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UNIFORMLY BOUNDED COMPOSITION OPERATORS
BETWEEN GENERAL LIPSCHITZ
FUNCTION NORMED SPACES

JANUSZ MATKOWSKI

ABSTRACT. The notions of uniform boundedness and equidistant uniform
boundedness of an operator (both weaker then usual boundedness) are
introduced. The main results say that the generator of any uniformly
bounded (or equidistantly uniformly bounded) composition Nemytskii op-
erator acting between general Lipschitzian normed function spaces must be
affine with respect to the function variable.

1. Introduction

Given arbitrary nonempty sets X, Y, Z and a function h: X x Y — Z, the
mapping H:Y X — ZX defined by

H(p)(z) = h(z,p(2)), (z€X), pe¥?,

is called the composition (superposition or Nemytskif) operator of a generator h.
(Here YX denotes the set of all functions ¢: X — Y.)

The composition operators play important role in the theory of differential,
integral and functional equations.

Let (X, d), (X, p) be metric spaces, (Y, | |y), (Z,]-|z) be real normed spaces,
W C Y aconvex set of a nonempty interior, and a function h: X xW — Z be such
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that for any = € X the function h(z, -): W — Z is continuous with respect to the
second variable. We show that if H maps the set normed space Lip ((X, d), W) of
Lipschitzian functions into the normed space Lip ((X, p), Z) and H is uniformly
bounded (Definition 4.1), then

Wz, y) = a(x)y +b(z), zcX, yey,

where a € Lip (X, p), (L(Y, Z),| - ||)) that is, a is a Lipschitz mapping of the
metric space (X, p) into the normed space L(Y, Z) of all linear continuous map-
pings of Y into Z, and b € Lip ((X, p), Z).

This is a special consequence of a more general Theorem 4.3. Let us add that
the uniform boundedness is a much weaker assumption that the boundedness of
an operator. A weaker condition of the equidistant uniform boundedness is also
considered (Theorem 4.9). Theorem 4.3 extends and improves the earlier results
in [3], [4] (cf. also [1]) where H is assumed to be Lipschitzian and in [6] where
H is assumed to be uniformly continuous. As a corollary we obtain a suitable
result for the Banach space of Hélder functions (Remark 3.4). Moreover, in all
these papers X is assumed to be a real interval, d = p is the euclidean metric
and Y =7 =R.

2. Preliminaries and auxiliary results

Let X be a set and (Y, |- |y) be a real normed space. By B(X, (Y,]|-|v)),
briefly B(X,Y), we denote the family of all bounded functions ¢ € Y*; more
precisely, ¢ € B(X,Y) if

lelly := sup{[p(z)]y : © € X} < o0.

Of course, (B(X,Y),| - |ly) is a normed space.

In the sequel (X,dx) is a metric space.

By Co((X,dx), (Y,]||y)), briefly Co(X,Y), we denote the family of all con-
tinuous functions ¢ € Y and we put

C(X,Y) = Co(X,Y)NB(X,Y).

REMARK 2.1. The pair (C(X,Y), || - |ly) is a normed subspace of the space
(B(X,Y),|l]lv), and the convergence with respect to the norm || - ||y is uniform.

By Lip ((X,dx), (Y,| - |y)), briefly Lip (X,Y), we denote the family of all
Lipschitz functions ¢ € YX | i.e. such that

L(y) ::SHP{W:% TeX, m;éx}<oo.

Given z¢ € X, define the function | - [|rip (x,v),z0: Lip (X,Y) — [0,00) by

lellLip (x,v),20 = l¢(z0)ly + L(®), € Lip(X,Y).
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REMARK 2.2. The pair (Lip (X, Y), [[¢llLip (x,v),20) is @ normed space. More-
over, for any xo,z; € X, the norms |¢||Lip (x,v),20 and [|0||Lip (x,v),2, are equi-
valent.

