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Abstract. An immersed umbilic-free hypersurface in the unit sphere is equipped with
three M&bius invariants, namely, the Mobius metric, the Mobius second fundamental form and
the Mobius form. The fundamental theorem of Mobius submanifolds geometry states that a
hypersurface of dimension not less than three is uniquely determined by the Mobius metric and
the Mobius second fundamental form. A Mobius isoparametric hypersurface is defined by two
conditions that it has vanishing Mobius form and has constant Mobius principal curvatures.
It is well-known that all Euclidean isoparametric hypersurfaces are Mobius isoparametrics,
whereas the latter are Dupin hypersurfaces. In this paper, combining with previous results,
a complete classification for all Mobius isoparametric hypersurfaces in the unit six-sphere is
established.

1. Introduction. For ahypersurface x : M" — §"*!in the (n + 1)-dimensional unit
sphere S+ without umbilic points, we choose a local orthonormal basis {eq, ..., e,} with
respect to the induced metric I = dx-dx and the dual basis {01, ..., 6,}. Leth = Zi’j hij0;®
0; be the second fundamental form of x, with the squared length || > = Zi’ j (h; j)z and the
mean curvature H = (1/n) Zi hi;, respectively. Define ,o2 =n/n—1)- (||h||2 — nH?).
Then the positive definite form g = p?dx - dx is Mobius invariant, which is called the Mdbius
metric of x : M" — §"t!. The Mobius second fundamental form B, another basic M6bius
invariant of x, together with ¢ completely determine a hypersurface of s+l up to Mdbius
equivalence, see Theorem 2.1 below.

An important class of hypersurfaces for Mobius differential geometry is the class of so-
called Mébius isoparametric hypersurfaces in §”!. According to [12], an umbilic-free hy-
persurface of §"*! is called Mobius isoparametric if it satisfies the condition that the Mbius
invariant 1-form

(1.1) o=—p'>" {el-(H) + Y (hij - Ha,»j)e,-aogp)}e,-
i J
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vanishes and all its Mobius principal curvatures are constant. Recall that the Mobius principal
curvatures are the eigenvalues of the so-called Mébius shape operator ¥ := p~ (S — H id),
where S denotes the standard shape operator of x : M" — §"*!. This definition of Mdbius
isoparametric hypersurfaces is meaningful. Indeed, if we compare it with that of (Euclidean)
isoparametric hypersurfaces in $"*!, then we see that under Mobius transformation the im-
ages of all hypersurfaces of the sphere with constant mean curvature and constant scalar cur-
vature satisfy @ = 0, and the Mobius invariant operator ¥ plays the same role in M&bius
geometry as S does in the Euclidean situation (see Theorem 2.1 below). Standard examples
of Mobius isoparametric hypersurfaces are the images of (Euclidean) isoparametric hypersur-
faces in "' under Mobius transformations. However, there are other examples which cannot
be obtained in this way. For example, it occurs among our classification for hypersurfaces of
§"+1 with parallel Mobius second fundamental form, meaning that the Mdbius second fun-
damental form is parallel with respect to the Levi-Civita connection of the Mobius metric g.
For more details, we refer to [8]. On the other hand, it was proved in [12] that any Mobius
isoparametric hypersurface is in particular a Dupin hypersurface, which is a consequence of
[21] that for a compact Mobius isoparametric hypersurface embedded in S"+1 the number y
of distinct principal curvatures can only take the values y = 2, 3, 4, 6.

In [12], the authors classified locally all Mdbius isoparametric hypersurfaces of sn+l
with y = 2. In [9] and [11], by relaxing the restriction of y = 2, we established the classifi-
cation for all Mdbius isoparametric hypersurfaces in S*and $°, respectively. More precisely,
we showed that a Mobius isoparametric hypersurface in S* is either of parallel Mobius sec-
ond fundamental form or it is Mobius equivalent to a Euclidean isoparametric hypersurface
in S$* with three distinct principal curvatures, that is, a tube of constant radius over a standard
Veronese embedding of R P? into $*. Also, a hypersurface in 7 is Mdbius isoparametric if
and only if either, it has parallel Mobius second fundamental form, or it is Mobius equivalent
to the preimage of the stereographic projection of the cone ¥ : N3 x R — R defined by
X(x,t) = tx, wheret € R" and x : N3 — §* < RS is the Cartan isoparametric immer-
sion in $* with three distinct principal curvatures, or it is Mdbius equivalent to a Euclidean
isoparametric hypersurface in §° with four distinct principal curvatures. In a very recent ef-
fort [10], we established a complete classification for Mobius isoparametric hypersurfaces in
S”“, n > 5, with three distinct M6bius principal curvatures such that one of them is sim-
ple. Hence, as an immediately consequence, we have classified the Mobius isoparametric
hypersurfaces in S6 with three distinct Mobius principal curvatures.

In this paper, we will classify Mobius isoparametric hypersurfaces in §¢ with four and
five distinct Mobius principal curvatures. Combining this with the previous results, we have
completed the classification for all Mobius isoparametric hypersurfaces in S%. To state our
results, let us recall that for the n-dimensional hyperbolic space of constant sectional curvature
—c <0,

H' (=) = {30, Y1, - s yn) € L' (y,y) = =33 + 93+ -+ 32
= —1/c, yo = 1//0))
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and the hemisphere S" = {(x1,...,x,41) € S Zi xl.z = 1,x; > 0)}, one can define the
conformal diffeomorphisms o : R" — §" \ {(=1,0,...,0)}and 7 : H"(—1) — S" by

@ 1— | u|? 2u < R"
o(u) = R , u
T4 w27 14 | u |?

and

() =/yo, ¥'/y0), yo=1, y=(0,1,--, ) = (yo,¥) € H'(=1),
respectively. Then we can state our main result as follows.

CLASSIFICATION THEOREM. Let x : M® — S® be a Mébius isoparametric hypersur-
face. Then x is Mobius equivalent to an open subset of one of the following hypersurfaces in
S5

(1) The standard torus S*(a) x S>K(b) withk = 1, 2, 3, 4 and a® + b* = 1.

(2) The image of o of the standard cylinder S*(1) x R> % withk =1, 2, 3, 4.

(3) The image of T of the standard hyperbolic cylinder Sk (r) x Hsfk(— 1/(1+ r?)) C
HO(—1) withk =1, 2, 3, 4andr > 0.

(4) The preimage of the stereographic projection of the warped product embedding

5:8P(a) x S9(vV1—a?) x R x R* P77 - RS
withp>1,qg>1, p4+q <4, 0<a < 1, defined by

"

X/ u’ e u"y =@, tu” iy,

= S[J(a)’ W e Sq( /1 _a2)’ te R+, W e R4_p_q,

(5) Minimal hypersurfaces defined by ¥ = (X1, %2) : M> = N3 x H*(=2/15) — s6

with
fi=y/yo, Ta=wy/y, WER", yeR, nek.

Here y; : N3 — §*(\/30/2) < R’ is Cartan’s minimal isoparametric hypersurface with
vanishing scalar curvature and principal curvatures /10/5, 0, —~/10/5, and (yo, y2) :
H?(=2/15) < L3 is the standard embedding of the hyperbolic space of sectional curvature
—2/15 into the 3-dimensional Lorentz space with —yg + y% = —15/2.

(6) Hpypersurfaces defined by x = (X1, X2) : M3 = N3 x H2(—r2) — S° with

X1 =y1/yo, T2=y/y0, YER", yieR, ymeR, r>0.

Here yp : N3 > S4(r) < R’ isan isoparametric immersion in S4(r) with three distinct
principal curvatures whose mean curvature H| and constant scalar curvature Ry are given
by

4

5 6
Hi=->1#0, R =———+20A%,
1=k =273
and (yo, y2) : H*(—r—2) < L3 is the standard embedding of the hyperbolic space of sec-

tional curvature —r =2 into the 3-dimensional Lorentz space with — yé + y% = —r2,
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(7) Hypersurfaces defined by ¥ = (X1, %) : M> = N* x H'(—=r—2) — S° with
flzyl/yo, fz:yz/yo, y0€R+, y1€R6, yzGR, r>0.

Here y; : N* — S°(r) < R® is an Euclidean isoparametric hypersurfaces with four distinct
principal curvatures whose mean curvature Hy and scalar curvature Ry are given by
5 12 4 2
H =—-A, R1=—2——+20)»,
r 5
and (yo, y2) : H' (—r=2) < L? is the standard embedding with —yg + y% = —r2.

