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A non-linear Renewal Theorem
with stationary and slowly
changing perturbations

Dong-Yun Kim! and Michael Woodroofe?
Michigan State University and the University of Michigan

Abstract: Non-linear renewal theory is extended to include random walks
perturbed by both a slowly changing sequence and a stationary one. Main
results include a version of the Key Renewal Theorem, a derivation of the
limiting distribution of the excess over a boundary, and an expansion for the
expected first passage time. The formulation is motivated by problems in se-
quential analysis with staggered entry, where subjects enter a study at random
times.

1. Introduction

Non-linear renewal theory concerns sequences of the form Z% = S,, +(,, where 5, is
a random walk with a finite positive drift, i say, and (, is a sequence that changes
slowly, as in (5) and (6) below. The main results are extensions of the Renewal
Theorem and selected corollaries from the random walk S,, to the perturbed random
walk Z¢. For example, letting ¢2 denote the first passage time ¢t = inf{n > 1: Z2 >
a}, it is shown that E(t%) = (a+p—n)/u+o0(1) under natural conditions, where p is
the mean of the asymptotic distribution of the excess Z;o —a and n = lim,, o F (Cn)-
The formulation is due to Lai and Siegmund [5] and [6]. The early development of
non-linear renewal theory is described in Woodroofe [8], and more general results
have since been obtained by Zhang [9]. The formulation is motivated by problems
from sequential analysis, where the stopping times of many sequential procedures
may be written in the form tJ. Applications to sequential analysis are described in
[8] and in Siegmund’s book [7].

Sequential problems with staggered entry (where subjects arrive according to a
Poisson process, say) lead to random walks perturbed by both a slowly changing
term and a stationary one, which is not slowly changing. Examples are described
below. In such cases, there is interest in processes of the form

where S, and (,, are as above and &, is a stationary sequence and in the associated
first passage times,

(2) to =inf{n > ng: Z, > a},
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where ng is a fixed (throughout) positive integer. Kim and Woodroofe [4] considered
a simple case of (1) in which ¢, = 0, obtaining versions of the Renewal Theorem
and its corollaries in that context. They also applied their results to the problem
of testing a simple hypothesis about the mean of an exponential distribution, but
applications were severely limited by the absence of a slowly changing term. The
purpose of this paper is to supply a non-linear renewal theory in the context of (1).

For example, consider a model in which patients arrive according to a Poisson
process, with rate A > 0 say, are treated, and then live for an exponentially dis-
tributed residual life Lj, with unknown failure rate @ > 0, (or are cured after an
exponentially distributed time with unknown success rate). Letting 741 denote
the arrival time of the kP patient with 79 = 0, the data available at time 7,, are
L, = min[Lg, 7, — T4—1] and d, = 1{Ly < 7, — 4—1}, k= 1,...,n, and the
log-likelihood function is

£,(0) = K, log(0) — 0T,

where K, = dp1+ -+ 6ppand Ty = L1 + -+ + Ly . Here K, counts the
number of deaths (or cures), and T)f is called the total time on test statistic. To see
how staggered entry leads to processes of the form (1), write

n

T, = ZLk - Z[Lnkarl — (70 — Tn—k)]+-
k=1

k=1

The first term on the right is a random walk, and the second may be written as

n k—1
D [ = (O )l =

k=1

M8

k—1
[Lobp1 = O g+ +o(1) wp.1,
§=0

b
Il

1

where 1, = 7, — 7—1. If the (sequences of) arrival times and lifetimes are indepen-
dent, then the last sum is a stationary sequence and the o(1) is slowly changing. So,
T* is of the form (1). Combining these observations with Taylor series expansions,
leads to processes of the form (1) for many other statistics. Specific examples are
considered in Section 4.

The main results are stated and proved in Section 3. Section 2 contains some
preliminary lemmas.

