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ROUND QUADRATIC FORMS
UNDER ALGEBRAIC EXTENSIONS

BURKHARD ALPERS

Pfister forms over fields are those anisotropic forms that remain
round under any field extension. Here, round means that for any
represented element x # O the isometry x¢ = ¢ holds where ¢
is the form under consideration. We investigate whether a similar
characterization can be given for the round forms themselves. We
obtain several “going-up” and “going-down” theorems. Some counter-
examples are given which show that a general theorem holds neither
in the going-up nor in the going-down situation.

Introduction. Pfister forms over fields can be characterized as those
anisotropic forms that remain round under any field extension (cf. [16,
p. 153]). In this paper we investigate whether a similar characteriza-
tion can be given for round forms over fields. Since the structure of
round forms is not known in general, one cannot expect general results.
According to a theorem of Marshall [14] (see also Becker/Kopping
[3]), every round form has a decomposition ¢ =/ X ¥ + p where ¥
is a Pfister form and p is torsion. This implies that any round form
remains round over the pythagorean closure of the underlying field. In
this paper we shall prove the following characterization theorem for
certain types of forms or fields: A form ¢ over F is round iff it is
round over every proper quadratic extension K = F(,/w) where w is
represented by ¢ over F. As to the going-down part of this equiva-
lence the usual techniques (norm principles) allow one to prove many
results. The going-up part, however, requires detailed information on
the structure of round forms which is available only for certain classes
of fields, for example the linked fields. Counter-examples show that in
general neither implication of the equivalence is true. For extensions
of odd dimension we have the well-known theorem of Springer which
yields immediately that a form over F which is round over K > F
(K : F] € 2N + 3) is also round over F. In the other direction,
nothing is known.

We use the standard terminology as is found in [16]. The fields
occurring in this paper are commutative and of characteristic # 2.
K usually denotes a field, W(K) the corresponding Witt ring, and
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W;(K) or simply W, the torsion part of W (K). For (quadratic) forms
¢ and ¥ over K, ¢ =y (p = y) will express isometry (equality
in the Witt ring). For the anisotropic part of ¢ we write ¢,. The
set of non-zero elements of K represented by ¢ is denoted by D(¢)
and we shall write SD(¢) for the semiring generated by D(¢). The
set of square classes of elements in D(¢) is denoted by D(¢). If no
misinterpretation can occur we write x for an element x € F and for
the corresponding square class xF*? as well. If D(p) = K* := K\{0},
then ¢ is said to be universal. In the case 1 € D(¢) the pure subform
of ¢ is denoted by ¢', thatis ¢ = (1) L ¢'. The form ¢ is called
round if x-¢ = ¢ holds for all x € D(¢), thatis, D(¢) = G(¢) where
G(p) :={x € K*| xp = ¢}. According to this definition, an isotropic
form is round if its anisotropic part is O or round and universal.

1. Going-up. There are several examples of fields where every round
form remains round over any finite field extension. This is true for al-
gebraic number fields, finite fields, and p-adic fields since these classes
are closed with respect to finite extensions and there are characteriza-
tions of round forms which are invariant under field extensions (cf.
[2]). But in general there are no such characterizations.

To begin with, we consider the situation dim ¢ € 2N+ 1. Trivially,
the form (1) remains round over any field extension. Now, let ¢ be
round and anisotropic over F, and dim¢ € 2N + 3. According to
[14], F must be formally real pythagorean, and ¢ = (1, ..., 1). So,
there is no proper quadratic extension F(y/w) where w € Dr(9).

We now want to prove going-up theorems for round forms with a
certain structure, in particular for round forms over linked fields. A
field K is called linked if the classes of quaternion algebras over K
form a subgroup in the Brauer group of K (cf. [9]). Equivalently,
any two 2-fold Pfister forms are linked, that is, for forms ((a, b))

~

and ((c, d)) we may assume a = c. In general, Pfister forms y; =

({ay,...,an) and y, = ((by, ..., b,)) (m < n) are called linked
if there are ¢y, ..., cy—; € K* such that y; = ((c, ..., Cm-1,d))
and y» = ((c1,...Cm-15dm, ..., dy)) for some d,d,,,...,d, in

K. Round forms over linked fields and over fields whose schemes
can be constructed using schemes of linked fields and of fields with
u-invariant < 4 have been characterized in [1], [2] (for the special
terminology concerning schemes see [11], [12]). For this class (denoted
by .#) we have:

THEOREM 1.1 ([1, 2.10, 3.6]). (i) If ¢ is a round and anisotropic
form of dimension 21, (2,1) = 1, then there exists a decomposition
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o =Ixy+3Y ", pi witha v-fold Pfister form y ¢ W;\{0} and i-fold
Pfister forms p; e W, (i=1,...,m), 2™ < dim ¢, such that for each
i=1,....,m

D(¢) c D(y)ND(p;) and
(I>1=D(p)=D(y)=D(l x y) and 2p; =0).

(ii) Moreover, if K is linked, then we may assume that there exist
an reN and ay, ..., aryy € K* such that 2" < dime, 2" x y =
(ar, ..., areo)) and {{ay, ..., ai1))|p; (“simultaneous linkage”).

