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THE CUT LOCUS OF A TWO-SPHERE OF REVOLUTION
AND TOPONOGOV’S COMPARISON THEOREM
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Abstract. We determine the structure of the cut locus of a class of two-spheres of
revolution, which includes all ellipsoids of revolution. Furthermore, we show that a subclass
of this class gives a new model surface for Toponogov’s comparison theorem.

1. Introduction. Lety : [0, #] — M be a minimal geodesic segment on a complete
Riemannian manifold M. The endpoint y (7o) of the geodesic segment is called a cut point of
p := y(0) along y if any extended geodesic segment ¥ : [0, 1;] — M of y, where t; > 1o, is
not a minimizing arc joining p to y (t;) anymore. The cut locus C), of the point p is defined
by the set of the cut points along all geodesic segments emanating from p. It is known that the
cut locus of a point p on a complete 2-dimensional Riemannian manifold is a local tree (see
[7] or [15]), i.e., forany ¢ € C), and any neighborhood U around g in M, there exists an open
neighborhood V' C U around g such that any two cut points in V can be joined by a unique
rectifiable Jordan arc in V N C,,. Here a Jordan arc is an arc homeomorphic to the interval
[0, 1]. Furthermore the cut locus of a point on a compact and simply connected 2-dimensional
Riemannian manifold is arcwise connected and a tree, i.e., a local tree without a circle (see
Theorems 4.2.1 and 4.3.1 in [16]).

A compact Riemannian manifold (M, g) homeomorphic to a 2-sphere is called a 2-
sphere of revolution if M admits a point p such that for any two points g1, g2 on M with
d(p,q1) = d(p, q2), where d(, ) denotes the Riemannian distance function, there exists an
isometry f on M satisfying f(q1) = g2, and f(p) = p. The point p is called a pole of
M. Let (r, 9) denote geodesic polar coordinates around a pole p of (M, g). The Riemannian
metric g can be expressed as g = dr? +m(r)?d6? on M \ {p, q}, where ¢ denotes the unique

cut point of p and
0 0
e / (7). ().)

It will be proved in Lemma 2.1 that each pole of a 2-sphere of revolution M has a unique cut
point. A pole and its unique cut point are called a pair of poles. Any geodesic emanating from
a pole is a periodic geodesic through its cut point. Each periodic geodesic through a pair of
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poles is called a meridian. In this paper we prove the following structure theorem of the cut
locus of a 2-sphere of revolution.

MAIN THEOREM.  Let (M, dr* 4+ m(r)?d6?) be a 2-sphere of revolution with a pair
of poles p, q satisfying the following two properties.

(1.1) (M, dr?* 4+ m(@r)%do?) is symmetric with respect to the reflection fixing r = a,
where 2a denotes the distance between p and q.

(1.2) The Gaussian curvature G of M is monotone along a meridian from the point p
to the pointonr = a.

Then the cut locus of a point x € M \ {p,q} with 0(x) = 0 is a single point or a
subarc of the opposite half meridian 6 = m (resp. the parallel r = 2a — r(x)) when G is
monotone non-increasing (resp. non-decreasing) along a meridian from p to the point on
r = a. Furthermore, if the cut locus of a point x € M \ {p, q} is a single point, then the
Gaussian curvature is constant.

An ellipsoid of revolution defined by
2 2 2
X y Z
ﬁ'ﬁ‘ﬁ‘i‘c—z:l, b, ¢>0,
is a typical example satisfying (1.1) and (1.2) in the Main Theorem. As a corollary to the
Main Theorem we have,

(1.3)

COROLLARY. The cut locus of a point (xo, 0, zg) with xo > 0 on the ellipsoid defined
by (1.3) is a subarc of {(—bsin0,0,ccos0) ; 0 < 6 < mw} (resp. the parallel z = —zp) if
c>Db(resp.c <b).

Recently we learned that Itoh and Kiyohara ([8]) determined the cut loci and conjugate
loci of all triaxial ellipsoids with unequal axes. Thus the corollary above is also a corollary to
their result. Here we want to emphasize that a 2-sphere of revolution satisfying (1.1) and (1.2)
does not always have positive Gaussian curvature. For example, the surface of revolution (see
Figure 1) generated by the (x, z)-plane curve (m(z), 0, z(t)), where

1
m(t) == \1/—0§<9 sin ?t + 7 sin ?t) . z(t) = /0 V1—m'(t)dt,
satisfies (1.1) and (1.2). Moreover the Gaussian curvature is —1 on the equator r = 337 /2.

The example constructed by Gluck and Singer (see [4]) shows that one cannot impose
any strong restriction on the structure of the cut locus of a point on a surface, even if the surface
is assumed to be a surface of revolution with positive Gaussian curvature. The conditions (1.1)
and (1.2) in the Main Theorem are thus reasonable and yet quite flexible in the sense that they
are satisfied for a larger family of 2-spheres of revolution. We note that the structure of the cut
locus of a very familiar surface of revolution such as a 2-sheeted hyperboloid, a paraboloid
and a standard torus in 3-dimensional Euclidean space has been determined (see [3], [5] and
[17]). The property (1.1) is equivalent to the property

(1.4) m(r) =mQ2a —r) forany r € (0,2a).
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FIGURE 1. A surface of revolution satisfying (1.1) and (1.2) viewed from three differ-
ent viewpoints. The two families of curves on the surface denote geodesic
circles and geodesics emanating from a point (on the upper right in the first
illustration), respectively.

Since the Gaussian curvature G of a 2-sphere of revolution (M, dr? +m(r)?d6?) with a pair
of poles p, g is equal to

m" (r(x))

m(r(x))
foreach x € M \ {p, q}, the property (1.2) is equivalent to the monotonicity of the function
m” (r)/m(r) on (0, al.

As is well-known, a complete and simply connected surface with constant Gaussian cur-
vature is used as a model surface in Toponogov’s comparison theorem (see [14] for example).
The comparison theorem was first generalized to model surfaces with non-constant Gauss-
ian curvature by Elerath ([3]). His model surface is a surface of revolution generated by a
function y = f(x), whose Gaussian curvature is monotone non-increasing along a meridian.
Furthermore he proves in the paper above that the cut locus of each point on such a surface
is empty or a subset of the meridian opposite to the point. After his work, some surfaces
of revolution have been introduced as model surfaces for the comparison theorem, e.g., an
Hadamard surface of revolution with finite total curvature (see [1, 2]), von Mangoldt surfaces
of revolution and compact von Mangoldt surfaces of revolution with a singular point (see [12,
11]). The comparison theorem for a compact von Mangoldt surface with a singular point is
applied in the proof of a sphere theorem by Kondo and Ohta ([13]). A new model surface,
which we will introduce in Section 6, is a 2-sphere of revolution whose cut locus is a subarc

(1.5) G(x) =
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of a meridian or a single point. For example, the ellipsoid defined by (1.3) with ¢ > b and the
surface in Figure 1 are model surfaces which are distinct from the model surfaces above.

We refer to [14] for basic tools in Riemannian geometry, and [16] or [18] for some
properties of geodesics on a surface of revolution.

The authors would like to thank Professor Innami for many useful discussions.

2. Preliminaries. Let (M, g) be a 2-sphere of revolution. As is defined in the intro-
duction, the manifold (M, ¢g) is homeomorphic to a 2-sphere and admits a point p such that
for any points g1, g2 € M with d(p, q1) = d(p, g2), where d(, ) denotes the Riemannian
distance function, there exists an isometry f satisfying f(p) = p, f(q1) = g2. The point p
is called a pole of M.

