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FULLY NON-LINEAR ELLIPTIC EQUATIONS ON
COMPACT HERMITIAN MANIFOLDS

GABOR SZEKELYHIDI

Abstract

We derive a priori estimates for solutions of a general class of
fully non-linear equations on compact Hermitian manifolds. Our
method is based on ideas that have been used for different spe-
cific equations, such as the complex Monge-Ampere, Hessian and
inverse Hessian equations. As an application we solve a class of
Hessian quotient equations on Kéhler manifolds assuming the ex-
istence of a suitable subsolution. The method also applies to anal-
ogous equations on compact Riemannian manifolds.

1. Introduction

Let (M, «) be a compact Hermitian manifold of dimension n, and fix
a real (1,1)-form y. For any C? function v : M — R we obtain a new
real (1,1)-form g = x + +/—199u, and we can define the endomorphism
of TYOM given by A;- = a'Pgj5. This is a Hermitian endomorphism
with respect to the metric . We consider equations for u that can be
written in the form

(1) F(A) = h,
for a given function h on M, where
(2) F(A) = f(M, .. M)

is a smooth symmetric function of the eigenvalues of A. Such equations
have been studied extensively in the literature, going back to the work
of Caffarelli-Nirenberg—Spruck [5] on the Dirichlet problem in the real
case, when « is the Euclidean metric and M is a domain in R”.

We assume that f is defined in an open symmetric cone I' C R, with
vertex at the origin, containing the positive orthant I';,. In addition,

(i) fi > 0 for all i, and f is concave,
(ii) supgr f < infas h,
(iii) For any o < supp f and A € I' we have limy;_,o f(t\) > 0.
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Assumption (ii) ensures that the relevant level sets of f do not inter-
sect the boundary of I'. Assumption (iii) is satisfied by many natural
equations, for instance, if f is homogeneous of degree 1 and f > 0in I.

Definition 1. We say that a smooth function u is a C-subsolution of
(1), if the following condition holds. At each z € M, define the matrix
B! = a'P(x;jp + 0;0pu). Then we require that for each z € M the set

(3) {Nel : f(N)=nh(z) and N — X\(B(z)) € T}
is bounded, where A\(B(z)) denotes the n-tuple of eigenvalues of B(x).

In Section 2, we will describe the relationship between this notion
and that introduced by Guan [20]. Our main result is the following.

Theorem 2. Suppose that u is a solution, and u is a C-subsolution
of Equation 1. If we normalize u so that sup;; uw = 0, then we have an
estimate ||u||c2.o < C, where C depends on the given data M, o, x,h,
and the subsolution u.

Note that the main result of Guan [20] is a similar estimate on Rie-
mannian manifolds, but there the constant C depends, in addition, on a
C'-bound for u. In the Riemannian case this C'-bound can be obtained
under certain extra assumptions, as shown in [20], using work of Li [29]
and Urbas [45]. In addition, the subsolution condition in [20] is more
restrictive than ours. As we will discuss in Section 8, our methods apply
with almost no change to the Riemannian case as well, resulting in an
estimate analogous to Theorem 2.

We first prove a C%-estimate, generalizing the approach of Blocki [2],
using the Alexandroff-Bakelman—Pucci maximum principle, in the case
of the complex Monge—-Ampere equation. For higher order estimates we
use the method that was employed in the case of the complex Hessian
equations. In other words a C''-bound is derived by combining a second
derivative bound of the form

(4) sup |00u| < C(1 + sup |[Vul?),

due to Hou-Ma-Wu [25] in the case of the Hessian equation, with
a blowup argument and Liouville-type theorem due to Dinew-Kolo-
dziej [11]. The gradient bound combined with (4) then bounds |99ul, at
which point the Evans—Krylov theory [12, 26], adapted to the complex
setting (see, for instance, Tosatti-Wang—Weinkove—Yang [38]) can be
used to obtain the required C>“-estimate. Note that as a consequence
of the blowup argument the constant C' is not explicit in Theorem 2.
Perhaps the most important equation of the form (1) is the com-
plex Monge—Ampere equation, where we take f = log Ay -...- A\,. The
Monge—-Ampere equation was first solved on compact Kéahler manifolds
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by Yau [47], and on compact Hermitian manifolds by Tosatti-Wein-
kove [41] with some earlier work by Cherrier [6], Hanani [24] and Guan—
Li [22]. See also Phong—Song—Sturm [31] for a recent survey. Note that
in this case u being a C-subsolution is equivalent to x + v/—100u be-
ing positive definite, and so Theorem 2 can be used to recover these
existence results.

A related equation, the Monge—Ampere equation for (n— 1)-plurisub-
harmonic functions, was introduced by Fu-Wang-Wu [16]. In this case

we take f = logxl . Xn, where

(5) o= >

n—1

for each k. In terms of matrices, if we define the map P(N) = —L-(Tr(N)-
I — N), then the corresponding operator F' is given by F(A) =
logdet P(A). For this equation, Theorem 2 recovers the a priori es-
timates of Tosatti-Weinkove [40, 39], and more general equations in
terms of the \; can be considered as well. We will discuss this in more
detail in Section 7.

A setting when the subsolution property is more subtle is the inverse

or-equations for 1 < k < n — 1, where we take
1

(6) f:(ﬁ)“ﬂ

for the elementary symmetric functions o;, and the cone I' = I';,. When
h is constant, the equation can be written as

(7) WwFA O = e,

for a constant ¢, where w = x + v/—190u is the unknown metric. When
a, x are Kéhler, then we can determine c a priori, since

n—k k
U
& U]
]
Fixing this value of ¢, if & = n — 1 then Song-Weinkove [32] showed
that a solution exists if there is a metric ' = x + v/ —190u satisfying

9) nex™ = (n—1)xX" 2 Aa >0,

in the sense of positivity of (n — 1,n — 1)-forms. This turns out to be
the same as u being a C-subsolution. This result was later generalized
by Fang-Lai-Ma [14] to general k, and existence results for general k
and non-constant h on Hermitian manifolds were obtained by Guan-—
Sun [23], Sun [35].

Using the continuity method, Theorem 2 can be used to obtain such
existence results for Equation (1), under certain assumptions, however,
it seems to be difficult to state a satisfactory general existence result,
whenever the subsolution condition is non-trivial in the sense that it
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depends on h. We give one such result, Proposition 26 in the Riemann-
ian case, and the same proof works in the Hermitian case too. The
difficulty is that one needs extra conditions to ensure that we have a
subsolution along the whole continuity path (see also Guan—Sun [23] for
such results in the case of the inverse o) equation). The source of this
difference between Equation (1) on a compact manifold, and the corre-
sponding Dirichlet problem, is that on a compact manifold the constant
functions are in the cokernel of the linearization.

As an illustration, we will consider general Hessian quotient equa-
tions, of the form

(10) WA = b Ao,
where (M, ) is Kéhler, 1 <1 < k < n, the form w = y + v/—100u is
the unknown, and c¢ is determined by
B fM Xl A Oénfl
fM Xk Aan—k’

In analogy with the results of Song—Weinkove and Fang-Lai-Ma for the
case k = n, we will show the following.

(11) c

Corollary 3. Suppose that there is a form x' = x++/—100u which is
k-positive (i.e. the eigenvalues satisfy o1, ...,0 > 0), and, in addition,

(12) ke Aok — 1At >0,

in the sense of positivity of (n—1,n—1)-forms. Then (10) has a solution
w=x++v—100u.

There do not seem to be any previous existence results on compact
manifolds for these equations in the literature when k& < n, although a
priori C° bounds for the solution u have been found recently by Sun [36,
37]. The corresponding Dirichlet problem on Euclidean domains does
not fit into the framework of Caffarelli-Nirenberg—Spruck [5], but was
subsequently solved by Trudinger [44].

It is an interesting problem to find geometric assumptions under
which the existence of a C-subsolution can be ensured. In the case
of the Dirichlet problem in Euclidean domains €2, Caffarelli-Nirenberg—
Spruck [5] showed that a subsolution exists under a suitable convexity
type condition on the boundary 92 (see also Li [28] for analogous re-
sults in the complex case). For the complex Monge-Ampere equation
on compact Kéhler manifolds, the result of Demailly-Paun [10], char-
acterizing the Kahler cone, gives such a geometric condition. Indeed,
this result shows that a real (1, 1)-class [x] on a compact K&hler man-
ifold (M, «) contains a Ké&hler metric, if and only if for all analytic
subvarieties V' C M of dimension p = 1,...,n we have

(13) /Xk/\ap_k>0, for 1 <k <np.
v
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In [27], Lejmi and the author proposed a similar condition, conjec-
tured to ensure the existence of a metric ' € [x] satisfying the positivity
condition (9). The condition is that [x] admits a K&hler metric, and, in
addition,

(14) / ex? —pxP ' Aa >0,
v

for all analytic subvarieties V. C M of dimension p = 1,...,n — 1.
For V' = M equality has to hold by (8). Recently, in [8], Collins and
the author resolved this conjecture on toric manifolds. We expect that
analogous results should hold for a large class of equations on Kéhler
manifolds, and we state a conjecture to this effect for the Hessian quo-
tient equations in Section 7. In addition, it is natural to expect that for
the Dirichlet problem on Kéahler manifolds with boundary, the appro-
priate subsolutions can be constructed whenever the boundary satisfies
a suitable convexity assumption, and a geometric condition as above is
satisfied for all compact subvarieties of the interior. We hope to explore
such results in future work.

In Section 2, we give the basic definition and properties of C-subsolu-
tions. We prove C'-estimates in Section 3, generalizing the approach of
Blocki [2]. We prove a C2-estimate of the form (4) in Section 4, modeled
on the work of Hou-Ma—Wu [25]. To complete the proof of Theorem 2
we use a blowup argument and Liouville-type theorem analogous to
those of Dinew—Kolodziej [11] in Sections 5, 6. In Section 7, we give
the proof of Corollary 3. Finally, in Section 8, we discuss analogous
problems on compact Riemannian manifolds.

