the latter random variable in
terms of the way its distribution depends on ¥ := I'"'T'.I'"! and B. Recall that
the Weibull distribution Weibull(g) is defined as the distribution on [0, c0) with
distribution function F(x) := 1 — exp(—z9).

Theorem 3.2. Let Z1,Zo, Zs, ... be independent random vectors in R* with con-
tinuous density f. For any fired z € RY,

a, f(z)Ya Bl/q mm ||Z¢7 — z|| =, Weibull(q)

as B — oo, where oq 1= WI/ZF(Q/2 + 1)71/(1'
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Fic 1. Hllustration of Theorem 3.1(a).

Presumably this result is well-known to people familiar with nearest neighbor
methods, but for the reader’s convenience a proof is given in Section 4. It implies
the following result for our particular setting:

Corollary 3.3. Let Zy, Z1,Z>, ... be independent random vectors with distribution
N, (0, %), where X is nonsingular. Then for any fized ¢ > 0,

52
1 : 1/(2
B4 , nin 1Z0 + cZs|| —c B, det(2)"/ 9 ¢ exp(ﬁ)w

FRRES}

as B — oo with independent random variables S? ~ xg and W ~ Weibull(q), where
By = 22T (q/2 + 1)"/9.

If we drop the assumption that ¥ is nonsingular, the conclusion of Corollary 3.3
remains true if we replace ¢ with rank(X) and det(X) with the product of the
nonzero eigenvalues of 3.

The previous result shows that miny—1,. . 5| Zo + cZy| is of order Op(B_l/q) as
B — oo. This means, roughly speaking, that to achieve a small approximation error
d > 0, one has to generate O(0~9) points. This is coherent with the well-known fact
that a Euclidean ball with fixed (large) radius can be covered with O(6~7) but
no less balls of radius §. However, note that the limiting distribution also depends
on det(X). If we fix trace(X) = IE(||Z?) but decrease det(X), the asymptotic
distribution of the minimal distance gets stochastically smaller.

For large dimension ¢, the stochastic factor ¢ exp(5?/(2¢2q)) in Corollary 3.3 can
be approximated by ¢ exp(1/(2¢?)), because IE(S?/q) = 1 and Var(5?/q) = 2/q.
Differentiation with respect to c reveals that ¢ = 1 is the unique minimizer of the
latter approximate factor. Hence choosing ¢ = 1 is approximately optimal in high
dimensions. Alternatively, one could use ¢ = ¢, := Median(5?/q).
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Examples of weighting schemes

Numerous examples of weighting schemes satisfying (W.1-3) are described by [6].
Let us just recall two of them:

Sampling uniformly at random with replacement (the usual bootstrap sam-
pling scheme) corresponds to a weight vector W, with multinomial distribution
Multi(n; n=t,n=t,... , n~t). Here one can show that (W.1) and (W.4) are satisfied
with ¢ = 1.

Another interesting strategy is subsampling without replacement: For a fixed
integer m,, € {1,...,n — 1} let W, be a uniform random permutation of a vector
with m,, components equal to n/m,, and n — m,, components equal to zero. Then
> = Wy =nandn 'Y 7" ( m-—l) = n/m,—1. The latter expression converges
to ¢? if, and only if, m,, /n — (c*+1)~'. In that case,n= ' > | W2,1{W,,; > K} =0
for sufficiently large n, provided that K > ¢? + 1. Note that ¢ = 1 is achieved if
my/n — 1/2.

Asymptotic validity of the bootstrap

As a by-product of Theorem 3.1, we obtain the asymptotic validity of the exchange-
ably weighted bootstrap for the case ¢ = 1. Precisely, with 3 = D' .I"" !,

£(n 728 —8,)) = N,(0,%)

and
£(2(05) —8") 1Y 1) —up Ny(0,23),

where —, ;, stands for weak convergence in probability. This latter assertion means

that
1

G 1= B(g(n 20, - 8,)) | Y2) =, Eg(cZ)

for any bounded and continuous function g : R? — R, where Z ~ N,(0,X). To
verify this, we employ a trick of [4]: It follows from Theorem 3.1 that

nl/2 (921) _ 9510)’

D«
|
S)
>
=}
)
N>

converges in distribution to (cZ1,cZ3) with independent copies Z1, Z5 of Z. Hence
EG, —Eg(n (0 — ")) > Eg(c2).
Furthermore, by independence of W(l) W,Sf) and Y,

E(G%) = EE(g(n'/?(0) —8)) - g(n'/2(8 —6\")) Y ,)
= B(g(n 1/?(0‘” 0,")) < 1/2(,,@ 6,")))
%IE(g(c g9(cZs) ) ( ) ,

whence Var(G,,) — 0.
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4. Proofs

