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1. Introduction and result. Hartman [2]
showed that, for each pair of integers (n,p) with
1 <p<n, an isometric immersion f of R" into
R™? is reduced to an isometric immersion h of R
into R?, f = Bo (1 x h) o A, where A is an isome-
try of R", B is an isometry of R""?, and 1 is the
identity mapping of R"”. For p=1, every h is
completely charaterized by a real-valued function of
a single variable (see Dajczer et al. [1]). For p > 2,
the problem of describing all h remains elusive, even
for p=2.

Few isometric immersions of R* into R are
known. In this paper, we construct a family of
new isometric immersions with vanishing normal
curvature by getting solutions of a system of second
order partial differential equations of hyperbolic
type. The definition of the normal curvature R, is
given in [3], p. 526.

We are in the C“-category, unless otherwise is
stated.

Proposition 1. There exists a family of iso-
metric immersions of R* into R* with vanishing
normal curvature, each of which depends on four
real parameters s, a, b, ¢ and an analytic function w
on R2.

Corollary. FEzxcept for one, every immersion
f in the family is not a Riemannian product of
two curves in R* (see Remark 1 below). As R*-val-
ued functions, every such f is an analytic function
on R? everywhere.

2. Preliminaries. We recall basic results
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(see [3]). Let (z,y) be a standard coordinate system
of R*> and D a domain in R'. For real-valued
functions u; and wus defined on R? x D, let us
consider a system of total differential equations for
R*-valued functions f, e}, es, e3 and ey.

(1) df = (dz)er + (dy)es,
dey = d(0,uz)e3 — d(0,uy)ey,
dey = d(Oyuz)es — d(Oyuy)eu,
des = —d(0,uz)er — d(Oyus)es,
dey = d(Oyur)er + d(Oyuq)es.
The integrability condition of equations (1) is

interpreted as a system of the following partial
differential equations of hyperbolic type.
(2) (Brus — uz) (D, 0yu1) = (DFur — Dyur ) (D,0,u2),

(O2ur)(Bun) + (Dua) (D us)

= (0:0yu1)” + (0:0yun)’.

Getting solutions u; and us of (2) and applying
Proposition 1.1 of [3], we shall prove our main
results in the next section.

3. Proof of the result.

3.1. Solutions of partial differential equa-
tions (2). Let a, b, ¢, (¢ < b) be positive constants

and s a constant. We define the real numbers «, 3, e
by

_l—ab+(a+b)e

3 « )
®) 2ve2 +1
6_—(1—ab)c+a+b
- W2 F1 ’

e=+vct+1l—c

Let us define a function w(z,y) on R? by F(z + ey),
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where F(t) is a real analytic function defined on
whole R with F(0) = F'(0) = F"(0) = 0.

Lemma 1. For each function w(z,y) as
above, the functions

(4)  w=s{(b/2+a)2® +zy+ (-b/2+ )y’
+w(z,y)},
uy = s{(ab/2 + B)x* + axy
+ (—ab/2 + B)y* + aw(z,y)}

are solutions of the equations (2).

Proof. Denote by h the partial derivative
O*w(z,y). Then, we have the identities
0,0,w(x,y) = eh and agw(x,y) = e?h from which
the identities

(83 — 8§)u2 = a(@i — aj)ul = as{?b +(1- eQ)h},
0,0,us = a(0,0yu1) = as(1l + eh)

follows, and hence wu;,us are solutions of the first
equation of (2).

Since the function h has no constant terms, the
left-hand side of the second equation (2) is of the
form.

(5) s { A+ ph + vk},

where
A= 4(a® + %) — (a® + )b,
p=(a>+1)b(e* — 1) + 2(a + aB)(e* + 1),
v=(a*+1)e

The right-hand side of the second equation (2) is of
the form.

(6) (a® +1)s*(1 + 2eh + €*h?).

From (5) and (6) together with (3) it follows that
uy, ug are solutions of the second equation of (2).O

3.2. Equivalence relation. We recall here
classical isometric immersions of R? into R*, and
introduce an equivalence relation.

Example 1. The mapping «a, az,y)=
(¢(x),y), is an isometric immersion of R? into R,
where c(z) is a curve in R? = R? x {0}, 2 being the
arc length parameter.

Example 2. The mapping f, B(z,y) =
(c1(x),ca(y)) is an isometric immersion of R? into
R!, where, ¢;(z) (resp. ca(y)) is a curve in R? =
R? x {(0,0)} (resp. R* = {(0,0)} x R?), = and y
being the arc length parameters. In Examples 1
and 2, we mean = by a congruent under the action
of O(4) on R*.
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An isometry ¢ of R" onto itself is given by
¢(‘T17 o ’7$n) = (Il, o ’7$n)7—+ (b17 e abn)7

where b are constants, T = (aj) is in O(n), the
orthogonal group.

