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Introduction. After Griffiths [7] formulated a problem which is
nowadays called the infinitesimal Torelli problem, several authors tried
to solve it and obtained an affirmative answer in many cases. One of
the important works is due to Kii [10] which we state here only in the
form suitable for our purpose. (See [8, (4.6.1), p. 1569] and [10, Theorem
1, p. 54] for more general statement.)

(0.1) Kii’s THEOREM. Let X be an n-dimensional compact Kdahler
manifold. Assume that the canonical bundle Ky of X 1is written as
¥ = L®", where L is a line bundle on X and m is a positive integer.
If the base locus of |L| has codimension =2 and if dim H(QY*Q L) <
dim H(L) — 2, then the derivative

P,: H(Tx) —» Hom(H"(2%), H'(2%™) ,

of the period map 18 injective so that the infinitesimal Torellt theorem
holds.

An easy but important consequence of (0.1) is the infinitesimal Torelli
theorem for any non-singular complete intersection with ample canonical
bundle in a projective space, a result originally obtained by Usui [16]
and Peters [15] independently.

In this article we try to solve the problem for non-singular complete
intersections in a Kahler C-space (i.e., compact simply connected homo-
geneous Kahler manifold) whose second Betti number is one. Though our
result is far from being complete, it covers an important subclass of
Kahler C-spaces, namely, the class of irreducible Hermitian symmetric
spaces of compact type which contains, for instance, all Grassmannians.
Therefore, ours may be regarded as an extension of the case of projective
spaces.

Now we state our result. For more precise statements, see (3.8),
(8.10), (3.11) and (4.5).

(0.2) THEOREM. Let Y = G/U be a Kahler C-space with b(Y) =1,
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where G is a simply connected complex simple Lie group and U is a
parabolic subgroup of G. Let X be a non-singular complete intersection
in Y with the ample canonical bundle. If either dim X i3 sufficiently
big (cf. (3.8) for more precise statement) or one of the following conditions
18 satisfied, then the infinitesimal Torelli theorem holds for X:

(0.2.1) Y 4s an irreducible Hermitian symmetric space of compact
type.

0.2.2) LieG=C, E, E, or G,

0.2.3) dim X =2 and Y is not of type (E,, o)
(¢f. §1 for the notation (Ei, a,)).

The plan of this article is as follows: In §1, we recall known results
on Kahler C-spaces with b, = 1 and give Table 1. In §2, we reduce the
problem to the estimate of A°(2%(1)) by means of (0.1) (ef. Proposition
(2.4)), where (1) is the ample generator of Pie(Y). Though we have
the generalized Borel-Weil Theorem ([6] and [14]) for the cohomology
groups of homogeneous vector bundles, it works only for ones induced
by an irreducible representation of U. Since £2 is not induced even by
a completely reducible U-module in general, we cannot apply this theorem
directly. In §8, we define a filtration on 22 whose successive quotients
are induced by the completely reducible U-modules G*(A*n*). Then we
can compute A°(2%(1)) by using the induced spectral sequence. The dif-
ficulty is in determining the irreducible decomposition of G‘(A*n*). For
p =1, we list in Table 8 the lowest weights which are determined by
(8.9). On the other hand, we give two criteria, Lemmas (8.5) and (3.6),
on the vanishing of A°(22(1)). These, together with Tables 1 and 3, imply
most of (0.2). In §4, we restrict ourselves to special cases and give a
rough estimate for A°(2%(1)) by a rather concrete calculation.

Since the restriction on dim X in (0.2) is caused merely by our
technical weakness and should be removed, we hope that our result can
be extended to all Kahler C-spaces. Moreover, since (0.2) covers the case
of hypersurfaces, it would be interesting to investigate the generic Torelli
problem for them, which we discuss in a forthcoming paper [13].

1. Kahler C-spaces and the generalized Borel-Weil theorem. A
simply connected compact homogeneous Kahler manifold is called a Kahler
C-space. Let Y be a Kahler C-space with the second Betti number
b,(Y) =1. We first recall how Y can be constructed.