Our study of Mobius isoparametric hypersurfaces is closely connected to that of Dupin
hypersurfaces. More concretely, the above mentioned results are counterparts of Dupin hy-
persurfaces, cf. [4—6, 18-21]. For further background, we note that the classification of hy-
persurfaces with four principal curvatures in $"*! under the Mdbius transformation group
can be compared with that of Dupin hypersurfaces with four principal curvature under the
Lie sphere transformation group; that was established by Cecil, Chi and Jensen in [5, 6]. It is
interesting to point out that the Lie sphere transformation group contains the Mobius transfor-
mation group in $"*! as a subgroup; the dimension difference is n+ 3. Therefore, the Mbius
differential geometry for hypersurfaces in spheres seems to be essentially different from the
Lie sphere geometry, and therefore more attention should be deserved to their geometry.

The organization of this paper is as follows. In Section 2, we first review some elemen-
tary facts of Mobius geometry for hypersurfaces in $"*!, then present known results achieved
in [10], [12] and [23], respectively. In Section 3, investigating Mobius isoparametric hyper-
surfaces of S with four distinct Mdbius principal curvatures, we first show that for some
constant X the linear combination A + AB of the Blaschke tensor A and the Mobius second
fundamental form B has two distinct constant eigenvalues. Then we prove Theorem 3.1 that
gives a preliminary classification for such hypersurfaces. In Section 4, we prove Theorem 4.1
that gives a preliminary classification for Mobius isoparametric hypersurfaces of S with five
distinct Mobius principal curvatures. In Section 5, we prove Theorem 5.1 and Theorem 5.2
by calculating the Mobius invariants of the hypersurfaces which appear in Theorem 3.1 and
Theorem 4.1. Finally, in Section 6, we complete the proof of the Classification Theorem.

2. Mébius invariants for hypersurfaces in $"*!.  In this section we define Mbius
invariants and recall the structure equations for hypersurfaces in §”*!. For details we refer to
[22]. Let L"*3 be the Lorentz space, namely, R"*3 with inner product (-, -) defined by

(x, w) = —xowo + X w1 + - + Xp12Wpa2,

for'x = (x01 X1y enns xn+2)’ w = (w07 Wi, ..y wn+2) € Rn+3‘
For an immersed hypersurface x : M" — §"*! < R"*2 of §"*! without umbilics, we
define its Mobius position vector Y : M" — L"3 by

2.1 Y=p(,x), p*=n/(n—1)-(|h]*—nH?) >0,

Then two hypersurfaces x, ¥ : M" — S"+! are Mobius equivalent if and only if there exists
T in the Lorentz group O (n + 2, 1) in L"*3 such that Y = YT It follows immediately that
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g = (dY,dY) = p*dx - dx is a Mobius invariant, which is defined as the Mdbius metric of
x:M"— §"F1L
Let A be the Laplace-Beltrami operator of g and define

1 1
(2.2) N =——AY — —(AY, AY)Y .
n 2n2
Then it holds that
(2.3) (AY,Y)=—n, (AY,dY)=0, (AY,AY)=1+ n’R,
2.4) (Y,Y)=0, (N,Y)=1, (N,N)=0,

where R is the normalized scalar curvature of g, which is called the normalized Mobius scalar
curvature of x : M" — S"t1,

Let {Ey, ..., E,;} be a local orthonormal basis for (M", g), and {wy, ..., w,} the dual
basis. Write ¥; = E;(Y). Then it follows from (2.1), (2.3) and (2.4) that
(2.5) (Y;,Y)={Y;,N) =0, (Y;,Y;)=6;;, 1=<i,j<n.

Let V be the orthogonal complement to the subspace Span{Y, N, Yy, ..., Y,} in L" 3.
Then along M" we have the orthogonal decomposition
(2.6) L™ = Span{Y, N} @ Span{Yy, ..., Y, ® V.

A local unit vector basis £ = E, 41 for V can be written as E = E,4+1 := (H, Hx + e;+1).

Then, along M", {Y,N,Y1,...,Y,, E} forms a moving frame in L3, Unless otherwise

stated, we will use the following range of indices throughout this paper: 1 <1, j, k,l,t < n.
We can write the structure equations as follows:

2.7) dy =" Yo,
i

(2.8) dN:ZAijij+ZC;w,-E,

i,j i
2.9) dY; = —ZA,'ja)jY —wiN+Zwinj +ZBija)jE,

j j j

(2.10) dE:-Zc,-w,-Y—ZB,-,w,Y,-,
i i,j

where w;; is the connection form of the Mdbius metric g, which is defined by the structure
equations dw; = Zj wjj A wj, wjj +wj = 0. The tensors A = Zi’j Ajjo; @ wj, ® =
Zi Ciw; and B = Zi’ j Bijw; ® w; are called the Blaschke tensor, the Mobius form and the
Mabius second fundamental form of x : M" — $"*!| respectively. The relations between
@, B, A and the Euclidean invariants of x are given by (cf. [22])

2.11) Ci=—p? [e,-(m + (hij — H5;j)e;log p)} ,
J
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2.12) Bij = p~'(hij — H&j),

Aij = — p*[Hessj(log p) — e; (log p)e(log p) — Hhj]
(2.13) 1, 5 )
3P (IVlogp|” — 1+ H")d;; ,
where Hess;; and V are the Hessian matrix and the gradient with respect to the orthonormal
basis {e;} of dx - dx, respectively.
Let C;j, Ajjx and B;;; denote the components of the covariant derivative of
Ci, Ajj, Bjj, respectively. Then the integrability conditions for the structure equations (2.7)

through (2.10) are given by

(2.14) Aijk — Aik,j = BixCj — BjjCx ,
(2.15) Cij— Cji =Y _(BixArj — AiByj) .

k
(2.16) Bjjx — Bik,j = 8ijCr — 6ixC ,
(2.17) Rijki = Bix Bji — BiiBji + ik Aji + 8j1Aik — SitAjk — 8k Air
(2.18) Rij =Y Ritjk = — Y _ BiBjx + (tr A)8;j + (n — 2)Ay; .

k k

n—1 1

(2.19) ZB” =0, Z(Bij)zz —, trA:ZA,»,- = E(1+n2R).
i i,j i

Here R;ji denote the components of the curvature tensor of g, which are defined by the
structure equations

1
(2.20) dw;j — Xk:a)ik A wgj = —5 %: Rijrior N oy,

R =1/n(n—1)3; ; Rijij being the normalized Mbius scalar curvature of x : M" — s
The second covariant derivative of B;; is defined by

(2.21) > Bijuwr =dBijx+ Y Bijxoi+ Y Buxoj+ Y Bijiwi .
] ! ! ]

Then the following Ricci identity holds:
(2.22) Biju — Bijak = Y_ BijRiiki + Y BitRijur -
t t

From (2.12), we see that the Mdbius shape operator of x : M" — §"*! takes the form

(2.23) v =)p'(S—Hid) = ZB,-,Q)[E, ,
ij

which implies that for an umbilic free hypersurface in $"*!, the number of distinct Mdbius
principal curvatures is identical to that of its distinct Euclidean principal curvatures.
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One can easily show that all coefficients in (2.7) through (2.10) are determined by {g, ¥ }.
Thus we obtain

THEOREM 2.1 ([22], see also [1]). Two hypersurfaces x : M" — S" and
F:M" — 8" n > 3, are Mébius equivalent if and only if there exists a diffeomorphism
F : M" — M" which preserves the Mobius metric and the Mobius shape operator.

The following results will be needed later.

THEOREM 2.2 ([12]). Let x : M" — §"! be a Mobius isoparametric hypersurface
with two distinct principal curvatures. Then x is Mobius equivalent to an open subset of one
of the following hypersurfaces in 8" :

(1) The standard torus Sk(a) X S"_k(b) withl <k <n—1anda®*+b*=1.

(2) The image of o of the standard cylinder SK(1) x R % with1 <k <n—1.

(3) The image of T of the standard hyperbolic cylinder Sk (r) x H"_k(—l/(l +r3)) c
H'""' (=) withl <k <n—1andr > 0.