LEMMA 2.1. Each pole p of M has a unique cut point. Moreover, the unique cut point
of p is also a pole of M.

PROOF. Let g be a farthest point from a pole p. Suppose that there exists a cut point x
of p such thatd(p,x) <d(p,q).Lety :[0,lp] — M denote a unit speed minimal geodesic
segment joining p to g. Since there exists an isometry f on M such that f(p) = p, f(x) =
y (t9), where fy := d(p, x), the point y (#p) is a cut point of p. This is a contradiction. Thus
any cut point of p is a farthest point from p. Since M is simply connected, the cut locus
of p has an endpoint g (see Theorem 4.2.1 in [16]). Hence any cut point g1 of p is also an
endpoint, since there exists an isometry f such that f(g) = ¢1, f(p) = p. Suppose that p
has two cut points g and g». It follows from Theorems 4.2.1 and 4.2.3 in [16] that g1 and
g2 can be joined in the cut locus of p by a rectifiable Jordan arc c¢. This is a contradiction,
because each interior point on the curve c is not an endpoint of the cut locus of p. Thus the
point p has a unique cut point g. Let py, p> be any points on M with d(p1, q) = d(p2, q).
Since ¢ is the unique cut point of p, it is clear that d(p, p1) = d(p, p2). Hence there exists
an isometry f such that f(p1) = f(p2), f(p) = p. Furthermore, since g is the unique cut
point of p, f(gq) = g. This implies that the unique cut point of the pole p is also a pole of
M. m|

Let (r, 0) denote geodesic polar coordinates around a pole p of (M, g). The Riemannian
metric g is expressed as g = dr? + m(r)>d6% on M \ {p, q}, where g denotes the unique cut

point of p and
o d d
oo =o((55), - (57).)

From now on we fix a pair of poles p, g and geodesic polar coordinates (r, 6) around p.
Notice that both functions m(r) and m(2a — r) are extensible to a C® odd function around
r = 0, where 2a := d(p,q), and m'(0) = 1 = —m/(2a). By Lemma 2.1, any geodesic
emanating from p (resp. g) passes through g (resp. p). It is easily checked that any unit
speed geodesic emanating from p = ©(0) is a periodic geodesic, i.e., u(t + 4a) = () for
any real 7. Each geodesic passing through p is called a meridian. Each curve r = ¢ € (0, 2a)
is called a parallel.
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For technical reasons, we introduce the Riemannian universal covering manifold M =
(0, 2a) x R, di* + m(7)2d6?) of (M \ {p, g}, dr* + m(r)2d6?). Let  (s) = (7 (s), 6(s)) be
a unit speed geodesic on M. There exists a constant v such that

(2.1) m(F(s))zé’(s) =m((s))cosn(s) =v

holds for any s, where 7 (s) denotes the angle Z()L/(s), (3/85);(5)) made by f?(s) :=dy;(9/0s)
and (9/ 85));@). This relation is a well-known formula, which is called the Clairaut relation.
The constant v is called the Clairaut constant of y. Since y is unit speed, we have by (2.1),

Vm(F(s))? — v?
m@F@s)

In particular, 7' (s) = 0 if and only if m(7(s)) = |v|. It follows from (2.1) and (2.2) that for a
unit speed geodesic y (s) = (7(s), 6(s)), s <s < so, with the Clairaut constant v,

2.2) F(s) =+

7(s2)

~ ~ v
2.3 0 -0 =e(i’ d
2.3) (s2) = 0(s1) = &(r'(s)) /F(m o)/ o2 x

holds if 7/(s) # 0 on (s1, s2), where &(7'(s)) denotes the sign of 7/(s), and moreover the
length L(y) of y|[s,.s,] €quals

(2.4) LG) = e (5)) / e me
’ Fisp)  /m(x)? — 2
if 7/(s) # 0 on (s, s2). Since
m _ m? — 2 N V2

mZ —v2 m m/m2 — 2’

we have
. . F(s2) m(x)2 — 2 _ ~
(2.5) L(y) =¢(r (S))/ ——————dx +v(0(s2) — 0(s1))
F(s1) m(x)

if 7(s) # 0 on (s1, s2). Notice that the equations (2.1), (2.2) and (2.4) also hold for a unit
speed geodesic on (M, dr® + m(r)2d02).

Hereafter (M, dr*+m(r)2d6?) denotes a 2-sphere of revolution satisfying the two prop-
erties (1.1) and (1.2) stated in the introduction.

LEMMA 2.2. [f the derivative function m’ of m is zero at some ¢ € (0, a), then there
exists c¢1 € (c, a) such that G o u(c1) = 0 and G o pu is monotone non-increasing on [0, a].
Here v : [0,4a] — M denotes a unit speed meridian emanating from p = 1 (0) and G
denotes the Gaussian curvature of M.

PROOF. Since m’(c¢) = m’(a) = 0 by the assumption and (1.4), it follows from the
mean value theorem that there exists a number ¢; € (c, a) with m”(c;) = 0. On the other
hand, by (1.5), we have

2.6) m"(t) + G(u@)m) = 0.
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Thus G o u(cy) = 0. Since m’(0) = 1 > m’(c) = 0, m” must be negative at some ¢; € (0, ¢).
Hence, by (2.6), G o u(c2) > 0 = G o u(cy). Since G o u is monotone on [0, a] and
¢ < ¢ < ¢y, it is monotone non-increasing on [0, a]. O

LEMMA 2.3. The Gaussian curvature G is negative on r = a if and only if m'(r) is
negative for some r € (0, a). Furthermore, if m'(ro) < 0 for some ry € (0, a), then there
exist two numbers by < by in (0, a) such that m" > 0 on [0,b1) U (a,2a — b)), m’ = 0
on [by,b2] U [2a — by,2a — b1l and m" < 0 on (by,a) U (2a — by, 2a). In particular,
m(by) = m(by) is the maximum of m[0, a] which is greater than m(a), and the function G o u
is monotone non-increasing on [0, a].

PROOF. Suppose that G is negative on r = a. By (2.6), m”(a) > 0. Since m’(a) = 0,
it is trivial that m’(r) is negative for any r € (0, a) sufficiently close to a. Suppose that
m’(rg) < 0 for some ry € (0, a). Since m’(0) = 1 and m'(rg) < 0, there exists ¢ € (0, o)
such that m’(¢) = 0. Thus by Lemma 2.2, G o u is monotone non-increasing on [0, a] and
zero at some ¢; € (c,a). By supposing that G is non-negative on r = a, we will get a
contradiction. Since G o p is monotone non-increasing, G o u is non-negative on [0, a]. It
follows from (2.6) that m’ is monotone non-increasing on [0, a].

Thus m'(r) > m’(a) = 0 for any r € [0, a]. This contradicts the existence of the number
ro. Hence G is negative on r = a. Since the proof of the first claim is complete, we will prove
the latter claim. Let 71 € (0, a) denote the minimal number r € (0, a) such that Gou < 0 on
(r,a].Since Gou > 0on[0,71]and G o u < 0 on (r1, a], it follows from (2.6) that m” < 0
on [0, r1] and m” > 0 on (r1, a]. Thus for any r € (ry, a)

m'(r) <m'(r) <m'(a) =0.

