
X. HUANG
KODAI MATH. J.
19 (1996), 17-25

ON GEHRING-POMMERENKE'S ESTIMATE

FOR QUASICIRCLES

XINZHONG HUANG

1. Introduction

A quasicircle can be regarded as a point of the universal Teichmϋller space,
which can be considered also as a set of Schwarzian derivatives by Bers'
embedding theorem. In particular, we know that, if the norm of a Schwarzian
derivative is less than 2, then the derivative corresponds to a quasicircle (see,
for example [11], [2], [3], [4]).

Furthermore, Gehring and Pommerenke [7] found that, if the norm of a
Schwarzian derivative is less than 2, then the complexity of the corresponding
quasicircle can be estimated by the norm. The main result of this paper
improves the estimate due to Gehring and Pommerenke.

We recall that, in a domain A, the Schwarzian derivative of / is defined as

(1.1) s ^

where f(z) is meromorphic and locally univalent in A.
We see that Sf is analytic in A and satisfies

(1.2) Sφofoφ(z)=Sf(ψ(z))φ'\z)+Sφ(z)

for any conformal mapping φ of another domain A/ onto A and φ^M6bf where
Mob denotes the group of Mobius transformations.

Let A be a simply connected domain conformally equivalent to a disk. The
norm of Schwarzian derivative of / in A is defined as

(1.3) l |S / |U=sup |S / (z) | r t (e) ,
ZGA

where λ is the Poincare density on A.
Next, by the transformation rule (1.2) and conformal invariance of the

hyperbolic metric, we have

(1.4) \\Sf\\A=\\SfOφ-SΦ\\Λ..
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In particular, setting g—φ~\ we have the formula

(1.5) \\Sf-Sβ\\Λ=\\Sfog-i\\A..

If we choose / here to be the identity mapping, we get the invariance

(1.6) IIS,IU=||S,-i|U',

between a conformal mapping and its inverse.
Now, we introduce a domain constant

(1.7) %A)=\\Sf\\A,

where f(z) is a conformal mapping of A onto a disk. We call δ(A) the distance
of the domain A from a disk. In view of (1.2), the distance δ(A) is well defined.
We have δ(A)=Q if and only if A is a disk. The constant δ(A) measures how
far a simply connected domain A away from a disk.

Kraus [8] showed that, if f(z) is a conformal mapping of a disk B, then

(1.8) l|S/lli^6.

The bound is sharp. And from this, we have

On the other hand, in 1949 Nehari [11] showed that, if f(z) is meromorphic
and locally univalent in a disk B and

(1.9) IIS/Us^, z<=B

then f(z) is univalent in B. The bound 2 is sharp.
A Jordan curve can be defined as the image of a circle under a homeo-

morphism of the plane. If the homeomorphism is conformal, then the image is
a circle. Between the topological and proper circles, quasicircles form a very
important class of curves. The Jordan curve Γ is called a quasicircle with
constant M if

(1.10) min{diam Γίf d iam Γ2) ^kM\wι — w2\, for wu w2<=Γ

where Γλ and Γ2 are the components of Γ\{wu w2\. A domain bounded by a
quasicircle with constant M will be called a quasidisk with constant M. (This
important concept was introduced by Ahlfors and appears in many different
contexts (see e.g. [6]).) If f(z) is univalent in D, then A—f(D) is a quasidisk
if and only if / has a quasiconformal extension to C as Ahlfors [1] has shown.

To estimate δ(A) for quasidisks A, Lehto [9, p. 73] showed that, if f(z) is
a /f-quasiconformal mapping of the unit disk D and A—f(D), then

K2—1
(1.11) δ(A)^6
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From (1.11) we see that, the distance δ(Λ)-^0 as K-+1, which means that A is
close to a disk. So it might be expected that domains close to a disk are
quasidisks. This is indeed the case. Ahlfors and Weill [2] proved that, if a
meromorphic function / in a disk B satisfies the condition

then / is univalent and can be extended to a quasiconformal mapping of the
plane. The constant 2 is best possible. Moreover, if B is the unit disk D,
there is an extension with complex dilatation

( / γ a U \ Ύ S { ) { D )

Now, in order to measure how far f(D) away from the unit disk by the
value of δ(f(D)), Gehring and Pommerenke [7, Theorem 3] showed in 1984 that

THEOREM A. // f{z) is meromorphic and locally univalent in D and if

(1.12) δ(f(D))=\\Sf\\D^b<2,

then f(D) is a quasidisk with constant

(1.13)

The following example ([7, p. 229]) shows that the order of the bound for
M is best possible as b—»2.

Example. For b<2, let a—(I—b/2)1/2, then the function

satisfies (1.12) while (1.10) holds for Γ=df(D) only for

~ 1 ^ 2 / i &V1/2

Thus the order of the bound for M in (1.13) is best possible as 6->2.

Theorem A shows a relationship between δ(f(D)) and M. Thus it is an
interesting problem to find the sharpest value of M depending only on δ(f(D)).
In this note we improve the above Theorem A as follows

THEOREM 1. // f(z) is meromorphic and locally univalent in D and if

(1.14) «(/(^))=l|S/

then f(D) is a quasidisk with constant
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(1.15) ^ ^ . . v . , .0JΛI 2 ( 1 + f o )

t0 is the unique solution of the equation

ι/2

2. Preliminaries

In this section, we derive some coefficient estimates for the functions
satisfying (1.14). Such problems are very important even in the research of
conformal mappings.