THEOREM 2.3 ([8,10]). Letx : M> — S% be a Mébius isoparametric hypersurface
with three distinct principal curvatures. Then x is Mobius equivalent to an open subset of one
of the following hypersurfaces:

(1) The preimage of the stereo-graphic projection of the warped product embedding

%:87@a) x S1(V1—a?) x R* x R4P~4 — RS
withp>1,qg>1, p+qg <4, 0 <a < 1, defined by
"= @u', tu”, "y,
W' e SPa), u'eSiV1—a%), teRT, u”ecR¥PI.
(2) Minimal hypersurfaces defined by

~ / "
X(u',u",t,u

¥=(, %) M =N x H*(-2/15) — §%
with
f1=yi1/y, B2=y/v%, yoeR", yeR, yecR>.

Here y; : N3 — §*(\/30/2) < R’ is Cartan’s minimal isoparametric hypersurface with
vanishing scalar curvature and principal curvatures \/1_0/5, 0, —\/1_0/5, and (yo, y2) :
H?(=2/15) < L3 is the standard embedding of the hyperbolic space of sectional curvature
—2/15 into the 3-dimensional Lorentz space with —yg + y% =—15/2.

THEOREM 2.4 ([23]). Letx : M" — S"! be an immersed umbilic-free hypersurface
with vanishing Mobius form and such that for some constant A, the linear combination A+ 1B
of the Blaschke tensor A and the Mdbius second fundamental form B has two distinct constant
eigenvalues. Moreover, if x has at least three distinct Mobius principal curvatures, then it is
locally Mébius equivalent to one of the following families of hypersurfaces in 8"

(1) Hypersurfaces defined by ¥ = (%1, %2) : M" = NP x H" P (—r~2) — S" with
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Fi=y1/y0, X=ywy/yo, yYoeR", y R,
yweR'"™, 2<p<n-1, r>0.

Here y; : NP — SPT(r) < RP*? is an immersed umbilic-free hypersurface with constant
mean curvature Hy and constant scalar curvature Ry in the (p + 1)-dimensional sphere of
radius r, where

n np(p—1) — (n — 1)r?

H| = A, Ry = 3
p nr

+n(n — 1A%,

whereas (yo, y2) : H' " P(—r=2) — L" P*1 s the standard embedding of the hyperbolic

space of sectional curvature —r 2 into the (n — p + 1)-dimensional Lorentz space with — yg +
y% =—r i
(2) Hypersurfaces defined by ¥ = (¥1,%2) : M" = NP x 8" P(r) — S"T! with
fi=yi/y0. F2=wy/y0. yoeR", y eR\H,

ygeR"_”"H, 2<p<n-—1, r>0.

Here (yo, y1) : NP — HPTY(—r=2) < LP%*2 js an immersed umbilic-free hypersurface into
the (p + 1)-dimensional hyperbolic space of sectional curvature —r =2 with constant mean

curvature Hy and constant scalar curvature Ry such that —y% + y% = —r? and
-1 — Dr?
Ho= "5 Rl:_np(p )+2(n r 4G — 122,
p nr

whereas yy : 8" P(r) < R"PT!is the standard embedding of the (n — p)-dimensional
sphere of radius r.

REMARK 2.1. In the special case where A = 0, Theorem 2.4 was first obtained by Li
and Zhang [16, 17]. See also [10] for details of the description and calculations.

3. Mbobius isoparametric hypersurfaces with y = 4. In this section, we consider
the case that x : M> — §° is a Mobius isoparametric hypersurfaces with y = 4. According
to [8], the Mobius second fundamental form B in this case is non-parallel.

For our choice of the local orthonormal basis {E;}1<;<5, the fact that ¥ has constant
eigenvalues is equivalent to the fact that the matrix (B;;) has constant eigenvalues. From
@ = 0 and (2.15), we see that for all 7, j

(3.1 Z(BikAkj — AikBij) =0.
k

This implies that we can choose {E;} to diagonalize (A;;) and (B;;) simultaneously. Let us
write

(3.2) (B;j) =diag(by,...,bs), (A;;) =diag(ai,...,as),
where {b;} are all constants. From (2.19) we have

(3.3) bi+by+by+bs+bs=0, bi+bs+b3+bi+bi=4/5.
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Without loss of generality, from the assumption y = 4, we can assume that b4 = bs and
b1, by, b3, by are mutually distinct. Substituting @ = 0 into (2.14) and (2.16), we see that
both B;; ; and A;; x are totally symmetric tensors. As usual we define

(3.4) wij = Z Hiox, Iy=-I}.
k

From the definition ZkBij,ka)k =dB;j + ZkBika)kj + ZkBjka)kl-, and from (3.2), (3.4)
and the assumption that all b; are constant, we get

(3.5) Bijk = (bi —bj)r,jj forall i, j, k,
and thus
(36) Bij,i == B[i,j =0 forall i, j; Bl4,5 = 324’5 = B3415 =0.

First of all, as preliminary facts we derive the following Lemma 3.1 through Lemma 3.4.

LEMMA 3.1. Under the above assumptions, there holds

3.7) B12,4B12 5 _ Bi3 4B135
' (b1 — b2)(bs —b2) (b1 — b3)(b3 — bs)’
B B B B
(3.8) 12,4B12,5 23,4823 5

(b1 —ba)(by —b2) (b2 — b3) (b3 —bs)

PrROOF. Using (3.5), (3.6) and (2.21), we obtain

> Biasior = dBias+ Y (Biaxws + Biasor + Bix,sora)

X X
= Buus(Isw) + Dosan) + Biaa(For + Tws)
+ B s(I'fw1 + TEws) + 313,5(F1321w1 + F234w2) ,

and therefore
2B135B13,4  2B124B125

3.9 B =
(3.9 14,51 bs — by -

Analogously, we have
2B124B125s  2B134B135

3.10 B =
(3.10) 11,45 by — by bs — b1
On the other hand, (2.22) and (3.2) give that
(3.11) Bij ki = Bijux + Z(ij Rumiki + Bim Rmjki) = Bijik + (bi — bj)Rijki -
m

Notice that, by (2.17) and (3.2), it holds that

(3.12) Riji =0 if three of {i, j, k, [} are either the same or distinct.
From (3.11) and (3.12), we get

(3.13) Bij i = Bij if three of {7, j, k, [} are distinct.
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Then (3.7) follows from (3.9), (3.10) and Bi4,51 = Bi1.4s5. Similarly, from B4 50 =

B2; 45 we easily obtain (3.8).

O

LEMMA 3.2. Denote by i, j, k the three distinct elements of {1, 2, 3} with arbitrarily

given order. Then we have

2
2B12,3

2(B} 4+ B} 5)

G149 Rijii = o e = b))

2
23,1/,4

(bs — bi)(bs — bj)’

2
2Bik,4

(3.15) Risis =

2B~
(3.16) i3

b —bnb; —ba)

(bk — bi) (b — ba)’

2
2Bik,S

Risis =

;b —bs)

(bk — bi) (b — bs)

PROOF. Using (3.5), (3.6) and (2.21), we obtain
Z Bij jiwoy =dBj j +2 Z Bij jowri + Z Bijjwpj =2 Z Bij, jwii
! ! I !

= 2Bjk, jwki + 2Bia, jwsi + 2Bis, jwsi ,

(3.17)

and therefore

(3.18) B 2B},  2BY;+ B )
‘ T b — by by — b;
Analogously, we have
2 2 2
2B, 2(Bj,; + Bjs ;)
(3.19) Bjjii =
by — b by —b;

From (3.11), we get

(3.20) Bii jj = Bijij = Bij ji + (bi — bj)Rijij = Bjjii + (bi — bj)Rijij .

Then (3.14) follows from (3.18) through (3.20). Similarly, we can obtain (3.15) and

(3.16). |
LEMMA 3.3. Forany choseni, j € {1,2,3}withi # jandl,r € {4,5}withl # r,

the assumption B12 3B;j; # 0 implies that By, = B3, = B3, = 0.