The decomposition of a round form given in (i) is called a Pfister-
decomposition, and any form with such a decomposition is called
Pfister-decomposable. For linked fields we can get more information
on the sets D(p;). In this case we have u(K) = max{dimg, | ¢ €
W;} < 8 (cf. [9]), so we have to examine round forms of the type
¢ =Ixwy+p+py+p3. Since u(K) < 8, the form p; is universal.
For the other torsion forms we have:

LeEMmMA 1.2. If K is linked, and if ¢ is a round and anisotropic form
over K, then there exists a Pfister-decomposition ¢ =[x y + E;Ll Pi
with the following additional properties:

() If o & Wy, then D(p;))=K* for i=1,2,3.

) If o=p1+---+ps €W, (s<3) with p; # 0, then D(p;) =
D(ps—1) =K*.

Proof. (i) Assume that the form y = (1, w, —r, —wr) is torsion
and D(y) contains the semiring generated by w, r, and all squares #
0 (hence, this semiring does not contain 0). Pick an arbitrary c € K*.
By the linkage property, we have D({(w, —c, —wc))ND({c, r, cr)) #
& . Therefore, there are a;,...,a; € K (not all zero) such that
wa?l - c(a% + wa%) = c(a% + ra?) + ra? # 0. Hence, wa% - ra% =
c(e3 +a% +waj + ra?). Since the RHS is not 0 and D(y) is a group,
we have ¢ € D(y). It follows that D(y) = K*.

(ii) Assume that D({d, a, b, ab)) c D((1, —d)) for some a, b, d
€ K* (in particular, we have —1 € D((1, —d))). Pick an arbitrary
¢ € K*. By linkage, we have D({(ad, —cd, —ac))NnD({(a, cb, cab)) #
& . Now one can proceed as in (i) to get D((1, —d)) = K*.

(iii) Assume that the form (1, —d) represents any non-zero element
of the semiring generated by 4 and all squares. Applying (ii) with
a=b=1,weget D((1, -d)) = K*.
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(iv) Assume first dim¢ > 6. Then, D(¢) U {0} is a semiring by
[1, 2.9]. Hence, p; is universal by (iii) (if 4 does not divide dim ¢
we may assume p; = 0; otherwise p; = (1, —d) where d is the de-
terminant of ¢). By linkage, we may assume p, = (1, w, —r, —wr)
where w, r are sums of squares and hence w, r € D(¢). Then (i)
gives D(p,) = K*. In the remaining case we have dim ¢ = 4 but then
(1) yields the desired result. O

As a simple application of the linkage property we get:

LEmMMA 1.3. If w # O and p are different linked Pfister forms,
dim y > dim p, and if p is universal, then D(y) = D((¥ + p)a).

Induction leads to:

COROLLARY 1.4. Let v be a Pfister form and p; be i-fold univer-
sal Pfister forms (i = 1,..., m) where dimy > dimpy,, ¥ # pm-
If these Pfister forms are simultaneously linked, then D(y) =
D((y + X2 pi)a) -

The following lemma is a generalization of [10, 2.18].

LEMMA 1.5. Let ¢ be around form over F with D(¢)=SD(9)\{0},
and let K = F(\/w) be a quadratic extension where w € Dr(9). If ¢
is round over K, then Dk(¢p) = SDg(p)\{0}.

Proof. We want to apply [10, 2.17] to S := SDg(9)\{0} . Obviously,
S < K*. Now, let x e SNF. Since Dk(¢) 1s a group we may assume
that there are x;, ..., x; € Dg(p) with x = Y j_, x;. Each of the
x; is of the type Y_7_, cj(a;j + b;jyw)? where ¢ = (¢, ..., cn). So
X € Dp(¢) and hence SNF = Dr(¢). Now, let x € S. Again we may
assume that there are x;,..., xs; € Dx(¢) such that Y _,x; = x.
Hence, x € Dg((1, 1)*®¢). By[16, 2.10.4], (1, 1)*®¢ is round over
K and over F aswell. By[10, 2.11] we have N(x) € Gr({1, 1)’®¢) =
Dr((1,1)* ® p) = Dp(p). Thus, N(S) C Dr(¢) C Dp(p) - Dp(p).
Applying [10, 2.17], we get S = Dk(9p) - (SNF) = Dk(9) - Dr(p) =
Dg (@) since ¢ is round over K. O

COROLLARY 1.6. Let y be a Pfister form over F, [ € 2N+ 3, and
let K = F(y/w) where w € Dp(I x w). If | x w is round over F,
then | x y is round over K .
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Proof. If | x y is round and isotropic over F, then it is easy
to see that y is F-universal and the claim follows from [10, 2.15].
Otherwise apply (1.5) and [14, 1.7]. m|

In the sequel we want to improve (1.6) in order to allow the torsion
part of the round form to be non-zero. We need the notions of rigid
and basic elements (cf. [5], [6]). An element x € F* is called rigid if
D((1, x)) = F*2 UxF*?. A rigid element x is called one-sided rigid
(resp. birigid) if —x is non-rigid (resp. rigid). If x is not birigid or if
x € £F*2 then x is called basic. As usual, the set of basic elements
is denoted by A(F) (the definition in [5] is slightly different from that
given in [6] but this does not affect the results we need).

