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A note on linearly compact modules

Dedicated to Professor Goro Azumaya on his 60th birthday

By Takeshi ONODERA
(Received July 14, 1978)

Let R, S be rings® and zMs be an R—S-bimodule such that M is
linearly compact? as left R-module. In this note we consider the conditions
under which M, as right S-module, to be injective. Thus we have the
following theorem which generalize Theoreme 2 in [1].

THEOREM. Let gMy be an R-S-bimodule such that gM 1is linearly
compact. Then the following statements are equivalent :

(1) My s injective.

(2) My is absolutely pure, that is, every homomorphism of a finitely
generated submodule of Sy to Ms is extended to that of Sy, where
m is arbitaray natural number and Sy is a direct sum of m-fold
copies of Ss.

(3) My is semi S-injective, that is, every homomorphism of a finitely
generated right ideal of S to My is extended to that of S.

(4) sHompg (M, Q) is flat for every injevtive left R-module Q with
essential socle.

(5) sHomg (M, K) is flat for every injective cogenerator K with essen-
tial socle.

(6) sHomg (M, K,) is flat for some injective cogenerator K, with es-
sential socle.

In case where S=End (zM), the endomorphism ring of rM, the above

statements (1)~(6) are equivalent also to

(7) &M cogenerates the cokernel of every homomorphism zgM —zM",
where m, n are arbitrary natural numbers. (Here one can set
m=1).

In order to prove the theorem we need the following

LEmMmA®. Let Ag be a finitely generated right S-module, zMs be an

1) In what follows it is assumed that all rings have an identity element and all modules
are unital.

2) A left R-module is called linearly compact if every finitely solvable system of con-
gruences r=meq(mod Ma), a €4, is solvable where me €M and M, are submodules

of M.
3) Cf.[1], Lemma 2, also [4], Lemma 3.5.
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R-S-bimodule such that xM is linearly compact, and, zQ be an injective
left R-module with essential socle. Then AQHomg (M, Q) and Homy (Homg
S

(A, M), Q) are isomorphic under the isomérphz'sm O4:
0,: A(? Homg(M, Q)= 2, a;QQfi—

(Homg(A, M)=g—Xfi(g(a))€Q) ,
aEA, fi€eHomz(M, Q).
Proor. At first we show that the mapping 6, is a monomorphism.

Let A:iaiS and Zn]ai®fi be an element of the kernel of 4, : HA(f: a; X f)
i1 =1 i1
—0. This implies that > fi(g(a))=0 for all g=Homs(A, M), Let 74: —
=1

(Sb Soy tt Sn>ESn

iﬁ;laisi:O} and 721 :{(xl, Ty, X)) EM” iilxisi:O for all
(51, So, -~-,sn)E%}. Let (41, Y2 -+, ¥,) be an element of 2£1. Then the map-
ping ¢ : AaglaisiﬁﬁlyisiEM is a (well defined) homomorphism of Ay into
My such that ¢{a,)=vy;, i1=1,2, ---,n. It follows that :Z'lﬁ(yi):(). Let ¢ be

the homorphism of z M into zQ defined by o((x;, Ty, -+, 20)) = i}fl(xz) Then
i=1

we have Ker ¢272%. Since pM, whence zM", is linearly compact and
M"/Ker 0=o(M")CQ is cofinitely generated?, there exist a finite number

of elements %J': :(51, Sgy "%y Sn)a J__—ly 2, tty Z, of w SUCh that ker SDQ(%;.J?‘,
j=1
where 21+ :{(xl, Loy e, x")EMn‘ i xisgj):O}m. Then, since zQ is injective,
=1
the Weu deﬁned mapplng ((%» }'1)’ <2)’ ﬂl’): ) (z’ ;l))_)iﬁ(xJEQ’ Where
i=1