Therefore the function m|g 4] attains a maximum at r = b € (0, r1), which is greater than
m(a). Let by, by denote the minimum and maximum of m ! (m (b)), respectively. Choose any
ry € (0, a) with m’(r;) = 0. Since m” < 0on [0, r], forany r, s withO < r <rp <s < ry,
m'(r) > m'(r;) = 0 > m/(s). This means that m(r,) is the maximum of m[0, a]. Thus
b1 < ry < by. Now it is clear that the numbers b1 and b, have the required property in our
lemma. O

LEMMA 2.4. Ifm’ is non-negative on [0, a], then m’ is positive on (0, b3), where b
denotes the minimum ofm*1 (m(a)). Furthermore, m attains the maximum m(a) of m[0, 2a]
at each point of [b3, 2a — b3].

PROOF. Suppose that m’(c) = 0 for some ¢ € (0, b3). By Lemma 2.2 and Lemma 2.3,
G o 1 is non-negative on [0, a]. Thus, by (2.6), m’ is monotone non-increasing on [0, a].
Since m’(c) = m’(a) = 0, m’ = 0 on [c, a]. In particular, m(c) = m(a). This contradicts the
assumption of b3. The latter claim is clear from (1.4). O

By Lemmas 2.3 and 2.4, m’ > 0 on [0, b3), where b3 denotes the minimum of
m~(m(a)). Thus the inverse function &(v) on (0, m(a)) can be defined by

EW) == (mljo.py) (V).
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Let p, denote the point 7! (1) N 6-1(0), where u € (0, 2a). For each v € (0, m(u)] let B,
and 7, denote the geodesics with Clairaut constant v emanating from p, = £, (0) =
7, (0) such that

Fo B0 =0, Fopn™)(O =<0.

For simplicity, put ¢, (s) := )71)(“)(s). If v € (0, m(a)), then ¢, is tangent to the arc 7 = &£(v)
at a point ¢, (¢1(v)), and ¢, intersects the arc ¥ = a again at ¢, (fo(v)), where

to(v) :=min{ ¢t > 0; (¢, (1)) = a}.
By (2.3), we get
2.7) 0, (to(v))) — 6(E,(0)) = 2(0(C,(11(1))) — (@, (0))) = p(v),
where ¢ : (0, m(a)) — R is the function defined by

(2.8)

a v
o) = 2/ dt.
£w) m(t)y/m(1)? —v?

LEMMA 2.5. Ifv € (0,m(a)), thenanyt € R,
T, (@0(0) = &(t + 10(v)
holds, where T, is an isometry on M defined by
T,(7,0) = 2a —F,0 + ¢p(v)).

PROOF. It is clear from (1.4) that T, is an isometry. Hence B(t) := T, (1)) is a
geodesic on M with Clairaut constant v. By (2.1) and (2.2), we have /3 0) = dT,(¢,(0)) =
¢y (to(v)) and B(0) = ¢, (fo(v)). By uniqueness, we have B(r) = ¢, (t + tp(v)). O

The next lemma is a direct consequence of Lemma 7.3.2 in [16] (or Lemma 1.3 in [17]),
(2.1) and the first variational formula.

LEMMA 2.6. Let q1, q2 be two points on M satisfying r(q1) = r(q2) € (0,2a). If
0 < 0(q1) < 0(q2) < m, then d(x,q1) < d(x,q2) for any point x € M \ {p,q} with
0(x) = 0. Moreover, for any two points q1, q2 in D,,, v € (0, m(a)), satisfying 7 (q1) = 7(g2)
and 0 < é(ql) < é(qz), dy(¢,(0), q1) < dy(¢,(0), g2) holds. Here D, denotes the domain
bounded by the two geodesic segments 71 (a)N 6110, 6, (to(v)))] and ¢,[0, to(v)], and d,,
denotes the Riemannian distance function on the closure of (D,, di* + m(#)2d6?).

Since both geodesics £,® and 7,® depend smoothly on v € (0, m(u)), we get Jacobi
fields X, Y, defined by
- 0 .
(2.9) Xo(0) = — B @), Y@= =G0,
av av

It is clear that X, (0) = 0 = Y,,(0). Both Jacobi fields above can be explicitly expressed in
terms of the function m (see [16] or [18]). By Corollary 7.2.1 in [16] we have

LEMMA 2.7. Lety :[0,s] — M be a geodesic segment such that (7 o y)'(t) # 0 on
[0, 5). Then y|[o.5) has no conjugate point of y(0).
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Let y : R — M be a unit speed geodesic emanating from p, with Clairaut constant
v € (0, m(u)). It follows from (2.2) that the geodesic y lies in the strip {(7, 0): E1(v) <F <
& (v)}, where (£1(v), & (v)) denotes the maximal open interval containing # such thatm > v
on (£1(v), &(v)). Furthermore, it follows from (1.4), Lemmas 2.3 and 2.4 that & (v) = &(v)
and & (v) = 2a — () if v < m(a). f m'(§1(v)) # 0 and m’(§2(v)) # 0, then y is tangent
to both parallel arcs 7 = £1(v) and 7 = &(v) infinitely many times and interchangeably,
i.e., y is tangent to ¥ = &1 (v) (resp. ¥ = &(v)), right after it is tangent to 7 = & (v) (resp.
F =& (). If m'(&(v)) = 0 for some i, then y is asymptotic to the parallel arc 7 = &;(v) as
t goes to infinity.

LEMMA 2.8. If a unit speed geodesic y : R — M is tangent to two distinct arcs
7F =& andr = &, then a pair of points on y that is tangent to v = & or ¥ = & is mutually
conjugate along y.

PROOF. Foreacht € R, let f; : M — M denote the isometry defined by
ff(;vé) = (;1§+T)
The vector field X () defined by

il
X() = | fey(®)
0

is a Jacobi field along y (). For each t the geodesic f; (y(¢)) is tangent to both ¥ = &; and
F=&.Thus Y(t) := X(t) — g(X (), y(t))y (t), where g denotes the Riemannian metric on
M, is a Jacobi field that vanishes at each point on y which is tangent to 7 = & or 7 = &.
The Jacobi field Y is non-zero and vanishes at each point on y tangentto 7 = & or ¥ = &.
Therefore the proof is complete. a

LEMMA 2.9. Ifu € (0,2a) and v € (0,m(a)) N (0, m(u)), then there exists a first
conjugate point 7," (tc(u, v)) of 7, (0) along 7, and
0™ (1, 1)) = Y F " (te(u, v))), u, v)
holds, where

a r 2a—u
(ru, v) = p(v) — / £t vdi + / £t v)dt = () — / £ vyt

u a

v
J= m(t)y/m(t)? — 2

Furthermore, 7 (7, ™ (t-(u, v))) equals the unique solution r of

%(r, u,v) =0.
ov
PROOF. Since v > 0 is less than m(a) and (7 o 7,®)'(0) < 0, 7@ is tangent to
7 = &(v) ata point 7, (so) first, and then it is tangent to 7 = 2a — £(v) at a point 7, (s).
The numbers so < s; are solutions 7 of (7 o 7,)/() = 0 and s is the unique solution 7 of
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(Fop, ™) (r) = 0on (0, s1). It follows from (1.17) in [18] (or (7.2.21) in [16]) that the Jacobi
field Y, defined by (2.9) is equal to

T VmFE0)F =2 \OF ) g wqy - \06 /5,00

on (so, s1). Here 7(1) := (7, (1)). Since ¥ (r, u, v) = o(v) — [ f(t,v)dt + [} f(t,v)dt,

we have . .

ad a a

v =¢'(v) — / —f(t, v)dt +/ —f(t, v)dt .

av w OV a 0V
Hence lim, )+ 9%/dv = —oo and lim,_, 5,_¢(,),- 9%¥/dv = +00. From the continuity
of dyr/dv it follows that there exists a solution » = h(u, v) of (ay/dv)(r,u,v) = 0. The

3
uniqueness of the solution is clear, since 8%y /9rdv = m(r)//m(r)2 —v2 > 0. By (1.4)
and Lemma 2.7, it is trivial that

W (te(u, v)) := (F,0) " (hu, v), ¥ (h(u, v), u, v))

is the first conjugate point of 7, (0) along 7,™ and ¥ (r, u, v) = @(v) — frzafuf(t, v)dt.
O

3. The case where the Gaussian curvature is monotone non-increasing. Through-
out this section, we assume that the Gaussian curvature G of M is monotone non-increasing
on a meridian from the pole p to the point on » = a, which is called the equator.