Indeed,

o)~ plan)
dx (w1, 20)
lo(w1) — p(z0)ly
dx (z1,20)
<|e(zo)ly + L(p)dx (x1,20)

[p(@1)ly =l (zo) + (z1,20)ly

<|e(zo)ly + dx (x1,20)

whence

o(x1)ly + L(p)
lp(o)ly + L)
( X( 17-7;0 )
(dx 1)

(w1, 20) +

lelliip (x,v).e, =

| N

(dx (z1,20) +1)
(le(xo)ly + L))

||@||L1p (X,Y),xo"

IN A

REMARK 2.3. Taking into account the previous remark, in the sequel, to
simplify the notation, we shall write ||¢||Lip (x,y) instead of [|¢|Lip (x,v),20-

Put

BLip (X,Y) := B(X,Y) N Lip (X, Y).

The pair (BLip (X,Y), |- |Lip (x,v)) Where || - [|Lip (x,y): BLip (X, Y) — [0, 00)

is defined by
lellLip vy = llelly + L)

is a normed space. The space BLip (X,Y) is a linear subspace of Lip (X,Y).
Moreover, in BLip (X,Y’), the norms | - [|Lip (x,v) and || - [|Lip (x,v),, are equi-
valent for any xg € X.

For a set W C Y we put

Lip ((X,d), W) :={¢ € Lip ((X,d),Y) : o(X) Cc W}.
In the proof of the main result we need the following

LEMMA 2.4. Let (X,d) be a metric space, (Y,|-|y) be a real normed space,
W C Y a nonempty convex set, and let x,T € X, x # T be fized. Then, for
arbitrary y,y €Y, the function ¢y 5: X — Y defined by

_d(t, )y +d(t,x)y

2l = e m e 0 €

has the following properties:

(a) wyg(®) =y, py5(T) =7;
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(b) ¢y € Lip((X,d),Y) and

T ly,
L(‘Py,y) - d(f, Z‘) )
(c) ify,g € W then ¢, € Lip (X, d), W);

(d) the set
’C(xvi) = {‘Py,y 1Y,y € Y}
is a linear subspace of Lip ((X,d),Y) containing all constant functions.

PROOF. Property (a) is obvious. To prove (b) note that, for s,¢ € X, making
simple calculations and applying twice the triangle inequality, we obtain

oy5(s) —Lyzm(t)ly
_|d(s, D)y +d(s,x)y _ d(t, T)y + d(t, 2)y

d(s,T) + d(s,x) d(t,z) +d(t,z) |y
__ls)do) —dsdtn]

[d(s,T) + d(s, 2))[d(t,T) + d(t, )]

_ ld(t, z)[d(s, T) — d(t,

D)+t D) —dlsl
[d(s, ™) + d(s, x)][d(t, T) + d(t, z)]
d(t, x)|d(s, T) — d(t,Z)| + d(t, T)|d(t, z) — <879~">\|y_y|y
- [d(s,T) + d(s, z)][d(t, T) + d(t, )]
d(t, x)d(s,t) + d(t, T)d(t, s)
= [d(s,7) 4 d(s, 2)][d(t, 7) + d(t, x
d(s,t) [d(t,z) + d(t,T)]

)] |y - y|Y

" [d(s,7) + d(s, 2)][d(t, T) + d(t, 2)] 17— yly
_ d(s,t) 17— yly < d(s,t) 74
~d(s,7) +d(s,x) Y—Yly = d(z, 1) Y—Yly

whence, if s # ¢,
Py5(5) —pua(ly _ [U—yly
d(s,t) - d(m,x)
For s = T and t = z, by property (a), this inequality becomes equality. It

follows that L(ypy, ) = |7 — y|ly/d(T, z). Property (c) follows from the convexity
of W and from the fact that, by the definition, ¢, 3 is a convex combination of
y, g € W. Property (d) is obvious. O

By K(z,Z; W) denote the set of all functions ¢ € K(z,Z) with values in W,
that is
K(z,z; W) := K(z,%) NLip ((X,d), W).