Acknowledgments. I would like to thank Tristan Collins, Bo Guan,
Duong Phong, Ovidiu Savin, Wei Sun, and Valentino Tosatti for helpful
comments and discussions. I also thank Rirong Yuan for pointing out
a gap in Remark 14. The author is supported by NSF grants DMS-
1306298 and DMS-1350696.

2. Subsolutions

As in the introduction, let I' C R"™ be a symmetric, open, convex cone
with vertex at the origin, containing the positive orthant I',,, and let
f: ' = R be a smooth, concave function, satisfying the monotonicity
condition f; > 0 for all i. We denote by F the function F(X) =", fi(A).

Define

(15) sup f = sup limsup f()\).
or Aeoll A—=N

For any o > supyr f, the set
(16) r“={x: f(\)>o}
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is a convex open set. Fix a value of o for which T'? # (). Then the level
set OI'° = f~1(o) is a smooth hypersurface. In view of Definition 1
we are interested in those p € R"™, for which the set (u+I';) N OI'7 is
bounded. These p represent the possible eigenvalues of a C-subsolution.

For any A € 9I'? let us write ny for the inward pointing unit normal
vector, i.e.,

_ VI
IVfI
Note that since f; > 0 for all ¢, we have

n n 2 n

(18) > < <Z fi()‘)> <nd (V2
i=1 i=1 i=1

and so

(19) VA < F < Valvil

In particular, the unit normal n is a bounded multiple of F~!V f.

(17) ny

Remark 4. Using this setup, Guan [20] introduced a convex open
set C C T, which consists of those p for which the set

(20) % (u) ={A€al'” : (A—p)-ny >0}
is bounded. In turn this leads to a notion of subsolution for the equation

F(A) = h similar to Definition 1, except one requires that A\(B) € C}T(x)

at each point. Since n has positive entries, we have
(21) (u+Tp)Nor? C or9(u),

and so this notion of subsolution is more restrictive than that of a C-
subsolution. As a simple example, if OI'? is a hyperplane, as is the case
for a linear elliptic equation, then CJ is empty, but (u + I'y) NT7 is
bounded for all ;€ R”.

The main result that we need is the following, which is a refinement
of [20, Theorem 2.16].

Proposition 5. Suppose that ;i € R" is such that for some §, R > 0
(22) (b —201+T,)NaT? C Br(0),

where Br(0) is the ball of radius R around the origin and 1= (1,1,...,1).
Then there is a constant Kk > 0 depending on & and on the set in

(22) (more precisely the normal vectors of OT'? on this set), such that if
A € 0T and |\| > R, then either

(23) S HN (i = i) > F(N),
=1

or fi(A) > kF(A) for alli.
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Proof. Consider the set
(24) As={vel : f(v)<o, andv—pu—01e€l,}.

Because of (22) this is a compact set. For each v € A consider the cone
C, with vertex at the origin defined by

(25) Ch,={weR" : v+twe (p—2014+T,) NI for some t > 0}.

In other words the cone v +C, has vertex v and cross section (u— 201+
I'y,)NoT?. Since f; > 0 for all i, the set (u—251+T,) NIT? is strictly
larger than (u — 61 +1,) N oI, i.e.,

(26) (b—01+T,)NoT? C (u—201+T1,)Nor’.

This implies that the cone C, is strictly larger than I',,. Let us denote
by C;; the dual cone, i.e.,

(27) C,={zeR": (z,y) >0 forally € Cp}.

Being strictly larger than I'), means that there is an € > 0 such that if
x € C; is a unit vector, then each entry of z satisfies x; > €. Since Aj is
compact, we can choose a uniform e that works for all v € As.

Suppose that A € 9I'7, and |A\| > R. Let T) be the tangent plane to
OI'” at A. There are two possibilities:

e If T\ intersects Ag, in a point v, say, then the cone v+C, lies above
Ty (i.e. T'? lies on the same side of Ty as v + C,). This implies
that the normal vector of T} is in the dual cone, i.e. ny € C;;. But
then each entry of ny is greater than e, i.e., f; > €|V f| for each i.
Because of (19) this implies

(28) fi>—

—-F
Vn©’

for each .

e If T\ does not intersect Ags, then p must be of distance at least §
from T. This means that (ux — A) - ny > . Writing this out in
components, we have

(29) D F) (i = X) > 6V F(V)],
=1

which by (19) implies (23). q.e.d.
We need to apply this to the function F' defined on the space of
Hermitian matrices A by F(A) = f(A(A)), where
(30) AMA)= (A, .0, A)

denotes the eigenvalues of A. Let us write F% for the derivative of
F with respect to the ij-entry of A. Then, similarly to Guan [20,
Theorem 2.18], we have the following.
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Proposition 6. Let [a,b] C (supyr f,supr f) and 6,R > 0. There
exists k > 0 with the following property. Suppose that o € [a,b] and B
is a Hermitian matriz such that

(31) (MB) — 261+ T',) N OT7 C Bg(0).

Then for any Hermitian matriz A with A\(A) € OI'7 and |A\(A)] > R we
either have

(32) Z FPI(A) [Byg — Apg] > & Z FPP(A),
P )

or F(A) > K>, FPP(A) for alli.

Proof. The proof is essentially the same as that of [20, Theorem 2.18],
but we give some details for the reader’s convenience. Suppose that A
is diagonal, and its eigenvalues satisfy Ay > Ao > ... > \,. This implies
that FP4 = 0 if p # ¢, and that F1' < F?22 < ... < F™. Let piq, ..., iin
be the eigenvalues of B ordered so that p; > pe > ... > uy,. The matrix
B may not be diagonal, but the Schur—-Horn theorem implies that the

n-tuple of diagonal entries (Bii, ..., Bpy) is in the convex hull of the
vectors obtained by permuting the entries of (u1, ..., iy ). In particular,
it follows that
(33) > FUA)By > FU(A)u;.

i

Since A is diagonal, we have F? = f;()\), and (31) implies that we
can apply Proposition 5 to obtain the required inequalities. We obtain
uniform k > 0, since the assumptions on o imply that the sets (A(B) —
2014 T',) NI move in a compact family. q.e.d.

We recall the definition of a C-subsolution from the introduction.

Definition 7. Suppose, as in the introduction that (M, «) is Her-
mitian and x is a real (1, 1)-form. We say that u is a C-subsolution for
the equation F'(A) = h, if at each x € M the set

(34) (AP (xip + w;p)] + L) N AT

is bounded. Let us also say that u is admissible, if )\[ajﬁ (Xip + giﬁ)] €
I". An observation pointed out to the author by Wei Sun is that a
C-subsolution need not be admissible.

Remark 8. In examples it is useful to have an alternative description
of the set of C-subsolutions. Following Trudinger [44], let us denote by
I's the projection of ' onto R™1:

(35) Foo ={( A1, s A1) © (M1,-..,\n) €T for some A\, }.
For u € R™, the set (u+ T'y) N7 is bounded, if and only if
(36) tliglo f(n+te;) > o,
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for all 7, where e; is the i*® standard basis vector. Note that this limit
is defined as long as any (n —1)-tuple p’ in p satisfies ¢ € I'w. In other
words it is defined for p € ', where I' C R" is given by

(37) T = {p € R™ : there exists ¢ > 0 such that u-+te; € T for all i},

Note that T c T
For any X' = (A1,...,A\n—1) € I'w, consider the limit

(38) Hm f(AL,. .., An).
Ap—00

Then as in [44] this limit is either finite for all X’ or infinite for all X’
because of the concavity of f. If the limit is infinite, then (u+1I",)NOT?
is bounded for all ¢ and u € . In particular, any admissible w is a C-
subsolution in this case.

If the limit is finite, define the function f, on 'y by

(39) FooMso Anm) = Tim f(A,. ., An).

From the above it is clear that (u +I',,) N OI'7 for p € T is bounded
if and only if foo (i) > o, where u' € T's denotes any (n — 1)-tuple of
entries of .

We will need the following consequences of our structural assumptions
for f.

Lemma 9. Under the assumptions (i), (i), (iii) for f in the intro-
duction, we have the following, for any o € (supgr f,supr f):

(a) There is an N > 0 depending on o, such that T+ N1 C I'?,
(b) there is a 7 > 0, depending on o, such that F(X\) > T for any
Aeore.

Proof. To prove (a), let x € dT'? be the closest point to the origin.
By the convexity of I'° and symmetry under permuting the variables,
we must have x = N1 for some N > 0. We claim that I' + N1 C I'“.
Indeed, for any A € T', assumption (iii) implies that there is some 7" > 1,
such that T'A € I'?. The convexity of I'° implies that then = + tA € 'Y
for all ¢ € (0,71], and so, in particular, z + A € I'?. This proves (a).

To prove (b), first choose o/ > o such that ¢’ € (supyr f,supr f)
as well. Part (a) implies that if f(A) = o, then f(A+ N1) > ¢’. By
concavity we have

n

(40) FO+N1) < FO)+N Y (N,

=1

which implies F(\) > N~1(¢’ — o), which is the bound that we wanted.
q.e.d.
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3. (Y-estimates

In this section, we prove a priori C°-estimates for solutions of Equa-
tion (1). We will use the following variant of the Alexandroff-Bakelman—
Pucci maximum principle, similar to Gilbarg—Trudinger [18, Lemma 9.2].

