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Mass Flow for Noncompact Manifolds

RicARDO BERLANGA

1. Introduction

The group of homeomorphisms acts on the space of measures on a manifold M in
such a way that, for each measure y on M and each homeomorphismh: M — M,
the action s, of h on u is defined by h . u(E) = w(h~Y(E)) for each Borel set
E C M. The group of homeomorphisms preserving a given measure is just the
stabilizer of that measure under the action. In 1941, Oxtoby and Ulam [12] charac-
terized the orbit of standard Lebesgue measure on the unit cube under this action.
Since then, Oxtoby and Ulam’s result has been of enormous importance for the
study of groups of measure-preserving homeomorphisms.

The aim of our work is to generalize and reformulate previous research of
Fathi [9] on the definition and properties of the so-called mass flow homomor-
phism to the o-compact case. Our “noncompact” methods allow us to replace
Fathi’s use of handles and tubular neighborhoods by neighborhoods alone. There-
fore, we do not depend on the existence of a combinatorial structure on the base
manifold to proceed with the argumentation. As a by-product, simplification of
Fathi’s arguments is gained.

Let M be a connected, second-countable manifold without boundary equipped
with a “good” measure u, (see Section 2). Let H.(M, iu,) be the group of 1,-
measure-preserving homeomorphisms of M with compact support endowed with
the Whitney topology, and let H. ,(M, 11,,) be the path component of the identity.
The mass flow homomorphism is a group homomorphism from the universal cov-
ering space of H. ,(M, 11,), thought of as a space of paths modulo homotopy (rel.
al), to the first homology group H,(M, R).

Fathi’s approach to the mass flow, in which homology is viewed as a set of
homotopy classes of maps into the circle, is suitable only for compact mani-
folds. In order to extend Fathi’s theory to noncompact manifolds we define, in
Section 4, a new version of the mass flow homomorphism that relies on a real
homology theory based on measures due to W. Thurston. In Section 5, both ap-
proaches are compared (see Proposition 5.4 and the subsequent comment). Via a
quotient process, in Section 6 the mass flow homomorphism on H. ,(M, u,) is ef-
fectively defined, giving rise to an important commutative diagram that is studied
in some detail.
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In Section 7 itis established that the mass flow is surjective and its kernel, Ker ©,
is generated by its elements supported in topological n-balls. If the dimension n
of M is at least three, then Ker ® is shown to be a simple group equal to the com-
mutator subgroup of H. ,(M, it,). In [9], Fathi uses the condition n > 3 in an
essential way in order to prove that 7{.(Int /", Lebesgue) is perfect. Since the per-
fectness of H.(Int 1", Lebesgue) is needed to imply the simplicity of Ker ®, our
final result is left unsolved for 2-manifolds.

The cases of a manifold with boundary and homeomorphisms fixing M point-
wise are considered jointly. Also, the basic constructions that lead to the definition
of the mass flow homomorphism and its first properties are valid for a locally com-
pact, locally connected, second-countable Hausdorff space X. Hence, for simplic-
ity, these constructions are stated in this topological setting. Before proceeding to
our main topic, some preliminary concepts are discussed in Section 2 and a nec-
essary “extension of isotopies theorem” is proved afterward in Section 3.

2. Preliminaries

Let Y, Z be topological spaces and let C(Y, Z) denote the set of continuous func-
tions from Y to Z. The Whitney topology on C(Y, Z) is the topology having for
a basis intersections of the form ();.,[K;, U], where {K;};ca is a locally finite
family of compact sets in Y, {U;};ca is an open family in Z, and [K;, U;] is the
set of continuous functions f: Y — Z such that f(K;) C U;. If we further re-
quire the set of indices A to be finite then we get the compact-open topology. The
compactly generated space of a given Hausdorff space S is the space kS with the
largest topology making the inclusions {K < S | K C §; compact} continuous.
In this manner, the injections k(C(Y, Z),,) — C(Y, Z),, — C(Y, Z), are continu-
ous, where the indices m and x denote the Whitney topology and the compact-open
topology, respectively.

Let X be a locally compact Hausdorff space. Denote by H(X) the group of
homeomorphisms of X. For 4 in H(X), define its support as the closure of {x € X |
h(x) # x}. Define H.(X) to be the group of all homeomorphisms of X with com-
pact support.

A Radon measure n on X is a locally finite positive measure defined on the
o -algebra of all Borel subsets. The support of  is the complement of the largest
open set in X that has p-measure zero. We say that u is a good measure if it has
no atoms (i.e., points of positive measure) and its support is the whole of X. Let
M (X) be the set of good Radon measures on X.

For 1 € Mg(X) and h € H(X), h,u is the good measure in M,(X) defined
by h,.u(B) = w(h~'(B)) for all B C X Borel. Define the group of u-measure-
preserving homeomorphisms H(X, ) as the set {h € H(X) | hopu = p}. Let
He (X, 1) =HA(X)NH(X, n). Denote by H(X, u-reg) the group of all homeo-
morphisms / in H(X) such that 4, and p have the same sets of measure zero.
Let H (X, p-reg) = H (X)) NH(X, nu-reg).

Let M be a manifold, possibly with nonempty boundary oM. Then it is straight-
forward to define the group H (M) of homeomorphisms fixing dM pointwise and
HI(M) =H (M) NH’(M). Let MZ(M) be the set of good Radon measures
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on M having oM as a null set. For u eMg(M) define, similarly, the groups
HUM, ), ’H? (M, 1), H*(M, j-reg), and Hf(M, u-reg).