Let g be a complex simple Lie algebra. If § is a Cartan subalgebra
of g and

A= (a, -, a), l=rankg,
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is a base of the root system @ of g with respect to §), we denote by o*
(resp. @) the subset of all positive (resp. negative) roots. Then we have
a Cartan decomposition

g=b+ 3 g+ > 6.
acd aeot
Choose a simple root a,, 1 < r <1, and put

?e,) = {aed): a= Elniat, n, = 0} ,

i=1
4
o(mt) = {aed)‘“: a= iﬁ_]niat, n, > 0} ,
o) = O(a,) UP(m™) .
Using these, we define Lie subalgebras of g as follows:
g=b+ > g, nt= 3 g, u=h+ 8 -

ced(e,) acd(nt) aed(u)

If we take a simply connected complex simple Lie group G and a
connected Lie subgroup U of G in such a way that LieG=g and LieU=u,
then the factor space Y = G/U is a Kahler C-space with b,(Y) = 1. Con-
versely, every Kahler C-space with b, = 1 can be constructed in this way.
For this reason, we denote the manifold thus constructed by Y = (g, «,)
in what follows. :

Many properties are known about a Kahler C-space Y with b, = 1.
We collect here some of them.

(1.1) Fact. (1.1.1) Y is a rational manifold admitting an “algebraic
cell-decomposition”. Thus H(Q%) = 0 if p = q. (See [2, Theorems 2 and
3] and [4, Satz I].)

(1.1.2) The Picard group Pic(Y) is isomorphic to Z and one of its
generators is very ample. (See [5, n°3 and n°4].)

We denote the very ample generator of Pic(Y) by %(1) and &% (1)®®
by &%(a). Let k= k(Y) be the positive integer defined by K, = 7 (—k).
Then k is given by the following formula. (See [3, p. 521].)

(1'2) k( Y) =2 Zaed’(n"‘) (a’ ar)/(arr ar)!

where (, ) denotes the Euclidean scalar product induced by the Killing
form on the real vector space spanned by @ in H*.

Now let A, +++, \; be the fundamental weights of g, i.e., {\, ;) 1=
20n; ap)/(ey, ;) = 0,5, We set

l
0=2NM=123 a.
i=1 acot

(1.3) DEFINITION., A weight A is called
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(1.3.1) singular if (A, @) = 0 for at least one a c@.
(1.3.2) regular with index p if it is not singular and there exist
exactly p roots a €@ with (A, @) < 0.

TABLE 1.

g r dim Y k R (1) @
A | 1=r=i r(+1—7) 1+1 (“;1) r(—r/1+1)

B | 1srsi-1 | 2r—n+rer+D2 |  2—r () r
_ _ 2\ _( 2l r (r<l)
c 2<r=<l 2r(—r)+rr+1)/2 | 2l+1—r ) -(,2%,) e oD

1srsi-2 | 2r@—m+rr—D2 | 21— (%) r

D,

-1 —-1)/2 21—2 o1 14

1 16 12 27 43

2 21 11 78 2

Ee 3 25 9 351 10/3

4 29 7 2925 6

1 33 17 133 2

2 42 14 912 72

3 47 1 8645 6

B 4 53 8 365750 12

5 50 10 27664 15/2

6 42 13 1539 4

7 27 18 56 3/2

1 78 23 3875 4

2 92 17 147250 8

3 98 13 6696000 14

4 106 9 6899079264 30

Es 5 104 1 146325270 20

6 97 14 2450240 12

7 83 19 30380 6

8 57 29 248 2

1 15 8 52 2

2 20 5 1274 6

F 3 20 7 213 6

4 15 1 26 2

G, 2 5 3 14 2
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TABLE 2.
Ag o O O ==~ -0——0
2