PROOF. Without loss of generality, we show that the assumption B2 3B124 # 0 im-
plies that B12 5 = B3 5 = B13,5 = 0. Indeed, if otherwise, B12 5 # 0. Then from (3.4), (3.5),
the definition of A;; x and the totally symmetric of A;; x and B;j «, we get

(3.21) Az =(a — a2)1«312 = (a) — a3)F213 = (ay — a3)F123,
(3.22) Bia3 = (b1 — bo) Iy = (b1 — b3) Iy = (by — b3) Iy,
(3.23) A= (a1 —a) T} = (a1 — ag) Ty = (a2 — as) Ty,
(3.24) Biaa = (b1 — b)) I}y = (b1 — ba) [y = (by — ba) I,
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1 | 2
(3.25) Aps = (a1 —ax)ls, = (a1 —as)hs = (a2 —as)I5,

(3.26) Bio,s = (by — b2)[§ = (by — bs) Iy = (ba — bs) I .
From (3.21) through (3.26), we derive

Aps3  ar—ay ar—a3  ay—a3
B3 bi—by bi—b3 by—1Db3

Apg4 ar—ay ar—as  ar—ay
- — - 9
Bia  bi—by by—by by—by

Aps ar—ay ar—as _ ay—as
Bios bi—by bi—bs by—bs’
and therefore there exists a function A such that

ap —az ap — as ar — as ay—a4 ax—a4 ay—as 4 —as 2
by—by by—by by—by b —bs by—bs b —bs by—bs

This implies the existence of another function u such that

(3.27) ay + Aby = ar + Aby = az + Ab3 = a4 + Aby = a5 + Abs = L.

As (3.27) says A + AB — ug = 0, we can apply the result of Li and Wang [13] to
conclude that A and y are constant and x : M — S is locally M&bius equivalent to one of
the following hypersurfaces:

(1) A hypersurface ¥ : M — S® with constant mean curvature and constant scalar
curvature.

(2) The image under o of a hypersurface ¥ : M — R® with constant mean curvature
and constant scalar curvature.

(3) The image under 7 of a hypersurface ¥ : M — H® with constant mean curvature
and constant scalar curvature.

Now, according to Propositions 3.1 and 3.2 of [11] and the fact that {b;} consists of
constants, we see that the above X : M — S6, i:M— Randx: M — H 6 respectively,
should all be Euclidean isoparametric hypersurfaces with four distinct principal curvatures.
From the classical result that isoparametric hypersurfaces in R® and H® can have at most two
distinct principal curvatures, we find that Cases (2) and (3) do not occur. Hence x is M&bius
equivalent to an open subset of some isoparametric hypersurface in S6 with four distinct
principal curvatures.

On the other hand, by the well-known fact for multiplicities of principal curvatures on
isoparametric hypersurface in the sphere with four distinct principal curvatures (cf. also Cecil-
Chi-Jensen [7]), we see that there is no Euclidean isoparametric hypersurface in S 6 with four
distinct principal curvatures. This is a contradiction and therefore we have Bjs 5 = 0.

Analogously, we can prove B3z s = Bi35 = 0. O

LEMMA 3.4. By 4Bi125 = B134B135 = B23 4Bx35 =0.
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PROOF. Assume on the contrary that Biz 4B125 # 0. Then by Lemma 3.1, we have
B13.4B13,5 # 0 and B3 4 B23 5 # 0. Therefore (3.27) holds for some functions A and . Now
a similar argument as that in the proof of Lemma 3.3 will give a contradiction. o

From (3.6), we see that in the set {B;; « }i<j<«. there are only seven elements, namely

{B12,3, Bi2,4, B12,5, B34, B2z s, B34, Bi3 5}

can be probably nonzero. Now we separate our discussion into two cases:

Case I. Bjp3 #0; Case II. B3 =0.

In Case I, according to Lemma 3.1, Lemma 3.3 and Lemma 3.4, the number « of nonzero
elements in {B12.4, B12,5, B23.4, B23.5, B13.4, B13 5} is at most three.

If « = 0, we have one case: 1-1.

If @ = 1, without loss of generality we may assume B2 4 # 0. Then we have one case:
1-2.

If« =2and Bi24 # 0, by Lemma 3.3, Bi2,5 = B35 = Bi3,5 = 0, so that exactly one
of {B23.4, B13,4} is nonzero. Without loss of generality we may assume B3 4 # 0, B3 4 = 0.
So we have one case: I-3.

If « =3 and Bj2,4B23,4B13,4 # 0, then we are left [-4.

In summary, for the case I, it is sufficient to consider the following four independent
cases:

I-1. Bi23 #0and Bi2g = Bios = Bz g = Boz s = B34 = B35 =0.

I-2. Bi23B12,4 #0and Bi25 = B35 = Bi3,s = B34 = Bi134 =0.

I-3. Bi23B124B234 #0and By s = Bozs = Bizs = Bi3 4 =0.

4. B123B12,4B234B134 #0and Bias = Byz s = Bizs =0.

For Case II, since B is assumed to be non-parallel, without loss of generality, we further
assume B2 4 # 0. Then Lemma 3.4 implies that Bj 5 = 0. Now, according to Lemma 3.1,
Lemma 3.3 and Lemma 3.4, the number 8 of nonzero elements in {B23 4, B23 5, B13.4, B13,5}
is at most two.

If = 0, we have one case: II-1.

If B = 1, the symmetry of indices 1 and 2 implies that we need only to consider two
cases, i.e., II-2: Byz 4 # 0 with By3 5 = B34 = B35 = 0 and II-3: B35 # 0 with
By3 4 = Bi34 = B135=0.

If B = 2, the symmetry of indices 1 and 2 and Lemma 3.4 imply that we have to consider
three cases, i.e., II-4: B3 4B135 # 0 with Bo3 5 = Bjz 4 = 0; II-5: B3 4B13 4 # 0 with
B35 = Bizs = 0; 1I-6: By3zsBi3z s # 0 with B34 = Bi3.4 = 0. However, using the
symmetry of indices 1, 2 and 3, and the symmetry of indices 4 and 5, we easily see that II-6
can be transformed into II-4.

In summary, in Case II, it is sufficient to consider the following five independent cases:

II-1. Bi24 #0and Bia3 = Bi2,5s = Ba3 4 = B35 = Bi3a = B35 = 0.

II-2. B124Bx34 #0and Bp3 = Bi2s = Ba3 s = B34 = B35 =0.

II-3. B124B3s5 #0and Bio3 = Bias = B34 = B34 = B35 =0.

I-4. B124B234B135 #0and Bio3 = Bi2,5 = Ba35 = B34 = 0.
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II-5. Bi2,4B23,4B134 # 0and Bio3 = Biz5 = Ba3 5 = Bi35 = 0.
Now, we are ready to prove the following crucial propositions.
PROPOSITION 3.1. The Cases 1-2,1-3 and 11-1 through 11-5 do not occur.

PROOF. We will check each of the cases one by one.
I-2: Bi23Bi2,4 #0and By 5 = B35 = Bi3,5 = B34 = Bi34=0.
From (3.15), (3.16) and (2.17) we have

(3.28) R byb 2814
. 2424 = babg +ax +aq = - ,
(b1 — b2) (b1 — byg)

(3.29) Rosps = bobs +ax +as5 =0,

(3.30) R3434 = b3bs +az +as =0,

(3.31) R3s35 = b3bs +az +as =0.

(3.30) and (3.31) imply that a4 = as. Then (3.28) and (3.29) give
23122,4

3

(b1 — b2) (b1 — bg)

which is a contradiction. Thus case I-2 does not occur.

I-3: Bi123B12,4B234 # 0and Bio s = Bz s = Bizs = B34 = 0.

In this case, we have

_ 2 2 _ 2 2 ) 2
(332) wyl = 15103 + Tjjws, w3 =T301 + Tzws, w =10 + 503,
: 1 3 1

w4 = Thwy, w3 =150, w3=1xw, o5=ws5=wy=0.

Then, by (3.2) and (3.32), we have the following:

1
“Rupor Awy =—3 Z Rizpwx Ao = dwi3 — Za)lk A 03
k.l k
dBi123 1
i — ANy + Iyz(wa1 A w1 + w23 A w3 + woa A wg) — w12 A @23 — 014 A 043
1— b3
_ dBig3

S b 2T (I 5y — D3I = Ty Iiyws A o

+ (D3I = Ts Ty — Tip Ty s A o1 + (I Ty — Dy T3y + Tp iy ws A ws.
Comparing both sides of the above equation, we obtain
1 2 1 2 1 2 1 2 1 2 1 2
Doaljy = I3 lig — Il = 0, Py ljy — Il + I 1j3 = 0,
or equivalently, by (3.5) and B12,3B12,4B23.4 # 0,

(3.33) ! . ! - ! —0.
(b1 —b3)(by —b1) (b1 —b3)(by —bs) (b1 — b2)(by — b3)

(3.34) ! - ! + ! =0
(b1 — b3)(by —b3) (b1 —b3)(by —bs) (b1 — b2)(b2 — b3)
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Then (3.33) and (3.34) give 3/(b1 — b2)(b2 — b3) = 0, a contradiction. Thus case I-3
does not occur.