Let ¢ be an anisotropic round form over F with Pfister-decomposi-
tion ¢ =[xy + Zf-‘:, pi. It is easy to check that we can write

@ as a product ¢ = (/ x a + Zf-‘zl 0i) ® {{t1, ..., tm)) with birigid
elements #; (different modulo A(F)) where ¥ =a® ({(t1, ..., tm)),
Pi=0;i®((t1, ..., tm)), v:i=(UXxa+ Zle 0;)q is a round form with

Pfister-decomposition / x a + >.J;, D(y) C A(F) and, moreover,
D(a) C A(F) (resp. D(d;) C A(F)) if a (resp. J;) is not 0. Note
that Dgp(p;) D A(F) and p; # 0 imply D(4;) = A(F).

THEOREM 1.7. Let ¢ be a round and anisotropic form over F with
Pfister-decomposition | x y + Zle pi and let K = F(\/c) where
¢ € Dr(p). If Dr(p) = SDr(p)\{0} and Dr(p:;) D A(F) for i =
1,...,k, then ¢ is round over K .

Proof. First assume that ¢ is universal. Then y = 0 and the
p; are universal since ¥ ¢ W;\{0} and D(¢) C D(p;). Now, by
[10, 2.15], p; is universal over K for i = 1,...,k. Thus, ¢ isa
universal round form over K (possibly = 0 in the Witt ring). There-
fore we may assume that Dgp(¢) = SDp(¢) (and hence Dp(y) =
SDr(y)), that is, Dgr(p) U {0} is a proper preordering. Let ¢ =
(lxa+2{-‘=l 0i)®((t1, ..., tm)) and y = (I xa+ Y ", d;)a according
to the above remarks. Then, by [6, Prop. 5], Dr(y) = SDfr(y) and
Dr(a) = SDp(a). To begin with, let K = F(,/w) where w € Dg(y).
By [16, 2.10.4], it suffices to prove that y is round over K. By
(1.6), we have Dg(a) = SDk(a) # K; hence Dg(y) C Dk(a) C
A(K). Let 6 € {d;,...,d;}, and assume Jg is not isotropic. We
want to show that 4(K) = Dg(d). By [6, Prop. 2] and [5, 2.2],
we have Dg(d) C A(K). We want to apply [10, 2.17] with S :=
A(K). By [6, Th. 1], A(K) is a group. Since w € D(y) C A(F),
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[7, 5.6] implies A(K)N F* = A(F). From [6, Prop. 1] it follows that
N(A(K)) € Dr({1, —w)) C A(F) = Dp(d). Hence, [10, 2.17] yields
A(K) = Dk(d) - (A(K)N F*) = Dkg(6) - Dp(6) = Dg(J). Therefore,
Dg(y) € Dg(a), Dg(d;), which means that y is round over K. Now,
assume that m > 1 and that w € Dp(a) - Dp({{t1, ..., tm)))\A(F),
say (wlog) w = at, where a € Dp(a). Then, a = t; mod K*? and
t; € A(K) by [5, 2.3]. This gives

0 ((t, ..., tm))Zx0;@(a, tr, ..., tm))
=k (6i L adi) @ (({t2, ..., tm))
=k (20)®((t2, ..., tm)) =0

for i=1,..., k. Therefore, px =/ x yg. Since Dr(y) = SDr(y)
the proof is complete by (1.6). O

CoROLLARY 1.8. If ¢ is a Pfister-decomposable form over F with
Dr(¢p) U {0} containing an ordering of F, then ¢ remains round
over F(y/w) whenever w € Dr(¢). In particular, if ¢ is a Pfister-
decomposable universal form over F, then ¢ is round over any qua-
dratic extension of F .

REMARKS 1.9. (1) We cannot omit the condition on Dg(¢) in the
preceding theorem: Using quadratic form scheme theory (cf. [11] and
the explanations in §2), one can show that there is a non-formally real
field F such that there exist universal anisotropic forms ((a, b)) and
(1, —d) with —1 # —d # —a € Dp({{(a, b))') and a # 1 (in quadratic
form scheme notation: Consider F where S(F) = S(Q;) N S(F3)).
Then, ¢ = (d,a, b, ab) is round over F and hence over F((¢)).
But for K := F((t))(va) we have ¢px = (1,-d,1,—1) and ¢t ¢
Dk ((1, —d)). Hence, ¢ is not round over K.

(2) Naturally, the question arises whether the “process can be con-
tinued”, i.e., whether the form ¢ remains round over another field
extension L = K(y/c) where ¢ € Dg(p), and so on. But it is clear
from the proof of (1.7) that ¢y retains the properties used in the
proof. Therefore, ¢ remains round over any 2"-extension K, where
Ky > > K >Ky=F and K; = K; |(yw) with w € Dg_ (9)
(we call such an extension a ¢-2"-extension). This means in particular
that ¢ remains round over any 2"-extension within the pythagorean
closure of F and hence over any extension within the pythagorean
closure.
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THEOREM 1.10. If ¢ is a round form over a linked field F, then ¢
remains round over K = F(\/w) whenever w € Dr(9).