B: O0——0-----0——0—>>"D
C: O—0-----0———Qa <=0

1 2

-2 -1 l
-1
D OO ==
1 2 -3 -2
!
I 2
)
A A
4 5

2

Ee: O

(5=
w()
=N

- 0
w(?
~ O—0

E7: O O O
5 6 7
I 2
Es! (o, O - O O O -0
1 3 4 5 6 7 8

Fg: O————a—=—D—0

1 2 3 4
G, =D
1 2

(1.4) GENERALIZED BOREL-WEIL THEOREM. ([6, p. 228] and [14, p. 371])
Let E_;, be a homogeneous vector bundle on Y = G/U induced by an ir-
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reducible representation of U with the lowest weight —X\.
(1.4.1) If n + 6 is singular, then

HYY,E_))=0 foral 1.
(1.4.2) If \ + 0 is regular with index p, then
HY(Y,E_)=0 forall i#p
and H?(Y, E_;) is an irreducible G-module with the lowest weight — p.
Here pt is the uniquely determined element of the closure of the funda-
mental Weyl chamber of Lie G such that pt+ 6 1s congruent to N + 0
under the Weyl group.

Since % (1) is induced by the irreducible representation of U with
the lowest weight —\, (cf. [5], n°3 and n°4), we can compute h%(7(1))
by using Weyl’s formula (cf. [9], p. 139) by virtue of (1.4):

(1.5) h(F%(1)) = deg(\,) = Ilaco+ (N, + 6, @)/Taco+ (6, @)

We close this section by giving in Table 1 the list of Kdhler C-spaces
with b, = 1. In Table 1, g, is the coefficient of «, in A, = 3\, q,a;, Which
we shall need later. We follow [9, p. 58] in numbering the simple roots
in the Dynkin diagrm for g as in Table 2.

(1.6) REMARK. It is easy to see the following: (B, a)) = (D, i),
€y, ) = (Auyy @), Dy, o) = (D, i), (Ey a) = (Eyy ats), (B ) = (Byy ar)s
(G2! a1) = (B3, a1)° Note also that (Al’ ar)! (Blr al)’ (Cz, al)s (Dlr al)’ (Dlv al—l)r
(B, o) and (F,, a;) are the irreducible Hermitian symmetric spaces of
compact type. They fall into the following six classes, see, e.g., [3,
p. 521]: :
I. (4, a,) (Grassmannians): Y = SU(I + 1)/S(U(r)x Ul + 1 — r)).

II. (B, o) and (D, a,) (Quadrics QV): Y = SO(N + 2)/SO(2) x SO(N),

N=2l-1, 2] — 2.

III. (C, ay): Y = Sp)/UQ).

IV. (D, a;_,): Y = S0@2L)/UQ).

V. (B, a): Y = E,/Spin(10) x T".
VI. (B, a): Y=E,/E,xT.

2. Reduction of the problem. Let Y be a Kahler C-space with
b,(Y)=1and dimY = N = 3. For positive integers d,, - --dy_,, define
E=cd)D - DFdy.), 1=n=N-1.
A global section x of E transversal to the zero-section determines an
n-dimensional submanifold X of Y called a non-singular complete intersec-
tion of type (d, +-+, dy_,). We always assume that K, is ample, i.e.,
Yrd, > k(Y) in the following.
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If dim X =1, then the infinitesimal Torelli theorem is clearly true
for X, since |K;| gives a projective embedding. So we may assume
dimX > 1. Put s=$#{d,;d, =1}.

(2.1) LEmMMA. (2.1.1) Ifs=0 or m =4, then
H'(27'(1) = H'(277'(1) Q@ Px) -
(2.1.2) If m = 3, then there is an exact sequence
0 — H(2:(1) ® &%) — H'(2%(1)) — H'(2%)* .
(2.1.8) If m = 2, then there is an exact sequence
0 — HY(Zx)® — H(Qy(1) ® &%) — H(Q%(1)) -0 .