LEMMA 3.1. The cut locus Cp, of a point po onr = a is a subset of the opposite half
meridian to po. Thus ¢(v) > 7 for any v € (0, m(a)).

PROOF. Without loss of generality, we may assume 6(po) = 0. First, we will prove
that the cut locus of py is a subset of the union of the opposite half meridian 6 = 7 to pp and
the equator. We will then get a contradiction by assuming the existence of a cut point of pg
which does not lie on the union of r = a and 6 = .

Since M is a 2-sphere of revolution satisfying (1.2), we may assume that there exists a
cut point go of po in r~1(0, a) N#~1(0, ). The cut point g is not a unique cut point of po,
for example the point p; onr = a with 8(py) = 7 is a cut point of pg. Let ¢ : [0, §] — C),
be a unit speed rectifiable Jordan arc joining go = c(0) and p; = c(§). It follows from
Corollary 4.2.1 in [16] or Lemmas 2, 3 and 4 in [9] that the set of all normal cut points in
¢[0, 8] forms an open and dense subset in the cut locus C,,. Here a cut point g of py is
said to be normal if g is not conjugate to po along any minimal geodesic segment joining g
and po and there exist exactly two minimal unit speed geodesic segments « and § joining
po = «(0) = B(0) and ¢. Since go € 071 (0, 1) Nr=1(0, a), we may choose a positive §g < §
such that [0, o] C 6710, 7) N r~1(0, @) and ¢(8p) is a normal cut point of pg. Thus we
get the 2-disc domain D(«, ) bounded by « and B in 0=, 7) N r~1(0, a). Notice that
neither o nor B intersects r = a except at pg = «(0) = B(0) by the property (1.2). Since
there exists an endpoint of Cp, in D(e, ), we may assume that go is an endpoint of Cp,.
Thus g is a conjugate point of po along any minimizing geodesic segment joining po and qo.
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Since d(p, c(t)) is a Lipschitz function, it follows from Theorem 7.29 in [20] that the function
d(po, c(t)) is differentiable for almost all ¢ and

8o d
(3.1 d(po, ¢(80)) — d(po. 90) :/o Ed(l’o,c(l))dl

holds. For each normal cut point c¢(¢), ¢ € [0, o] on the curve, there exists a pair of two min-
imal unit speed geodesic segments «; and f; joining po to c(¢). The angle Z(c&;(d(po, c(1))),
B:(d(po, c(1)))) is less than 7, since (9 o ;) (s) and (6 o B;)'(s) are always positive by
(2.1). Furthermore, it follows from the first variational formula that the curve ¢ bisects the
angle Z(d;(d(po, c(1))),B:(d(po, c(1)))) at c(r) for each normal cut point c(¢) and hence
(d/dt)d(po, c(t)) is positive for any normal cut points c(z). Therefore by (3.1), we get
d(po, c(80)) > d(po,qo), i.e., y is shorter than S. Here y : [0, d(po, q0)] — M denotes
a minimal geodesic segment joining pg to go. Since the geodesic segment y lies in D(«, B),
without loss of generality, we may assume that

(3.2) L(B(0), (0/0r) ) < L(y(0), (3/9r) ) < L(a(0), (3/0r) ) -
From the first variational formula, we have
(rop)(0)> (roy)(0) > (roa)(0).

Thus the number sg := sup{s € (0,d(po, qo0)]1; r(x(t)) < r(y()) < r(B()) foranyt €
(0, s]} is positive. By supposing so < d(po, qo0), we will get a contradiction. Since (r o y)(¢),
(r o) (t) and (r o B)(t) are continuous,

(3.3) r(y(s0)) =r(B(s0)) or r(y(so)) =r(also))
holds. Hence, by Lemma 2.6, we have
(3.4 0(y (s0)) = 0(B(s0)) or 6(y(s0)) = 6(a(s0)),

since d(po, y (s0)) = d(po, B(s0)) = d(po, a(s0)) = so. By (3.3) and (3.4), we get y (so) =
B(so) ory (so) = a(so), which is impossible. Therefore so = d(po, o), i.e.,

(3.5) ra(s)) < r(y(s)) =r(B(s))

for any s € [0, d(po, qo)]. Since the Gaussian curvature iS monotone non-increasing along
the meridian through pg from the pole p to py, by (3.5), we get

(3.6) Ga(s)) = G(y(s)) = G(B(s))

for any s € [0, d(po, go0)]. Thus, by the Rauch comparison theorem, there exists a conju-
gate point «(tr), tr € [0, d(po, qo0)], of po along «. This contradicts the minimality of «.
Therefore we have proved that the cut locus of pg is a subset of the union of » = a and
0=m.

We have to prove that Cp,, is a subset of & = 7. Suppose there exists a cut point g1 of pg
onr = a with 8(q1) # m. We may assume that g € 610, ) Nr~'(a) and g is the nearest
cut point of pg from py, since M is a 2-sphere of revolution. Let y; : [0, d(po, g1)] = M be
the unit speed subarc of r = a joining pg to g1. Since r = a is a geodesic and g is the nearest
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cut point of pg from pog, y1 is a minimal geodesic segment. Let ¢; : [0, d(q1, pr)] — M be
a unit speed rectifiable curve in Cp, joining g1 to p;. Since Cp, is a subset of the union of
6 = m and r = a, the curve c; is a subarc of r = a, and hence a geodesic segment. Let
a1 : [0,d(po, px)] = M be a unit speed minimal geodesic segment joining pg to p,. By
applying the same argument as above for y1, c; and o1, we get a contradiction. Therefore
the cut locus of pg is a subset of the opposite half meridian to pg. If ¢(v9) < 7 for some
vy € (0, m(a)), then the geodesic ¢, meets 7 = a at a point p in 6~1(0, 7). This means there
exists a cut point of pg in ot O,m)N rl (0, a], which is a contradiction. O

Let D,, v € (0,m(a)), denote the domain bounded by the two geodesic segments
)N g1 [0, ¢, (tp(v))] and ¢, [0, to(v)], and d, the Riemannian distance function on the
closure (D, di? +m(7)2d6?) of (D, di? +m(7)2d6?). It is clear that any minimizing arc in
D, with respect to d, is a geodesic segment on (M, di? + m(F)2d9~2). Lety : [0, o] — D,
denote a minimal geodesic segment with respect to d,,. The endpoint y () is called a cut point
of y(0) if any extended geodesic segment of y lying in D, is not minimizing with respect to
d, anymore. In the same way as in the proof of Lemma 3.1, we get the following two lemmas.

LEMMA 3.2. Foreachv € (0,m(a)), D, has no cut point of ¢,,(0) with respect to d,.
Furthermore, if there is no conjugate point of ¢, (0) on ¢,[0, t] along ¢, for some t < ty(v),
then ¢,[0, t] is a unique minimal geodesic segment in D, joining ¢, (0) to ¢,(t).

LEMMA 3.3. For each point x on =10, a) N 071(0) there does not exist a cut point
of x inr~10,a]l N 670, 7).