Proof. Let w € Dr(p) and K = F(y/w). According to (1.2), there
exists a Pfister-decomposition ¢ =1/ x y + " | p; with either y # 0
and D(p;) = F* for i=1,2,3=m or v =0 and p,, # 0 and
D(p;) = F* for i < m < 3. In the first case, the p; are universal over
K, by [10, 2.15]. Then, in case of / > 1, we have Dr(¢) = Dp(y) =
SDr(y) and the preceding theorem can be applied. Incase of / =1,
¢ is round over K by (1.4). If y =0, we can again apply (1.4) and
[10, 2.15], thus completing the proof. O

REMARK 1.11. Again, the proof of (1.10) depends only on the exis-
tence of a special Pfister-decomposition of the round form. It is clear
from the proof that the necessary properties are preserved under the
quadratic extensions under consideration. Therefore, the process can
be continued. Furthermore, if / = 1, then ¢ remains round over K
whenever K lies in the quadratic closure of F .

2. Going-down. We shall use different hypotheses depending on the
fields under consideration:

(1) ¢ is round over every quadratic extension F(y/w) where w €
Dr(9);

(2) ¢ is round over every quadratic extension F(,/w) where w €
(Dr(@)) (the group generated by Dr(¢));

(3) ¢ is round over every quadratic extension F(y/w) where w €
~Dr(p).
Our proofs depend heavily on the possibility of representing form
values as norms with respect to a quadratic extension K > F and on
extending orderings. For this reason, we must look at more extensions
than originally intended (cf. (2)) or at different extensions (cf. (3)). (1)
and (2) coincide if the form under consideration is a group form (note
that from the “going-up” point of view it would be no restriction to
require that ¢y is a group form!). Condition (3), however, is different
and yields in general no “going-down” converse for the “going-up”
theorems proved in §2. Moreover, its “going-up” converse is wrong
in general. Nevertheless, this condition yields the best “going-down”
result. To see this, we need the following result that applies the norm
principles (stated in [10]) to the “going-down” situation.

ProrposITION 2.1. Let ¢ be a form over F and 1, x € Dr(¢). If
there is a z € F*\F*? such that x € D((1, —z)), and if ¢ is round
over F(\/z), then x € Gg(9).
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Proof. Since x € D({1, —z)), there exists a u € K := F(y/z) such
that N(u) = x. Since 1 € Dr(p), [10, 2.13] yields u € F - Dg(p).
Hence, there is a 4 € F* with Au € Dg(¢). By [10, 2.11], A?x =
N(iu) € Gp(9). ]

COROLLARY 2.2 (cf. [10, 3.14]). Let ¢ be a form over F where 1 €
Dr(9) 3 —1. Assume that ¢ fulfills condition (3). Then ¢ is round
over F .

REMARK 2.3. The condition 1 € Dr(p) cannot be omitted. Con-
sider, for example, the form ¢ = (¢, ) over a p-adic field where
e isaunit # 1, 7 is a prime, and 1 = —1. The condition —1 &
Dg(p) can be dropped in all cases except one. Assume that ¢ is
a form over F with 1, -1 € Dg(p) which fulfills condition (3).
By (2.1), we get Dr(p)\ — F** C Gr(p). Now, assume there ex-
ists an a € Dp(p)\{£1}. Then, from a € Gr(p) it follows that
-l-ace€ ﬁp((p)\{il} and hence —a € Gr(p). Since Gr(p) is a
group we have —1 € Gr(¢). Thus, if ¢ is not round over F', we have
Dr(¢p) = {£1}. If F is formally real, then this means that F must
be euclidean, and the form m x (1) L n x (—1) (m,n€N*, m # n)
is really a counter-example in this case. Let F be non-formally real
and let ¢ be a counterexample. We may assume dimg¢ > 2. Then,
Dr(p) = F*, and hence |F*/F*?| = 2. Thus, we additionally may as-
sume dim ¢ € 2N+ 3. But by the Diller/Dress-theorem (which is also
true in the non-formally real pythagorean case, cf. [10] (3.9)), K # K2
for any quadratic extension K > F . It follows that ¢ is not round
over F(v/=1), but 1 € Dg(p), a contradiction to condition (3). We
summarize: If F is not euclidean or the form under consideration is
anisotropic, then we can omit the condition —1 & Dg(¢) in (2.2). So,
for universal forms we get:

COROLLARY 2.4. If ¢ is a universal form over F and anisotropic
in the case F is euclidean, and if condition (1) (< (2) < (3)) holds,
then ¢ is round over F .

Proposition (2.1) yields an easy proof of a part of a theorem in [10]
which concerns the going-down step on condition (1):

THEOREM 2.5 (cf. [10, 3.6]). Let ¢ = (a;, ..., a,) be a form over
F. If ay,...,a, € Gp(p), and if ¢ is round over every extension
F(\/a) where a € Dr(¢p), then ¢ is round over F .
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Proof. We prove by induction on / that x € Dr({(a;, ..., a;)) im-
plies x € Gr(¢). The case / =1 is trivial. So, assume x =y + a;,
where y € Dr({(ay, ..., a;)) C Gr(p). We may assume X # aj,.

