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ON GEHRING-POMMERENKE’S ESTIMATE
FOR QUASICIRCLES

XINZHONG HUANG

1. Introduction

A quasicircle can be regarded as a point of the universal Teichmiiller space,
which can be considered also as a set of Schwarzian derivatives by Bers’
embedding theorem. In particular, we know that, if the norm of a Schwarzian
derivative is less than 2, then the derivative corresponds to a quasicircle (see,
for example [11], [2], [3], [4]).

Furthermore, Gehring and Pommerenke [7] found that, if the norm of a
Schwarzian derivative is less than 2, then the complexity of the corresponding
quasicircle can be estimated by the norm. The main result of this paper
improves the estimate due to Gehring and Pommerenke.

We recall that, in a domain A, the Schwarzian derivative of f is defined as

(SN L fre

(L1) Si0=(7) —5(F)

where f(z) is meromorphic and locally univalent in A.
We see that S, is analytic in A and satisfies

(1.2) Sporeg(B)=S ((P(2)P'*(2)+Sy(2)

for any conformal mapping ¢ of another domain A’ onto A and ¢=Mob, where
Mob denotes the group of Mobius transformations.

Let A be a simply connected domain conformally equivalent to a disk. The
norm of Schwarzian derivative of f in A is defined as

(1.3) |lellA=§lelfle(2)IX‘Z(Z),

where A is the Poincaré density on A.
Next, by the transformation rule (1.2) and conformal invariance of the
hyperbolic metric, we have

(1.4 ISslla=1Sreg—Spllar -
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In particular, setting g=¢™!, we have the formula

(1.5) IS;—Sella=I1Ssog-1llar -

If we choose f here to be the identity mapping, we get the invariance
(1.6) ISela=1Sg-1llar,

between a conformal mapping and its inverse.
Now, we introduce a domain constant

1.7 o(A)=I1Syll4,

where f(z) is a conformal mapping of A onto a disk. We call d(A) the distance
of the domain A from a disk. In view of (1.2), the distance d(A) is well defined.
We have d(A)=0 if and only if A is a disk. The constant d(A) measures how
far a simply connected domain A away from a disk.

Kraus [8] showed that, if f(z) is a conformal mapping of a disk B, then

(1.8) IS,15<6.
The bound is sharp. And from this, we have

0(A)<6. .

On the other hand, in 1949 Nehari [11] showed that, if f(z) is meromorphic
and locally univalent in a disk B and

(1.9) IS,ls<2, zEB

then f(z) is univalent in B. The bound 2 is sharp.

A Jordan curve can be defined as the image of a circle under a homeo-
morphism of the plane. If the homeomorphism is conformal, then the image is
a circle. Between the topological and proper circles, quasicircles form a very
important class of curves. The Jordan curve [’ is called a quasicircle with
constant M if

(1.10) min {diam 7', diam I} EM|w,—w,|, for w,, w,cI'

where [y and [, are the components of '\ {w;, w,}. A domain bounded by a
quasicircle with constant M will be called a quasidisk with constant M. (This
important concept was introduced by Ahlfors and appears in many different
contexts (see e.g. [6]).) If f(z) is univalent in D, then A=f(D) is a quasidisk
if and only if f has a quasiconformal extension to C as Ahlfors [1] has shown.

To estimate d(A) for quasidisks A, Lehto [9, p. 73] showed that, if f(z) is
a K-quasiconformal mapping of the unit disk D and A=f(D), then

K*—1

(L.11) 5(A)§6K—2_-+_T.
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From (1.11) we see that, the distance 6(A)—0 as K—1, which means that A is
close to a disk. So it might be expected that domains close to a disk are
quasidisks. This is indeed the case. Ahlfors and Weill [2] proved that, if a
meromorphic function f in a disk B satisfies the condition

”Sf”B<2;

then f is univalent and can be extended to a quasiconformal mapping of the
plane. The constant 2 is best possible. Moreover, if B is the unit disk D,
there is an extension with complex dilatation

- 1,
y(1/2)=—§(2/2)2(1~IZIZ)ZSJ(Z) (zeD).

Now, in order to measure how far f(D) away from the unit disk by the
value of 0(f(D)), Gehring and Pommerenke [7, Theorem 3] showed in 1984 that
THEOREM A. If f(z) is meromorphic and locally univalent in D and if

(1.12) o(f(DN=|Sslp=b<2,

then f(D) is a quasidisk with constant

b\-1/2
(1.13) M.§8<1—§) .
The following example ([7, p. 229]) shows that the order of the bound for
M is best possible as b—2.

Example. For b<2, let a=(1—b/2)'/?, then the function

(42— —1
f@= {32/ i=a1 1

satisfies (1.12) while (1.10) holds for I'=df(D) only for
. amw\-l_ 2 b\-1/2
Mz(2sin7) g;(l—f) .

Thus the order of the bound for M in (1.13) is best possible as b—2.