LEMMA 3.4. The function ¢ is monotone non-decreasing on (0, m(a)). Furthermore,
if ¢’ (vo) = 0 for some vy € (0,m(a)), then Gou = G o u(a) > 0 on [£(v), a] and
¢ = p(m(a)) = lim,_, ;- ¢(v) on [vo,m(a)]. Recall that jv is a meridian defined in
Lemma 2.2.

PROOF. It follows from Lemma 2.9 that for each v € (0, m(a)), there exists a first
conjugate point ¢, (t.(a, v)) of ¢,(0) along ¢,. Since ¥ (r,a,v) = ¢(v) + farf(t, v)dt, we
have

1(v)
(3.10) o' (v) + fut,v)dt =0,
a
where [(v) := 7(éy(to(a, v))) and f,(t, v) = m(t)(m(t)*> — v*)~3/2. First we will prove that
[(v) < a forany v € (0, m(a)). Then the first claim of Lemma 3.4 is clear from (3.10). By
supposing [(v3) > a for some v3 € (0, m(a)), we get a contradiction.

It follows from (2.1) and Lemma 3.2 that for each v € (v3, m(a)), the geodesic ¢, (0,1, (1))
lies in D, and cannot meet ¢, /(0,1 (v3))- Furthermore, by Lemma 3.2, any two geodesics ¢y, ,
Cvy, V3 < V| < Vp < m(a), cannot meet in the domain D,,. Hence ¢(vi) > ¢(v2). This
implies that ¢ is monotone non-increasing on [v3, m(a)). Since geodesic segments ¢y [0, 7(v)]
converge to the geodesic segment ¢y, (a)1[0,10(m(a))] @S V converges to m(a), where to(m(a)) :=
lim,,_, ()~ fo(v), the point ¢y, () (fo(m(a))) is a conjugate point of p, = Cp(e)(0) along
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Cm(a)- It follows from (2.5) that the length L(c,) of the geodesic segment Cy |0 ;on)]> V €

[v3, m(a)), is

a
L(¢y) =2/ dt +vp).
gy m(r)

Since

d . ,

——L(cy) =ve (v),

dv
the function L(¢,) is monotone non-increasing on [v3, m(a)). Thus, the geodesic segment
Em(a)|[0.10(m(a))] is not longer than &, |[0.1o(vy)]- Since the Gaussian curvature G of M attains a
minimum on 7 = a,

Gy (1) = G@m@(®) = G(pa)

on [0, fo(v3)]. It follows from the Rauch comparison theorem that there exists a conjugate
point ¢,,(#2), 2 < to(m(a)), of p, along ¢,,. This is a contradiction. Thus we have proved
that /(v) < a forany v € (0, m(a)).

Suppose that ¢’(vg) = 0 for some vy € (0, m(a)). Let v € [vg, m(a)) be any fixed
number. It follows from Lemma 3.2 that the geodesic ¢, cannot meet the geodesic segment
Cyo (0, to(vp)). Since ¢ is monotone non-decreasing, ¢, passes through ¢,,(#o(vo)). Hence,
for any v € [vg, m(a)), ¢, passes through the common point ¢,,(fo(vo)). The function ¢ is
constant on [vg, m(a)) and the point ¢y, (fo(vo)) is the first conjugate point of p, along both
geodesics 7 = a and ¢,,. Since

G (Pa) = GCnia)(1) < G(@ny (1))
forany ¢ € [0, fo(vp)], it follows from the Rauch comparison theorem that G (Cvy () = G (Pa)
forany t € [0, to(vp)]. Hence Gisa positive constant on [£(vp), a]. O

LEMMA 3.5. Foranyv € (0,m(a)) and anyu € (£(v),2a —&()),2a —u > h(u,v)
holds. Furthermore, if 2a — u = h(u, v), then ¢'(v) = 0 and ¥ (h(u, v),u,v) = ¢(v) > .
Recall that h(u, v) is defined in the proof of Lemma 2.9.

PrROOF. It follows from Lemma 2.9 that

2a—u
(3.11) @' (V) = / fo(t, v)dt .

h(u,v)
Hence, by Lemma 3.4, we get 2a — u > h(u, v). From Lemmas 2.9 and 3.1, and (3.11), it
follows that ¢'(v) = 0 and
Y(h(u,v),u,v) =¢W) =7
if 2a — u = h(u, v). O
LEMMA 3.6. Ifu € (0, a) satisfies m(u) > m(a), then for any v € (0, m(u)] and any
b > 0 with 7, (b) € 6710, ), 7, l[0.6] has no conjugate points of 7™ (0) along 7,™.

PROOF. Let u € (0,a) be any number satisfying m(u) > m(a). By (2.1), fm(,t)(“)
does not meet ¥ = a. Thus the geodesic fm(u)(“) meets 6 = 7 at a point fm(u)(“)(tn) in
771(0,a). Let D, denote the domain bounded by )10, tz1, 6~1(0) N 771(0, u) and
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6~ ()N, F()?m(u)(”)(tn))), which is a subset of 61 (0, 7) N771(0, a). It follows from
(2.1) and Lemma 3.3 that for any v € (0, m(«)) and any b > 0 with 7,®(b) € 610, n),
7 l(0,p) lies in the domain D, . Therefore by Lemma 3.3, 7, ® [10,5] has no conjugate points
of 7,%(0) along 7, for any v € (0, m(x)) and any b > 0 with 7, (b) € §-1(0, 7). From
Lemma 2.7 and Lemma 3.1, it is clear that ?m(u)(”) l10,5] has no conjugate points of ?m(u)(”) )
along fm(u)(“). O

LEMMA 3.7. Let vy € (0,m(a)) be fixed. If the function ¥ (h(u, vo), u, vo) attains a
local minimum at u = ug € (£(vp), a), then

(3.12) m(uo) = m(h(uo, vo))
holds.
PrROOF. By differentiating the equation (3.11) with respect to u, we have
oh )
(3.13) —(u, vo) =—M
du Jo(h(u, vo), vo)

for any u € (£(vp), a). By Lemma 2.9, we have

d oh
(3.14) n (Y (h(u, vo), u, vo)) = f(u,vo) + f(h(u,vo), vo)a—u(u, Vo)
for any u € (¢§(vo), a). By combining (3.13) and (3.14), we get

vg fu(u, vo)
m(u)2 m(h(u, vo))

Since the function v (h(u, vo), u, vo) attains a local minimum at u = ug € (£(vp), a),

d
(3.15) < (W, vo), u, vo) = 5 (m(u)* — m(h(u, v0))?).

d
Tu Y (h(u, vp), u,vp) =0.
u

u=ug

Hence, by (3.15), the equation (3.12) holds. |

LEMMA 3.8. Foranyu € (0,a),v € (0,m(u)], andb > O with fv(“)(b) S 5’1(0, ),
7" (0.5 has no conjugate points of 7, (0) along 7,™.

PROOF. By supposing that the conclusion is false, we will get a contradiction. Thus
there exist some u; € (0,a), vo € (0, m(u;)] and 7, > 0 with 7,,“"(t.) € §71(0, ) such
that py, 1) (z.) is conjugate to Yo 1) (0) along Yo 1) Since vg < m(u1) < m(a) by Lemma
3.6, it follows from Lemmas 2.3, 2.4 and 2.9 that £(vg) < u; < a and

O (o “V(te (U1, 10))) = Y (hur, vo), ur, vo) < 7 .