Proposition 10. Let v : B(1) — R be smooth, such that v(0) + € <
infyp(1) v, where B(1) denotes the unit ball in R". Define the set
(41)
~|Dv(x)| < %, and

v(y) > v(x) 4+ Dv(z) - (y —x) for ally € B(1)

Then for a dimensional constant ¢y > 0 we have
(42) cpe” < / det(D%v).
P

Proof. The proof follows the argument of [18, Lemma 9.2]. Consider
the graph of v, and let £ € R™ be such that |{| < §. The graph
of the function [(x) = v(0) + £ - = lies below the graph of v on the
boundary dB(1) by our assumption on v, and it intersects the graph of
v at (0,v(0)). This implies that for some k& > 0, the graph of l(x) — k
is tangent to the graph of v at some point z € B(1), and considering
the largest such k we will have € P. In particular, the ball B(e/2) is
in the image of P under the gradient of v, i.e. B(e/2) C Vv(P). The

inequality (42) follows by comparing volumes. q.e.d.

P=(x¢€ B(1)

The main result of this section is the following.

Proposition 11. Suppose that F(A) = h, where AY = a/Pg;; and
g=x++v—190u for a fixed background form x, as in the introduction.
Assume that we have a C-subsolution u, and normalize u so that sup(u—

w) = 0. There is a constant C, depending on the given data, including
u such that

(43) sup |u| < C.
M

Proof. Our proof is based on the method that Blocki [2] (see also [3])
used in the case of the complex Monge—-Ampére equation. To simplify
notation we can assume u = 0, by changing x. We, therefore, have
sup,; u = 0, and our goal is to obtain a lower bound for L = inf; u

Note that our assumptions for I' imply (see [5]) that

(44) T C{(A,- s dn) 0 YA >0},

which in turn implies that trog > 0. It follows that we have a lower
bound for Au (the complex Laplacian with respect to «), and so us-
ing the Green’s function of a Gauduchon metric conformal to « as in
Tosatti-Weinkove [42], we have a uniform bound for ||ul|z:.
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An alternative, more local argument for obtaining a bound for |||u[P|| 1
for some p > 0 follows from the weak Harnack inequality, Gilbarg—
Trudinger [18, Theorem 9.22]. Indeed, suppose that we cover M with
a finite number of coordinate balls 2B;, so that the balls B; of half the
radius still cover M. Using the lower bound Au > —C, and the fact
that u is non-positive, we can apply the weak Harnack inequality in
each ball 2B; to obtain an estimate of the form

(45) (/ i(—u>p) Teg [ipf(-u) + 1],

with p, C1 > 0 depending only on the covering and the metric . Our
assumption sup,; v = 0 implies that we have one ball, say By in which
infp,(—u) = 0. Then (45) implies a bound on the integral of |uP on
By. But this in turn gives a bound infp, |u| < Cy, for all balls B; with
B; N By # 0, and then (45) can be used again to bound the integrals
of |ulP on each such B;. Continuing in this way, we will end up with
bounds on each ball, and so we obtain an a priori bound for |||u|P||7:
on M.
Being a C-subsolution means that for each x the set

(46) (A(@?Pxi5) + ) NATH@)

is bounded. There is then a § > 0 and R > 0 such that at each = we
have

(47) (Ma?Pxip) — 01 +T,) NOTH®) < Bp(0).

Let us work in local coordinates z;, for which the infimum L is
achieved at the origin, and the coordinates are defined for |z;| < 1,
say. We write B(1) = {z : |z| < 1}. Let v = u + €|z|? for a small
€ > 0. We have infv = L = v(0), and v(z) > L+ € for z € 0B(1). From
Proposition 10 we obtain

(48) coe?™ < / det(D),
P

where P is defined as in (41). As in Blocki [2], at any point z € P we
have D?v(z) > 0 and so
(49) det(D?v) < 22" det(v;3)%.

At the same time, if z € P, then D?v(z) > 0 implies that u;(z) > —€dj3.
If € is sufficiently small (depending on the metric o and the choice of
9), then this implies that at z € P

(50) )\[ajﬁ(x,;ﬁ + uip)] € Ma/Pyip) — 61 + Ty

According to the equation F(A) = h we also have \[a/P(xip + uip)| €
OrM®) at x, so from (47) we get an upper bound lu;z| < C. This gives
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a bound for v;; at any x € P, so from (49) and (48) we get
(51) coe?™ < C'vol(P).

By definition, for x € P we have v(0) > v(x)—¢€/2, and so v(z) < L+¢€/2.
This implies

o]l
52 vol(P) < ——=.
(52) ()< 11 s
Since we already have a bound for |||v|P||1, this inequality contradicts
(51) if |L| is very large. q.e.d.

Remark 12. This method can also be used to obtain C%-estimates
for more general types of equations, where the matrix A in the equation
F(A) = h depends on the gradient of u as well. We illustrate this with
an example taken from the recent work of Tosatti-Weinkove [39] on
(n — 1)-plurisubharmonic functions. On a Hermitian manifold (M, «),
given another Hermitian metric x the equation can be written as

1 _
(53) det (X + o [(Au)or — v/—100u] + *E) = e det o,
where * is the Hodge star operator of a and

1 _
= mRe[ﬁ@u AO(a"?)].
In addition, A is the complex Laplacian with respect to a.. It is assumed
that « is a Gauduchon metric, and the form inside the determinant in
(53) is positive definite. Normalizing u so that sup,; u = 0, it is shown
in [39] that this implies an L!-bound |lu||;1 < C. An argument using
the weak Harnack inequality as above can also be used to bound |||u[P|| 11
for some p > 0. In [39] this is then used together with a Moser iteration
argument to bound infy;u. We can obtain a different proof of this
bound along the lines of the argument above.

As in the proof of Proposition 11, choose coordinates z; in which the
infimum L = inf; u is achieved at the origin and for a small € > 0 we
let v = u + €|z|2. We apply Proposition 10 to obtain

(54)

(55) o < / det(D%v),
P

with the set P in (41). By definition, if z € P, then we have D?v > 0
and so u;;(r) > —€d;j, and, in addition, [Dv(z)| < €/2. If € is chosen
sufficiently small (depending on y and «), then Equation (53) implies
an upper bound for u;;(z) at all x € P, using that x is positive definite.
From (55) we then get

(56) coe?™ < C'vol(P),



FULLY NON-LINEAR ELLIPTIC EQUATIONS 349

but as before,

) vol(p) < NPl
[L+3%
which is a contradiction if |L| is too large.

It is an interesting problem whether the C?-estimate in Section 4 can
also be extended to more general equations F'(A) = h, where A depends
on the gradient of u as well. In particular, this estimate is not known
at present for Equation (53). Note that in the Riemannian case C?-
estimates for such equations, under certain conditions, are derived in
Guan-Jiao [21].

4. C?%-estimates

Our goal in this section is the following estimate for the complex
Hessian of u in terms of the gradient. As in the introduction we assume
that u satisfies an equation of the form F(A) = h, where AY = a/Pg;;
and g;; = Xx;; + u;; for a given form x. In addition, we assume the

J
existence of a C-subsolution wu.

Proposition 13. We have an estimate
(58) 0u] < C(1 -+ sup[Vul2),

where the constant depends on the background data, in particular, ||| 2,
Ihllcz2, lIxllc2 and the subsolution w.

To simplify notation, we will assume that the subsolution u = 0, since
otherwise we could simply modify the background form y. By definition
this means that for each z € M the sets (A(B(z)) + I',,) N 0% are
bounded, where BY = a/Py;;. We can find 6, R > 0 such that at each z,

(59) (M(B) — 261 +TI,,) N AT"®) < By(0).

In particular, by Proposition 6 we have a x > 0 with the following prop-
erty: at any x € M, if |]A\(A)] > R and A is diagonal with eigenvalues
A1, ..., A\, then either

(60) F(A) > kY _FP(A) for all 4,
(61) D FPP(A)[BP = N)] > kY FPP(A).

Also, Lemma 9 implies that we have a constant 7 > 0 such that
>, FPP(A) > 7.

Our calculation will mostly follow that of Hou-Ma-Wu [25] which
in turn is based on ideas in Chou-Wang [7]. One key difference is
that instead of using g;7 in suitable coordinates, we use the maximum
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eigenvalue of the matrix A. This introduces good positive terms which
are useful in the Hermitian case, somewhat similar to the extra term
log aPg14g,7 introduced in Tosatti-Weinkove [39]. The idea of exploit-
ing the inequality (61) is from Guan [20]. A refinement of this also
appears in Guan [19] where the two possibilities (60) and (61) are ex-
ploited, although the setup is not the same as ours.

We first review some basic formulas for the derivatives of eigenvalues
which can be found in Spruck [33], for instance. The derivatives of the
eigenvalue \; at a diagonal matrix with distinct eigenvalues are

(62) /\g)q — 5pz’5qi7
0;g0ir0 0;50ip0
)\pq,rs —(1— 61 1qY1rYps 1 6ir 15Y%ipUrqg
(63) 1 ( p) )\l_)\p +( )Ai_)\r’

where A denotes the derivative with respect to the pg-entry.
It follows from this that for any symbols A?? we have

141 1 1
APVAP 4 AP A

PGS APG ATS _
(64) ATTARARE =Y A=A
p>1
If F(A) = f(A1,...,\,) in terms of a symmetric function of the
eigenvalues, then at a diagonal matrix A with distinct eigenvalues we

have (see Andrews [1], Gerhardt [17])

(65) F =65 fi,
fi— i
Ai — A
Note that these formulas make sense even when the eigenvalues are not
distinct, since F' is a smooth function on the space of matrices if f is

symmetric. In particular, as A\; — A; we also have f; — f;. It follows
that

(66> Fij7r5 = firéz’j(srs + (1 - 51 ')62'85]'1"-

i, ~ o B L P fq 2
F2 ugpu, g = fijugpuggg + Z N\ [pq]
4 q

(67) p#q _
i 2
< fijuantiie + Y NN itk

i>1 v

since if f is concave and symmetric, one can show (see Spruck [33]) that
% < 0. In particular, f; < f; if A; > Aj.