II-1:  Bio4 #0and Bio3 = Bi2,5 = B34 = B35 = B34 = Bi35=0.

From (3.14), (3.16) and (2.17) we have

(3.35) Ri313 =b1bs + a1 +a3 =0,
(3.36) Risis =bibs + a1 +as =0,
(3.37) Ro323 = bobs +ax +a3 =0,
(3.38) R2505 = bobs +a» +as5 =0.
Then (3.35) + (3.38) — (3.36) — (3.37) gives

(3.39) (b3 — bs)(b1 — b2) =0,

which is a contradiction. Thus II-1 does not occur.
II-2: Bi34B34 #0and B3 = Bios = Ba35 = Bi34 = B35 =0.
From Lemma 3.2 and (2.17), we now have

2 2
_ 2Bi, 4 _ 2Bi, 4
Rz = , Rigia = ,
(bg — b1)(bs — b2) (by — b1)(b2 — bs)
2 2
_ 2By, _ 2By,
Ry323 = . Rigzq = ,
(3.40) (bg — by)(bs — b3) (b2 — b3) (b2 — bs)
: 2 2
Rowon — 2By 4 2By,
2424 =

+ 9
(b1 — b2)(b1 — bs) (b3 — b2)(b3 — by)
R1313 = Ri515 = R2525 = R3535 =0,

Ri414 — Ri1515 = Roa24 — Rosp5 = R3434 — R3s35 = a4 — as.
Then we find from (3.40) that R1414 = R2424 = R3434. This implies that
(3.41) Bl 4(ba — b3) = By 4 (b2 — by) ,
3122,4 n 3223,4 _ 3223,4 .
(b1 —b2)(br —bs) (b3 —D2)(b3 —ba) (b2 — b3)(ba — bs)
As Bi13,4B23.4 # 0, we can cancel By 4, B23 4 from (3.41) and (3.42) to obtain
0 = (b3 — ba)(by — ba) + (by + bz — 2b4) (b — bs)
(3.43) = b1by + babs + b3by — 2b4(by + by + b3) + 3b;
= (1/2)(by + by + b3)* — (1/2)(b} + b3 + b3) + Tb] = —2/5 + 10b3,
where we have used (3.3) and b4 = bs. This gives
(3.44) b3 =1/25.
From (2.17) and (3.40), we get
(3.45) Rys25 = bobs +ax +as =0,

(3.42)
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(3.46) R3535 = b3bs + a3z +as =0,

23122,4
"~ (ba—Db1)(bs— b))

(3.47) R1212 = Ri212 — Ri313 = b1(b2 — b3) + az — a3
The algebraic summation (3.45)—(3.46)—(3.47) gives

1
(3.48) By q =5 (b1 = ba)*(by = b3)(b = ba) .

Similarly, using (2.17), (3.40) and (3.45) through (3.47), we have
Ri212 — R2323 — Ris515 + R3s535 = (b2 — ba) (b1 — b3)
(3.49) 2B}, 2B3; 4
T (ba—b)(ba—ba)  (bs—ba)(bs—b3)
Putting (3.41) and (3.48) into (3.49), we obtain

(b1 — ba)* (b — b3)?
(b — b1)(bs — b3)

s

(b2 — b4) (b1 — b3) = (b1 — ba) (b2 — b3) +
which can be written as

(by — ba)(b1 — b3)[(b2 — b1)(ba — b3) — (b1 — bg)(by — b3)] = 0.
Thus we have
(3.50) (b1 — ba)(by — b3) — (by — b1)(bs — b3) = 0.

By solving the system of equations (3.50), (3.3) and (3.44), that is,
1
by +by+b3=—2by, bl=—,
1+b2+0b3 4 4= 25
4
2 2 2 2
(b1 — ba)(ba — b3) — (by — b1)(bs — b3) =0,

we find that (b1, b2, b3, bs) can only have the following six possibilities:

1 4 1 1 4 1 1 1 1 1 4 1
57 575°5)° 555 5)° 55 5°5)°

1 4 1 1 1 1 4 1 4 1 1 1
5’57 57 5)° 57 557 5)7\5 5 5 5)°
This contradicts the assumption that by, by, b3, b4 are distinct. Thus II-2 does not occur.

II-3: Bi4B35 #0and B3 = Bio5s = Ba3 4 = Bi34 = B135 =0.
In this case, by (3.4) and (3.5), we have w13 = w15 = w34 = 0. Then, by (3.12), we have

—R343403 N w4 = dw3g — Z w3k N\ W4
k

2 2 3
= —w3 A w24 — w35 A wsqg = T35 A (Iw1) — Thswr A wsq.
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Comparing both sides of the above equation, we obtain

B3 5B12,4 _
(by — b3)(by — bs)
which is a contradiction. Therefore II-3 does not occur.

[-4: Bi24B234B135 #0and B3 = Bias = B3 s = Biza = 0.

In this case, as in Lemma 3.3, we find that (3.27) holds for some functions A and . Now,
similar argument as in the proof of Lemma 3.3 will give a contradiction. Therefore II-4 does
not occur.

II-5: Bi12,4B234B13,4 #0and Bi123 = Bios = B35 = B35 =0.

Now, we have wjp = F412w4, w13 = F413a)4, w3y = 1"432a)4, w5 = wrs = w35 = 0.
Then we have the following:

2 02
F53F14_

’

—Rppwr Awy =dor; — Zwlk A Wk2
k
_ dBipgs
by — by
1 rd 4 1 4 4
+ F42(F12601 + F32(l)3) AN wy + F42(F13U)] + F23CO2) N w3

1 1 4 4
Comparing the coefficients of w1 A w3 and wy A w3, respectively, on both sides of the
above equation, we obtain

1 4 1 4 1 4 1 4 1 4 1 -4
Iplsy — Il — Iy, =0, Tl — D Dy + 15,175, =0,
or equivalently, by (3.5) and B12,4B23,4B13,4 # 0,

(3.51) ! - ! - ! =0,
(b1 —b2)(bs — b1) (b1 — b2)(bg — b3) (b1 — bs)(bs — b3)
1 1 1
(3.52)

(b1 — bbb 1 —b)bs —by) | r—bpyba—bp)

Then (3.51) and (3.52) give the contradiction 3/(b1 — ba)(bs — by) = 0. Thus case II-5
does not occur.

We have completed the proof of Proposition 3.1.

PROPOSITION 3.2. [In both Cases 1-1 and 1-4, the tensor A + bsB has exactly two
distinct constant eigenvalues

PROOF. We will deal the following two cases separately.
CaseI-1: Biy3#0and Bio4 = Bio5 = Ba3 4 = B2z 5 = Bi34 = B35 =0.
From (2.17) and Lemma 3.2, we have

(3.53) Ri515 = Ris1a = b1bs+a1 +as =0,
(3.54) R2525 = Roaog = bobs+ar+as =0,

(3.55) R3535 = R3434 = b3bs +a3 +as =0, as=as,
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2B?
(3.56) Riz12 = 12.3 =biby+a1+a,
(b3 — b1)(b3 — b2)
2
(3.57) Ri313 = 2Bins =bibs+a;+a3,
(by — b1) (b2 — b3)
23122,3
(3.58) Ro3o3 = =bybs+ar+a;z.

(b1 — b2) (b1 — b3)
From these we get
2B}, 5(b1 + by — 2b3)
(b1 — b2) (b2 — b3) (b1 — b3)

(3.59) Ri414+ R2323— Roaoa— R1313 = (b1—b2)(bs—b3) =

2
4B12,3

(3.60) Ri212 4+ R1313 — R2323 = b1by + b1b3 — bobs + 2a; = ,
(b3 — b1)(b1 — b2)

and thus By 3 is constant. Moreover, (3.59) and (3.60) give

(b1 —b2)(ba —b3)(b3 —bg) 1
= —(baby — b1by — b1b
ai b1+ by — 2bs +2(23 1by — b1b3),

which implies that a; is constant. It follows from (3.53) through (3.57) that the set {a;}2<i<5
consists of constants. Now, from (3.53) through (3.55), we see that

(3.61)

(3.62) ay + baby = ay + baby = a3 + byby = —ay .
On the other hand, we claim that
(3.63) a4 + baby = as + bsbs = constant # —ay .