Proor. First we note that H(Q%) = H®2%) holds for p + q < =.
The standard exact sequence

0->Niy -2 Qx> 25— 0
induces a filtration F for 227! Q 7,
'R0y = F'ODF'D.--DF"'DF"=0,

whose successive quotients are

Gri(2y™ @ Tx) = F?[F™" = (A’Ni;y) @ 257177 .
Tensoring ~x(1) with these, we get a spectral sequence

EPt? = HY((A*N%y) ® 257177(1)) = H'(Q37(1) ® Ox) -

Note that

WNiD @M = % o -3d,+1)

184< ¢+ <ipsN—n

is a direct sum of negative line bundles for p =1 if s =0 and for p =2
if 8> 0. Now the assertion follows from the vanishing theorem of
Kodaira-Nakano, the remark at the beginning of the proof, (1.1.1) and
the above spectral sequence. q.e.d.

(2.2) LEMMA. If m = 8, then
H(2;7'(1) @ &x) = HY(2;7'(1)) .
If m = 2, then there is an exact sequence
0 — H(2y(1) —» H'(2:(1) ® Ox) > H(21)® — 0.

PROOF. The section x € H(Y, E) determines the Koszul resolution of
O which in turn defines a spectral sequence

Er»e = H(Y, (WWE*) @ 237(1)) = H™*@3(1) @ 7x) -
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We get the assertion for n = 3 by the same reasoning as in the proof
of (2.1). If m =2, then we get the following exact sequence

0 — H(2H(L) — HY(@D) @ &) — Ker{H(2)* B H(@y(1)} 0.

But the vanishing of H'(QY(1)) = HY }(Ty(—k — 1))* is shown in [1, (5),
p. 66]. q.e.d.

By the same argument as in the proof of (2.2), we get:

(2.8) LEMMA. RY(~x(1)) = h(Z1)) — s.

Summing up, we have by (0.1):

(2.4) PROPOSITION. Let X be a mon-singular complete intersection
of type (d,, -+, dy_,) in a Kahler C-space Y with b(Y)=1. If K is
ample and dim X = n = 2, then the infinitesimal Torelli theorem holds
for X in the following cases:

(2.4.1) A@Q'Q) = (1)) —s—2 2f n#38.

(2.4.2) R'(2%1)) < W(QQ) — 28 — 2 if n = 3.

Here s stands for the cardinality of {d;:d, = 1}.

(2.5) REMARK. It can be shown that the Kuranishi space of de-
formations of X is smooth since the natural family of displacements of
X in Y gives a complete family (see [1, p. 65]).

3. Proof of the theorem (general case). We keep the notation in
§1. It is known that n* is invariant with respect to the adjoint repre-
sentation of U on g. The homogeneous vector bundle on Y induced by
this U-module n* is Q). Thus in applying the generalized Borel-Weil
theorem (1.4) to compute Ar’(2%(1)), it would be convenient if APn* is a
completely reducible U-module. If Y is an irreducible Hermitian symmetric
space, then this is the case and its irreducible decomposition is given by
Kostant [14, p. 379]. But it is not so in general.

Let F‘A’n™) be the linear subspace of A’n* spanned by vectors whose
weights are of the form:

i
7\,=§,njaj, N, =1 .
i=

It is obvious that F‘(A*n*) is also invariant with respect to Ad(U) and
we have a descending filtration of Arn*:

0cC:...C F"'''(Arn*) c F{(APnt) ... C F?(A™nt) = APnt .,
We set G'(Ant) := FYA*n*)/F**'(A?n*). Then we have:
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(3.1) LEMMA. G'(A*n*) 4s a completely reducible U-module and
At = @, GH(APnt) as g,-modules.

PROOF. Since u =g, + n*, we only have to check that the adjoint
representation is trivial on n*, which is easy. q.e.d.

We denote the homogeneous vector bundle corresponding to G*(A*n*)
by G'2%.
(8.2) PROPOSITION. There is a spectral sequence:
Epet = H(Y, G'Q%(m)) = H(Y, 24(m)) .
(8.3) COROLLARY. AR'(22(1)) = 3, hKN(G'R2(1)).