3. Nonlinear-Lipschitz composition operators

For the normed spaces (Y7 ‘ ' ‘Y)v (Z7 | ' |Z)7 by (L(Yv Z)7 || : H)7 brleﬂy L(Y7 Z)7
we denote the normed space of all linear and continuous mappings a:Y — Z.
Moreover Lip ((X, p), L(Y, Z)) stands for Lip ((X, p), (L(Y, Z), | - D).
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PROPOSITION 3.1. Let (X,d), (X, p) be metric spaces, (Y, |-|y),(Z,|-|z) be
real normed spaces, W C 'Y a convex set such that int W # 0, and a function
h: X x W — Z be such that, for any x € X, the function h(z, - )W — Z is
continuous with respect to the second variable. Suppose that for all x, T € X,
x #£ T, the composition operator H of the generator h maps the set K(x,T; W)
into the normed space Lip (X, p), Z). If for oll x,7 € X, © # T, the operator H
satisfies the inequality

(3.1) [[H(¢)=HW)Lip ((x.0),2) < YUle =YllLip (x,0),v)),  »5¥ € K(z, 75 W),

for some function : [0,00) — [0, 00), then there exist a € L(Y, Z)X and b € ZX
such that

h(z,y) =a(x)y +b(z), z€X, yeW.

If moreover, v is bounded in a right-hand side neighbourhood of 0, then a €
Lip (X, p), L(Y, Z)) and b € Lip (X, p), Z).

PRrROOF. Recall that

lellLip = le(zo)ly + S T )
where zg can be arbitrarily fixed (cf. Remark 2.2).

By the lemma, for arbitrary y € W the constant function p(t) = y, (t €
X), belongs to K(z,Z; W). Since H maps K(z,Z; W) into Lip ((X, p), Z), the
function H(p) = h(-,y) € Lip((X,p),Z) and, consequently, h is continuous
with respect to the first variable.

Let us fix 2,7 € X, x # T, and take arbitrary yi, y2, ¥;, Yo € W. Since, in
view of the lemma, the functions ¢y, 5., ¢y, 5, belong to K(x,Z; W) and, K(z,7)
is a linear space, we have

Y1 — Y2 — U1 + Yaly
L(‘Pyhﬁl - SOyQ,yz) = d(f z) 3

and

Y1 —y2 =T + Boly
P55, = Progollii (xa),v) = [0y, = y2.5,)(@0)| + Az a:l) —

Note that modifying, if necessary, the function -, the norms occurring in
inequality (3.1) can be replaced by any equivalent ones. Therefore, taking into
account Remark 2.2, we may assume that the point xy € X in the definition of
the norm | ¢[|Lip (x,v),2, coincides with z. Then

ly1 —y2 — Uy + Ualy
0y:,7, — Pya.7 ILip (X.a0).y) = Y1 — Y2| + d(Z,x) '
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Since, applying (3.1) with ¢ = @y, 5., ¥ = @y, 7,
[H(p) — HW)|(z) — [H(p) — H(¥)|()]

< |H(p1) = H(p2)llLip ((x,p),2)>

we hence get

7@, y1) — h(@,y2) — h(Z, 1) + M@, Yy)| 2
p(T, x)

Y1 —y2 — T +y2|Y>

§7(|y1—y2+ i.2)

for all z,T € X7 € 7& T3 Y1, Y2, Y1, Yo € w.
Taking arbitrary u,v € W and setting here

y=1u+(1—-7)v, Yo=01-Tut+71v, Y2o=u, 7y, =v, (7€]0,1])
(which can be done by the convexity of W), we obtain
|h(z, 7u+ (1 —7)v) — h(z,u) — h(ZT,v) + h(ZT, (1 — T)u + Tv)|z
< p(@,z)y((1 = 7)lu—vly)

forall z,z7 € X,z # 7%, u,v e W.
Letting here T tend to x and making use of the continuity of h with respect
to the first variable, we hence get

h(z,7u+ (1 —7)v) + h(z, (1 — T)u+ 7v) = h(x,u) + h(z,v)

for all x € X, u,v € W and 7 € [0, 1].
For 7 = 1/2 we hence get that, for every x € X, the function h(z, -) is
Jensen affine in W, that is

(3.2) 2h <33, u2—|—v> = h(z,u) + h(z,v), u,veW.