We want to apply the maximum principle to a function G of the form
(68) G =log A1 + (| Vul?) + ¢ (u),

where A1 : M — R is the largest eigenvalue of the matrix A at each
point. Since the eigenvalues of A need not be distinct at the point where
G achieves its maximum, we will perturb A slightly.
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To do this, choose local coordinates z;, such that G achieves its max-
imum at the origin, and at the origin A is diagonal with eigenvalues
A > A2 > ... > \,. Let B be a diagonal matrix such that B = 0

and 0 < B?2 < ... < B™ are small, , satisfying B"" < 2B22. Define the
matrix A = A — B At the origin, A has eigenvalues
(69) )\1 =\, )\i:)\i*B“ if i > 1.

Since these are distinct, the eigenvalues of A define smooth functions
near the origin.

In the calculations below we use derivatives with respect to the Chern
connection of a. From the formulas for the derivatives of the \;, we have

X = NU(APDY, = gy, — (B,
Ay e = A0DTS(APD) (ATS) + ABI(AP)

|9yl + 1918 ]
= G11kk T Z . =
(70) p>1 )‘1 - >‘

+ (B, — 2Re nglk k+91pk(Bp)
)\p

p>1

+ X (BB,

where we used Equation (64). Note that B is a constant matrix in
our local coordinates, but its covariant derivatives may not vanish.
The assumption ) ; A; > 0 implies that >, A; > 0 if the matrix B
is sufficiently small, and so |A\;| < (n — 1)A; for all 4, which implies
(A1 — Ap)~t > (nA\1)7L. Since we are trying to bound A; from above,
we can assume A1 > 1. We can also absorb the terms g, (B'P); using

= 1
(1) 9514 (B™)e] < Flogual? + CIB™ P,

using that the derivative of B is controlled by B™”. In addition, for
p > 1 we have

1 1 2
(72) ~ < < o
M-, B*® B
and so
‘Bnn|2 pq rs s nn
(73) + AN (BP)R (B = O(B™).
A1 —
It follows that
~ 1
(74) ALkE = 911k T TN > gyl + lgrzel®) —
p>1

if B is chosen sufficiently small.
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Using that g;; = x;; + u;j, we get
(75)
~ 1
ALkE = Xiikk T Uitrk T 2 Z(’Xpik + i l® + Xk + uapk]?) — 1
p>1
1
> i + o Y (upinl® + lugsl*) = Co,

371)\1 o1

where Cj is a constant depending only on the background data (includ-
ing x). From here on out Cj will always denote such a constant which
may vary from line to line, but does not depend on other parameters
that we choose later on.

Commuting derivatives, we obtain

(76) Urike = Upia1 — 2Re(urp Thy) + ug * R+ g« T+ T,

where R,T are the curvature and torsion of o, and * denotes a contrac-
tion. Using this in (75) we get

~ 1 __
(T7) Mgk 2wt + E Y Z(\%IHQ + Jurgr|*) — 2Re(upp TF; ) — Coi
p>1

since u;j; is controlled by A1, and we assumed A; > 1.
We have ugp1 = w1k +u;xT. This means that we can absorb almost

all of the terms uyz T}, using the good positive sum, except for ukhTTcll.
We also rewrite u in terms of g, to finally obtain

(78) Mk 2 Griat — 2Re(gx11Th) — CoAr.
Differentiating the equation F(A) = h, we have

(79) hy = Fijgz‘ﬁ = F* g5

(80) hiy = FPOgpng,st + F* gy,

using that F% is diagonal at the origin (since A is diagonal). Using this
in Equation (78) we get

(81) Fkkxml‘g > —FPr" 901951 — 2FkkRe(9khTT§1) — CoM F,

where we wrote F =), F' kk and used that F > 7 to absorb a constant
into A1 F. Defining the linearized operator Lw = F”w;;, we have
—FP" gpa19,si _ FF gy |2
A1 A
kk

F _
— TlQRe(gkthll) — CoF.

L(log ) =
(82)
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We have
911k = Xa1k T U1k
(83) = Xi1k + e — Ta A
= (X1ix — Xe11) + 911 — T A,
and so
(84) 917> < lgwr1* — 2MRe(g511 T ) + Co(AT + |gixl)-

Using this and (83) again in Equation (82), we get

(85)
~ —FPersg g FRR g |2
L(logAy) > Paldrsl -

Co(F + A2 F™ 911

As a reminder, we note that in this calculation Xl denotes the largest
eigenvalue of the perturbed endomorphism A = A — B. At the point
where we are calculating, this coincides with the largest eigenvalue of A,
but at nearby points it is a small perturbation. We could take B — 0,
and obtain the same differential inequality (85) for the largest eigenvalue
of A as well, but this would only hold in a viscosity sense because the
largest eigenvalue of A may not be C? at the origin, if some eigenvalues
coincide.

We now begin the main calculation for proving Proposition 13.

Proof of Proposition 13. Set K = sup |Vu|?> + 1, and consider the
function

(86) G =log M + 6(|Vul?) + 9 (u),

where ¢ is the same as the function used in [25]:

1 t
(57) ott) =108 (1- 57 ).
and it satisfies

(88) (AK) ' < ¢ < 2K)7Y, ¢ =2¢" > 0.

We normalize u so that infu = 0, so from Proposition 11 we already
have a bound on supu. We then let v : [0,supu] — R be defined by

(89) Y(t) = —2At + %#,

where 7 is chosen sufficiently small depending on sup u (we decrease the
7 from before if necessary), so that 1 satisfies the bounds

(90) A< - <24, "= Ar.

Here A is a large constant that we will choose later.
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Let us write wy = —(B')x/A1, which appears in the derivative of
log A\1. We assume A; > 1, so this is a bounded quantity. We have
(91)

_ 911k / B /
Gy = Y + &' (upkup + uplipr) + ¥ u + wi,
~ 2
Gri = (log \1)5 + ¢”‘upku]5 + upuﬁk‘
' (gt + i+ (el + uprl)) + 6" g, + V.
P

Commuting derivatives, we have the identities

_ _ _ 79 _ q
Upf = Ugkp — Liptgr + RkEpuq

(92) f

= Upjep — Tk;p)‘k + Tlngql_c + Rkl?;?)uq’
and
(03) Upih = Uniep — Ty Ukg

Differentiating the equation F'(A) = h once, we have

k ok ok
(94) F¥u0 = F* (00 — Xaip) = I — F*Xpieps

and so
(95)

kk
F UpiRUp

= hyup — F™xppup — T F Mg + Tl F¥xgrup + F* Ry Sugug
> —Co(K'YV2+ K'V2F+ K'Y?F + KF) — e F¥ )2 — C., FK
> —CoKF — e F*)\ — O, FK.

We have used the inequality (valid for each k,p)
(96) |FF* \pup| < e FM 22 + C FM K,

for any €; > 0 and corresponding C¢, > 0, which implies that if we sum
over k then

(97) |FRMTE Mup| < et ML + Ce, FK.

The same estimate also holds for Fk’“uﬁk,-cup (which has fewer terms).
We have ¢’ < (2K)~!, so combining these estimates we obtain

(98) qb'Fkk(upk,;uﬁ + upgg) > —CoF — a K YFMR2 _C, F.
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This implies that at the maximum of G

~ 2
0> LG > L(log A1) + Fg" ‘

UpkUp + UpUpk

+ FEY " (Jupk]® + [upe]?)
P
+ wl/Fkkuku,; + Q/JIFkkukE — CoF

(99) Fij TS ., _ kk 2
i ) = _ F - 2
> )\gzjlgrsl . L\Q;n’ 1 Frkg Upietiy + Up U
1 1
+ Fkk¢,2(|upk’2 + ‘u;ﬁk|2) + Q;Z),/Fkkuku]_c + Fkklf/ukz;
p
— Co(F + A\ F** g114]) — Coy F — es KT FRRAL.
We have
F¥y? = FH* (O, — xp)”

(100)

1
> ipk’fv — CyF.

Note that ¢/ > (4K)~!, so if we choose €; = %, we can use half of the

@' F**|u, £|? term to cancel the negative €; term. Since this fixes €;, we
can absorb the C¢, term into Cy. It follows that

_Firsg g < phkg |2 2
0> 9ij19rsi |92k11| kg Upiep + Upi
M 22
1 1
(101) + ﬁFkkA% + ﬁFkk > ugil® + lugil?) + 0" FFuguy
p

+ P F¥up — Co(F + AT F* gi1i).

To deal with the final term, we use the equation G} = 0. This implies
that

g1
(102) )1\—11]“ = fgb'(upkuﬁ + upupy) — P ug, — wy,

SO
_ . -
A F i) < AT E (Jugel + el ) K2
+ 2AN PR g | + CoF.

(103)

It is clear that the term involving |upk| + |upk| can be absorbed by the
fifth term in (101), up to adding a further multiple of F. We, therefore,
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have

2

S R _ kk|, _ |2
Fv 951951 F™|gp11]
— UpkUp + UpUpk| +

A A2

(104) L rk 2 2

+ " PR g, 4 o FFou g — Co(F 4+ AN |uy)),

LG > 4 Fkk¢’/

Following Hou-Ma—Wu [25] we deal with two cases separately, de-
pending on whether —\,, > dA; or not, for a small § > 0 to be chosen
later.

Case 1: —\, > dAq, so, in particular, A\, < 0. We use the equation

G = 0 to write

_F¥lginl
M

— _Fkk: 2

¢/(upku;ﬁ + upuﬁk) + wluk + wk‘
(105)

> 20" F* | upup + - FK —
> pkUp + Uplpg 3(24) Co.
From (83) we also have

|gk11|2 |911k|2
<
AT N

(106) + Co(1+ AT grix),

and using the inequality (103) absorbing the |upg|, |upk| terms in the
same way, we obtain
F*gial® _ F*|g11 ]
AT N
F* g3,

+ 2AF* | + Co F

(107)
+2AFKY? 4 Oy F.