(zeD)

Theorem A shows a relationship between o(f(D)) and M. Thus it is an
interesting problem to find the sharpest value of M depending only on a(f(D)).
In this note we improve the above Theorem A as follows

THEOREM 1. If f(z) is meromorphic and locally univalent in D and if
(1.14) o(f(DN=IISsllp=b<2,

then f(D) is a quasidisk with constant
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142 .
(1.15) M§2{2+(2+m)\/T:r;%}(l—-g)'md(ﬂ\/3+-g-)(1—§)‘”2,

where t, is the unique solution of the equation

2(1+t)exp(—t)=1+%.

2. Preliminaries

In this section, we derive some coefficient estimates for the functions
satisfying (1.14). Such problems are very important even in the research of
conformal mappings.

Let S be the class of functions f(z)=z-+a.2°+asz°+ ---, which are analytic
and univalent in D, and define d,(z)=dist(f(z), df(D)) for zeD. Let %, be
the class of functions F({)={+b,{"'+ :--, which are analytic and univalent in
A=C—D. We need the following

LEMMA 1 (Fekete-Szeg6 [5]). Let f&S. Then
22
— 2 -
2.1) |as—a}| s1+2exp(—577) for 2€[0, D).
This bound is sharp for each A.

LEMMA 2 (Lowner [10]). Suppose FE€2X,, then
1
IF(C)I§IC|+|T]

for 1E1>1.

The following Lemma 3 is very useful for the proof of Theorem 1, and it
is also an interesting problem concerning with coefficient region of univalent
functions.

LEMMA 3. Suppose that f(z) satisfies the assumptions of Theorem 1, and for
20D let

)

(2.2) F(z)= (1= 12 1%f"(2o) =z+ AP+ A2®4 -
Then FES and

1 b 1
2.3) | A3 — A, | §€5(f(D))§€<§.

Furthermore,



(2.4)
and

(2.5)
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LHEAUD)
| Az | =(2+10) W<\/3+€,

1

1+3(/(D)
D) oy

dr(0)=

where t, is the unique solution of the following equation

2L+t exp(— =1+ 8((D)

Proof of Lemma 3. It is easy to see that

Fl@)=z+ [(1~| 2017

f"(z0)

7z )—250]22

6f(o)

L "(20)(1— 120 |%)"—6Z0 f " (20)(1— | 20| *) + 625 f'(20) ]2°+ ---

21

Since ||S/|lp<2, f is univalent in D (Nehari [11]), and so is F. By calculation

we have

At A= — (1= 120|920,

According to (1.14), it turns out that

| A Al S g AD)S ¢ <

c.o|»——

Next (2.1) implies that

(2.6)

|A3|§1+2|A2|2+2exp(—%) for 2<[0, 1).

From (2.3) and (2.6) we have

Thus

(2.7)

| As 2 | 43— Aul+ 1 A
1 22
S0 fFD)+1+21 A+ 2exp(— 7).

]A212<—[1+ 5(f(D>)+2exp(—1—2_%)] for 2<[0, 1).

—1-2

Set A=t/(2+1) for ([0, ) and let
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Gr=1 | 1+ D)+ 2exp(— 22 |

=~2¥[1+€6( f(D))+2exp<—t)] .

Then we have

L+ 0(/(D)
min Gl ) KDY

05t<o0 1+, 2 3+—

6’

<G(0)=3+

where 1, is the unique solution of the equation

2exp(—1+0=1+5(f(D)).

I+ 5(f(D)) —

Hence

Finally, let {=1/z. Since l/F(l/C)+AzeZO, by Lemma 2, we have

et A =

lCl—l—l

] F(1/Q) 4

for |{|>1. Thus

v
(2.8) lF(Z)l?——W’ for 0§IZ‘—7’<1
From (2.4) and (2.8), we obtain that
. 1
d r(0)=dist(0, aF(D));m
> 1 . S 1 -
l+—6—5(f(D)) 2+\/3+-6—
24(2+1,) RN

A domain GCC has a c-accessible boundary if each z,, z,€0G can be joined
by an open arc /'CG such that

(2.9) m112 |z—z;| Zc dist(z, 0G), for ze[l'.
1=1,

The following characterization of quasidisks proved by Gehring and Pom-
merenke [7, Lemma 1] is very useful.

LEMMA 4. Let G be a Jardan domain in C. Suppose that there is a constant
¢ such that, for all ¢p=Mob with o(G)CC, the domains ¢(G) have c-accessible
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boundaries. Then 0G is a quasicircle with constant M<2c.

3. The proof of Theorem 1

We show that f(D) has a c-accessible boundary. To verify (2.9), assume
that z;=f(—1) and z,=f(1), for ||S;esllp=IIS;ll» for all g=Mo6b with ¢(D)=D
by (1.4).