(83.4) REMARK. The lowest weight —\ of any irreducible component
of G'(A™n*) satisfies the following properties.

(8.4.1) —x is a sum of p distinct roots of nt.

(8.4.2) m, =% in the expression

i
—7\,=Z;n,-a,-, n,-eNU{O}.
i=

(8.43) (=N a;) =0 for j =+ .

We give here two lemmas on the vanishing of H°(Q%(1)).

(8.5) LEMMA. If H°(2%(1)) =0, then H°(Q%"'(1)) = 0.

Proor. For any point ye€ Y, we can choose exactly N elements

¥y +++, vy € H(Ty), depending on y, which span the tangent space to Y
at y. Consider the pairing

<, >+ H(Ty) x HQ%(1)) — H(23(1)) .

If there exists an w e H°(Q%"(1)) which does not vanish at y, then we
can find complex numbers ¢, -+, cy so that we have <{(v,®) # 0 in
H(22(1)) for v = X, c,v;, a contradiction. q.e.d.

(3.6) LEMMA. H°(Q2(1)) = 0 for p > q,, where q, is the coefficient of
Q, M N, = Doy Q0

Proor. By (8.3), it suffices to show H°(G'Q2(1)) = 0 for all 7. Let
—X\ be the lowest weight of any irreducible component of G*(A*n*).
Writing —\ as (8.4.2), we have n, > q,. We shall prove m, = 2 in the
expression

1
—)\:=ij)’;, m,-eZ, léjél.
=

Note that we must have m; <0 for j+ r and m, =1 by (3.4.1) and
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TABLE 3.
g r lowest weights of Gi(n*) h(2'x(1))
A 1=r=l a, 0
1 a; 0
B 2l+1
2<r<i-1 Xy Ap—Ares ()
2§T§l_1 Ay, 227—'21,«_1 0
C
l 243 0
1 a 0
D 2<r<i—2 @y Ap—Iyes (,Z,)
l‘—l a1 0
1 a; 0
2 as, A 1
E,
¢ 3 as, A—2g 27
4 ay, A=A —2A, As—2s 728
1 ay, 2 1
2 ay, Ao—27 56
3 asg, 13—25, 13—11 1672
E7 4 Ay, 14—21—25, 14—22—17, 14—'23 201552
5 as, As—A—2x, As—2 7392
6 Qag, 13—11 133
7 aq 0
1 ag, 21"‘23 248
2 ay, Ag—A7, Ao— 2 34255
3 as, s—2g, A—h—12s, As—2 3376737
@y, Ag—2A— g, A4y—2A3—12
z 4 2:— 1:_ };’ 2:__ li— 1:, 147___ 2 8644540371
8 ay, As—2A— 2, As—2A—2
5 {fo o p e AR 83058973
6 g, dg—A—2s, Ae—Az, Ag—2r 956877
7 ary, 17—21, 27—23 4123
8 Qasg, Za 1
1 a;, 21 1
F 2 ag, 22"‘214, 12—‘11 124
4 3 asg, 213'—11—214, 23—24, 223—22 26
4 Ay, 214—21 0
Gz 2 as, 12 1

(8.4.8). If m, =1, then we would have
N A = Zi*r mM;\j.

(3.6.1)
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Comparing the coefficient of @, on both sides of (8.6.1), we find that it
is n, — q, > 0 on the left hand side and non-positive on the right hand
side, a contradiction. Now the inequality

<>“+>"’r+a’ar>=—'mr+2§0

shows that A + A, + 0 is either singular, or regular with index =1. Thus
we have H(G'Q7(1)) = 0 by (1.4). q.e.d.

(8.77 REMARK. The proof of (3.6) tells us that the obstruction for
the vanishing of H°(Q%2(1)) is a component of G*(A*n*) with the lowest
weight of the form

(3.7.1) —N= N, — Zj*,. mik;, M; = 0.