Using this and (105) in our inequality (104) for LG, together with con-
cavity of F' and ¢” = 2¢/?, we find that at the origin

1
0> oo FUNE + 0 F g — Co(F + AN FKY?)
(108) —2AFKY? —12A’FK

1
> o PN+ 0 Py — CoF — 14APFK,

where we have assumed that \; > Cy and A > 1. Note that F™" > %.7:,
and A2 > §%2)\; by our assumption. In addition,

O FRRyy = o FFRg o — o PRy

(109)
> —2AF )\ — Cy.F,
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and so from (108) we have

1
110 0>
(110) — 32nK

Dividing by K F and rearranging we get the required bound for K1)y,
with the bound depending on 4, A that will be chosen in Case 2 below.

Case 2: —)\,, < dA;. Define the set
(111) I={i:F%>¢§tF1}

F&?N —2AF N — CoF — 14A*FK.

Using that G = 0 as above, we have

5 F* g1,/
)\2

kel 1
2
(112) = 20" Fkk)upkuﬁ + up“ﬁk‘ =3¢ F*ug)? = Co
kel kgl
2
>—¢"> Fkk(upkup + upuﬁk‘ —3(24)%'F1 K — Gy
kel
In addition, for k ¢ I, from (107) we have
Fkk _ 12 Fkk _ 12
(113) ‘921611\ < \9211k\ + 945 P K2 4 Oy F.
Al Al
Our inequality (104) for LG then implies
(114)
—F g1 9rs1 F*¥gen > kk 2
OZA——ZT—FQZ) ZF ‘UpkUﬁ+UpUﬁk
! kel 1 kel

1
//Fkk 2
+ luk|” + PR

— Co(F + AN TFR* ) — 134251 FU K.

We want to choose § so small that

w2 1,
< =y".
1—-6 — 211}
Note that |¢/| < 24, and " = 7A for a fixed 7 > 0, so we can choose
§ < 8gA~1L, for some fixed number &y (depending on 7).

To deal with the first four terms in (114) we use that G = 0 to
obtain

(115)

) . 2
20/ P ‘upkuf) + Upuﬁk’ =2 FM Lj\ik + Plug + wy,
kel kel
Fkk _ 12 48 2
> 2 \g11el” ¢5ZFkk’uk’2_CO7

A2 1-—
kel 1 kel

(116)
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just as in [25], using the elementary inequality |a+b|?> > §|a|? — %6|b|2.
More precisely we used
20

(117) |a+b+c*> > d|al® - |b+c|2 > dlal? — 6|b|2 - 5|c|2.

Using (107) we have

g 9
kel kel

> 252 \gku\ 52A2Fkk:’uk’2 — Gy F.
kel A

(118)

We also have

1 1
(119) ANEERR | < §A2)\1_1Fkk|uk|2 + 5/\1_1]-“.
Using this, (118) and (116) in (114) we have
(120)
_Fij,rs 71951 Fkk _ 12
0> gjlg 1_(1_25)2 |gk’11|

N 22

kel
1

+ (2¢// . 52A2 . A2)\11> Fkk:|uk|2 +

— CoF —13A%'FUK.

In addition, we claim that

—F975 519,51 F™* gy |?
(121) )\—1—(1—25)27220.
kel 1

Indeed, from Equation (67) we have

B Fll Fkk;
(122) F9"g510,51 < ﬁ|gkll|
kel 1

using that F/\ _fkk < 0. For k € I we have F'! < §F** and so
Fll _ Fkk - (5 _ 1)Fkk
M= T A=A '
It is, therefore, enough to show
0—1 1-29
< — .
A — A T A1
Rearranging, this is equivalent to (20 — 1)\ < dAq. If A\ > 0, this is
clear, while if A\ < 0, then
(125) (20 — DA < =X < =\, <0,

where we used our assumption for Case 2.

(123)

(124)
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Using (121) in (120) we have
(126)

1
0 2 <2w// o 62142 _AQ)\l—l) Fk‘k”uk’2 + Fkk)\z +’(/J/Fkkuk;]}

32K
— CoF —134% 7 'FM K.
Suppose that A; > R with the R in (59). There are two cases to
consider:
e If (61) holds, then we have ¢’ F¥*v, ;. > AkF. Choosing A so that
Ak > Cy, Equation (126) implies
(127)

0> (;W —§2A% - A2A1‘1> FF¥ |y, ? + —321KF’kai — 13A%'FUK.

At this point ¢" = 7A is fixed, so if we choose ¢ sufficiently small,
and \; is sufficiently large, then first term is positive. We then
obtain

(128) 0—321( A2 —13A%6~ :

from which the required bound for K~!\; follows.
e If (61) does not hold, then we must have F'! > xF. We have

Fhhy o = Fkk)\k L

(129) < FM™ X+ CoAKF
= 128AK 0em
which together with (126) and |¢'| < 2A implies
1 2 2 251
> _
(130) 0> —=kFN — CAPKF — 134% 7\ FK,

where we also used the bounds xF < F! < F. This inequality
again implies the bound of the form \; < C'K, which we are after.

q.e.d.

Remark 14. Under an extra concavity condition for f, one can ob-
tain C2-estimates directly from C-estimates, as is well-known in the
case of the Monge-Ampere equation. See, e.g., Yau [47], Tosatti-
Weinkove [42] and also Weinkove [46], Fang-Lai-Ma [14], Sun [35]
for the inverse op-equations. On Hermitian manifolds this technique
was used to obtain the C2-estimate by Tosatti-Weinkove [43].

Suppose that in addition to the structural conditions (i), (ii), (iii) in
the introduction, f satisfies the extra conditions

(131) fii+ ﬁ <0, and A1 f1 < N\f; foralli>1,

where A1 is the largest eigenvalue, and we work at a diagonal matrix
A, as before. See Fang—Lai [13] for related conditions. We assume also
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that the Hessian f;; is diagonal (we thank Rirong Yuan for pointing out
the need for such an additional assumption). In particular, it is easy
to check that these conditions hold for the complex Monge-Ampere
equation written in the form f(\) =logA; - ... A,.

These conditions imply a stronger concavity property of F, which
allows us to get rid of the first two terms in (85). Indeed, from (67) we
have

s 1= Jk
(132) FP g1 grst < Frnlowial® + D 53 lokn
k>1 1 k
For k > 1 the condition A1 fi < Ag fr implies
Lh—fe  Je
133 - — — == >0.
( ) A AL — A )\% B

From this we have

(134) g grst F*¥ gy, | _f11|9111\2 _ F'' gy, |?

> >0,
A1 )\% - A1 )\% -
using the assumption A1 f11 + f1 < 0 as well. Using (85) we have
(135) Llog A1) > —Co(F + A2 F* g1 ).

Note that (131) implies that A; > 0 for all 4, and so, in particular, we
must have I' = I'j,. Suppose that ¢ > supyp f and 0I'? is non-empty,
and let xg € OI'? be the closest point to the origin. For any € > 0 we
can find an R > 0 such that if A € 0I'? and A\; > R, then f; < eF at A.
To see this, let ny be the inward pointing unit normal to ' at A. By
convexity we have

(136) n - ()\ — LL’()) < 0,
which implies ny - A < ny - zg. In particular, we have
fi(A)
(137) 1 < |zol-
V(N

In view of the equivalence between |V f| and F (see (19)), this implies
our claim. In particular, in Proposition 5 only the alternative (23)
occurs. It follows that if the largest eigenvalue A; is sufficiently large,
then Equation (61) will be satisfied, if we assume the existence of a
C-subsolution.

Recall that g;; = x;; + u;5. Let us normalize u so that infy u = 0,
and consider the function

(138) G = log(M) + $(u),
where 1 : [0,00) — R is defined by

(139) (o) = —Ar+ ——— 1,
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for a constant A > 1 to be chosen later (this is the function used by
Phong—Sturm [30]). Then for x > 0 we have

—Axr — 1<y < —Az,

_ /
(140) A< -y <24,
//: 2
(L+x)3

At the maximum of G we compute in coordinates as before, i.e., « is
the identity and ¢ is diagonal, and we make a small perturbation to
the matrix aiﬁgjﬁ by a diagonal matrix, so that the eigenvalues are
distinct at this point (this does not change A1 at the origin). Writing
wy = — (B /A1 as before, at the origin we have

0=Gj = L% 4y 4wy,
(141) A1

0> L(G) = L(log \1) + ¢" F**uguz + F* ¢ u,z,
and so using (135)
(142) 0> " F*upug + &' F* (g — xur) — Co(F + A2 F™ 9114

Using the properties of v, if we assume that A\; > R for sufficiently large
R, we will have

(143) 0 > 2(1 4+ u(0)) 3 F*|ug|? + AkF — CoF — CorT 2 F*¥|g114.
Choose A so that Ak = Cy + 1. This implies
(149) 0> 21 +u(0)) P F*fup 2 + F — CoAy2F gy,
Using the equation G, = 0 we have (we can assume that |wg| < 1)
CoAy 2F™ 911, = CoAy ' P (|9 ug| + 1)

<A TFRE g 2 4 [(200A)? + Co | AT F.
Using this in (144), we have

(145)

(146) 0 > (2(1+u(0))*3—A;l)F’f’“|uk|2+ (1— [(QCOA)2+CO}A;1)J:.
It follows that at the maximum of G we must have

(147) AL < %(1 +u(0))3 + Cy,

where C only depends on the background data (we also choose C1 > R).
Therefore,

(148) G(0) < 3log(1 + u(0)) + Cy — Au(0).
Since log(1 + z) < z, we obtain
(149) G(0) < C3 — (A —3)u(0) < Ch.
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Since G achieves its maximum at 0, we have G(p) < Cj for all p, from
which we, finally, obtain the global estimate

(150) trog < CeAt=infar),

Note that we assumed inf;; v = 0 earlier but wrote this last estimate
in the usual form that is independent of the normalization of u. At
this point we can either use the C%-estimate Proposition 11 to obtain
an estimate for trog, or this C%-estimate can be directly derived from
(150) as in Weinkove [46] or Tosatti-Weinkove [41].