Since x € Dr((y, a;11)), we have xy € D((1, xy)) ND((1, ya;4)) C
D((1, —xa;4,)), by [8, Lemma]. Since y, a;,, € Gr(p), we have
xy, xa;.; € Dp(p). Now, (2.1) yields xy € Gr(p) and hence x €

Gr(9). O

COROLLARY 2.6. Let y be a Pfister form over F andlet 9 =[xy,
[ € 2N+ 1. If ¢ is round over every extension F(\/a) where a €
Dg(9), then ¢ is round over F .

We now want to show that for certain classes of forms and special
classes of fields the hypotheses of Theorem 2.5 can be weakened. For
a form ¢ over F there exists a decomposition ¢ = ¢; L ¢, where
¢, 1s O or has a diagonalization in which the entries are squares or
non-rigid elements and ¢, is O or represents only rigid elements #
1. We call any such decomposition where dim ¢, is minimal an nr-
decomposition of ¢ . If there is an nr-decomposition of ¢ with ¢, =
0, then we say that ¢ is nr-representable.

THEOREM 2.7. Let ¢ be a form over F with 1 € Dr(p) which is
round over F(\/a) whenever a € Dr(¢). Then, any non-rigid element

of Dr(p) lies in Gr(p). In particular, if ¢; L (b1, ..., b)) is an
nr-decomposition of ¢ with by, ..., b, € Gr(p), then ¢ is round
over F .

Proof. Let z be a non-rigid element in D (¢)\F?. Then, ¢ hasa
subform (1, ¢) such that z € Dg({(1, c)), and hence ¢ is non-rigid.
Pick an arbitrary x € Dp({1, c)\{1, ¢}. Now, x € Dr({(1, x)) N
Dr((1, ¢)) € Dgp({l, —xc)), by [8, Lemma], and xc € Dg({l, ¢)) C
Dr(p). Thus, by (2.1), x € Gr(p). Since xc € Dp({(1, cH\{1, ¢},
we have also xc € Gr(¢) and hence ¢ € Gr(p). Therefore, z €
D((1, c)) C Gr(p). O

COROLLARY 2.8. Let ¢ be a form over F with 1 € Dr(g). If
@ is nr-representable and round over every extension F(\/a) where
a € Dg(9), then ¢ is also round over F .

Assume that the radical of F is not F*2 (cf. [4]). It is well known
that any element of the radical is represented by every 1-fold Pfister
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form. Thus, using (2.1), we get the desired going-down theorem with-
out any restrictions on rigidity. So, we may restrict ourselves in the
sequel to the situation where the underlying field F has a trivial rad-
ical (hence the notions of [5] and [6] coincide). We shall now have
a closer look at the nonformally real case. We call a form ¢ basic
if it has a diagonalization with basic entries. It is well known that
in this case the anisotropic part of ¢ represents only basic elements
(if any). Furthermore, using the results of [6], we easily get the fol-
lowing fact: Let ¢ = ¢, L 2t L --- L put, be a (not necessarily
anisotropic) form where the ¢; are basic forms and the ¢; are birigid
with #; # t; mod A(F). Then, ¢ is a basic form iff ¢,, ..., ¢, are
hyperbolic, that is, 0 in W(F). We call ¢; the basic part of ¢, if
@ 1s anisotropic. As a standard application of the properties of rigid
elements and their behaviour under quadratic extensions (cf. [5], [6])
we get:

PROPOSITION 2.9. Let ¢ = ¢y L ¢aty L --- L pnt, be an anisotropic
form over F where the ¢; are basic forms and t,, ..., t, are birigid
with t; £t mod A(F) for i # j. If t is a birigid element in F, then
(@F(yi))a is not universal. If t = bty with b € A(F), then ¢, L bg,
equals the basic part of ¢, in W(F(\/1)).

ProrosiTioN 2.10. Let ¢, w be basic forms over F, let t €
F*\A(F), and K := F(\/1).
(1) If 9 =y over K, then ¢ =y over F.
(i1) If ¢ is round over K, then ¢ is hyperbolic or anisotropic and
round over F .

Proof. (i) ¢ L —y is a basic form over F. From ¢ —y =0 in
W(K) we get (¢ — w)q =F (1, —t) ® p for an F-form p (possibly
= 0). From this we get easily ¢ = y over F.

(i1) According to (2.9), we may assume that g is either hyperbolic
or anisotropic. If ¢ is hyperbolic, then ¢ = m x (1, —1) over K
and hence also over F, by (i). If px is anisotropic, then so is ¢f .
We have ¢ = x¢ for x € Dp(¢) (C A(F)) over K; hence by (i)
¢ =x¢ over F,ie., ¢ isround over F . O

We now settle the non-formally real case where besides squares only
birigid elements are represented. According to (2.4), we can restrict
ourselves to anisotropic forms.
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LEMMA 2.11. Let F be non-formally real, and let ¢ be an anisotropic
form over F with 1 € D(9p). Moreover, let ¢' = y ® (t) where y is
a basic form and t ¢ A(F). If ¢ is round over F(\/a) whenever
a € Dp(9), then ¢ is round over F .