By (2.4), (8.6) and Table 1, we get the following:

(3.8) THEOREM. Let Y = (g, a,) be a Kahler C-space with b(Y) =1
and X a non-singular complete intersection in Y with the ample canonical
bundle. If dim X = [q,] + 2, then the infinitesimal Torelli theorem holds
Jor X, where [q,] is the greatest integer not exceeding q,.

It is relatively easy to determine the lowest weights of G'(n*). We
list them in Table 8. (See [11, p. 113] and [14, p. 379] for the case of
Hermitian symmetric spaces.)

(8.9) REMARK. In practice, we determine the lowest weights of
G(A™nt) as follows:

(8.9.1) Determine all the weights —\ satisfying (3.4.1), (3.4.2) and
(3.4.8).

(8.9.2) Compute the dimension of the irreducible representation of
U with the lowest weight —».

(8.9.3) Compare dim G*(A?n*) and the dimensions obtained in the
step (3.9.2).

Concerning Table 3, we note the following. It can be shown, ac-
cording to (8.9), that each Gi(n*) is irreducible and the lowest weight of
G'(n*) is a,. Since we have

(_ar + A + 3! ar) = 2()"1'7 ar) - (an ar) =0

by the definition of \,, the weight —a, + A, + 0 is singular and we get
H(G'221)) = 0 by (1.4). Let —x stand for one of the weights in Table
8 which is not a,. Then it is easy to see that the weight » + A, + 0 is
regular with index 0 (resp. singular) if the coefficient of A\, in —\ equals
1 (resp. 2). As a consequence, we get from (1.4) and (3.2)
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K@y (1) = 2 WG RD) = 3 deg(n + \r)

122
where —\ runs through the weights in Table 8 which have the form
(8.7.1). The right hand side can be calculated by Weyl’s formula.
For example, consider the Kahler C-space Y = (E,, o). The concrete
description of the root system of type E, (cf. [9, p. 65]) shows that the
weights of G'(n*) are as follows:

G'(n*): (0,0,0,1,0,0), (0,1,0,1,0,0), (0,0,1,1,0,0), (0,0,0
t0o0,1,1,0,0), (0,1,0,1,1,0), (0,0,1,1,1,0), (0,1,1,1,0, 0), (0,0, 0
(0,1,1,1,0), (0,1,0,1,1,1), (0,0,1,1,1, 1), (0,1,1,1,1,0), (1,1, 1
1090,1,1,1,1),(,1,1,1,1,1), (1,1,1,1,1,0), (1,1,1,1,1, 1).

G*(n*): (0,1,1,2,1,0), (0,1,1,2,1,1), 1,1,1,2,1,0), (1,1, 1,
1,1,2,2,1,0), (0,1,1,2,2,1), 1,1,1,2,2,1), 1,1,2,2,1, 1), (1, 1, 2,

G'(n*): (1,1,2,3,2,1), (1,2,2,3,2,1).

Here, we abbreviate >\?_, n.a; as (n, .-+, n,). By a direct calculation,
one can show that the weights satisfying (8.4.3) are

Gl(n+): (09 0’ 07 1; 0, 0) = 0 (18),
G2(11+): (09 1! 17 2’ 19 0) =N — N — N (9),
GS(n+): (1; 19 27 31 2; 1) =N — Ny (2).

The number in a parenthesis following each weight is the dimension of
the corresponding irreducible representation as in (3.9.2). Since we have
deg(n, + ) = 650 and deg(\,) = 78, we conclude A%(2:(1)) = 728.

By (2.4), Table 1 and Table 3, we get:

(3.10) THEOREM. Let X be a mnon-singular complete intersection
surface with the ample canonical bundle in a Kdhler C-space Y with
b(Y) =1. Then the infinitesimal Torelli theorem holds for X except
possibly when Y = (E,, a,).