5. Liouville theorem

Suppose as before, that I' C R"™ is an open convex cone, containing
the positive orthant I';, and not equal to all of R™. In addition, assume
that I' is preserved under permuting the coordinates. It follows that

(151) T C{(z1,...,2n) + 3 a; >0}

Definition 15. Suppose v : C™ — R is continuous. We say that u is
a (viscosity) I'-subsolution if for all h € C? such that v — h has a local
maximum at z, we have A(h;;) € T', where A(A) denotes the eigenvalues
of the Hermitian matrix A.

We say that u is a I'-solution, if it is a I'-subsolution and, in addition,
for all z € C", if h € C? and u — h has a local minimum at z, then
A(hi;(2)) e R"\ T

Note that (151) implies that every I'-subsolution is subharmonic.
Suppose that we define the function Fj on the space of Hermitian ma-
trices by the property that

(152) AA) — Fy(A)(1,1,...,1) T,

and define F' on the space of symmetric 2n x 2n matrices by F(M) =
Fy(p(M)), where

M+ JTMJ
= 5 ,
and J is the standard complex structure. Then a I'-subsolution (resp.
solution) w is the same as a viscosity subsolution (resp. solution) of
the nonlinear equation F(D?u) = 0. Note that F is concave and el-
liptic, but in general not uniformly elliptic. Many of the basic results
about viscosity subsolutions and solutions found in Caffarelli-Cabré [4]
can still be applied with the same proofs. In particular, we have the
following.

(153) p(M)

Proposition 16. 1) Ifuy are I'-solutions (resp. subsolutions) con-
verging locally uniformly to u, then u is also a T'-solution (resp.
subsolution).
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2) If u,v are T-subsolutions, then 5(u+ v) is also a T-subsolution,
using that I' is conver.

An important consequence is that mollifications of I'-subsolutions are
again ['-subsolutions. Indeed, a mollification can be written as a uniform
limit of averages of a larger and larger number of translates.

We will use the following simple comparison result.

Lemma 17. Suppose that u is a smooth I'-subsolution and v is a
I'-solution on a bounded open set Q@ C C", and, in addition, u = v on
0. Then u <wv in .

Proof. If v < u at some point in €2, then v — u achieves a negative
minimum at a point in €2, so for small € > 0, the function v — u — ¢|z|?
also has a minimum, at a point p € €. Since v is a I'-solution and u is
smooth, this implies that

(154) AMu; +€6;;) € R™\ T

This contradicts that u is a I'-subsolution. Indeed, we have A(u;;) € T,
and since I', C I and T' is convex, this implies A(u;; + €d;;) € I'. q.e.d.

Note that since the F' defined by (152) is not uniformly elliptic, the
comparison result might not hold in full generality if u is only a contin-
uous I'-subsolution. The following lemmas will be used in an inductive
argument.

Lemma 18. Suppose that T' #T,,. Then I'" C R"! given by
(155) I ={(x1,...,2n-1) : (x1,...,24-1,0) €T}

satisfies the same conditions as T'. Le. TV is a symmetric, open conver
cone, containing I',_1, and T" # R"1. In addition, T N{x, =0} =T".

Proof. Tt is clear that I' is a symmetric open cone, and IV # R,
The assumption I' # I',,, and openness of I', means that there is at
least one vector in I' with a negative entry, and, in particular, I' is
non-empty. Using that I';, C I' and scaling, we can then obtain that for

a small € > 0, we have e = (1,1,...,1,—¢) € I.

If (1,...,2p-1) € Tp_1, then (z; +1,...,24—1 + 1,€) € T, and
adding e to this vector we have (x1,...,2,-1,0) € I'. This implies
(56'1, ceey xn_l) el

It remains to show the claim about IV. The inclusion IV C T N {z,, =
0} is clear (we are thinking of I'" as a subset of the hyperplane {z;,, = 0}
in R™). For the reverse inclusion, suppose that = = (z1,...,2,-1,0) €
T'Nn{z, = 0}). This implies that we have y*) = (ygk), . ,ygc)) e’rl
converging to x. If yq(lki) < 0 along a subsequence, then

(156) y—y%)(1,1,...,1) e n{z, =0}
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also converges to z, and so (z1,...,Tp—1) € T/. Otherwise yr(lki) >0
along a subsequence, in which case

(157) y+elyFleer

converges to x, and again (z1,...,7,_1) € I’ q.e.d.

Lemma 19. Suppose that v : C* — R is a ['-solution, I" # Ty, and
v is independent of the variable z,. Then letting T =T N {x, =0} C
R 1, the function w(z1,...,2,-1) = v(21,...,2n1,0) is a I'-solution
on C"1,

Proof. Suppose that h is smooth and w — h has a local maximum at
a point z = (21,...,2n,—1). Then v — H has a local maximum at Z =
(#1,-.+,2n-1,0), where H(z1,...,2,) = h(z1,...,2p—1). Since v is a I'-
subsolution, we have \(H;3(Z)) € T, and one eigenvalue is zero. Using
Lemma 18 this implies that A(h;;(z)) € I, so w is a I"-subsolution.

Similarly, if A is smooth and w — h has a local minimum at z, then
v— H has a local minimum at Z, which implies A\(H,;(z)) € R"\T', and
one eigenvalue is zero. So A(h;;(z)) € R"71\T". q.e.d.

Our goal in this section is the following result, generalizing the Li-
ouville theorem of Dinew—Kolodziej [11] (see also the analogous result
of Tosatti-Weinkove [40] for (n — 1)-plurisubharmonic functions). The
proof follows their arguments closely.

Theorem 20. Let u : C® — R be a Lipschitz I'-solution such that
|u| < C and u has Lipschitz constant bounded by C. Then u is constant.

Proof. We use induction over n. If n = 1, then w is harmonic, while
if I' = I'y,, then w is plurisubharmonic. In both cases the result follows
from the fact that a bounded subharmonic function on C is constant.
We, therefore, assume that n > 1 and I # [,.

Suppose that u is non-constant, |Vu| < ¢g, and infu = 0,supu = 1.
For any function v on C", let

(158) b ()= [ vle+rn()8 ),

where 8 =), dz; AdZ; and n: C" — R is a smooth mollifier satisfying
n > 0 in B(0,1), n = 0 outside B(0,1) and [5, 76" = 1. We do
this instead of taking averages over balls in order to obtain a smooth
function. This is used in the comparison result Lemma 17. As in [11],
Cartan’s Lemma implies that

(159) lim [u?],(2) = lim [u],(z) = 1,

T—00 r—00
using that u and u? are subharmonic.

It will be helpful to regularize u slightly, letting u¢ = [u]¢ for € > 0.
Just as in [11], there are two cases to consider.
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Case 1. In this case we assume that there is a p > 0, and sequences
ex — 0, x € C", rp — oo and unit vectors & (of type (1,0)), such that

(160) [uQ]T,c (xk) + [u]p(xr) — 2u(zy) > 4/3,
and

161 lim e, u |2 g™ = 0.
(161) fim [ ot

In this case, translating and rotating u to make xj the origin, and
O.n = 0O, , we obtain a sequence of I'-solutions uy, such that

[l (0) + [tk]p(0) — 2ui(0) > 4/3,
(162) lim |0 mufk 2 B = 0.
k—o0 B(0,ry,)
The uniform Lipschitz bound implies that we can replace uy by a subse-
quence, converging locally uniformly to v : C™ — R, which by Lemma 16
is also a I'-solution with the same Lipschitz bound. In addition, we
also have that u;* — v locally uniformly, since e, — 0. Just as in
[11], we find that v is independent of z,, and so we can define a func-
tion w : C" ! — R by w(z1,...,2n-1) = v(z1,...,2n-1,0), and by
Lemma 19, w is a I''-solution with IV = ' N {x,, = 0}. The induction
hypothesis implies that w is constant, and so v is constant, but this
contradicts (160), using that 0 < u < 1.

Case 2. In this case, the assumption in Case 1 does not hold, so for all
p > 0, there is a constant C,, > 0 such that if € < Cp_l, r>C, zecC"
and £ is a unit vector, we have

u€ 2 p —1
(163) /B a2

as long as

(164) W], (2) + [ul(x) — 2u(z) > 4/3.

We choose our origin so that u(0) < 1/9, and fix p > 0 such that
[u],(0) > 3/4. Then choose r > C, such that [u?],(0) > 3/4 as well.
Define the set

(165) U=1{z:2u(2) < [u},(2) + [u]p(2) —4/3},
so that 0 € U.

Claim. There is a constant ¢ > 0 such that [(u¢)?], — c|z|? is a -
subsolution on U for all € < C'p_l. We have

(166) (u)F; = 2uu; + 2ufus,
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and so

)2 = w2 (2 +r2)n(2) B2
[(u)],ﬁﬁ(z)—/]g(ovl)( 2 (= + 72 n(2!) B (<)

(167) - /B(O,l) 2 ) 1)

[ e 0 87
B(0,1)

The subsolution property of u® together with the fact that I' is convex
(i.e. the equation F(D?*u) = 0 is concave) implies that the matriz A
satisfies AN(A;5) € T. Using (163), we find that By > cof8 for some
¢a >0, and can choose ¢ such that (c|z|?);; < cof8. It then follows that

(168) (L], = elel?) = 45,

in the sense of inequalities for Hermitian matrices, and so [(u)?],—c|z|?
is a T-subsolution. But this converges locally uniformly to [u?], — c|z|?,
which is, therefore, also a I'-subsolution.