2. Preliminaries

In Sections 2 and 3, ... W_1, Wy, Wy, Ws, ... denote i.i.d. random elements with
values in a Polish space, W say, X = (W) and Yy = (W}), where o : W — R
and ¢ : W — R? are Borel measurable functions, S, = X; + --- + X,,, and
T, =Y+ --+Y,. Suppose throughout that X; has a non-arithmetic distribution
with a finite, positive mean p and that E(Y)) = 0. Next, let &, be a sequence of
the form

(3) €n :g(WTLaWn—17"')7

where ¢ is measurable on WY and N = {0,1,2,...}. Let ¢, = ¢,(W1,...,W,,) be
random variables of the form

(4) =G+
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where

o) ¢, = TIQT,,

@ is a symmetric d x d matrix, and

(6) lim n* Y P(|¢] =€) =

n—oo 5
n<k<n+n3

for each € > 0 for appropriate x > 0. Finally, suppose (throughout) that

(7) BIX1|Pr + El&|Ps + E|[Y1]* + sup B[ |P < oo,

TL’ILO

for appropriate p,, py, p¢, and pe > 2. Then

d
(8) G == X,

i=1

where x7 ;,..., X} 4 are independent chi-square random variables and A ..., A4 are
constants. Let L denote the distribution function of . Then L is continuous unless
Y/QY1 = 0 w.p.1. To avoid trivialities we suppose that P[Y{QY; # 0] > 0 for the
remainder of the paper.

The conditions imposed above with x = 0 and p, = py, = ps = pc = 2 are
Standing Assumptions and are not repeated in the statements of results. Additional
moment conditions are imposed by requiring (7) for higher values of ps, py, pe,
and p¢, and (6) for selected x > 0.

With Z, =S, + &, + (u, asin (1), and 1/3 < ¢ < 1/2, let

e (5)e)

e (57

(11) AO(Qaa’) = Z P(Zn > CL),
n=0
and
(12) Ai(gab)= > P(Z,<a+b),
n=M+1

where |z is the greatest integer that is less than or equal to x. Below, there is
special interest in ¢’s that are slightly larger than 1/3.

Lemmas 1 and 2 are extensions and improvements of Lemmas 1 and 4 in [4].
The proof of Lemma 2 is virtually identical to the proof of Lemma 4 of [4]. It is
only necessary to replace the W,, of [4] by W7. The proof of Lemma 1 is outlined
in the Appendix.
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Lemma 1. Ifp, > (2—¢q)/(1 — q), then

(13) tim {Aog, ) + Aalg,a, ') + 3 Plta > nl} =0.

a—o0 oy’

(14) lim {aP[ta < m] + aP[t, > M]} =0.

a— 00

For Lemmas 2 and 4, let B denote the Borel sets of W, B¥ = B®---® B (k
factors), BY the product sigma-algebra in WY, and BZ the product sigma-algebra
in WZ, where Z = {... — 1,0,1,...}. Further, let

W, = (... Wh_1,W,),
W= (.. Who1, Wy, Wyi1,...),

Tm,n = i Yk:a

k=n—m+1
- 1 y
Cm,n = _Tm nQTm,’m
m )
and
Zm,n = Sn + gn + Cm,nu

Thus, the j* component of W7 is Wi4j. Observe that &, + Emm is a stationary
process (in n) for fixed a. So, Z,, ,, is a random walk perturbed only by a stationary
sequence (that depends on a).

Lemma 2. Given 0 < a < 1, let 8 = (1 — a®)/a. Then there are constants
Ki =Ky, and Ky = Ky o, for which

> PW; €B, a<S,<a+b < Ki(l+b)P[Wje B

n=0

and

Y PIW},€B, a<Zpn<a+b <Ky(1+D) [/ 1+ + c}n,o\)ﬁdp}
n=0

W;eB

forallBeBZ and 0 < a,b < oco.