In the sequel we apply the method used in M. Kuczma [2, p. 314-315]. Let us
fix arbitrary z € X, yo € W. Put

WO =W — Yo
and
(3.3) g(y) == h(x,y +yo) — h(x,90), y € Wo.

From (3.2), for all y1,y2 € Wy, we get

g<y1 +l/2> _ 9(y) +9(y2)

2 2 ’
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which shows that the function ¢ is Jensen affine in Wy. Since 0 € W, and
9(0) = 0, by induction, we hence get that

Y
2kg<2k> =g(y), yeWy, keN.
Denote by Yy the span of Wy, that is the set of all y € Y such that
y:ZTiu)i forsomen eN, 7, eR, w; € Wy, i=1,... ,n.
i=1

Of course, for every y € Yy there is a positive integer n = n(y) such that
27"y € Wy. Put

fly) = 2"9(;)7 y € Yw, n=n(y).

Since the value f(y) does not depend on the choice of n = n(y), the function
f:Yw — Z is a correctly defined. As for y € Wy one can choose n(y) = 1, we
have

fly) =9y), yeW.

Now, taking into account that g is Jensen affine, it is easy to verify that, for
arbitrary arbitrary yi,y2 € Y,

fyr +y2) = fy1) + f(y2),

that is f is additive in Y. The continuity of h(z, - ) implies the continuity of f.
Consequently, being additive, f must be linear, i.e. f € L(Y, Z). For y € W we
have y — yo € Wy. Hence, making use of the definition (3.3) of g, we get

h(z,y) =h(z, (y —yo) + yo) = 9(y — yo) + h(z, o)
=f(y —yo) + h(z,y0) = f(y) — f(yo) + h(z,90)

whence, setting a(z) := f and b(x) := h(x,y0) — f(yo), we obtain
(3.4) hMz,y) =a(x)y +b(x), z€X, yeW.

Of course, b € Lip ((X, p), Z). To show the “moreover” part, assume that there
are ro > 0 and M > 0 such that y(7) < M for all 7 € [0,79). Take ¢,¢ €
Lip ((X,d), W) and put ¢ := ¢ — 4. From (3.4) and (3.1), for all s,t € X, s # t,

la(s)d(s) — a(t)p(t)|z _ |(H(p) = H(Y))(s) = (H(p) — H(¥))(B)|z

p(s,t) p(s;t)
<L(H(p) — H()) < [|[H(p) — H()Lip ((x.0).2)
Y

<(lle = Ylluip (x,0),v)) = Y PllLip ((x,0),v))-

As int W # 0, the set W — W := {y; —y2 : y1,y2 € W} is a neighbourhood
of 0 € Y. Take arbitrary u € W — W, |u|z < ro and the constant functions
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o, € K(z,z; W), ¢ = y1 and ¢ = yo such that ¢ — ¥ = u. Now, from the
above inequalities we get
[(a(s) —a(t))ulz
p(s;t)
for all s,t € X, s #t, and u € W — W. Since

< yllullvip ((x,0),v)) = Y(July) < M,

a(s) — alt) e L(Y,Z), siteX, s#t,

d(s,)
it follows that
M <M, steX,s#t,
p(s,t) L(Y,Z2)
which shows that a € Lip (X, p), L(Y, Z)). a

REMARK 3.2. If the function 7: [0, 00) — [0, 00) is right continuous at 0 and
~(0) = 0, then the assumption of the continuity of h with respect to the second
variable can be omitted, as it follows from (3.1).

Note that in the first part of the Proposition 3.1 the function ~: [0, 00) —
[0,00) is completely arbitrary.