(3.11) THEOREM. Suppose Y is (C, a,), (F,, a,) or an irreducible
Hermitian symmetric space of compact type. Then the infinitesimal
Torelli theorem holds for any non-singular complete intersection X in Y
iof Ky is ample.

ProoF. Note that Table 8 and (8.5) show H°(Q%(1)) =0 for p = 1.
We also remark that if ¥ = P?, Q¥ or (E,, a,), we may assume 8 = 0 in
(2.4), since the hypersurface of degree 1 is P¥!, Q"' and (F), a,), re-
spectively ([12, p. 4837]). Therefore we get the desired consequence by
(2.4) and Table 1. q.e.d.

e
=Nl
O = O
\/}/v

’

4. Proof of the theorem (special case). Since it seems to be difficult
to write down the irreducible decomposition of G‘(An*) for p = 2, let us
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restrict ourselves to the case where g is one of E,, F, and G,.

Let —» stand for the weight satisfying the conditions in (8.4) as
well as (8.7.1). We know from (3.7) that the existence of such —2x is
the obstruction for H°(2%(1)) to be zero. Therefore our task is reduced
to determining whether the component corresponding to —\ can really
occur in the decomposition of G'(A’rn*) and in calculating the number of
components in question.

(4.1) For such —\, we donote by m,(—) the dimension of the weight
space for —) in APn*. This roughly bounds the number of components
and may be computed as the number of the ways in which one can express
— as a sum of p distinct roots of n".

We shall estimate h°(Q2%(1)) case by case. In doing so, the following
refinement of (3.6) will be quite helpful: Suppose that we have determined
all —\’s. The proof of (3.6) asserts that a component of G:Q%(1)) has
global sections if and only if it corresponds to one of these weights.
Thus, in particular, we would have ARY(G'Q%2(1)) = 0 if ¢ does not equal
the coefficient of a, in any —\. A weight 3 n,a; will be abbreviated
as (n,, -+, n,) in the following.

(4.2) The case g = E,.

(4.2.1) »r = 4. As a typical example, we first consider Y = (E,, a,)
and explain how our computations go (cf. §3). By a direct calculation,
we find that the possible —\’s are

MM —N=00,1,1,2,1,0)

A=A —NW=01,1,238,21)

M =1(28,4,6,4,2).
Since we have h'(RQ%2(1)) = 0 for p = 7 by (3.6) and Table 1, we only have
to estimate A°(2%(1)) for p <6. If p=1, then we can use Table 3.
Hence it suffices to consider G(APn*) for 2 < p <6 and for 7 = 2,3 and
6, since the coefficient of @, in —X\ is 2, 8 and 6, respectively. For p = 2,
we can determine the lowest weights of them completely by using (3.9).

GAHAM™): Bh— N — 20— Ny BN — 20— 205, BNy — 20— 20— Mgy Mg — Ay — Nge

(EX0I G R HIE ) WEED WD WEED WD W) WECD WEED WEED W) WED WED WED WD WE=D W

GY (At \,.

Since X + A, + 0 is dominant, we get from (1.4) and the remark mentioned
just before (4.2)

RY(G*27(1)) = deg(n + No) = 650, RY(G'25(1)) = deg(\,) = 78,
R(G°2;(1)) = deg(0) = 1.
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For p = 3, we compute m,(—)\) instead of determining the lowest weights
of GAn*), since we have certain ambiguities caused by the weakness
of (8.9). The result is as follows:

ms — ) = 18, m,(\) =24, m(\) =144,
ms(\y) = 306, me(\,) = 180 .
Since the component with the lowest weight —)\ could appear at most
m,(—\) times, we obtain the rough estimates
R(GRE1)) < 18deg(n,) = 1404, AK(G°2%(1)) <24,
R(G°23(1)) < 144, RA(G°23(1)) =306, A(G°R3(1)) =180.
Combining the above results and (8.3), we get