Lemma 3. Let m, M be as in (9) and (10) and € > 0. Then

M
(15) hm Z P“Cn - §7n,n| Z 6} = O’
n=m-+1

and if k =1 in (6) and p, > 1/q in (7), then

(16) lim aP[ max | — Cmon| > €] = 0.

a— 00 m<n<M



180 D.-Y. Kim and M. Woodroofe

Proof. By (6), it suffices to establish (15) with ¢, replaced by ¢/,. Towards this end
observe that

- 1 1 1
Cylz - Cm,n = <E - E) T’r/],QTn + E(T;)/QTTL - T;anTmm)

and
P(I¢;, = Cmn| =€) < Iy + II,
where
1 1
I, =P (‘— - —‘ 1T QT,| > 5)
n m 2
and

1
IIn =P <_|TTILQT’H - Tyln nQTm n| Z E) .
m ’ ’ 2

Since Y} have finite fourth moments, there is a constant C for which E[(T.QT),)?] <
Cn? and, therefore

8C(M —m)?
2
e G 22

2 4(M — m)2
(| n| 2(1‘4 - m))

for all m < n < M and all sufficiently large a. For II,, first observe that T,, =
T, + Tn—m where T, , and T),_,, are independent, and that T}, , has the same
distribution as T;,. So,

me me
T, < PRI Tl QINITo-mll = =1+ PRI Tmll* = =]
C'm2(n—m)?  C'(n—m)?
etm? €2m?
20" (M —m)®
ST

for 0 < € < 1, where C’ is a constant depending on the 4th moment of ||Y7|| and
[|Q]l. Since ¢ > 1/3,

M / _ 3
S [+ 10 < 80;220 M~ m)

n=m-+1

— 0,
m

establishing (15).
If (6) holds with x = 1, then Plmax,,<n<am [(/| > €] = o(1/a) for each ¢ > 0 by
Boole’s Inequality, and it suffices to establish (16) with ¢, replaced by ¢,. For this

P max |\~ Comn| > € < IF 4 IT7

m<n<M
where ,
. , m-e
= >
Io=P[ max |T,QT.]2 2(M—m)]
and

N , me , me
= > —_— > —|.
Iy =Pl wax 2T, ,QTn-m| = -1+ P[ max [T, nQTn-m| > -]
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By the Submartingale Inequality, there is a constant C” for which

2(M —m)

2

I:SCH[ m2e

e,

which is o(1/a) if p, > 1/q. For II}, observe that T,,, = Zk N
> M 41 Yk So, using the Submartlngalo Inequality again and possibly cnlarg—
ing C” and

4 .o 4
II* < C// _* 74Py MPy (M — Dy O// Py M — Dy
@ - [me] ( m)™ + [me] ( m)
which is again o(1/a) if p, > 1/q. O

Let Cj the collection of cylinder subsets in WY with base in WF*, and write
members of C;, as WN x C, where C € WF. Also let C = U2 ,Cr, be the class of
cylinder sets.

Lemma 4. Ifp, > (2—q)/(1 — q), then for each 0 < b,z < 0,

lim | Z PW, € B,(, <za<S8,<a+)

a— 00

(17) n=m-+1 b i

uniformly with respect to B € C,,; and

(18) lim E PW, €B,(,<za<8,<a+b= EP[VVO € B]L(z)
a—0o0 ‘LL
n=1

for each B € BN,

Proof. First consider (17) when z = oo and let V' denote the renewal function for
S1,89,....If B€C,p, so that B = WN x C for some C € B™, then

oo

Z P(WnEB,a<Sn§a+b)=/ V(a— Sm,a — Spm + b)dP
W, €B

n=m-+1

by independence and symmetry, as in Lemma 2 of [4]. As a — o0, a — S, =
(a — mp) + (mp — Sp) — oo in probability since ¢ < 1/2 and, therefore, V(a —
Sms@— Sm +b) — b/ in probability, by the Renewal Theorem for random walks,
[3], Ch. 12. Tt follows that

b
| V(a— Sm,a— Spm +b)dP — —P[W,, € B]|
W..€B K

g/\V(a—Sm,a—Sm+b)—%|dP—>0

uniformly with respect to B € Cy,. That is, (17) holds when z = oo, since P[W,, €
B] = P[W, € BJ.
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Now consider the case z < co. Using Lemmas 1 and 3,

Z P[W,, € B, (Nm,nnge, a< S, <a-+b —o(1)
n=m-+1
o0

< > PW,€B, (<2 a<S, <a+l]

n=m-+1
[e'S)

< Z P[W,, € B, fm,ngz—f—e, a<8, <a+b+o(1).