Indeed, if as+bsbs = as+bsbs = —ay, then A+b4B has only one constant eigenvalue. Then,
according to [13], M is locally M6bius equivalent to an Euclidean isoparametric hypersurface
in $°. This is impossible for y = 4, cf. [7].

We have proved the assertion in the case I-1.

CaseI-4:  B123B12,4B23,4B134 # 0and Bio5 = B3 s = Bz 5 = 0.

In this case, w15 = wys = w35 = 0. By (2.17), Lemma 3.2 and Lemma 3.3, we have

(3.64) Ri515 = bsb1 + a1 +as =0,
(3.65) Rys05 = bsby +ax +as =0,
(3.66) R3535 = bsbz + a3z +as =0,

2B? 2B?

12,3 12,4
(3.67) Ri212 = : + : =biby+a+az,
(b3 —b1)(b3 —b2)  (ba — b1)(bs — b2)

2B? 2B?

(3.68) Riz13 = 12,3 1.4 =bibs+a;+a3,

b — b (b —b3) (s —b1)(bs —b3)
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2 2
(3.69) Ry33 = 2Bias + 25354 = bybz +az + as,
(b1 — b2)(by —b3) (b4 — b2)(bs — b3)
2B2 2B?
12,4 13,4
(3.70) Rig14 = : + : =bibs+ai+as,
(by —b1)(ba —by) (b3 — Db1) (b3 — by)
2B? 2B?
12,4 23,4
(3.71) Roapq = ; + : = bybs + az + ay,
(b1 — b2)(by —bs) (b3 — b2)(b3 — by)
2B? 2B?
(3.72) R3g34 = 24 EA =b3bs+az+as.

_I_
(by — b3)(by — bs) (b1 — b3)(D1 — bs)
From (2.20) and (3.64) through (3.66), we see that

0=dwis — Zwlk Awgs = —wia A was = — (D + Thws) A was,
k

0=dwys — ZCUZk A Wgs = —w4 A\ w45 = —(F124w1 + F324w3) A w45,
k

0=dwss — ka Awgs = —wsg A aas = —(To1 + Doywn) A was

k
which imply w45 = 0. Then we have

(3.73) R4s4s = bsbs +as +as =0.

We observe from (3.67) through (3.72) that

0= Ri212 + Ri313 + R2323 + Ri414 + Roa24 + R3434
= b1by + byb3 + b1b3 + b1bs + bybs + b3bs + 3(ay + az + a3z + as)
(3.74) 1 2 2 2 2 2
= z[(bl + by + b3 + ba)” — (b7 + b5 + b5 + by)]
—3bs(b1 + by + bz + bs) — 12as.

Here in the last step we use aj + a» + a3 + a4 = —bs5(b1 + by + b3 + bs) — 4as, which is
derived from (3.64) through (3.66) and (3.73).

From (3.3) and (3.74), we get as = b§/3 — 1/30 = constant. It follows from (3.64)
through (3.66) and (3.73) that each element of {a,-}?=1 is constant. Moreover, we see that

(3.75) ai + bsby = a» + bsby = a3 + bsby = a4 + bsby = —as5 = constant.
On the other hand, we claim that
(3.76) as + bsbs = constant # —as .
Indeed, if a5 + bsbs = —as, then A + b4B has only one constant eigenvalue. Then, according

to [13] again, M is locally Mobius equivalent to an Euclidean isoparametric hypersurface in
§% and this is impossible for y = 4.

Now (3.75) and (3.76) say that A + b4B has exactly two distinct constant eigenvalues.
This gives the conclusion in Case I-4, and we have completed the proof of Proposition 3.2.
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Finally, combining Proposition 3.1, Proposition 3.2 and Theorem 2.4, we obtain the
following

THEOREM 3.1. Letx : M> — S° be a Mobius isoparametric hypersurface with four
distinct Mobius principal curvatures. Then there exists a constant X such that the linear com-
bination A + AB of the Blaschke tensor A and the Mdbius second fundamental form B has
exactly two distinct constant eigenvalues. Moreover, locally x can only be Mobius equivalent
10 one of the following families of hypersurfaces in S°:

(®1) Hypersurfaces defined by

(3.77) F=(X,%): M =N x HP(—r %) — §°

with X1 = y1/y0, X2 = y2/y0, yo € R*, y1 € RP*2, y, e RSP, 2 < p <4, r > 0. Here
y1 : NP — SPYL(r) < RP*2 is an immersed umbilic free hypersurface with constant mean
curvature Hy and constant scalar curvature Ry in the (p + 1)-dimensional sphere of radius r
such that

5 S5p(p—1) —4r?
(3.78) Ho=-23. R = p(”—z)r 42022
p 5r
and (yo, y2) : H>"P(—r=%) < L°7P is the standard embedding of the hyperbolic space of
sectional curvature —r~2 into the (6 — p)-dimensional Lorentz space with —yg + y% = —r2.
(®2) Hypersurfaces defined by
(3.79) =, %)M =N x $7P@Fr) > §°

with ¥1 = y1/y0, X2 =y2/y0, yo € RT, y1 € RPT, y, e R, 2 < p <4, r > 0. Here
(yo, y1) : NP — HPH(—r_Z) s LPT2 ywith yo > 0 and —yg + yl2 = —r2, is an immersed
umbilic free hypersurface into the (p+1)-dimensional hyperbolic space of sectional curvature
—r~2 with constant mean curvature Hy and constant scalar curvature Ry such that

5 S5p(p—1) +4r?
(3.80) Hi=—25, Ry=-P@ DT 500

p 5r2
and yy : S37P(r) < ROP is the standard embedding of (5 — p)-dimensional sphere of
radius r.

To settle the problem which hypersurfaces in (91) and () are Mobius isoparametric,
we need to calculate their Mobius invariants. This will be done in Section 5.

4. Mbobius isoparametric hypersurfaces with y = 5. In this section, we assume that
x : M — S§%is a Mdbius isoparametric hypersurfaces with y = 5. As stated in Introduction,
any Mobius isoparametric hypersurfaces with y = 5, if it exists, can not be compact.

We choose {E;} such that (3.1) through (3.5) hold. Since by, by, b3, b4 and b5 are mu-
tually distinct, we see from (3.5) that B;; ; = B;;; = 0 hold for all 7, j, and therefore we
have

Ifi=-ri=0, i,j=12234.5.
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LEMMA 4.1. Leti, j, k,l,s denote the five elements of {1, 2, 3, 4, 5} with order ar-
bitrarily given. Then we have

2B? 2B? 2B?
4.1) Rijij = Lk + ol + i .
(bx —bi)(by —bj) (b —b;)(bi —bj) ~ (by — bi)(bs — bj)
PROOF. This is similar to the proof of Lemma 3.2. O

For y =5, from [8] we know that M has non-parallel Mobius second fundamental form.
Without loss of generality, hereafter we assume that B 3 # 0 in this section.

LEMMA 4.2. Bi34Bi125 = B13,4B13,5 = B23 4B235 = 0.

PROOF. Suppose on the contrary that B12 3B12.4B12,5 # 0. Then, similar to the proof
of Lemma 3.3, we see that A + AB 4+ ng = 0 holds for some smooth function A and u.
Then, according to the result of Li and Wang [13], we know that M is Md&bius equivalent to
an Euclidean isoparametric hypersurfaces in $® with five distinct principal curvatures. This
is impossible because the number of distinct principal curvature of any Euclidean isopara-
metric hypersurfaces of the sphere can only be one of {1, 2, 3, 4, 6}. Therefore, we have
B12.4B12,5 = 0. Analogously, we obtain B3 4B13,5 = B234B235 = 0. O

LEMMA 4.3. There are no Mobius isoparametric hypersurfaces M> in S® with five
distinct principal curvatures, which satisfy B1o3 # 0, Bio4 = Bi2s = Bi13.4 = Bizs =
B34 = B35 =0.

PROOF. We first show that, under the assumption, at most one of {B14.5, B24 5, B34,5}
is zero. Indeed, if Bo4 5 = B34 5 = 0, then using Lemma 4.1 and (2.17), we have

Rosos = bobs+ar+as =0, Rysps =bybs+ax+as =0,
R3434 = b3bs +a3z +as =0, Rizszs =bzbs+az+as=0.
It follows that 0 = Ro404 — Ro505+ R3535 — R3434 = (bo — b3)(ba — bs). This contradicts
toy =5.
We now assume Bi4 5B24 5 # 0. From this and B 3 # 0, a method similar to the proof
of Lemma 3.3 implies the existence of A and p such that

ay +Aby =ay +Aby = aq + Abg = as + Abs, a4+ uby = ax + uby = az + ubs.