Consider now the set
(169) U'={z:2u(z) < [u?](2) — c|]z|* + [u],(2) — 4/3},
which satisfies U’ C U, and, in addition, U’ is bounded, by the assump-
tion that |u| < 1. This contradicts the comparison result Lemma 17,

since u is a I'-solution and as we have seen, [u?], — c|z|* + [u], is a
I"-subsolution on the set U. q.e.d.

6. Blowup argument

We now complete the proof of Theorem 2 using a blowup argument
analogous to that in [11], using the Liouville-type theorem, Theorem 20.

Proof of Theorem 2. Suppose that as in the introduction, (M, «) is
Hermitian, y is a real (1, 1)-form, and g = x ++/—190u satisfies F(A) =
h, where A% = ajﬁgiﬁ. We use Proposition 13, together with a con-
tradiction argument to obtain an estimate for |Vu|, depending on the
C?-norms of «, x, h and the subsolution w, which in turn will imply an
estimate for Au. The C?“-estimate follows from this by the Evans—
Krylov theory [12, 26, 38|.

To argue by contradiction, suppose that F(A) = h, but

(170) sup [Vul” = [Vu(p)* = N,
M

for some large N. Proposition 13 implies that we have
(171) |00u|, < CN,
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for a fixed constant C. Let &« = Na. We can choose coordinates
z1,...,2n centered at p, such that in these coordinates «, x, h satisfy
~ -1
a;; = 6;5 + O(N ™ [z]),
(172) xij = O(N),

h = h(p) + O(N"|2]),

and the z; are defined for |z| < O(N'/2). The inequality (171) implies
that |00u|z < C, and since a is approximately Euclidean on the ball of
radius O(N'/?), we obtain a uniform bound

(173) lullora < C,

on this ball, in these coordinates. The equation F'(A) = h implies that
(174) F(NA[@P(xip + uip)]) = h(2),

where f: ' — R defines the operator F. Since we have a fixed bound
on u;z, while y;z is going to zero and &’P is approaching the identity
matrix, we obtain

(175) )‘[ajp(Xi;ﬁ + Uip)] = AMug;) + O(N1z)).

Suppose now that we have a sequence of such «,x,h and the sub-
solution u all bounded in C2, and with |u| uniformly bounded so that
Proposition 13 can be applied uniformly, and the constant N in (170)
gets larger and larger. The coordinates z; will then be defined on larger
and larger balls, and using the estimate (173) we can choose a subse-
quence converging uniformly in C1® to a limit v : C* — R. By the
construction we will have global bounds |v|, |[Vv| < C, and |Vv(0)| = 1.

The proof will be completed by showing that v is a I'-solution, in the
sense of Definition 15, since that will contradict Theorem 20. To see
this, suppose first that we have a C?-function 1, such that 1) > v, and
¥(20) = v(20) for some point zp. We need to show that A(t;3(z0)) € T.
By the construction of v, for any ¢ > 0 we can find a u as above,
corresponding to a sufficiently large N, a number a with |a| < €, and a
point z; with |z; — 29| < €, such that

(176) Y+ €|z — 29> + a > u on Bi(z), with equality at z;.

This implies that v;5(21) +€d;; > u;5(21). From (175), and the fact that
I, C T we obtain that for large N, A[t;5(z1)] will be within 2¢ of T'.
Letting € — 0 we find that )\[wij(zo)] cT.

Suppose now that we have a C?-function 1 such that ¢ < v and
¥(z0) = v(z0). We need to show A[¢;5(z0)] € R™\T. As above, for any

€ > 0 we can find a u corresponding to large N, and a, 21, such that

(177) Y — €|z — 29> + a < w on Bi(z), with equality at z;.
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This implies that 1;;(21) —€d;; < u;5(21). This implies that if A(t;5(21)—
3ed;;) € T, then we will have A(u;;) € I' + 2¢1. Using (175), if N is
sufficiently large, we will have

(178) A[a7P (x5 + uip)] € T + el.

Finally, by Lemma 9 part (a), our assumptions for f in the introduction
imply that if N is sufficiently large, then we cannot have (174), since
we have a fixed bound for A, which must be less than supp f. It follows
that we cannot have A(¢;5(21)) € T' + 3el. Letting ¢ — 0 we will have
21 — 20, and s0 A(¢;5(20)) € R™\I'. This completes the proof that v is
a ['-solution. q.e.d.

7. Hessian quotient equations

In this section, we prove Corollary 3 as an application of Theorem 2,
and we also discuss equations for (n—1)-plurisubharmonic functions. As
we mentioned in the introduction it is somewhat difficult to formulate
very general existence results, in contrast to the case of the Dirichlet
problem in [5], because on a compact manifold the constant functions
are not in the image of the linearized operator of Equation (1). In
particular, if we consider only equations with constant right hand side,
F(A) = ¢, then a solution can only exist for a unique constant. If we
do not know a priori what the right constant is, then we cannot ensure
that along a suitable continuity path we have a C-subsolution for the
whole path. This issue does not arise when any admissible function is
a C-subsolution, which is the case for the complex Monge-Ampere and
Hessian equations, for instance. We, therefore, have the following.

Proposition 21. Let (M,«) be compact, Hermitian, let x be a k-
positive real (1,1)-form on M and let 1 < k < n. Given any smooth
function H on M, we can find a constant ¢ and a function u, such that
the form w = x + /—100u satisfies the equation

(179) WP AR = eHregn,

Note that for £ = 1 this is the Poisson equation whose solution is
standard, while for & = n it is the complex Monge-Ampere equation,
which was solved on Kéhler manifolds by Yau [47] and by Tosatti—
Weinkove [41] on Hermitian manifolds. For 1 < k£ < n it was solved
by Dinew-Kolodziej [11] on K&hler manifolds, and by Sun [34] on Her-
mitian manifolds (see also Zhang [48]). For the reader’s convenience we
present the proof here.

Proof. We can write the equation in the form F(A) = h, for a positive
function H depending on h, where F' is defined by the function

(180) [ =logoy,
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on the k-positive cone I'y:
(181) T ={X\: o1(N\),...,0k(N) > 0}.

This satisfies the structural conditions that we use (see Spruck [33]).
In addition, uw = 0 is a subsolution if x is any k-positive form. We
can see this using Remark 8 together with the fact that for any p =
(L1, -y ) € I'y, we have

(182) tlg(r)loak(ul,...,un_l,t) = 00.

We, therefore, have great flexibility in setting up a continuity method.
For instance, we can let Hy be the function such that
(183) XA e = etlogn,

and then solve the family of equations

(x + vV—100u)k A o™ F
aTL

(184) log =tH+ (1 —t)Ho + ¢,

for t € [0,1], where ¢; are constants. For t = 0 a solution is ug =
0, cp = 0. Openness follows from the fact that if L denotes the linearized
operator at any ¢ € [0, 1], then the operator

CHB xR — OF25

(185) (v,¢) = Lv+c

is surjective. To obtain a priori estimates for the solutions we can first
obtain bounds for ¢; from above and below by looking at the points
where u; achieves its maximum and minimum in Equation (184). Given
this, Theorem 2 gives higher order estimates. q.e.d.

We next focus on the Hessian quotient equation
(186) WA = b Ao,

where (M, ) is Kéhler, 1 <1 < k < n, and w = x + v/—109u with
a fixed, closed background form y. We assume that the constant c is
chosen so that

- fM Xk Aan—k’

The standard way of writing our equation would be to use the function
g=(ok/ al)l/ (k=) on T'y. This function satisfies the required conditions
(see Spruck [33]), however, it seems not to be well adapted to setting
up a continuity method. Instead we will write the equation in the form

(187) c

wl /\ an—l
wk A an—k

(188)

_C7
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which is the same as F'(A) = —c with F' defined by the function
-1
(1) o
1 .
(k) on
Note that again f is concave, since f = —g . We will use a con-

tinuity method interpolating between this, and the Hessian equation,
given by the function

(189) f=-

—(k=1)

1
(D)o

In other words, we will try to solve the equation

(190) fo=-

wh At a”

(191) o nanr T e e = e
for t € [0,1].

Corollary 3 follows from the following.

Proposition 22. Suppose that x is a closed k-positive form, satisfy-
mg
(192) kex® P Aok — It At >0,

in the sense of positivity of (n — 1,n — 1)-forms, where c is defined by
(187). Equation (191) has a solution for all t € [0,1], for suitable c,
such that c1 = c.

Proof. For t = 0 we can solve the equation using Proposition 21, and
openness follows in the same way as in the proof of that proposition. It
remains to obtain a priori estimates.

Note first of all, that by integrating (191) on M with respect to
wk A @™ we find that ¢; > tc for t € [0,1]. Writing Equation (191) in
the form

ny —1
13 py= Ty L
(x) “on (x) "on
the equation satisfies our structural assumptions, and we claim that
u = (0 is a C-subsolution for it. For this, let u; denote the eigenvalues
of a/Py;s. By Remark 8 we just need to check that if i/ denotes any
(n — 1)-tuple from the p;, then

(194) lim fi(y', R) > —ct,
R—o0

—Ct,

which by the formula for f; means

L (Mo (i)

195
1o (1) ormr ()

> —Cy.
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To rewrite this in terms of the forms y, a, note that at any given point, if
we restrict ourselves to the subspace of the tangent space of M spanned
by the eigenvectors corresponding to y/, then on this subspace

, n—1 Xi_l Aant
(19 s = (121 )
for all . Applying this to i = [, k we find that (195) is equivalent to the
inequality

(197) ket Ao R — ity A > 0,

for (n — 1,n — 1)-forms. Since x is k-positive and ¢; > tc, this follows
from (192). Theorem 2 will then give uniform estimates for ¢ in any
compact interval [c, 1] for ¢ > 0. q.e.d.