Proof. We may assume that dimy > 2 and 1 € Dg(y). Since F is
non-formally real, we have dim ¢ € 2N (cf. [14]) and hence dimy >
3. Let d := dety. For a € Dp(y) we obtain ¢ = (1) L ay over
F(vat). By (2.10), (1) L ay is round and anisotropic over F for
every a € Dg(y) since y is anisotropic. First assume dimy € 1 +4N.
By [14, 1.1], we have Dg({1) L ay) C Dr({1, ad)) Va € Dpg(y).
Pick a € Dp(y). Since a € D(ay) N D(y), we get a € D({(1,d))n
D((1, ad)) Cc Dr({1, —a)). Thus, a € D({1, 1)), and hence D(y) C
D((1, 1)), which gives D({1) L y) c D({1, 1, 1)). Since (1) L y is
round over F, it follows from (1) L y = (1,1) L ' and D(y') C
D((1, 1)) that 1 € D(y'). So, (1,1, 1)is a subform of (1) L y.
But then, by Kneser’s lemma, (1) L y is isotropic, a contradiction.
Hence, dimy = 1, and we are done. Now, assume dimy € 3 + 4N.
By [14, 1.1], we have ad € Dr({1, 1)) Va € Dr(y); in particular d €
Dp((1, 1)) since 1 € Dg(y). Thus, again a € Dr({1, 1)) Va € Dr(y)
and we get a contradiction as above. This establishes the proof. O

We need a simple lemma on the structure of round forms over fields
with birigid elements proved in [2]:

LemMA 2.12 (cf. [2, 3.3]). Let ¢ be a round and anisotropic form
over F. Then, ¢ = ¢, ® 9, where ¢, is a basic round form over F
and ¢, is a Pfister form and where ¢, represents only birigid elements.

LEMMA 2.13. Let F be non-formally real and let ¢ be an anisotropic
form over F with 1 € Dp(¢) and D(¢') C F*\A(F). If ¢ is round
over F(y/a) whenever a € Dr(9), then ¢ is round over F .

Proof. According to (2.11), we may assume that there are birigid
elements x, y € Dp(p) with x Zy mod A(F). Wlog let dimg¢ > 3.
Then, ¢ = (1) La® (x) L B, where « is a basic form and Dg(f)N
xA(F) = &. By (2.9), (1) L a® (x) equals the basic part of ¢,
over F(y/ax) where a € Dr(a). Hence, (1) L a® (x) is round over
F(y/ax) whenever a € Dg(a), by (2.12) in case ¢ is anisotropic over
F(\/ax) or by (2.9) otherwise. From (2.11) we get o = (1). Hence,
¢ =(1,Xxy,...,xn) where x; € A(F) and x; # x; mod A(F) for
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i # j. It suffices to prove x;x; € Dr(¢). According to (2.2), (2.3), we

may assume 1 Z —1 mod F*2. By (2.9), Orym) =1, 1, X2, ..., Xn)
is anisotropic and, by [5, 2.3], x5, ..., x, are birigid over F(\/X]).
By (2.12) and [6, Prop. 5], there exists an i € {3, ..., n} such that

x3 = x; mod A(K). Hence, x;x; € A(K)NF = {1, x}A(F) (by [7,
5.6]). Thus, there is an a € A(F) such that x; = ax;x;. Again by
(2.12), we have (1, 1) = (1, a) over F(,/X1), and hence a € F2.
This completes the proof. O

In the remaining “mixed” case we were not able to prove a general
result. We restrict ourselves to fields whose quadratic form schemes
are elementary constructible starting with schemes of non-formally
real fields with u-invariant < 2 and the p-adic fields (that means the
schemes can be constructed from those of the “starting fields” building
product schemes and power schemes; cf. Kula [11], [12]). We use the
notation of [11]. The above class of fields will be denoted by Q. For
a form ¢ over a product scheme S(K;)NS(K>) (K;, K, fields) we
write (Z:::ZZ) instead of {((ay, by), ..., (an, by)) where (a,, ..., a,)
and (b, ..., b,) are forms over S(K;) and S(K;) respectively. We
call S(K;)NS(K;,) a non-trivial product if neither S(K;) nor S(K3)
is equivalent to S(C). If S(K) = S(K;) N S(K3), we identify square
classes of K with scheme elements of S(K), and forms over K with
forms over S(K) (cf. [2]). A power scheme of a scheme S is de-
noted by ST where T is an elementary abelian 2-group (for the exact
definition see [11]).

ProPosITION 2.14. Let F be a non-formally real field with S(F) =
(S(Ky) NS(Ky))T where S(K;) N S(K,) is a non-trivial product. Let
@ and y be basic forms over F with dimg > 2 and 1 € D(p).
If ¢ = w holds over K = F(\/a) whenever a € Dr(¢), then ¢ = y
over F .