This implies that A = p and all eigenvalues of A + AB are the same. Now the same argument
as in the proof of Lemma 4.2 gives the assertion. O

By Lemma 4.3, in the remainder of this section we can assume B2 3B12 4 # 0.

LEMMA 4.4. If Bi23Bi124 # 0, then Bios = B35 = B35 = Bias = Bus =
B35 =0.

PROOF. If otherwise, as in the proof of Lemma 3.3 and Lemma 4.3, we easily find that
A+ AB+ g = 0 holds for some smooth functions A and . From this we get a contradiction.
See the proof of Lemma 4.2. a
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LEMMA 4.5. If B123B124 # 0, then ay, a2, az, as, as are all constant, and the
tensor A + bsB has exactly two distinct constant eigenvalues.

PROOF. From Lemma4.1 and Lemma4.4, we have Ri515 = R2525 = R3535 = R4545 =
0. This implies that

4.2) a1 + bsby = ax + bsby = a3 + bsbz = a4 + bsbs = —as .

Now, by the same argument as in the proof of Proposition 3.2 for Case I-4, we conclude
that as and then a;, a», a3, a4 are all constant.

By virtue of the fact that there are no Euclidean isoparametric hypersurfaces in §¢ with
five distinct principal curvatures, we can complete the remaining proof just copying word by
word from the proof of Proposition 3.2, Case I-4. ]

Combining the above Lemmas and Theorem 2.4, we obtain

THEOREM 4.1. Letx : M> — 8% be a Mobius isoparametric hypersurface with five
distinct Mobius principal curvatures. Then there exists a constant A such that the linear com-
bination A + AB of the Blaschke tensor A and the Mobius second fundamental form B has
exactly two distinct constant eigenvalues. Moreover, locally x is Mobius equivalent to one of
the two families of hypersurfaces (91) and (D2) as stated in Theorem 3.1.

5. Mobius invariants of hypersurfaces in (9;) and (©;). The hypersurfaces in
(®1) and (D7), as defined in Theorem 3.1, might be not M&bius isoparametric. In this sec-
tion, using direct calculations, we will determine all those in (®1) and (D) that are Mdbius
isoparametric. In [10], a similar work has been done for the special case that H; = 0.

EXAMPLE 5.1 (cf. [23]). Calculation for hypersurfaces in (D).
For x = (X1, X2) as defined in (3.77), we have

By dyo 1
(5.1 dx = ——y2 (y1,y2) + —(dy1.dy2),
Yo Yo

and then its Euclidean induced metric is given by
Fogs g~ =2 2 2 NI
(5.2) [ =ds-di = yy>(—dyj + dy} +dy3) i35

Let & be the unit normal vector field of y; : NP — S$P*'(+) < RP*?. Then & =
(€1,0) € R is a unit normal vector field of X. Consequently, by (5.1), the (Euclidean) second
fundamental form & of ¥ is related to the (Euclidean) second fundamental form /* of y; by

(5.3) h=—ds -di = —y; ' (d1 - dyr) = y '™

Let {E,-}lg,-f,, and {Ei}p+15i§5 be the local orthonormal basis on (N”,dylz) and
H~5_”(—r_2), respectively, such that ﬁl*j = ii*(E,-, Ej) = n;8;j for 1 < i,j < p. Then
{E;}1<i<5 form a local orthonormal basis on M 5 with respect to the metric (—dy(% + dyf +
dy%)“;[s = ygl-
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Denote ¢; = yOEi, 1 <i < 5. Then {¢;}1<i<5 is a local orthonormal basis on M3 with
respect to the metric /. Thus we have

5.4 {ﬁu = h(&;,é;)=y}h(E;, Ej)=yoh*(E;, Ej)=yoﬁ}'}=yo77i5;j, 1<i,j=<p,

ij=0, i>por j>p.

From (5.4) and the fact that y; is of constant mean curvature H; = —51/p, we see that the
mean curvature of X is H = —Ayg. Therefore, by definition, the M&bius factor p of X is
determined by

5 p
5 ~ - 5
(5.5) p2=Z(Zh?j—5H2)=Zy§<2n?—5k2>=y§-
i,j=1 i=1

Here in the last equality, we make use of the fact Zf/.zl(ﬁ;ﬂjﬂ — Zf’zl 77,~2 = 5)2 +4/5,
which is implied by (3.78) and the Gauss equation of y;. Hence, the M&bius position vector
of Xis ¥ = p(1, %) = (yo, y1, y2) € L® and the Mobius metric of X is

(5.6) §=(dY.dY) = (=dy} +dy{ +dy})|;zs = o1 .

Therefore, {E,-}l <i<s5 1s in fact a local orthonormal basis with respect to the Mobius
metric g. Furthermore, the Mobius second fundamental form of x is

5 p 5
(5.7) B=p5"" )" (hij— Hoipanar; = Y mdf + Y A7,

i j=1 i=1 i=1
where {®; }1<;<s is the dual basis of {Ei}15i§5 on M?. Note that (5.7) is equivalent to
(5.8) Bijj=mi+M8j, 1<i,j<p; Bj=»A§j, i>porj>p.

Since (5.6) shows that (M 3, g) is the Riemannian direct product

(M, §) = (NP, dy}) x H 7P (=r7%),

using the Gauss equation, we can write down the Ricci tensor of g with respect to {Ei}lfiss
as follows

- -1 . .

Rij = <pr2 _5)”7[_771'77/')51'/, it1<i,j<p,
5.9 . 4 —

Rj= — zp(gl.j, if p+1<i,j<5,

- r

Rij= 0, for all other cases .

This implies that the normalized scalar curvature R of § satisfies

. —D—-G5-p@- 4
(5.10) 2OR:P(p ) — (5 — p)( p)+20)tz__.
r2 5
Thus we have
1 . 2p—5 5)?
5.11 —((1+25R) = -
(5.11) 10( +25R) 5t
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From (2.18), (2.19) and (5.8) through (5.11), the Blaschke tensor A= Z?,j:l A~,~j5)l-&)j
of X can be easily calculated as follows:

Aij = (L—A—Z—A~>8-- if 1<i,j<

ij 372 ) ni ) %ij » =LJ=Pp,
(5.12) - 1 a2 . .

Ajj = —<m+7>3zj, if p+1<i,j<5,

Ajj= 0, for all other cases .

From (5.8) and (5.12), we see that A4+AB has two constant eigenvalues, namely A2 /2+1/ )
and A?/2 — 1/(2r?) with multiplicities p and 5 — p, respectively.

For the Mbius form @ = Y"7_, C;@; of %, from (2.11), (5.4) and that H = —Ayo, f =
Yo, we see that

5
Ci=-p" [&'(ﬁ) + Z(ﬁi/’ — Hé;j)é;(log ,5)]
=1
(5.13) o / . '
-y, niei(logyo) =0, if 1<i<p,

—p2ei(H) — Héj(log p)1 =0, if p+1<i<5.
Therefore, we have @ =0.

As a summary of the above calculation, we can now prove the following

THEOREM 5.1. A hypersurface ¥ : M> — S in (1) is a Mobius isoparametric
hypersurface with four or five distinct principal curvatures if and only if one of the following
occurs:

(1) p=3andy : N> — S*(r) is a non-minimal isoparametric hypersurface with
three distinct principal curvatures.

(2) p=4dandy : N* > S>(r) is an Euclidean isoparametric hypersurface with four
distinct principal curvatures

PROOF. From (5.8) and (5.13) we see that X in (D) is Mobius isoparametric if and
only if {n;}1<i<p consists of constants. If this is the case, then y; : NV — SPTL(r) is an
Euclidean isoparametric hypersurface. Moreover, (5.8) shows that ¥ : M> — S can have at
most p + 1 distinct Mobius principal curvatures. As p < 4, we see that p must be 3 or 4.

If p = 3, we see that it must be the case that y = 4. Furthermore, we have n11n2n3 # 0
and none of {ny, n2, n3} is zero. According to Cartan [3], isoparametric hypersurfaces in
S* (r) with three non-zero distinct principal curvatures do exist. Moreover, this is equivalent
to the fact that the hypersurface is non-minimal. This shows that Case (1) occurs. According
to (3.62), (3.63), (3.75), (4.2) and (5.8), we see that this corresponds to Case I-1.