It is an interesting problem to find geometric conditions which ensure
the existence of a C-subsolution. In analogy with the conjecture in [27]
regarding the case when &k = n,l = n — 1, it is natural to conjecture the
following.

Conjecture 23. Suppose that x is a closed k-positive form. Then
we can find a k-positive X' € [x] satisfying the inequality (192) with
X' instead of x if and only if for all subvarieties V.C M of dimension
p=n-—1,...,n—1 we have

k! & Il
1 v k—ndp n—-k__ " l-n+p n—l .
(198) /Vc(kr—n+p)'X A (l—n+p)'X Ao >0

As we mentioned in the introduction, this conjecture has recently
been resolved in [8] in the case when M is a toric manifold, and k =
n,l = n — 1, but cases beyond this are mostly open. Another related
problem is to characterize real (1,1)-classes which admit k-positive rep-
resentatives, in analogy with the result of Demailly-Paun [10] in the
case k = n. Such k-positive representatives provide C-subsolutions for
the Hessian equation (179).

An equation related to the complex Monge-Ampeére equation was
introduced by Fu-Wang-Wu [16]. Given Hermitian metrics «,n and a
function h, the equation can be written as

1
(199) det <77¢3 + o [(Au)ay; — u23]> = el det o,

where we require that the form inside the determinant on the left hand
side is positive definite, and A denotes the (complex) Laplacian with
respect to . Let us define the form

(200) Xij = (tran)a;; — (n — 1)n;3,

and denote by 7' the map T(A) = —1;(Tr(A)I — A) on matrices, where
I'is the identity. Write g;; = x;; + 5, and A;- = a'Pg;; as before. Then



372 G. SZEKELYHIDI

Equation (199) is equivalent to the equation
(201) logdet(T'(A)) = h.

In other words, we can write our equation as F(A) = h, where F is
determined by the symmetric function

(202) FO) = log [T 7OV,
k=1

where abusing notation we denote by 7' : R — R” the map with
components

1
(203) T = — > A
£k

giving the map on eigenvalues corresponding to the matrix map 7" above.
The conditions (7), (i), (¢i7) in the introduction hold for this function
f on the pre-image T~(T,) of the positive orthant under T, and so
using Theorem 2 we can obtain a priori estimates. Moreover, from
Remark 8, we see that u = 0 is a C-subsolution, whenever 7 is positive
definite in Equation (199), since then f(A) — oo if we let any one
component of A\ go to infinity. In particular, the same argument as
in the proof of Proposition 21 can be used to show that if n is positive
definite, then Equation (199) admits a smooth solution u for any smooth
h, up to adding a constant to h. This recovers the result of Tosatti—
Weinkove [40] in the case when « is Kéhler, and Tosatti-Weinkove [39]
when « is Hermitian (see also Fu-Wang-Wu [15] for an earlier result
under a non-negative curvature assumption for «).

One can also consider more general equations in this vein, for in-
stance, those given by the functions

ar(T (V)

o(T(N)

for 0 <1 < k < n, where T : R™ — R" is the map above. Using
that T maps I'), into itself, one sees that these f satisfy the condi-
tions (i), (i), (4ii) in the introduction on the preimage T~ (I'y) of the
k-positive cone I'y,. When [ > 0, the subsolution condition is non-
trivial (i.e. it depends on h), so we do not expect to be able to solve
F(A) = h for all h, even up to adding a constant to h. However,
when [ = 0, and the background form x is such that 4 = 0 is a C-
subsolution, then 0 will be a C-subsolution for all A, since in this case
we have limy_,o, f(A + te;) = oo for all 7. In particular, the same argu-
ment as the proof of Proposition 21 implies the following, which answers
a question raised in Tosatti-Wang—Weinkove-Yang [38].

(204) F(A) = log

Proposition 24. Let (M, «) be a compact Hermitian manifold, n a
k-positive real (1,1)-form, and 1 < k < n. For any smooth function H
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on M we can find a constant ¢ and a function u satisfying the equation

k
(205) <17 + ﬁ [(Au)o — ﬁ@@u]) Aok = efltegn,

Here A denotes the complex Laplacian with respect to o, i.e. Au =
aPluyg.

To see this, note that as for Equation (199), we write the equation in
the form F(A) = h where A;- = a'P(xjp+u;p) in terms of the background
form x given by (200). If  is k-positive, then the eigenvalues of Py j; =
T (a'n;;) lie in the preimage T~1(I'y) of the k-positive cone, and so
0 is a C-subsolution.

8. Equations on Riemannian manifolds

In this section, we will describe how the methods in this paper apply
to equations analogous to (1) on Riemannian manifolds as well. So, in
this section, we let (M, a) be a compact Riemannian manifold and x
a fixed tensor of type (0,2). Suppose we are interested in solving the
equation

(206) F(A) = h,

where analogously to before, A is the endomorphism of the tangent
bundle given by A; = a'P(x;jp + ujp) for the unknown function u, and
ujp denote covariant derivatives with respect to o. This endomorphism
is symmetric with respect to the inner product defined by a at each
point, and as before F(A) = f(A(A)) in terms of the eigenvalues A\(A)
of A. We assume that f satisfies the structural conditions (i), (ii), (iii)
from the introduction.

Everything that we have done in the Hermitian case applies in this
Riemannian setting as well, with almost exactly the same proof. There
are no torsion terms, but instead there are some extra curvature terms
obtained when commuting derivatives. We briefly note some of the
differences. In (76) we obtain

(207) urikk = ugkt1 + O(A1),

while in (83) we obtain

(208) g1k = g1 + O(KY/?),

and so

(209) 91181 < |gr11[* + Co(KY?|gy1,] + K).

The upshot is that we have the following analogous inequality to (85):

2
_qumsgpqlgrsl . Fkk’gkzll‘ .

A1) >
(210) L(log A1) > N ¥

Co(F + K?|g111.).
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Using this the rest of the argument in the CZ-estimate is essentially
identical.

The Riemannian case has the distinct advantage in that when using
the concavity of the operator as in (67), we get twice as many useful
terms as in the complex case:

1— [k

2
N )\k|uk11\ :

(211) Fiomsyung <2y
k>1

In the complex case the corresponding extra terms are |u,z|%, which do
not appear to be useful in the estimates. A consequence of this is that in
the real case it is more straight forward to control the bad negative term
involving |g11x|%. See, for instance, Guan-Jiao [21] for such estimates.

In the proof of Theorem 20, when we start the induction argument,
the case n = 1 corresponds to bounded linear functions on R being con-
stant, while the case I' = I';, corresponds to bounded convex functions
on R"™ being constant.

Just as before, a function u is a C-subsolution for the equation F'(A) =
h, if the matrix B; = a®(xjp + ujp,) is such that the set (\(B) +I',) N
™) is bounded at each 2 € M. We then have the following.

Proposition 25. Suppose that there exists a C-subsolution u for the
equation F(A) = h as above. Normalizing u so that sup,;u = 0, we
have a priori estimates |ul|c2.e < C, with constant depending on the
background data as well as the subsolution wu.

This result generalizes several earlier results on these types of equa-
tions on compact Riemannian manifolds, such as Li [29], Delanoé [9]
who made non-negative curvature assumptions, and Urbas [45],
Guan [20], who have stronger structural assumptions. In particular,
in Urbas [45] the question of solving the Hessian quotient equations
analogous to (186) on compact Riemannian manifolds is raised. This is
formulated as the equation

(212) log F(A) = h+ec,

where h is a given function, the function u and constant ¢ are the un-
knowns, and F' is given by the function
1

(213) f= (:;)M ;

for some 1 <l < k<n.

In analogy with the Ké&hler case, it is natural to expect that these
equations do not always have a solution, but it seems to be difficult to
formulate a condition as precise as that in Conjecture 23. Instead we
formulate a general existence result, focusing for simplicity on equations
of the form F(A) = ¢ with constant c. Note that if F' is homogeneous



FULLY NON-LINEAR ELLIPTIC EQUATIONS 375

and positive, then the restriction to constant right hand side can be
removed by scaling the metric a.

Proposition 26. Suppose that supgr f = —oo, and suppf = co. Let
ho = F(a'Pxp). If the equation F(A) = sup,, ho admits a C-subsolution
u, then the equation F(A) = ¢ has a solution for some constant c.

Proof. We want to use the continuity method to solve the equations
(214) F(A) =c¢:+ (1 —t)ho,

for ¢t € [0, 1] with constants ¢;. For ¢t = 0 the solution is u = ¢y = 0, and
openness follows using the implicit function theorem as before.

To find a priori estimates, the only thing we need is C-subsolutions for
each t, and we need to make sure that the range of the right hand side
¢t + (1 —t)hg is contained in a compact subset of the range of f in order
to obtain uniform constants. Suppose that u is a solution of (214) and u
achieves its minimum and maximum at p € M and q € M, respectively.
We then have F(A) > F(a'x;p) at p and F(A) < F(a®yjp) at q. It
follows that

(215) ho(p) < et + (1 —t)ho(p),

ie., ¢g > tho(p), and, similarly, ¢; < tho(q). In particular, we obtain
upper and lower bounds for ¢; + (1 — t)hg, whose range is then in a
compact subset of the range of f by our assumption for f. More precisely
at any * € M we have

(216) ct + (1 —t)ho(x) <tho(q) + (1 —t)ho(x) < S]l\l4p ho,

which implies that u is a C-subsolution for Equation (214) for each t.
Proposition 25 then implies the required estimates. q.e.d.
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