The existence of u; € [£(vp),a) implies that the function ¥ (h(u,vy),u,vy) =
é()?vo(“)(tc (u, vg))) attains a local minimum, which is less than 7, at u = ug € [E(vg), a].
Hence we have ug € (£(vp), a) by Lemmas 2.7, 2.8 and 3.1. From Lemmas 3.6 and 3.7, we
have

m(ug) = m(h(up, vo)) < m(a).
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Hence by Lemmas 2.3, 2.4 and 3.5, ug = h(ug, vo). This means that )71,0(”0) 110, . (0, v0)] 1i€8 In
710, a]1N 5_1[0, 7). Therefore by Lemma 3.3, p,, (o) 10,4 (ug,v0)] has no conjugate points of

Yo 0)(0). This is a contradiction. O

THEOREM 3.1. Let (M, dr? + m*(r)d6?%) be a 2-sphere of revolution with a pair of
poles p, q satisfying the following two properties.

(3.16) (M, dr? + m*(r)d6?) is symmetric with respect to r = a, where 2a denotes the
distance between p and q.

(3.17)  The Gaussian curvature G of M is monotone non-increasing along a meridian
from the point p to the pointonr = a.

Then, for any x € M\{p, q}, the cut locus of x is a single point or a subarc of the
opposite half meridian. Furthermore, if the cut locus of a point x € M \ {p, q} is a single
point, then the Gaussian curvature is constant.

PROOF. Suppose that for some point xg € M\{p, g} there exists a cut point yg of xg
which does not lie in the opposite half meridian to xo. We may assume that the geodesic polar
coordinates (r, 8) around p are chosen in such a way that 6 (xg) = 0 < 0(yg) < 7.

Furthermore, from Lemma 3.1 and (3.16), we may assume r(xo) € (0,a). Let o :
[0, d(x0, yo)] — M be a unit speed minimal geodesic segment joining xo to yg. We may
assume that yg is conjugate to xo along «. Indeed, suppose that yg is not a conjugate point
of «(0) along . Then there exists a minimal geodesic f joining x¢ to yo, which is distinct
from «. Since the cut locus has an endpoint zo in the domain bounded by « and B, zg is
a conjugate point of x( along any minimal geodesic segment joining xo to zo. Hence we
may assume that y is conjugate to xo along «. Since 0 = 6(x9) < 6(yo), the Clairaut con-
stant vy of « is positive by (2.1). Thus & = IT o 74, “|(0.a¢xg.y0)1 OF 1T © Bu, “110.d(x0.y0)15
where u := r(xo) and IT : M — M \ {p, g} denotes the covering projection. Suppose that
r(y0) < a. It follows form Lemma 3.8 that & = ITo By, “|[0.4(xy.y,)] and @ meets r = a twice.
Hence by Lemma 3.1, 8(yo) > ¢(v1) > m, which is a contradiction. Therefore, r(yg) > a.
By (3.16), we may assume that « = [T o J7V1(u)|10,d(xo,yo)l- This implies that there exists a
conjugate point 7, ™ (d(xo, yo)) € 671(0, ) of 7, (0) € 671(0) along 7, ™. This con-
tradicts Lemma 3.8. Thus we have proved the first claim of Theorem 3.1. Suppose that the
cut locus of a point x € M \ {p, q} is a single point. We may assume that 6(x) = 0 and
r(x) € (0, a]. It is clear that the single cut point of x is (7, 0)~'(2a —u, ), where u := r(x).
Thus for each v € (0, m(u)), 7" passes through the common point (7, N 2a — u, n).
This means that ¢ (v) = & for each v € (0, m(«)). By Lemma 3.4, the Gaussian curvature is
constant. ]

4. The case where the Gaussian curvature is monotone non-decreasing. Through-
out this section, we assume that the Gaussian curvature G of M is monotone non-decreasing
on a meridian from the pole p to the point on the equator. From Lemmas 2.2 and 2.3, m" > 0
on (0, a). By the same argument as the proof of Lemma 3.1, we may prove the following
lemma.
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LEMMA 4.1. The cut locus Cp, of a point po on the equator is a subset of the equator.
Therefore ¢ (v) < m for any v € (0, m(a)).

LEMMA 4.2. The function ¢ is monotone non-increasing on (0, m(a)) and ¢(0) =
lim,_, g+ ¢(v) = m. Moreover, if ¢(vo) = m for some vy € (0,m(a)), then ¢ = 7 on
(0, m(a)) and the Gaussian curvature is a positive constant.

PROOF. It is trivial from geometrical observation that lim,,_, ¢+ ¢ (v) = m. Choose any
numbers v; < vy from the interval (0, m(a)). Since arccos(vy/m(a)) < arccos(vi/m(a)), it
follows from (2.1) and Lemma 4.1 that the geodesic segment ¢y, [[0,7,(v;)] does not enter the
domain D,, bounded by ¢,, [0, #o(v2)] and the geodesic segment FYa)né-1|o, Cu, (to(V2))].
Thus, by (2.7), ¢(v1) > ¢(v2). Furthermore suppose that ¢ (v1) = ¢(v2). This means that the
two geodesics ¢y, and ¢,, meet at go := ¢y, (fo(v1)). From Lemma 4.1, for each v € [vy, 2],
the geodesic ¢, passes through the point go. Thus gg is a conjugate point of ¢, (0) along ¢,
for each v € [v1, v2]. By repeating the proof of the equation (3.5), we get the inequality
7(Cy, (1)) <T(C1,y(t)) < aforanyt e (0, to(v1)). Thus

GGy, (1) < GG, (1))

forany ¢ € [0, 79(v1)], where G denotes the Gaussian curvature of M. Since qo is a conjugate
point of ¢ Cuy (0) along ¢, for each v € [vy, 1], it follows from the Rauch comparison theo-
rem that G(c,,l 1) = G(ch (t)) holds for any t € [0, fo(v1)]. Thus from the monotonicity
of G, G is constant on 7~ (1,), for each ¢ € (0, to(v1)), where I; denotes the closed inter-
val I; = [F(Cy, (1)), F(Co, (1))]. If we fix t, € (0, o(v1)), then for any ¢ sufficiently close
to t,, I; N I, is non-empty. Therefore G is constant on F_I[S(vl), a]. Notice that &(vy)
equals min{7(cy,(t)); t € [0, t(v1)]} by (2.2). This means that the function ¢ is constant
on [vy, m(a)]. Suppose that ¢(vo) = 7w = lim,_, g+ ¢(v) for some vy € (0, m(a)). From the
monotonicity of ¢, ¢(v) = ¢(vy) = 7 for any v € (0, vp]. By the argument above, ¢ is
constant on (0, m(a)). o

LEMMA 4.3. For each u € (0,2a) and v € (0,m(u)), the geodesic segments
Bo 1010001 and 7" 0.10(v)) bound a 2-disk domain D(u,v). Furthermore, if ¢(v) >
@(m(u)), then

By ™ (0, to(m )1 U {2a — u} x [p(m(u)), p(v)) C D(u, v),

where p(m(a)) := lim,_, ;,,o)- ¢(v) and to(m(a)) := lim,_, ;,4)- to(v).