Let S be the class of functions f(z)=z-\-a2z
2-\-a3z

3-{- •••, which are analytic
and univalent in Dy and define df(z)=dist(f(z), df(D)) for z e i λ Let Σo be
the class of functions F(ζ)=ζ+^iζ~ 1 + •••, which are analytic and univalent in
A=C — 'B. We need the following

LEMMA 1 (Fekete-Szegό [5]). Let / G S . Then

(2.1) | α 8 - Λ α ! l ^ l + 2 e x p ( - - j ^ ) for Jle[0, 1).

This bound is sharp for each λ.

LEMMA 2 (Lowner [10]). Suppose Fe2Ό, then

for | ζ | > l .

The following Lemma 3 is very useful for the proof of Theorem 1, and it
is also an interesting problem concerning with coefficient region of univalent
functions.

LEMMA 3. Suppose that f(z) satisfies the assumptions of Theorem 1, and for
ZQ<ED let

/ Z + Zo v
/( us-

(2.2) F(s )= V Λ

(2.3)

Furthermore,
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(2.4)

and

(2.5)

where tQ is the unique solution of the following equation

Proof of Lemma 3. It is easy to see that

Since \\Sf\\D<2, f is univalent in D (Nehari [11]), and so is F. By calculation
we have

Λ o ft / ^ i I o \ r t /™̂  / \

According to (1.14), it turns out that

\AlA\<

Next (2.1) implies that

(2.6) | Λ |

From (2.3) and (2.6) we have

<

for Λe[0, 1)

Thus

(2.7) for Λe[0, 1)

Set ;=ί/(2+ί) for ίe [0, oo) and let
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Then we have

os«oo

where U is the unique solution of the equation

Hence

Finally, let ζ=l/*. Since l/F(l/ζ)+ΛGί 0 , by Lemma 2, we have

1

for | ζ | > l . Thus

(2.8) [F(z)l^

From (2.4) and (2.8), we obtain that

1
dF(0)=dist(0,

2+\A2

A domain G c C has a c-accessible boundary if each zu z^dG can be joined
by an open arc ΓcG such that

(2.9) min \z—zs\<Lc distfe 9G), for ^ e Γ .

The following characterization of quasidisks proved by Gehring and Pom-
merenke [7, Lemma 1] is very useful.

LEMMA 4. Let G be a Jar dan domain in C. Suppose that there is a constant
c such that, for all ^eMόb with φ(G)dC, the domains φ(G) have c-accessible
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boundaries. Then dG is a quasicircle with constant M^2c.

3. The proof of Theorem 1

We show that f(D) has a c-accessible boundary. To verify (2.9), assume
that 2 Ί = / ( - l ) and z2=f(X)9 for \\Sfoφ\\D=\\Sf\\D for all φ^Mόb with φ(D)=D
by (1.4).

Let

4 (tς=T={t:-π/2<lmt<π/2\).
" w e'+l

It maps the strip T conformally onto D and

is analytic and univalent in T. A computation shows that

(3.1) \gf(t)\=-^(l—r2)\f/(h(t))\ for ίe#, r=h(t).

Since SΛ(f)=-1/2, it follows that

(3.2) ReSg(t)=-—+—(l-r2)2ReSf(r)£-

We define

v(t)=\g'(f)\~1/2, for
and see that

V Δ i

and therefore, from (3.2),

v"(t)=p(ί)v(t), t<=R,
where

(3.3) P(t)=-

We set α— ((2—b)/S)1/2. And for any given U we may assume that v'(t*)^>0,
otherwise we replace g(t) by g(2t*—t). We compare the differential inequality
with the initial value problem

(3.4) u»{t)=a2u(i

Which is solved by

(3.5) M(ί)=Ki*)- f V
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Because

_d_ v(t) v'(f)u(f)-v{t)u'(f)
ΊT u(t) u\f)

, for t>t*.

We deduce that v(t)^u{ί) for t^t*. Thus, by (3.5),
oo

(3.6) \ \gf{t)\dt^\°v~\t)dt^\°u~\t)dt
Jί* Jί* Jί*

4
-dt

4

= - ^ I * ' ( * * ) I.

Suppose 2r*e(—1, 1). Let /* satisfy Λ(ί#)=2r* and obtain, from (3.1) and (3.6), that

(3.7) k , / ( ^ ) | ^ | ^ ( 0 l ^
j=i.2 Jί* a

Let F(ζ) be the function defined by (2.2) with zQ=z*. Then we see that

dist(/(**),

This together with (2.5) shows

(3.8) '(**)I = 2adF(0) άiSt(f(z*)' df(D))

2+(2-M 0 )Λ

1+τ
2a

By (3.7) and (3.8) we see that (2.9) holds with

2+(2+ί0)(3.9) c =
2d+ί.) ( ' - ! ) • " " •

Since SφOf=Sf for all 0eMob, the assumption of Lemma 4 is satisfied with
G=f(D) and c in (3.9).

The statement now follows from Lemma 4 and (2.4).
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