B n=m-+1
for any € > 0, where the o(1) terms are independent of B € BY. Let
Bf ={w e B:(nolw) < zte}.

Then the summands on the first and last lines are P[W,, € Bf, a < S, < a +1b),

and P[Wy € BF] = P[Wq € B, (o < 2+ €. If B € Cp, then also BF € C,,, and,
therefore,

oo b 5
lim { Y P[W,€BE a<S,<a+b— ~P[Woe B (o gzj:e]} =0,
a— o0 H

n=m-+1

uniformly with respect to B € C,,. It follows that

o0 _ b B
limsup| > P[Wy, € B, Cun < z,a< S, <a+bl— —P[Wgy€B, (mo < 2|
a—00 n=m-+1 H
<limsup P[z — € < (o < 24+ ¢€ =L(z+¢) — L(z —¢)

a— 00

uniformly with respect to B € C,,, and this establishes (17), since € > 0 was arbi-
trary.

Now consider (18). For any B € BY, and ¢ > 0, there is a cylinder set By € C for
which P[Wqy € BABy] < ¢, where A denotes symmetric difference, in which case

00
‘ZP[WTLEB’ Em,OSZ, G<Sn§a—|—b]

n=1

— P[W,, € By, {mo <z a <8, <a+b]| <K(1+Db)e,

by Lemma 2. Combining this inequality with (17),

limsup| > P[W,, € B, {nn < 2, a < S, < a+1)

a— 0o
n=1

b ~
— ;P[WO S Bo, CM,O S ZH S K1(1 + b)\/g

If B € Cy, write 0 = (Yomy1+- -+ Y 1)+ Tht1,0. Here By and the first term
are independent and the second is bounded as m — oo. It follows easily that

lim P[Wq € By, {m.o < 2] = P[Wq € By|L(2),

a— 00

from which the Theorem follows by letting ¢ — 0. O
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3. Main results

There are four main results: a renewal theorem, uniform integrability, the limiting
distribution of the excess over the boundary, and properties of the first passage
time t,. For technical reasons, they are presented in that order. Recall that 1/3 <
qg<1/2.

Theorem 1. Ifp, > (2—¢q)/(1 —q), then

= b
(19) lim Y P[W, € B,¢, <y,a < Zy <a+b] = ;P[Wo € B|L(y)

n=1
for each B € BY and 0 < y < oo.
Proof. Tt suffices to establish the theorem for 0 < b < pu. Let

Ja(w,y,2) =Y PW,€B.6 <2,(n<y.a<S, <a+z]

n=1
and -
Ko(z,y,2) =Y P[W, € B,& <2,¢n <y,a< Zn < a+47

n=1

for 0 < a,b < o0 and y, z € R. Then
(20) lim J,(x,y,2) = EP[WO € B, & < z]L(y) := Jo(z,y, 2)
a— 00

by Lemma 4 with the B in Lemma 4 replaced by BN{& < z}. Next, let I'(x,y, 2) =
(z,y,z 4+ y+ 2), where addition is understood modulo p. Then T is continuous a.e.
(Joo) and K, = J, o' and J,, o1 = J. Theorem 1 now follows from the
Continuous Mapping Theorem. ]

The uniform integrability that is needed will be deduced as corollaries to Theo-
rem 2 below. In its statement, A, denotes the event