As an immediate corollary of the Proposition 3.1 we obtain the following

THEOREM 3.3. Let (X,d), (X, p) be metric spaces, (Y,|-|y), (Z,||z) be real
normed spaces, W CY a conver set such that int W # 0, and a function h: X x
W — Z be such that for any x € X the function h(x, - ):W — Z is continuous
with respect to the second variable. Suppose that the composition operator H
of the generator h maps Lip ((X,d), W) into the normed space Lip ((X,p), Z).
If there emists a function v:[0,00) — [0,00), bounded from above in a right
neighbourhood of 0, such that

”H(QD) - H(d’)”Lip((X,p),Z) < 7(”90 - w”Lip ((de%Y))v 50711) € Lip ((Xv d)v W)v

then
Mz, y) = a(@)y+b(x), zeX, yeW,
for some a € Lip ((X, p), L(Y, Z)), and b € Lip (X, p), Z).

REMARK 3.4. If y(t) := ct for some ¢ > 0, then inequality (3.1) becomes
the classical Lipschitz condition. Applying Theorem 3.3 and Remark 3.2 we
obtain the improvements of the relevant earlier results for Lipschitzian Nemytskii
operators.

For instance, taking (X, d) and (X, p) such that X is real interval,

da,y) = o —yl°,  pla,y) = e —yl® for some a, G € (0,1],
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and (V)| |yv)=(Z,| 1z) = R,|-|) with |- |y = ||z :=] |, we obtain the main
results of [6]. In the case « = § = 1 one gets the first result of that type proved
in [3].

4. Uniformly bounded composition operators

DEFINITION 4.1. Let Y and Z be two metric (or normed) spaces. We say
that a mapping H:Y — Z is uniformly bounded if, for any ¢t > 0, there is a real
number ~y(¢) such that for any nonempty set B C Y we have

diam B <t = diam H(B) < ~(t).

REMARK 4.2. Obviously, every uniformly continuous operator or Lipschitz-
ian operator is uniformly bounded. Note that, under the assumptions of this
definition, every bounded operator is uniformly bounded.

The main result of this paper reads as follows

THEOREM 4.3. Let (X,d), (X, p) be metric spaces, (Y,|-|y),(Z,|-|z) be real
normed spaces, W CY a convex set such that int W # 0, and a function h: X x
W — Z be such that for any x € X the function h(x, - ):W — Z is continuous
with respect to the second variable. Suppose that the composition operator H of
the generator h maps the set Lip ((X,d), W) into the space Lip (X, p), Z).

If H is uniformly bounded, then there exist a € Lip ((X,p), L(Y,Z)), and
b € Lip (X, p), Z) such that

Wz, y) = a(x)y +b(x), zeX, yeW,

and
H(p)(z) = a(z)p(z) +b(z), ¢ € Lip((X,d),W) (z € X).

ProOOF. Take any ¢t > 0 and arbitrary ¢,% € Lip ((X,d),W) such that
o = YllLip (x,a),y) < t. Since diam {¢,v} < ¢, by the uniform boundedness of
H, we have diam H ({p,¥}) < ~(t), i.e.

1H(¢) = HW)lLip ((x.p).2) = diam H({p, ¥}) < ([l = YllLip ((x.0).v))>
and the result follows from Theorem 3.3. O

REMARK 4.4. If the function v: [0, 00) — [0, 00) in the Definition 4.1 is right-
continuous at 0 and v(0) = 0 (or if only v(04) = 0), then, clearly, the uniform
boudedness of the involved operator reduces to its uniform continuity.

It follows that Theorem 4.3 improves the result of [6] where H is assumed to
be uniformly continuous.

REMARK 4.5. Under the assumptions of Theorem 4.3, the generator h of
the operator H is an affine function with respect to the second variable, i.e. it
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has the following property: for any « € X, the function y 3 Y — h(z,y) is the
sum of the linear operator a(x):Y — Z and the vector b(x).

Consider the following

EXAMPLE 4.6. Take X =[0,1,Y = Z =W =R and let H:YX — Z¥ be
the composition Nemytskij operator generated by the function h: X xY — Z
given by

h(z,y):=siny, xz€ X, yeR.
Then, obviously, H maps C(X,Y") into C(X, Z),

[H(p) = H@)lloo < llo = Ylloo;,  #, ¥ € C(X,Y),

that is H satisfies the uniform boundedness condition with the function y(t) = ¢,
t > 0. However, the generator h of H is not affine in the second variable.