PROOF. Letv € (0, m(u)) and u € (0, 2a) be fixed. Since M is symmetric with respect
to 7 = a, we may assume that u € (0, a]. Furthermore, we may assume u € (0, a), because
the conclusion of Lemma 4.3 is clear if u = a. Let S : M — M denote an isometry defined by
S(F,0) = (7,0 — 0(¢,(11))), where 7, denotes a parameter value of ¢, such that7 o ¢, (f]) =
u, (Foé,) (t1) < 0. Since the geodesic 7 (1) := S(&,(t+1)) satisfies 7 (0) = 7, (0), y(0) =
7,(0), we have S(&,(t + 1)) = 7(t) = 7 ® (1) by uniqueness. Since T, 0 § = So T, it
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follows from Lemma 2.5 that T, (7, % (1)) = 7 ® (¢ + 1o(v)). Hence it is clear that

.1 Q2a —u, () = T, (7™ (0)) = 7 (t0(v)) .
Similarly, we get
4.2) Qa —u, ) = Ty(B,"(0) = B, “ (1o (v)) .

By (4.1) and (4.2), both geodesics 7® and ﬁv(”) meet at (2a — u, ¢(v)) again. Fix any
s € Fo™)N(u, 2a —u). Let B, (1,(s)) (resp. Bmw)™ (tmw)(s))) denote the intersection
of the geodesic segment By (”)|[0J0(v)] (resp. 5,,,(”)(”)“0’,0(,,1(”))]) and7 =7r(s) :=Fo fu(”)(s).
By (2.3),

4.3) 0B, " (1,(s)) = f(t, vydt
and
- . 7(s)
4.4 6 0 By ™ (tmuy () = f(t, mu))dt .

u

Since f(t,v) < f(t,m(u)), we get

4.5) 60 By (1,(5)) < 0 0 Bnguy™ (tm@uy(5)) -
By (1.4) and (2.3),
2a—u
4.6) §o 7 (s) = p(v) — / £ vydr.
F(s)

Since f(z,v) < f(t,m(u)) and ¢(v) > @(m(u)),
2a—u 2a—u
p(v) — f f,vyde > p(m(u)) — f S (&, m(u))dt

(s) F(s)
@7 o

= f@t,m))dt .
Hence, by (4.3), (4.5), (4.6) and (4.7),
(4.8) 60 B, (1,(5)) < 0 0 By ™ (tm@uy(5)) < 0 0 7, (s)

holds for any s € (¥ o p, @Y=Y(u, 2a — u). Therefore, the proof of Lemma 4.3 is complete. O

THEOREM 4.1. Let (M, dr? + m(r)2d6?) be a 2-sphere of revolution with a pair of
poles p, q satisfying the following two properties.

(4.9) (M, dr? + m(r)>d6?) is symmetric with respect to r = a, where 2a denotes the
distance between p and q.

(4.10) The Gaussian curvature of M is monotone non-decreasing along a meridian
from p to the pointonr = a.

Then for any x € M \ {p, q}, the cut locus of x is a point or a subarc of the parallel
r = 2a — r(x). Furthermore, if the cut locus of x € M \ {p, q} is a single point, then the
Gaussian curvature is constant.
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PROOF. Fix any pointx € M\ {p, g}. We may choose geodesic polar coordinates (r, 6)
around p satisfying 6(x) = 0. Putr(x) =: u € (0, 2a). If ¢(v) = 7 for some v € (0, m(a)),
then the conclusion of our theorem is trivial by Lemma 4.2. Thus we may assume that ¢ (v) <
7 for any v.

For each v € [—m(u), m(u)], let B, and y, denote the unit speed geodesic with
Clairaut constant v emanating from x = 8, (0) = 1, (0) such that (r o 8,*)'(0) > 0
and (r o ™) (0) < 0. It is trivial that IT o 8, = B,® and IT o 7,® = ,® for
each v € (0, m(u)], where IT : M —> M \ {p, g} denotes the covering projection. Since
o) < m for any v € (0, m(a)), the geodesic segments B,1[0, 1o(v)] and 710, 1o(v)]
lie in 671[0, =), where 6 := 6 o IT. Since IT : 6~ (—n, 7) — 0~ (—n, 7) maps homeo-
morphically, it follows from Lemma 4.3 that 8, [0, 1o(v)] and y, [0, #o(v)] bound a 2-disk
domain for each v € (0, m(u)). Fix any v; € (0, m(u)) with ¢(v1) € (p(@m(u)), ). Let
a : [0,11] — M denote a unit speed minimal geodesic segment joining x to y,, @ (19 (v1)).
Since #(x) = 0 and 0 < O(x(l1)) = @(v1), the Clairaut constant v, of « is positive and
o = ﬂ,,z(x)l[o,ll] or sz(x)l[o,ll]- Suppose that ¢(v2) < @(v1). Then af ;) meets the curve
0 = ¢(12) at the point a(to(v2)) = Bu, © (to(12)) = ey, P (t0(12)). Thus Iy > to(v2). If v2 =
m(u), then by Lemma 2.8, o(#9(v2)) is conjugate to x along o = ,Bm(u)()‘) = (xm(u)()‘). This
is impossible, since «|[o,;,] is minimal. Therefore v2 < m(u). Since both minimal geodesic
segments f3,, (X)||0,r0(uz)] and y,, (X)|[0J0(V2)] have the same length and meet at y,, ) (19(np)) =
,BV2(")(t0(v2)), o cannot be minimal. Thus ¢(v2) > ¢(v1). Suppose that p(v2) > @(vy).
Thus v» < v; by Lemma 4.2. By (2.1) and Lemma 4.3, « does not pass through
r71(2a —u)n 0’1[(p(m(u)),go(vz)). In particular, o does not pass through the point
r12a —u) N0~ e(1) = y, P(to(v1)) = a(ty). This is impossible. Hence ¢(v)) =
@(v2). Therefore for any v € (0, m(u)) with ¢(v) € (p(m(u)), ), both geodesic segments
Bo 110,101 and ¥»®10.10(v)) are minimal. This implies that any point of r~'(2a — u) N
0~ @(mu)), 2m — ¢(m(u))] is a cut point of x.

Since a limit geodesic segment of a sequence of minimal geodesic segments is
also minimal, both geodesic segments ﬁo(x)|[0,t0(o)] and Vo(x)l[o,to(())], where 1#(0) :=
lim,_, g+ fo(v) = a, are minimal. Now it is clear that the cut locus of x is 1 (2a — u) N
0~ He(mu)), 2w — ¢(m(u))], because any minimal geodesic segment emanating from x is
a subarc of ﬁu(x)l[o,;o(u)] or yv(x)l[o,,o(u)] for some v € [—m(u), m(u)]. In particular, the cut
locus of x is a subarc of the parallel r = 2a — r(x). The latter claim is clear from Lemma
4.2. a

5. Examples. Let#y be any value in (7/2, 37/4). It is clear that sinty > —cosfy >
0. Foreach § € (0, w — 1p), let G : [0, 00) — R be a C* monotone non-increasing function
such that Gs = 1 on [0, 9] and G = —1 on [fg + &, 00).

LEMMA 5.1. There exists 6o > 0 such that for any § € (0, &p)
ms > —mg >0

on [to, to + o], where ms denotes the solution of the differential equation
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5.1 mj§(t) + Gs(t)ms(t) =0
with initial condition ms(0) = 0, m§(0) = 1. In particular, ms > 0 on (0, to + 8o].