A, = <M -
«a={m<t< ,mg?gMICn Cmn

IP the pI‘OOfS Un = Zn - Lnp—-1 — Xn:" (gn t fn—l) + (gn - Cn—l) and ﬁm,n =

Zm,n - Zm,n—l = Xn + (En - gn—l) + (Cm,n - <m,n—1)~

Theorem 2. Suppose p, > (2 —q)/(1 —¢q). If 0 < a < 1, there is a constant
K3 = K3 o for which

<1}

Pldo Wi, € BI< Kl [ (14 )60+ G
W;eB

for all Borel sets B € BY, where 3 = (1 — a?)/a.

JP(1+ Um0) 7P|,

Proof. Since t, = n implies Z,,_1 < a < Z,,
M
PlA,, W} €B]< Y PW;€B Znn1<a+1,Zyn>a—1]

n=m-+1

M
< > Y PW,eBk—1<Znn<kUpn>a—k-1]
n=m-+1k<|a]+2

~ o
<oy Y0 [) (14l + ol dP]
k<la]iz " Wo €B.Up0>a—k—1
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using Lemma 2 in the last step. Letting j = |a] — k — 1, the latter sum is at most

][ 10 ]

+2K22 /

(1+ 16 + Em,0|)6dp}
Wo*€B,Upm 0>]

of which the sum is at most

gij:o (%j)aﬁ [/WO*GB,Um,oN'(
S[i(liy)%]l_a'[i/w* o>

=0 j=0 0*€B,Um,0>7

)21+ Um,o)ﬁdp]a

V(1 + Uno)?dp|”

<.

o0

[ 0 1+] 1+ar—a. [/wg*e3(1+50+§m’0|)ﬁ(1+ﬁma0)l+ﬁdp}a

<.

The theorem follows easily. O

The uniform integrability over A, of R, &, + (;, is easy consequence.

Corollary 1 (Under the conditions of Theorem 2). R,14, are uniformly
integrable.

Proof. If A, occurs, then R, < U, < Um% + 2, and

P[Aa, Um,ta > ’I"} < K3 |:/~

Um.o>r

(1+ [60 + Gmo)* (1 + T )P

K - - a
<ot i+ Gl 4 T Har)
o>r

rey

K ST

~ 2B+~F1

S 3 |:/ (1 + ‘60 +<-m’0|)2ﬁ+'y+1dpi| B+~+
Um.o>r

reY

s 2 1 26;:::-11
(1+ UF )20+7+ dp]
U’rn o>T ’

for any 0 < a < 1 and v > 0, where 8 = (1 — a?)/a and K3 are as in Theorem 2.
The conditions of the theorem require p, > 5/2. So, there are a < 1 and v > 1/«
for which 284+ v+ 1 < p,. Then the last two integrals are bounded in a and r, and
the uniform integrability of Um,ta over A, follows. O

Corollary 2. |&, + (|14, are uniformly integrable.

Proof. Similar to that of Corollary 1. O

The next theorem uses the following easily verified lemma: If V, and V are
random vectors for which (the distributions of) V, are tight and

(21) limsup P[V, € K| < P[V € K]

a—0o0

for all compact rectangles K, then V, converges in distribution to V'
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Theorem 3. Ifp, > (2—¢q)/(1 —q) then for all0 < r < 5 < 00,

1 S
1% r I=—

where Z7 = X1 + -+ Xo + & —§;-
Proof. If I and J are intervals, then

P[TSRO, §s7£ta EIaCta € J]

=Y Pltazné€l,GneJatr<Z,<a+s]
n=1
Next, for any € > 0 and any integer k,
Plta>n, €, €, a+r<Z, <a+s]
SP[rgiil(Z}I—Z,ll_j)Zr—e,rEnEI,CnEJ,a+7‘SZn§a+S}
i<