Proof. After identification we may assume
~ 1 a---ay ~fClCm
¢—(1 bl"'bn) and W_(dl---dm>'

Since F is nonreal, both K; and K, must be nonreal. According
to Kneser’s lemma, there are a € Dk ({1, a;, ..., a»))\{1} and b €

Dk,({1, by, ..., bu))\{1}. Hence, a:= () € Dx(p)\{1}. We have
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¢ =y over F(v/a) and over F (\/Z) as well, and hence

-vi=(] Z{)or amd w-vuz(] 3)e0

over F for some F-forms p, d. Since ¢ — y is basic, the forms
p and J are also basic, that is, they are defined over S(K;) N S(K3).
Thus,

*
¢’i‘”’=(1 ~1...1 —1> and

1 -1...1 -1
piva(t )

*
and hence ¢ — v =0. a
THEOREM 2.15. Let F € Q. If ¢ is a form over F with 1 € Dgr(¢)

such that ¢ is round over F(\/a) whenever a € Dg(¢), then ¢ is
round over F .

Proof. According to (2.4) and (2.13), we may assume that ¢ is
anisotropic and of the type ¢ = ¢, L ¢t L --- L ¢,t, where the ¢;

are basic forms with 1 € Dp(¢p;) for i=1,...,n, dimg; > 2, and
the f; are birigid with ¢; # ¢t; mod A(F) for i # j. By (2.7), ¢; is
round over F and D(¢;) C G(¢;) C D(¢p;) fori=2,...,n.Letac

Dr(91)\F? and K = F(y/a). If (p;)x is isotropic, then ¢; contains
a subform (z, —az) over F (z € F*) and hence —a € Dr(¢,). But
then —1 € Dr(¢;) C Gr(p) and, by (2.2) and (2.3), we are done.
Therefore, we may assume that ¢; is anisotropic over K = F( /a)
whenever a € Dr(¢;). Let j € {2,...,n}. If (¢j)k is isotropic,
then (w, —wa) is a subform of ¢; over F for some w € Dr(p;)
and we get wt; € Gr(p), by (2.1). This implies ¢; = ¢; over F.
If (p;)L is anisotropic for all L = F(vb) where b € Dr(¢,), then
also ¢; = ¢; over F, by (2.12) and (2.14) or trivially (in case S(F)
is equivalent to a power scheme of a scheme of a “starting field”).
Thus, we have ¢; = ¢, = --- = ¢, over F. Now it suffices to prove
titi € Dr(p) for i # j. Wloglet i = 2, j = 3. Moreover, let
K := F(y/f;). Then, ¢k is round and anisotropic or hyperbolic, by
(2.9). If gk is anisotropic, we have t3 = ¢t; mod A(K) fora j >4,
by (2.12). As in the proof of (2.13), we now get t; = atyf3 for an
a€ A(F). Wehave ¢, L ¢ = ¢, L ap, over K, according to (2.12).
Hence, ¢; = agp; over K and, by (2.10), ¢; = ag; over F, so we
are done. In the hyperbolic case we get ¢; = —¢; over K, by (2.9),
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and hence over F, by (2.10). This means —1 € Dr(¢;) C Gr(9p),
and again we are done. O

We now want to examine the formally real pythagorean case.

LEMMA 2.16. Let F be fr. pythagorean and let ¢ be an anisotropic
form over F with 1,x,y,xy € Dp(p) for some x,y € F\F? with
x @ yF2. If ¢ is round over F(\/a) whenever a € Dr(¢), then ¢ is
round over F .

Proof. Let P be an ordering of F. Then, at least one element of '
the set {x, y, xy} isin P,say x. Now, P extends to an ordering P
over F(y/x) (cf.[16, 3.1.11]). Since ¢ is round over F(,/x) we have
sgnz ¢ € {0, dimg}, by [14, 1.1]. Hence, sgnp ¢ € {0, dim ¢} for all
orderings P of F. According to the proof of [3, Satz 16], 9 =/ x v
for a Pfister form y, thatis, ¢ is round over F. o

CoROLLARY 2.17. Let F be a frr. pythagorean field and let ¢ be an
anisotropic form over F with 1 € Dp(¢) and |Dp(p)| > 2. If ¢ is
round over F(\/a) whenever a € (Dr(9)), then ¢ is round over F .

COROLLARY 2.18. Let F be a f.r. pythagorean field and let ¢ be
an anisotropic form over F with 1 € Dgp(9) such that ¢ represents
at least one non-rigid element. If ¢ is round over F(\/a) whenever
a € Dp(p), then ¢ is round over F .

LEMMA 2.19. Let F be a SAP-pythagorean field, and let ¢ be an
anisotropic form over F with 1 € Dgp(p) and |Dp(9)| > 2. If ¢ is
round over F(\/a) whenever a € Dg(9), then ¢ is round over F .

)

Proof. Wlog we may assume dimg > 3 and ¢ = (1,4q,b,...
where a,b & F? and a € bF?. By [17, Prop. 7] (or [15, T 1])
(1,a, b, —ab) is isotropic, hence ab € Dg({1, a, b)) C Dg(p).
Now, (2.16) yields the claim. O

We now consider the case where at least one birigid element is rep-
resented by ¢.