If p = 4, from (5.8) we see that y can be either 4 or 5. If y = 4, then {0, n1, n2, 13, 14}
consists of four distinct constants. Since an Euclidean isoparametric hypersurface y; : N* —
S° (r) can not have three distinct principal curvatures, we see that 11, 172, 13, 174 are mutually
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distinct and one of them is zero. According to Cartan [3], this does not occur. If y = 5,
then 0, 11, n2, N3, N4 are mutually distinct, and therefore y; : N4 —> §° (r) is an Euclidean
isoparametric hypersurface with four distinct principal curvatures. According to Cartan [3],
this does occur and we obtain (2). As a matter of fact, it corresponds to that implied by Lemma
4.5. a

EXAMPLE 5.2 (cf.[23]). Calculation for hypersurfaces in (©>).
For x = (X1, X2) as defined in (3.79), we have

- dyo 1
(5.14) d5 = =, y2) + —(dy1, dy2)
Yo Yo
and then its Euclidean induced metric is given by
(5.15) [ =dx-di =yy 2 (—dy} +dy} +dyd)lys -

Let (£o, £1) be the unit normal vector field of ¥ := (yo, y1) : NP — HPT!(—r~2) —
LP*2 where & € RT, £ € RP*!. Then we can verify that £ = (&, 0) — £&X € R is a unit
normal vector field of x, and the Euclidean second fundamental form 4 of X is given by

h = —d& - di = &dx - d% — (d&,0) - d¥ = —y; ' (—d&odyo + d& - dy1) + &l
=~y Hd(&o, &1), d(yo, y1)) + &l = yy 'h* + &l ,

where i* denotes the Euclidean second fundamental form of y:NP - H P+ (—r=2). Note
that in the third equality, we have used d§; - y1 = yod&p, which is implied by

(5.17) —&oyo +&1-y1 = —éodyo + &1 -dy1 =0.

Let {Ei}liisp and {Ei}p+1§i§5 be the local orthonormal basis on (Np,d§2)
and S°P(r), respectively, such that ﬁ;.kj = h*(E;, Ej) = n;6;j for 1 < i,j < p. Then

(5.16)

{Ei}lfi <5 form a local orthonormal basis on M?® with respect to the metric (—d yg +d yl2 +
dy)|gs =yl )

Denote ¢; = yoE;, 1 <i <5. Then {¢;}1<i<5 is a local orthonormal basis on M? with
respect to the metric /. Thus we have

(elve]) _y()h(ElvE ) = (Yomi +§0)51]1 it 1<i,j<p,

(5.18) .
zj—h(euej)—yh(EuE)—§05U, ifi>porj>p.

From (3.80) and (5.18), we see that the mean curvature of x : M5 — S%is

5 p
;ﬁ-»—%g §0= —h0 + 0.

Therefore, by definition, the Mdbius factor p of X is determined by

2—5H2) —yO<an 5A2> y2.
1

(5.19) H=

th»—

5
5.20 2=
(5.20) 1Y 4(”
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Here in the last equality, we use the Gauss equation of y to obtain

p
p(p b
Zn?=Z(h = +p*H{ — R
j= i,j=1
- —1
= PPl 52y P2 D Lt g2
r2 r2 5
4
=517+ <.
"3

Hence, the Mobius position vector of X is Y = 5(1,%) = (yo. y1, y2) € L3 and the Mébius
metric of X is

(5.21) §=1(dY,dY) = (—dyg +dy} +dy}) |ys = Y31 .

Therefore, {E i}1<i<s is in fact a local orthonormal basis of the Mobius metric g. Furthermore,
the Mobius second fundamental form of X is
5

P S .
(5.22) B=/5""Y (hij— Hoj)adoj =y mids} + Y _ Ao}

ij=1
Here {®; }1<i<5 is the dual basis of {Ei}15i55 on M°>. (5.22) is equivalent to
(5.23) B,'j=(77i+)\)8,'j 1<i,j<p; B,-jz)\&-j i>por j>p.

Since (5.21) shows that (M?, g) is the Riemannian product (M3, g) = (NP, dy ) X
$3~P(r), by making use of the Gauss equation, the Ricci tensor of § with respect to { E; h<i<s
can be written as follows:

D _1 . ..
Rij=<—pr2 —SAni—ninj>5ij, if 1<i,j<p,
5.24 . 4_
(5.24) 7 p

5= if p+1<i,j<5,

ﬁi i =0, for all other cases .

This implies that the normalized scalar curvature R of § satisfies
G-—p@-p=—pp-1 52
8r2 2
From (2.18), (2.19) and (5.23) through (5.25), the Blaschke tensor A= Z?,j:l A,'j Wi j
of x can be easily calculated as follows:

1 ~
(5.25) E(l 4+ 25R) =

1 A2 . .
Ajj=— 22_|_ +Ani )&y, if1<i,j<p,
5.26 - S : i
2 Aif:(m—i)fsfj, if p1<ij<5,

Ai/ =0, for all other cases.
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From (5.23) and (5.26), we see that A 4+ AB has two constant eigenvalues, namely A2)2 —
1/(2r?) and A%/2 + 1/(2r?) with multiplicities p and 5 — p, respectively.

For the Mdbius form @ = Y>_, C;@; of %, (2.11) and (5.18) through (5.20) imply the
following:
If 1 <i < p, then from the definition ¢;{(&y, &1)} = —niei{(yo, y1)} we see that

5
(527) Ci= —ﬁ—z[él-(HHZ(Eij — H&;j)é;(log ﬁ)] =y *[éi Go) +miéi (y0)] =0.
j=1

If p+1<i<5,thenase;(yg) = e;i(&) = 0, we see that

Ci = —yg & (—Ayo + &) + &0 (log yo) — (—Ayo + £0)&i (log y0)]

(5.28) .
— 5 2%i(60) = 0.

Therefore, we have @ =0.
Now we can prove the following

THEOREM 5.2. There are no Mobius isoparametric hypersurfaces with four or five
distinct principal curvatures in (97).

PROOF. From (5.23), (5.27) and (5.28), we see that X in (®;) is Mobius isopara-
metric if and only if {n;}1<i<p consists of constants. If this is the case, then (yo, y1) :
NP — H erl(—r_2) is an Euclidean isoparametric hypersurface. Moreover, (5.23) shows
that ¥ : M> — S° can have at most p + 1 distinct M&bius principal curvatures. Since
2 < p < 4, to guarantee ¥ : M°> — s6 possesses at least four distinct Mobius principal cur-
vatures, p must be 3 or 4 and (yo, y1) : N/ — HPH! (—r~2) must have at least three distinct
principal curvatures. This is impossible, because, according to Cartan [2], an isoparametric
hypersurface in H"*! can have at most two distinct principal curvatures, namely, it must be
either totally umbilic or else an open subset of a standard product SEx H'™ F 1 <k<n—1.
This completes the proof of Theorem 5.2.

6. Completion of the proof of the Classification Theorem. Letx : M5 — S®bea
Mobius isoparametric hypersurface with y denoting the number of distinct Mobius principal
curvatures. Then we have exactly four cases: y = 2, 3, 4, 5. If y = 2, Theorem 2.2 shows
that the hypersurface must be locally Mobius equivalent to one of the hypersurfaces (1), (2)
and (3), as stated in the Classification Theorem. If y = 3, Theorem 2.3 shows that the hyper-
surface must be locally Mobius equivalent to one of the hypersurfaces (4) and (5), as stated in
the Classification Theorem. For the remaining cases y = 4 and y = 5, we can apply Theorem
3.1, Theorem 4.1, Theorem 5.1 and Theorem 5.2 to conclude that the hypersurface must be
locally Mobius equivalent to either the hypersurface (6) or (7), as stated in the Classification
Theorem.

We have completed the proof of the Classification Theorem.
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FINAL REMARKS. As a counterpart of the Cecil-Ryan conjecture for Dupin hyper-
surfaces which states that a compact embedded Dupin hypersurface in a space form is Lie
equivalent to an isoparametric hypersurface, C. P. Wang, in a private communication, made a
similar conjecture. Namely, every compact embedded Mobius isoparametric hypersurface in
S"+1 is Mabius equivalent to an isoparametric hypersurface. It is worthwhile to note that all
the accomplished classification of Mdbius isoparametric hypersurfaces strengthen this con-
jecture.
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