PROOF. Let (R?, ( , )) denote a 2-dimensional vector space R> with canonical inner
product (, ). Let F : R — R denote the function defined by

F(r) == J/(X(1), X (1)),

where X (t) := (mgs(t) — sint, mg(t) —cost). Since Gs = 1 on [0, #9], F(¢) = 0 on [0, to].
Since

X'(t) = (mjs(t) — cost, =G5(1)(ms(t) — sin1)) + (0, (1 — G5(1)) sin 1) ,
by (5.1), it follows from the triangle inequality that
(5.2) X'l < F() +2,

where | X' ()] := /(X' (1), X' (1)), | X ()| := /(X (), X(t)). Thus, by the Schwarz inequal-
ity, we get

(5.3) F'(n < |1X'O] < F(1) +2
for any ¢ with F(¢) # 0. Since

('F®) =e"Fl()—e'F),
we have, by (5.3),

t 13
(5.4) Fi=e / (e F(1))dt < 2¢ / e ldi = 2 _ 1)
h 1
for any ¢ > t1, where 1 (> #p) denotes the maximum of F' ~1(0).In particular,
(5.5) Ims(t) —sint| < F(t) <270 — 1)
and
(5.6) lmjs(1) — cost| < F(t) < 2(e!™0 — 1)

hold for any ¢ > 1. It is clear that

(5.7) sint — |ms(t) — sint| < ms(t)

and

(5.8) cost — |mj(t) — cost| < mj(t) < cost + |mj(t) — cost|.

By combining (5.5), (5.6), (5.7) and (5.8), we may get the conclusion of Lemma 5.1. O

LEMMA 5.2. If§ € (0, 80), then there exist constants a (> to + 8), and C > 0 such
that mg(t) = C cosh(t — a) on [ty + 6, 00).
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PROOF. Since m; is a solution of mf (1) —ms (1) = 0 on [t9p+38, 00), there exist constants
A, B such that ms(t) = Ae' + Be " on [tp + 8, 00). By Lemma 5.1, A and B are positive
constants and ms > 0 on (0, 00). Since mjs(f9+8) < 0and lim;_, oo m5(t) = +00, there exists
a constant a > 79 + & such that m;(a) = 0. Hence B = e?* A and ms (1) = 2Ae® cosh(t — a)
on [fg + &, 00). O

PROPOSITION 5.1. There exists a C*™ Riemannian metric g on a 2-sphere S* such
that (52, g) is a 2-sphere of revolution satisfying (1.1) and (1.2), whose Gaussian curvature
is —1 on the equator.

PROOF. Choose any § € (0, §p) and fix it. Let mg : [0, 2a] — R be the function defined
by mo(t) = ms(t) fort € [0, a] and mo(t) = ms(2a — t) fort € [a, 2a]. Here a denotes the
constant guaranteed in Lemma 5.2. By Lemmas 5.1 and 5.2, mq is C* on [0, 2a]. It is clear
that m satisfies (1.1). Let (52, go) denote a 2-sphere with radius 2a /7 and (rg, 6p) geodesic
polar coordinates around a point on (52, o). The new Riemannian metric drg + mo(ro)zdég
defines a C* metric on S2. It is clear from (1.5) and Lemma 5.2 that the Gaussian curvature
of (82, dr§ + mo(r9)*d63) is —1 on the equator. O

REMARK. By imitating the above, we can construct a 2-sphere of revolution whose
Gaussian curvature is —1 (resp. 1) at the poles (resp. on the equator).

6. Toponogov’s comparison theorem. Let M be a complete n-dimensional
Riemannian manifold with a base point p € M. The manifold M is said to have radial
sectional curvature at p bounded from below by a function K : [0,[] — R if for every unit
speed minimal geodesic y : [0, b] — M, with b <[, emanating from p = y(0), the sectional
curvature K s of M satisfies

Ky (o) = K(1)
forany ¢ € [0, b] and any 2-dimensional linear space o; spanned by y (¢) and a tangent vector
to M at y (¢). The following is the Toponogov comparison theorem for a 2-sphere of revolution
whose cut locus is a subarc of a meridian or a single point.

THEOREM 6.1. Let M be a complete Riemannian n-manifold with a base point p such
that the radial sectional curvature of M at p is bounded from below by G o 1 : [0, 2a] — R.
Here, G denotes the Gaussian curvature of a 2-sphere of revolution M, . a meridian OfM
and 2a the distance between its two poles. Suppose that the cut locus of any point on M
distinct from its two poles is a subarc of the half meridian opposite to the point. Then for
each geodesic triangle A(pxy) C M, there exists a geodesic triangle A(pXy) C M, where
p = n(0), such that

(6.1) d(p,x)=d(p,x), d(p,y)=d(p,y), dx,y)=d(x,y)
and such that
(6.2) L(pxy) = L(pxy), L(pyx) > L(pyX), L(xpy) > L(Xpy).

Here, L(pxy) denotes the angle at the vertex x of the geodesic triangle A(pxy).
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PROOF. Letx,y : [0, 1] = M be any two distinct minimal geodesics emanating from
the base point p. Put x := x(1) and y := y(1). We will prove the existence of a geodesic
triangle A(pxy) corresponding to the geodesic triangle A(pxy) satisfying (6.1) and (6.2).
We may assume that Z(xpy) < 7w, because the case where Z(xpy) = 7 is reduced to this
case by the limit argument. Let 7 be the set of all positive numbers ¢ such that, for any
u € (0,1), there exists a geodesic triangle A(px(u)y(u)) corresponding to A(px(u)y(u))
satisfying (6.1) and (6.2) with x = x(u) and y = y(u).

First we will prove that the set 7" is non-empty. From the Rauch comparison theorem, for
any sufficiently small positive ¢, there exists a geodesic triangle A(px(¢)y(t)) corresponding,
i.e., satisfying (6.1) with x = x(¢) and y = y(¢), to A(px(t)y(t)) such that Z(x(t) py(¢)) >
L(x(t)py(t)). On the other hand, it follows from Theorem 1.2 in [12] that there exists a
geodesic triangle A(px(r)y(z)) corresponding to A(px(t)y(t)) for any sufficiently small ¢
such that

L(px()y(@)) = L(px()Y(1)), L(py()x(1)) = L(pY(DX(1)).
Since the corresponding geodesic triangle to A(px(7)y(t)) exists uniquely, up to a rotation
about p for sufficiently small positive 7, we may assume that A(px(1)y (1)) = A(pX(H)(2)).
Hence T is non-empty. By assuming the supremum #( of the set 7" to be less than 1, we will
get a contradiction. Hence there exists a geodesic triangle A(px(f)y(tp)) corresponding to
A(px(to)y(to)) such that equality holds in one of the inequalities (6.2) for x = x(fp) and y =
v(to). From the corollary to GACT-I in [12], there exists a piece of totally geodesic surface
bounded by A(px(t)y(tp)) which is isometric to the interior of A(px(f9)y(f9)). Therefore,
by the Rauch comparison theorem, there exists a positive § such that for any ¢ € (7, 1o +
8) there exists a geodesic triangle A(px(t)y(t)) corresponding to A(px(t)y(t)) satisfying
(6.1) with x = x(t),y = y(t) and L(x()py()) > L(x(t)py(t)). Since m > L(xpy) =
L(x(to) py(tn)) = L(x(t0) py(tp)), we may assume that the edge %(#)y(¢) does not intersect
the cut locus of X(7) for any ¢ € (9, to+6). Fix any #1 € (¢, to+35). From the unique existence
of a geodesic triangle corresponding to A(px(#1)y(#1)) satisfying (6.1) with x = x(#1) and
y = y(t1), we get the geodesic triangle A(px(t1)y(t1)) satisfying (6.1) and (6.2) with x =
x(#1) and y = y(#1). This contradicts the definition of 7). Hence the supremum of the set T’
is 1. O

COROLLARY 6.1. The perimeter of any geodesic triangle on the manifold M is at
most 4a. Furthermore, if equality holds in any one of the inequalities (6.2), then there exists
a piece of totally geodesic surface bounded by A(pxy) which is isometric to the interior of

A(pxy).
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