ProrosITION 2.20. Let F be a fr. pythagorean field and let ¢ =
a L Bt be an anisotropic form over F where o and B are basic,
1 € D(a)), D(B), and t € F*\A(F). If |Dr(9)| > 2 and ¢ is round
over F(\/c) whenever c € Dr(p), then ¢ is round over F .
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Proof. First assume |Dp(B)| > 1. Then, there exists a non-square
a € Dp(B). Now, o L B is round over F(v/f) and o L af is round
over F(y/at). By (2.10), a L B and a L af are round over F.
Hence, aa L af = a L f and a L aff = aa L B. From this we
get aa = «, since F is pythagorean. So a, t, at € Dr(¢), and by
(2.16) we are done. Now, assume D(B) = {1} and b € Dp(a)\F2.
By (2.18), we may assume that b is rigid; hence K := F(v/b) is
pythagorean, by [13, 5.15]. If ¢ is isotropic over K, then it is hy-
perbolic. But this means fx = 0 since «, f are basic and ¢ is
birigid over K, a contradiction. Hence, ¢ is anisotropic. By (2.12),

we have ap = (1,...,1,D,...,b) and dima = dim . But then
a L Bt is not round over the pythagorean field F(v/f). This
completes the proof. O

LEMMA 2.21. Let F be a fr. pythagorean field and let ¢ be an
anisotropic form over F which represents 1 and at least one birigid
element. If |Dp(¢)| > 2 and ¢ is round over F(\/a) whenever a €
Dr(¢), then ¢ is round over F .

Proof. According to (2.20), we may assume that ¢ represents birigid
elements ¢;, ¢, with ¢; Zt, modA(F). Let o = ¢y L gyt L --- L
@ntn Where t4 = 15t3, the ¢, are basic forms, ¢; # t; mod A(F), and
possibly ¢4 = 0. We may assume that ¢ is anisotropic over F (/%)
and F(y/f3), by (2.10). According to (2.12), we get ¢; L ¢ = g3 L
@4 over F(y/f;) and hence over F, by (2.10). Analogously, we get
01 L o3 =9, L g4 over F. Thus, ¢, = @3 since F is pythagorean.
By cancelling, we get ¢ = ¢4, and by (2.16), we are done. O

If we consider formally real fields with u-invariant 2 we easily get
the desired result. In this case, there exists a torsion Pfister form
(1,x) # 0, so D({1,x)) = F*. Now, (2.1) yields the desired re-
sult and we do not need the additional assumption that the form
under consideration must represent more than two elements modulo
F*2 . Even if we require this, there are counter-examples in case of
u(F)>4:

COUNTER-EXAMPLES 2.22. In the sequel we need a slight general-
ization of (1.3). It is immediate from [6, Th. 1, Prop. 1] that the
assertion of (1.3) holds also for different linked basic Pfister forms
¢ #0, p where D(p) = A(F).
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(1) Let F be afield with S(F) = (S(R)NS(F3))T where T = {1, t}.

Consider the form
1 1 1 1
(1)+(1 4

over F (so, Dr(¢) = {(}), (1)¢, (,)t}). Using [5, 2.3], [6, Prop.
2] and the generalized version of (1.3) it is easy to check that ¢ is
round over F(y/a) whenever a € Dr(p). But, according to (2.12), ¢
is not round over F . This also shows that Proposition (2.20) does not
hold in general when u(F) > 4. Moreover, since F is a SAP-field,
the assertion of Lemma (2.19) is not true for every SAP-field.

(2) Let L := Qy(v/~1), and let (1, a, b, ab) be the unique
anisotropic 4-dimensional form over L (cf. [16, p. 217]). Then,
Di({a, b, ab)) = L*\L*? and, by [16, 4.1.7], for any v € L*\L*?
there exists a w € L* such that (1,a,b,ab) = (1,v,w, vw).
Now, let F be a field with S(F) = (S(R)NS(L))T where T = {1, t}.

Define
EVATE U U N S TR T B
?=\14a b ab V=11 11 -1/

Let (!) be any element of Dr(p)\{1}. Then,

Ly (1 -1 1111
4 “”"(1 —z)®<l x 11
for an x € L*/L*?>. Hence, ¢ = y over F(y/x) whenever x €
Dr(p)\F?. Now, consider the form 7 := ¢ L wt over F. Using
the same arguments as in (1) one can check that y is round over any
quadratic extension F(y/z) where z € Dr(y), however, by (2.12), it
is not round over F . Note also that the form y represents a group.
Hence, even if we use the stronger condition (2) (of the list at the
beginning of this section) instead of (1), we have counter-examples.
Finally, we want to examine how the going-down property can be
generalized. The appropriate generalization is to require “roundness”
over p-2"-extensions (cf. (1.9)(2)). The usual induction proofs yield:

1

4

LEMMA 2.23. Let ¢ be an nr-representable (resp. anisotropic) form
over F and let 1 € Dp(p). If ¢ is round over any ¢-2"-extension
(resp. 2"-extension) of F for a fixed n € N*, then ¢ is round over F .
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