Denote by F the space of all isometric immer-
sions of R? into R*, and introduce a relation ~ in F.
Two elements f and h of F are said to be equivalent
if and only if h o ¢ = 1) o f with an isometry ¢ of R?
and an isometry ¢ of R*. The relation ~ is an
equivalence relation.

Definition. An element f of F is said to be a
Riemannian product of two curves in R* if f is
equivalent to an isometric immersion a in Exam-
ple 1, or to an isometric immersion [ in Example 2.

Lemma 2. Let f(a,b,c,s,w(z,y)) (denote by
f*) be an element of F, which is constructed by
functions uy anduy as in Lemma 1. If s # 0, then the
immersion f* is not a Riemannian product of two
curves in R*.

Proof. We prove that f*is not related to one in
Example 1. Similarly, f* will not be related to an
isometric immersion in Example 2.

By using (1), it can be easily shown that an
isometric immersion f given in Proposition 2 is
related to one in Example 1 if and only if for a
constant 0, (—w < 20 < 7), the following equations
hold identically.

(7) (sin®0)9%u; + (cos® 9)85111- — (sin20)0,0,u; = 0,
(i=1,2).
We now prove Lemma 2 by reduction to
absurdity. Suppose that for a constant 6, all the
equations (7) (with u; in (3)) hold identically. The
constant terms in (7) are of the form.
(8) s{(sin” 0)(b/2 + a) — (sin 26)
+ (cos® )(—b/2 + o)} =0,
s{(sin® ) (ab/2 + B) — a(sin 26)
+ (cos® 0)(—ab/2 + B)} = 0.

Multiplying a on the first equation of (8) and
subtracting the second one of (8), we have an
equality s(ac — 3) = 0. The equality is inconsistent
with the condition s(b — ¢) # 0 by virtue of (3). O

Lemmas 1 and 2 imply that Proposition 1 is
valid.

Remark 1. If s =0 in Lemma 1, the func-
tions u; and ug are identically zero, and hence f is
a standard isometric imbedding of R? into R* with
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a standard basis {ej, es, e3,e4} along the isometric
immersion f.

By using Lemma 3 below, f(a,b,c,s, w(z,y))
depends only on parameters a, b, ¢ and s, and an
analytic function w(z,y).

3.3. Solutions of partial differential equa-

tions (1). Next lemma is given by Prof. N.
Shimakura.
Lemma 3. Let {ej,es,e3,e4} be functions of

class C? of (x,y) defined in an open subset Q in R?
with values in R* which satisfy the equations

4 4
= si(m,yer, Oye; = tulz,y)er
k=1

k=1
(j=1,2,3,4).
If sji and tj, are real-analytic functions of (x,y) in
Q, then ey, es, e3, eq are real-analytic functions of
(x,y) in Q.
Proof. If wis an open subset of {2 whose closure
is a compact subset of (), there exist positive
number p; and p; independent of z, y such that

(10) (0805 5| + 10205 ti] < puptpla!
(]ak = 1,2,374)
for all integers p > 0 and ¢ > 0 if (z,y) € w. Let us

show that there exist positive numbers uy and py
independent of z, y such that

(11)  [10505e;]l < mp "pld!

for all integers p > 0 and ¢ > 0 if (z,y) € w.

(11) is true for p=¢=0 with po =1 and a
w2 > 0. Given n, assume (11) for all p, ¢ satisfying
p+q¢<n with a pup >0 and a py. The Leibniz
formula

|
o ole; = p q
a 2;);)19" (g —q)!
x (D00 i) (0 ag*q r)

(9)  Orej

(1=1,2,3,4)

and (10), (11) with p+ ¢ < n yield

oz atel| < Zzzpqmwwﬂf o

k=1 p'=0¢=

—4u1uzpq'ZZp“"p” e,

p'=0¢=
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If we choose a py greater than p;, the right-hand
side is smaller than

q
A pa(p+1)lg'ph > pf pf
7=0
< dppa(p+ Dlgloh " /(o2 = p1).
If we choose again a py greater than p; + 4u, we
have

|02 0%l < pa(p + 1)lglph
We can prove for this choice of us and po also that
0202 ;]| < pap!(q + 1)1ph

starting from dye; = >, tjre. So, (11) is true for all
p and ¢ satisfying p+ ¢ <n + 1, and hence for all
p>0and ¢ >0if (x,y) € w. O

Proof of the corollary. Let w;,(j=1,2) be
functions given in (3). By applying Lemma 3 in
case where

s512=10, t12=0, 593 = t13 = 0,0y uy,

s13 = 0%uy, to3 = 85“27 So4 = tig = —0,0yu1,

su=—0, tu=—0hu, s31=1ts =0,

Sjk = —Skj, t]’k: 715]4;]', (j,k: 1,2,3,4),
the solutions ey, es, e3, €4 of (1) are real-analytic
functions on R?, so is the solution f of (1). O
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