Proof of Corollary 2.2. Tt suffices to show that for any nonrandom sequence (n,,),
in RY,
I T
- me(|mmnn|, 1) =0
i=1
implies that n,, — 0. To this end we write n,, = ||n,,||®, With a unit vector u,, € RY.
For any fixed number € > 0, it follows from ||n,,|| > € that

1 e . 1 e .
- ;mmﬂmzinn\,l) > - Zmln(€2|mziun|271)

I \/

—z (@hiun)” — Hellni]| > 1) 2l

( mm< Zwm ) —%Zlﬂwmﬂ>1/€}||f'3m'|2>-

i=1
But the lower bound on the right hand side is bounded away from zero, provided
that e > 0 is sufficiently small. This shows that ||n,,|| < € for sufficiently large n. O

In our proof of Theorem 3.1 we make repeated use of the following elementary
lemma:

Lemma 4.1. For somen > 2 let V = (V;)?, € [0,00)" and M1, Ms,...,M, €
R? be independent random vectors, where V' is a uniform random permutation of
a fized vector v = (v;)P_; € [0,00)™ while IE | M;|| < oo for 1 <1i <mn. Then for an
arbitrary constant K > 0,

E Zn:%Mi—ﬁzn:]EMi
i=1

i=1

1/2
< 2R(K)S + 20L + (anz‘;L)
n

where v :=n"1Y " v; and

1 n
= — i1 i>K,
n;v {vi > K}
S:=Y E|M,
=1

L:=> TE|M;| min(||M;], 1).
i=1
Proof of Lemma 4.1. Let V/ := V;1{V; > K} and W; := V;1{V; < K}. The cor-
responding means are R(K) and @ = n~' > "  v;1{v; < K} < v, respectively.
Then

IE ijiMi
ZWM —wZIEM

i=1 i=1

i=1 =1

+Z]EV | M| + R(K

i=1

+2R(K)S.
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Further, let M := min(||M;||,1)M; and N; := (1 — || M;||)T M. Then

E iWiMi—
=1 =
z—u’;zn:IENi +zn:IEWi||M;||+w Zn:IEMg
i—1 i=1 i=1
fwiIENi +20L.
Finally, .

<IE i—wzn:IENi )22 (IE Zn:(WiNi—]EWiNi) )2

i=1 i=1

< trace Var (Z W1N1>

i=1
= z": trace Cov(W;IN;, W; N ;).
ig=1
But
trace Var(W;N;) < IB(WZ|N,||?) = E(W?) E(||N,|?) < Ko IE||M}],
and for ¢ # j,
trace Cov(W;IN;, W; N ;)
= EB(W,W;N{N;) - a*(EN;)" (EN;)
= (E(W:;W;) — @*)(EN;)" (IENj)
- (ﬁ > Uk # QWWe - w2> (EN:) (EN;)

k. f=1

M:

(n—l n—l k: >IEN) (I IN;)

_ n‘—_ll Var(W)(EN,)T(EN,).

Consequently,
n n 2
<IE|| ZWzNz - wZIENi)
i=1 i=1

_ 1 - ., T
< KoL — —— Var(W1) _Zl 1{i # 5}(EN;)(EN;)
1,]=
_ 1 - , 1 = )
= KoL+ — Var(W)) ; | T N[ = —— Var(W3)]| ;mmn
— 1 2 . 2
< KoL + EE(WJ ;]E(HNiH )

<

KvL.

n—1
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Proof of Theorem 3.1. We start with part (a). Note first that
- (b) _
’I’Ll/Q (Hn - On) = I‘n,izn,b
for b=0,1,2,..., B, where

Z W(b wnzwr—;zv
=n o ZWni}) €nilni

with WT(L?) := 1. By Slutsky’s lemma, it suffices to show that
(2) Lypy—pI' forb=0,1,...,B,
(3) (Zos)y o = (20 +1{b > 1}ez®))

Since Ty, 0 =n~ 1Y | @,z converges to I' by assumption (D.1), claim (2) is
equivalent to

(4) Z niLniLni ;D I.

Concerning claim (3), note that (Zn,b)bB 0= n~1/2 ZL 1 €niAp; with

B

Ani = (W'r(zl;) wnz) b=0"

If we condition on the weight vectors W%b), the A,; are fixed vectors in RZ(B+1),
Thus the multivariate version of Lindeberg’s central limit theorem implies claim
(3), provided that the following two conditions are satisfied:

(5) %ZV&r(em AAlL =, Var((Z(O) + 1{o> 1}cZ(b)) ),

1 n
(6) Ey—> el Anll*1{e | Anill> > nd} —, 0 for any fixed § > 0,
n

=1

where IE, denotes conditional expectation, given the weight vectors WS’). Due to
the special structure of A,,;, and in view of (D.1) and (D.3), the two claims (5) and
(6) are easily shown to be equivalent to the following four statements:

(7) IE Z W’ﬂlenz ni nz ;D F

(8) ]E Z W72Lz€7212a3nz nl P (1 + 62)F€ﬂ
(9) ]E Z W(l 2) Ew Li nz —>10 F

and

(10) IE, ZWE2 erillznil PL{W2 €2 |Tpil|*> > nd} —, 0, for any fixed § > 0.
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All claims (4), (7), (8), (9) involve a random matrix of the form

IE* i VniMnia
i=1

where V,,; denotes W,;, W,%l or Wg)WTgf) and M,,; stands for n= 'z, x| or

ni*ni
n~te2.x x| Let IE, denote conditional expectation, conditional on the order

ni*ni*ni’
statistics of each weight vector ngb). That means, we consider each W;b) as a ran-
dom permutation of a fixed weight vector. With V,, :== n™! >, Vi and treating

matrices in R?*9 as vectors in qu, it follows from Lemma 4.1 that for arbitrary
K >1,

=1 =1

Zvnsz _f/nZIEMni

i=1 i=1

ivnzan _Vnzn:]Ean

i=1 i=1

E,

< E, IE,

:IEO

n

1/2
< 2R, (K)Sp + 2V, Ly, + ( Kann> ,

n—1

where

Rp(K)=n""Y Vpil{Vy; > K},
i=1

- 1
S, = Z IE | M ;|| < - Z(l + Var(€n;))||@ns||* — trace(T' + T'¢),

=1 =1
Ly = | M| min(| M|, 1) <EY " Ly;min(Ly;, 1) = 0,
1=1 =1

according to (D.1-3). Note also that

ni'ni ni*ni’

1 n

n —Zx x| =T it M,;, =n"ta, x
n -

> EM,; = 5!

i=1

ni*ni ni*ni*ni-

1 « .
= g Var(ep;)z, @, = T if My =n"'.x x|
n

i1

Thus it remains to verify that

(11) Rn(K) —)p 0 as n, K — o0,
and that
o 1 if Vi = Wiy or Vg = WOW),
TPl R i V=W

Case 1: V,; = W,;. It follows from the Cauchy—-Schwarz inequality that

1n
WK< =S W21{W,,; > K},
R(),n; il {Wi > K}
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o (11) follows from (W.3). Moreover, V,, = 1.
Case 2: V,; = WT(J)WT(Z) Condition (11) follows from the previous consideration
and

E, R,(K) <TE, ZW” W (W > KV} 4 1w > K12

Dy D < 21/21 2 LNS @ i@ o el
ZW wl) > K }+nZWm ywsY > K2

i=1
Furthermore, elementary calculations reveal that
E, _n =1,
~ 1 - 1 2 2 2 _
Var,(V,) = e p— S -1’ (W -1)° =0,(n)
i=1 j=1

by (W.1-2), so V,, =, 1.
Case 3: V,,; = W2,. Here condition (11) is just (W.3), while

1 — 1 &
Vo= g 2 W= 0 ) (W =17 =y 14+

by (W.1-2).
Concerning part (b), for any fixed 6 > 0, it follows from part (a) and the con-
tinuous mapping and portmanteau theorems that for any fixed integer B > 1,

lim sup IP(b_lrginB nl/QHé;b) =0,/ > 5)

yDPn

< lim sup IP( min n1/2|\9:}) -0, > 5)
b=1,2,...,B

§IP( 1r%m (It~ (Z(0)+CZ(b))||Z5>.

But Theorem 3.2 implies that the right hand side tends to zero as B — oo. O

Proof of Theorem 3.2. We write B(a,r) for the closed ball in R? with center at a
and radius . Set vp > = aq(f(2)B)"/. Note that ad is the g-dimensional volume
of B(0,1). Thus

]P( in |z, - )
Tpe, min 2,z >

3 Lyey

P(Z, ¢ B(z,2/vp,2) for b=1,...,B)

P(Z, ¢ B(z,2/75,))"

- (1 / W dy)B
i a(

(1 —al(z/vB,2)? (f(z) + 0(1)))3
(1-

Y27+ o(1)))"”
p(—a?)

as B — oo. O

—
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Proof of Corollary 3.3. If we condition on Z, it follows from Theorem 3.2 that

1/q ; _ 1/q ; _(_
B min ([ Zo +cZy|| = eBYT min |2y = (=Zo/c)|

converges in distribution to
caq_lf(Zo/c)_1/‘1VV7

where W ~ Weibull(g) is assumed to be independent from Z;,. But

“1 —1/ ~1/2 1/ 1/2 1/(2q) zZ,x7'z,
cay  f(Zo/c)” /T =cn™ /T (q/2+1)7/9(2m)" /= det(X)/“? exp a2y

AD YA
_ 1/(2 0 0
= B, det(Z)V/ 2D ¢ exp<4202q ),

and Zy 8" Z, ~ x2.
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