R(2%(1)) = B(G*23(1)) + R(G°25(1)) + h(G°2%(1)) = 729,
r(23(1)) = R(G°23(1)) + R(G°23(1)) < 1428,
R(2%(1)) = B(G°2%(1)) £ 144, K°(23(1)) = RA(G°23(1)) = 306,
h*(23(1)) = B(G°2%(1)) =< 180 .
422 r=2. -x=x2x=01,2,2,3,2,1).
The lowest weights of G*(A™n*) are
3)\:2_)\43_)\44_)\:5, )\:2-
Thus we have A°(Q:(1)) < 1.
(4.238) r=38. —A=Mn—2=(@1,1,221,0).
In this case, we get A°(22(1)) = 0 for p = 3, since the coefficient of «a; in
—X is 2. The lowest weights of G*(A™n*) are
hs—)\lg, 3):3—2):4, 3):3_2)41—)45-
Thus we have h°(Q%(1)) < deg(n,) = 27.
(4.3) The case g = F,.
481 r=1. —x=x=1(3,4,2).
The lowest weights of G*AMm*) are 2\, — 3\, and \,. Thus we have
R(23(1)) £ 1 in this case.
(4.3.2) r = 2.
NZ—)‘I—)‘%:(O’lil’O)
N — 20 = (1, 2,2,0)
*7\'2 - Ny = (1’ 2: 2: 1)
MN—N=(0,384,2)
N — Ny = (2’ 4’ 5, 2)
» = (3,68 4).




INFINITESIMAL TORELLI THEOREM 623

We exhibit the lowest weights of G‘(AMt) for 7 =2, 3,4 and 6.
G*ATH): 3ny — 4hg BNy — 20 — 205 — Ny Ap — 20
GS(AZI‘I-F): 3):2 - )\q - 2)43 - 2):4, 2):2 - )\:1 e h3 - )\44, Nz - )\:1-
GHAIT): 20 — N — 20 BNy — 20 — 205, 20, — 2.
GY(ATt): A,
We calculate m,(—\) for 3 < p < 6 and find
My — M) =9, Mg\ —N) =19, m(\,) = 14,
mh: — ) = 18, m(\;) =63, my(\;) =96, my(\,) =34.
From these datum, we get the estimates

R(2:(1)) < deg(@\,) + deg(n,) +1 =72 +52+1 =125,
R(2:(1)) < 9deg(n,) + 19deg(n,) + 14 = 938,
h°(2%(1)) =< 18deg(n,) + 63 =531, A(RF(1)) <96,
RR5Q) = 34.
(4.8.8) r = 3.
)-'3 - 7\'1 = (01 11 2; 1)
-\ = )\,3—-)\,4"-—‘ (1, 2, 3, 1)
A =(2,4,6,3).
We exhibit the lowest weights of GY(A™*) for ¢ = 2,3 and 6.
GAH(AM™): 20 — A — 20y, 3Ng — 2N,
GB(A2n+): 47\'5 =N = N — 37\,4, 37\na =M= Ny = Ay 2)“3 - 3)'4’ 7\:3 = Mo
G (AMT): ANy — Ny — N — 20 205 — 2Ny, Mg
Since we have

mshs — M) =38, Mm\s) =256, m\) =39, m\) =12, m\) =1,
we obtain the following estimates.

r(Q%(1)) < deg(\,) +1 =27, AY(2%(1)) < 3deg(n,) + 25 =103,
R(2y(1) =39, R(Qy1) =12, A1) =1.

(4.4) The case § = G,. In this case, we have —\ =, = (3,2) and
the lowest weights of G,(A™m*) are 3\, — 4\, and \,. Hence we have
r(2%(1)) = 1.

Combining the above results with Table 1, (3.8) and Table 3, we get
the following theorem by (2.4).

(4.5) THEOREM. The infinitesimal Torelli theorem holds for a mon-
singular complete intersection with the ample canonical bundle in a
Kahler C-space (g, ,) if ¢ = E,, F, or G,.
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