Let

et—1
et+1
It maps the strip 7 conformally onto D and

g)=r-h(?)

is analytic and univalent in T. A computation shows that

h(t)= (teT={t:—r/2<lmt<m/2}).

1
3.1 Ig’(l‘)l=*2-(1—r2)|f’(h(t))l for teR, r=nh(t).
Since Sp(t)=-—1/2, it follows that
R P 1,1 b—2
(3.2) ReSg(ﬁ——?-FZ(l—r)ReSf(V)é 7+—4—IISfIID§——4 .
We define
v()=|g’®)|"'%, for teR
and see that
v/ ——l g// i— vl 2_—-—-1_— [7& g”]
v 2Re?, v <U)_ 2Re dt g’
and therefore, from (3.2),
v'(O)=p(w(®), tER,
where
1 1. g’\¢_ 2—b
= —— — > "
(3.3) p(=—5Re S, ()+(5Im g,) 22

We set a=((2—b)/8)"/%. And for any given {4 we may assume that v’(t4)=0,
otherwise we replace g(f) by g(2t«—t). We compare the differential inequality
with the initial value problem

(3.4 uw(=a*u(l) (2ts), ul)=v(ty), u'(@Ex)=0.

Which is solved by
ea(t-h)_}_e-a(t-l*)

(3.5) u(t)=v(lx) 3
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Because

d v@®) _ vOQu®—v@®uw' )

dt u(t) u®(t)

:u‘z(t)[S: (v”u-—vu”)ds-l—v’(t*)v(t*)]go, for t>1y.
We deduce that v(#)=u(l) for t=ix. Thus, by (3.5),

(3.6) Slg'(t)ldt—s —2<t)dt<S w(b)dt

4
=v 2<t*)S (ea(L ;*)_I_e-a(t C*))Z dt
4

=1g'@1|

.,
—Elg o).
Suppose zx(—1, 1). Let i satisfy h(tx)=2zx and obtain, from (3.1) and (3.6), that
. o 1 1
@7 minlz— @S| 1 #OIUS T8 W) =5 1—) @)
Let F(€) be the function defined by (2.2) with zy)=z«. Then we see that

dist(f(z%), 0f(D)=dr(0)(1—25)| f'(24)].
This together with (2.5) shows

3.8) %(l—zi) | f/(24) | = ——odist(f (), 0f(D))

2a d(O)

b

I+5

< 5a dist(f(z«), 0£(D)).
By (3.7) and (3.8) we see that (2.9) holds with

1+b -1/2
(3.9) c=| 242+t 2(1+t0> (1 2)

Since Sg.,=S, for all ¢=Mob, the assumption of Lemma 4 is satisfied with
G=f(D) and ¢ in (3.9).
The statement now follows from Lemma 4 and (2.4).




GEHRING-POMMERENKE’S ESTIMATE FOR QUASICIRCLES 25

REFERENCES

[1] L.V. AHLrors, Quasiconformal reflections, Acta Math., 109 (1963), 291-301.

[2] L.V. AuLrors aND G. WEILL, A uniqueness theorem for Beltrami equations,
Proc. Amer. Math. Soc., 13 (1962), 975-978.

[3] L. BeErs, Simultaneous uniformization, Bull. Amer. Math. Soc., 66 (1960), 94-97.

[4] L. Bers, Correction to “Spaces of Riemann surfaces as bounded domains”, Bull.
Amer. Math. Soc., 67 (1961), 465-466.

[5] M. FekeTE anD G. SzeGco, Eine Bemerkung iiber ungerade schlichte Funktionen,
J. London Math. Soc., 8 (1933), 85-89.

[6] F.W.Geuring, Uniform domains and the ubiquitous quasidisk, Jahresber. Deutsch.
Math.-Verein, 89 (1987), 88-103.

[7] F.W. GeHrRING AND CH. POMMERENKE, On the Nehari univalence criterion and
quasicircles, Comment. Math. Helv., 59 (1984), 226-242.

[8] W. Kraus, Uber den Zusammenhang einiger Charakteristiken eines einfach
zusammenhidngenden Bereiches mit der Kreisabbildung, Mitt. Math. Sem. Giessen,
21 (1932), 1-28.

[9] O. LedTo, Univalent Functions and Teichmiiller Spaces, Springer-Verlag, New
York, 1987.

[10] K. LowNER, Uber Extremumsitze bei der konformen Abbildung des AuBeren
des Einheitskreises, Math. Z., 3 (1919), 65-77.

[11] Z. NeHari, The Schwarzian derivative and schlicht functions, Bull. Amer. Math.
Soc., 55 (1949), 545-551.

DEPARTMENT OF MATHEMATICS
FAcuLTY OF SCIENCE

KyoTo UNIVERSITY

KyoTo 606

JarPaN

Present Address:

DEPARTMENT OF APPLIED MATHEMATICS
Huaqiao UNIVERSITY

QuanzhHou, Fujian, 362011

P.R.C.