Z =(xy, gy -+, ) EM" and (£, Zi)= i x:849, is extended to a homorphism
i=1
of M into Q. Thus there exist homomorphisms ¢y, ¢, -+, ¢, EHomz (M, Q)
n n n n 4 .
such that }f;(x) = D] gj(z xis§j)>: > (Z s§j>gj> (z;) for (xy, 2y, -, TR EM .
1=1 j=1 t=1

i=1\j=1

z n n
It follows that f;=> s{?+¢; i=1,2,---,n. Then we have ), a;Rf;i=> a;&
= = i1

z Z n
(Zsﬁj)-g,):Z(Z ais§3)>®gj:0. Thus 6, is a monomorphism. Next we
j=1 F=1\t=1

show that 6, is an epimorphism. Let a be a element of Homgz(Homg(A, M),

4) Cf. [2], Propositions 1, 3, 5.
5) Cf.[1], Theorem 6.
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Q). Then, since zQ is injective, the well defined mapping
(9(a), g(ar), -, gla))—al) €Q,  where g=Homg(A, M),

is extended to a homorphism of M to Q. It follows that there exist

fos S - fo€Homp(M, Q) such that a(g)=3.fi(¢(a)), 9= Homs(A, M). This
i=1
implies that a:6A<i ai®fi). Thus 04 is an epimorphism.
i=1

ProoF oF THE THEOREM. The implications (1)=>(2)=>(3) are clear. (3)=
(4). Let .« be a finitely generated right ideal of .S and

0— e —S—5/a—0

be the canonical exact sequence. Then, since My is semi S-injective and
zQ is injective, we have the following commutative diagram with exact rows :

2 QHomz(M, Q)— SR Homz(M, Q) —.5/ 24 X Homz(M, Q) —0
° 6. T s Os..
O—HHomR(H()(rlnS(ﬂq», M), Q)—Homjp (lHomS(S, M), Q)——»HomR%HomS

Here, by the above lemma, the vertical arrows are all isomorphisms. It

follows that ¢ @ Ltom par, = 4 & Homz(M, Q)—S& Homz(M, Q) is a mono-
S S

morphism. Thus Homz(M, Q) is a flat left S-module. (4)=>(5)=>(6) are clear.
(6)=>(3). Suppose that sHomgz(M, K;) is flat. Let .. be a finitely generated
right ideal of .S and

4 VY
0— e —85—5/n—0

be the canonical exact sequence. Then we have the following exact sequence:
0— 2 Q@ Homz(M, K))— SK Hompz (M, K,) —
S N
S/ 2 R Hompz (M, Kj)—0 .
s

It follows by the above lemma that we have the following exact sequence :
0— Homgz(Homg(.a, M), K;)— Homz(Homg(S, M), K;)—
Homgz(Homg(.S/ 4~, M), Ki)—0 .
Since rzK, is an injective cogenerator, this means that the sequence

Hom (v,1) Homy(S, M) Hom (v,14)

0— Homyg(.5/.24~, M)
Homg (e, M)—0
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is exact. It follows that My is semi S-injective. (3)=>(1). Let .. be a right
ideal of .S and ¢ be a homomorphism of . into Mg For each element s
of ., since My is semi S-injective, there is an element m, of M such that
¢o(s)=mys. Then the system of congruences :

= ms<mod AnnM(s)> s =

where Anny(s): ={xe M|xs=0}, is finitely solvable, because again My is
semi S-injective. Since pM is linearly compact there exists a solution s,
for the system of congruences. Then we have mys=m,s=¢(s) for all s& 4.
Thus Mj is injective. The equivalence (7)¢&(2) is obtained in (5], 1.8
Satz).

From our theorem we have the following

CoroLLARY®. Let R be a ring such that gR is linearly compact. Then
the following statements are equivalent :
Rz is injective.
Ry s absolutely pure.
Ry 1s semi R-injective.
Every injective left R-module with essential socle is flat.
Every cofinitely generated injective left R-module is flat.
Every colocal” injective left R-module is flat.
Every injective cogenerator with essential socle is flat.
There is a flat injective cogenerator with essential socle.
rR cogenerates the cokernel of every homomorphism R™—R", where
m, n are arbitrary natural numbers. (Here one can set m=1).
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Proor. Since R is semi-perfect®, the number of non-isomorphic simple
left R-modules is finite. Thus there is a cofinitely generated injective coge-
nerator. Then it is easy to see that the equivaleces (5)<>(6)<>(8) hold. The
rest of the proof follows direct from the theorem.

6) Cf.[1], Théoréme 2.
7) Cf.[3], Satz 1.
8) Cf.[2], Corollary to Theorem 5.
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