It is also easy to see that, for any p € [1, 0c], the operator H maps LP([0, 1], R)
into itself and

IH(p) = HW)llp < llp = ¢llp,  #,¢ € LP([0,1],R).

Thus for the Banach function spaces C([0,1]) and LP([0, 1], R) the counter-
parts of Theorem 4.3 are not true.

REMARK 4.7. Let (F([0,1],R),| - ||) with F([0,1],R)  RI%! be a real nor-
med function space. This example shows that if a counterpart of Theorem 4.3
holds true for the space (F([0,1],R), ] -||), then the norm ||- || must be essentially
stronger than || - |-

Our results show that it is a sufficient condition if the ||| depends on the
slope between any different points (s, p(s)), (¢, ©(¢)) of the graph of .

Consider the following

DEFINITION 4.8. Let Y and Z be two metric (or normed) spaces. We say
that a mapping H: YV — Z is equidistantly uniformly bounded if, for every t > 0
there is a nonnegative real number ~(¢) > 0 such that for all u,v € B C Y,

diam {u,v} =t = diam {H (u), H(v)} <~(¢).

Clearly, the equidistant uniform boundedness is essentially weaker condition
than the uniform boundedness. The following result is a simple consequence of
the Proposition 3.1.

THEOREM 4.9. Let (X,d), (X, p) be metric spaces, (Y, |-|y),(Z,]-|z) be real
normed spaces, W CY a convex set such that int W # 0, and a function h: X x
W — Z be such that for any x € X the function h(x, -): W — Z is continuous
with respect to the second variable. Suppose that the composition operator H of
the generator h maps the set Lip ((X, d), W) into the space Lip (X, p), Z). If H
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is equidistantly uniformly bounded, then there exist a € L(Y,Z)*, and b € ZX
such that
hMz,y) =a(x)y +b(x), ze€X, yeW.

The assumption of the uniform boundedness and the equidistant uniform
boundedness can be used to improve and extend some results Lipschitzian or
uniformly continuous Nemytskil operators for other normed function spaces as
well as their multivalued counterparts.

Let us mention that Nemytskij composition operators are locally defined (cf.
for instance [7]). The applicability of the fixed point methods in solving some
functional equations involving these operators is discussed in [5].

REFERENCES
[1] J. ApPELL AND P. P. ZABREIKO, Nonlinear Superposition Operators, Cambridge Uni-
versity Press, Cambridge, 1990.

[2] M. KuczMma, An Introduction to the Theory of Functional Equations and Inequalities,
Polish Scientific Editors and Silesian University, Warszawa, Krakéw, Katowice, 1985.

[3] J. MATKOWSKI, Functional equations and Nemytskii operators, Funkc. Ekv. Ser. Int. 25
(1982), 127-132.

[4] ——, Lipschitzian composition operators in some function spaces, Nonlinear Anal.
30 (1997), 719-726.

[6] —, Remarks on Lipschitzian mappings and some fized point theorems, Banach J.
Math. Anal. 2 (2007), 237-244, (electronic), www.math-analysis.org.

[6] ——, Uniformly continuous superposition operators in the space of Hélder functions,

J. Math. Anal. Appl. 359 (2009), 56—61.

[7] J. MATKOWSKI AND, M. WROBEL, Locally defined operators in the space of Whitney
differentiable functions, Nonlinear Anal. 68 (2008), 2933-2942.

Manuscript received August 10, 2010

JANUSZ MATKOWSKI

Faculty of Mathematics

Computer Science and Econometrics
University of Zielona Géra
Podgérna 50

65-246 Zielona Géra, POLAND

Institute of Mathematics
Silesian University
Bankowa 14

40-007 Katowice, POLAND

E-mail address: J.Matkowski@wmie.uz.zgora.pl

TMNA : VOLUME 38 — 2011 — N°2