+ Plmax |G = Guj| > €,

where Z! = S,, +&,; and minjgk(Zl —Z y>r—eiff W,, € B, where

n n—j
B={wo:2_j41+ --+x0+&Wo) —&(W_j11)>r—¢ for j=1,--- k}.
So,
P[TSR(I, Ssvgta €I7<ta € J]
oo
<> PW,eB & €l,(n€Jatr < Zy <a+sl+o(l),
n=1

and

sS—7T

limsup Plr < R, < ,&, € I,(, € J] < (

a—00

)P[WO € viO € I}L{J}v

by Theorem 1. Letting ¢ — 0 and k — oo,

limsup Plr < R, < 5,&, € 1,{;, € J]

< (=D)PLinf (2= 715) = r.6 € LAY
By partitioning an interval (r,s] into subintervals r = 19 < r; < -+ < 1, = 8,

applying (22) to each subinterval, and letting the partition become infinitely fine,
it yields

1 S
lim Plr < R, <s,&, €1,(, €J)= —/ P[.i<nf1 Z7 > u,§o < yldu x L(z),
HJy I=—

a— 00

from which the theorem follows by using (21). O

Thus, the asymptotic distribution functions of R, and &, are

1 (" 1
—/ Plinf Z7 > slds and —/ [ inf Z7]4+dP.
Ko is-l W Jgg<y 9571

Denote the means of these distributions by p and v.
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Theorem 4. If p, > 2/(1 —q), then

t

. 1
(23) lim E|™ — | =0.
a p

If also py > (2 — q)/q and (6) holds with k =1,

at+p—v—A»A

(24) E(ta) = P

+0(1)

as a — 00, where A=A + -+ Ag, and A1,..., g are as in (8).
Proof. From Lemma 1, t,/a —P 1/p as a — oo, and

oo

(25) / MthgMP[t>M]+ > Plt>n] —0.
t> n=M

Relation (23) follows.
For (24), first observe that P(A’) = o(1/a), by Lemmas 1 and 3. From Wald’s
Lemmas and (23), E(S;,) = uE(t,) and E[(S;, — pta)?] = 0?E(ts) = O(a). So, by

(23),
ILL/ tadP:/ Stadp+/ (Sta _,Uta)dpa
A A !

| /A (S, — pta)dP| < PIA)E(S,, — plaP = o(1).

So, using Theorem 3 and Corollaries 1 and 2,

and

,u/tadP:aP(A)—k/(Ra—ﬁta—Cta)dP—Fo(l):a+p—u—)\+0(1).
A A

Finally,
/ tadP < MP(A") +/ todP — 0,
4 ta>M

so that E(t,) = [, tadP + o(1). Relation (24) follows. O

Remark. In fact, (23) can be established under the weaker condition p, > (2 —
q)/(1 — q), at the expense of complicating the proof in fairly routine ways.

4. Examples

Consider the exponential model described in the Introduction. In this model, many
examples are of the form

(26) Zn =ng(
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(%S) k [e's) k
1 1
En = — [910(17 5) Z 1{Ln—k > Znn—j} + 901(1, 5) Z (Ln—k - ZUTL—j)+:|
k=0 =0 k=0 =0
and KT

where 7, = 7, — Tx,—1 and g;; denote the partial derivatives of g. The latter term is
discussed in more detail below.

Example 1 (Fixed width confidence intervals). Consider the problem of set-
ting a confidence interval with fixed width 2h > 0 for 6 in the Exponential model.
Asymptotic considerations lead to a stopping time of the form ¢, with

and a = ¢?/h?, where c is a normal percentile, as in [1]. This is of the form (26)
with g(z,y) = y?/2%. O
Example 2 (Repeated significance tests). The log-likelihood ratio test statistic
for testing § =1 is

K,
Z, = Ky log (F) +(T; — Ky),

which is of the form (26) with g(z,y) = xzlog(x/y) + (y — x). O
Returning to Equation (26), ¢, may be written

Cn = <1,n + CQ,n + CB,na

where
LB e, 1T 1 K .
G = 2”[902(17 ) (=) H20u( 5) (= =) (== =1 +g20(1, 5)(— =~ 1) 1,
1 ) k 1 [e'S) k
G = g10(1, 5) S ULnk > g}t + g0l 5) > (Lnk— Zﬁn—j)Jr,
k=n 3=0 k=n =0

and

43,71, = Zn - (Sn + fn + Cl,n + <2,n)7
which may be bounded by a constant multiple of n[|T/n — 1/0]> + |K,,/n — 1|?]
it |07 /n — 1| < 1/2 and K, /n > 1/2. Further, letting Y, = Ly — 1/0 and T, =
Yi+- 47,
T, &
noon

T 1
n 0

where
n

€TOL = Z[Ln—k-H - (Tn - Tn—k)]+-

k=1
So, ¢, may be written in the form (4) with

1 1
I = —go2(1,2)T2
Cn 2n902( ,9) "

and
1

n — i/,n + <2,n + <3,n
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with

LT85 L (&)
Ln = —9g02(1, 9) +2902(1,5)( )

+ 11 &_5_” _”_1 +ﬁ 11 ﬁ_12
ngii 9 n n " 2920 " " .

There are several terms to be considered in ¢/, but none causes much difficulty.
Some selected details: First P2, # 0] < P[Lj > ijo n; for some k > n], which
is decays exponentially as n — oo. For (7,,, E|&; [P < oo (independent of n) for all
p >0, and E|T,|*? = O(nP) for all p > 0. So, E[¢},,|P = O(n~zP) for all p. Finally,
let B,, be the event that |07, /n — 1] < 1/2 and K,, > n/2. Then P(B.,) decays
geometrically, and if B,, occurs, then (3, is bounded by a constant multiple of

1 * 3 3
=1 = 51+ 1K =
The conditions (6) and (7) can be verified using these facts.

5. Appendix

The Baum—Katz Inequalities are used in the following form: If A > 0andn >1>1
are positive integers, then

A 41Pno?\!
Plpas |8k — kil > N < nF (5 + (=55 )
where F(\) = P[|X1| > A]. See [2] (pp. 373-375).
First consider Ag. For any fixed n, P[Z,, > a] — 0 as a — co. So, it suffices to
consider Y., P[Z,, > a] for any (. If n < m, then

P|Z, >a] < P|S, —np >~ _2”“] + Plen + Co > _2”“].
By (7), C = sup,,>q E|& + al? < 0. So,
“ a—ni “ 4Cc 1
< —_— 4q —
H;OP[§n+<n> 9 ] _n;(] (a — np)? O@@” ") —0

as a — 0o. Next, let [ > 1/(1 — 2¢q). Then
“ - a—nu 16/%2a0%\!
> Pl —mp > S < 3 nF () ()

n=no
which approaches 0 as a — oo, after some simple analysis. The analysis of A; is
similar, using

1 —_ J—
PlZy < a+ 50"~ < P[|S, —np > ”“4 U+ Pllgn + Cal > ”“4 9
_ nu—a 1602 Mo? 16C
F .
S G T aar

and P[t, > n] < P[Z, < a] for n > M. Relation (13) follows.
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For (14),

_al™9 3202Mo? . ¢ 32aC
aP[t, > M] < aMF( S ) +af( =0 S

which approaches 0 as a — oo if p, > 2/(1 —¢q) and £ > 1/(1 — 2¢). That leaves
Plt, <m]. By (7), C" = sup,,>,,, El§, +(u|7 < oo for some v > (2—¢)/(1—q). So,

1 - 1
< _ Zql—a “(aq —
Plta <m] < Plmax|$ = kul > 50"+ 3 Pllgn + Gl > 5(a = np)]

n=ngqo
_ gl—d 417 2me?\ 1 " c’
S mF( 4] ) + < a2(1_q) ) + n;() (a — mu),y7
which is o(1/a) if I > 1/(1 — 2q). O
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