If A is a subset of a topological space X, denote its interior, closure, and fron-
tier by Int A, C1 A, and Fr A, respectively. Denote the unit interval by both I and
Al Call any subset K C X a (closed) n-cell if it is homeomorphic to the unit
n-cube I" = [0,1]". Call K C X a relative n-cell if there is a continuous surjec-
tion ¢: I" — K such that, when restricted to Int /", ¢ is a homeomorphism on
its image and ¢~ o ¢(31") = AI".

3. Extension of Isotopies

We apply here the Cernavskii—Edwards-Kirby—Rogalski theorem and a parame-
terized version of the von Neumann—Oxtoby—Ulam theorem to show that, under
certain circumstances, measure-preserving perturbations and measure-preserving
isotopies of a compact subset in a manifold can be extended to measure-preserving
homeomorphisms and measure-preserving ambient isotopies, respectively.

Let M be a (second-countable) manifold and let i, € Mg(M ). Let A be a sub-
set of M. By a proper embedding : of A into M we mean an injective (continuous)
map t: A < M such that ¢ is a homeomorphism of A onto t(A) and :~'(dM) =
A N dM. Denote by Z(A, M) the space of proper embeddings of A into M. If
t € Z(A,M) and A is a Borel subset of M, we can define a measure t*u, on A
such that t*u,(B) = 1, (t(B)) for each Borel subset B C A. Let Z(A, M; 1,) =
{teZ(A, M) | 1o = polal

We say that a proper embedding ¢: A < M is biregular (with respect to i,) if
", and 1, | 4 have the same sets of measure zero. Denote by Z(A, M; u,-reg) the
set of all proper biregular embeddings of A into M. Suppose B is a subset of M.
We define Z(A, B,M) = {teZ(A, M) | t|(gnay = 1d} and Z(A, B, M; j1,-reg) =
I(A,B,M)NZI(A, M; n,-reg). All spaces of proper embeddings will be endowed
with the compact-open topology.

Suppose M is a manifold with subsets Q and S. A deformation of Q into S is
a continuous map ¢: Q x I — M such that ¢| gy = Idg and ¢(Q x {1}) C
S.If T € M and ¢(Q x I) C T, we say that ¢ takes place in T. Let P be a sub-
set of Z(A, M) and W a subset of A. A deformation ¢: P x [ — Z(A, M) of P
is modulo W if ¢ (1,t)|w = t|w forallte P andt € I.

The following theorem, where no measures intervene, is due to Cernavskii [5].
A much more readable and elegant approach is due to Edwards and Kirby [7]. The
measure-theoretic version stated next is taken from Fathi [9]. Fathi gives the credit
for this result to M. Rogalski.

THEOREM 3.1.  Let U be a neighborhood of a compact C in a manifold M. Let 11,
be a measure in ./\/lg(M). Given any neighborhood N of the inclusion ¢ : U <>
M in Z(U, M; ,-reg), there is a neighborhood P of ¢ in Z(U, M; u,-reg) and a
deformation ¢: P x I — N into Z(U, C, M; j,-reg) such that:

(1) ¢ is modulo the complement of a compact neighborhood of C in IntU;

) ¢p(¢,t) =¢ forallt el
(3) Plipnzw,om,M; p,-reg)) X I takes place in Z(U, 0M, M ; i,-reg).
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Furthermore, suppose in addition to these hypotheses that a closed set D in M
(respectively 0M') and a neighborhood V of D in M (respectively oM ) are given.
Then ¢ can be chosen so that the deformation ¢|pnz, v, m; u,-reg)] X I takes place
inZ(U, D, M; w,-reg).

PROPOSITION 3.2.  Let M be a second-countable manifold and let |1 € Mg(M).

Let C and U be subsets of M such that C is compact and U is a neighborhood of C.

Then there is a neighborhood P of the inclusion ¢ : U — M in Z(U, M; j1,-reg)

and a continuous map P — H.(M, 1,-reg), L — 1, such that:

(1) tle =tles

(2) there is a compact neighborhood F of C in Int U, independent of t, such that
the support of U is contained in F,

(3) ¢ =1Idum;

4) if ¢ fixes U N OM pointwise, then t fixes OM pointwise.

Furthermore, suppose in addition to these hypotheses that a closed set D in M
(respectively dM') and a neighborhood V of D in M (respectively oM ) are given.
Then the correspondence t +— T can be chosen so that, for each ¢ fixing U NV
pointwise, its extension U fixes D pointwise.

Proof (cf. [9]). Let ¢ be the deformation given in Theorem 3.1. Then o ¢ (:, 1)~
¢(,,1)(U) — M is equal to ¢ on C and is the identity outside ¢ (¢, 1)(F); hence it
can be extended by the identity to a homeomorphism of M. O

ProrosITION 3.3.  Let M be a second-countable manifold and let ju¢ € Mg(M).
Let C and U be subsets of M such that C is compact and U is a neighborhood
of C. If M \ C is connected, then there is a neighborhood P, of the inclusion
¢:U —> MinZ(U M; u,) and a compact neighborhood F of C in M (not nec-
essarily in Int U) such that, for each 1 € P, , there is a measure-preserving ho-
meomorphism © € H.(M, u,) with the following properties:

(1) @ depends continuously on t;

(2) tle = tcs

(3) suppt C F,

) ¢ =1Idu;

(5) if ¢ fixes U N OM pointwise, then T fixes 0M pointwise.

(6) Furthermore, suppose in addition to these hypotheses that a closed set D
in OM and a neighborhood V of D in oM are given. Then the correspondence
t > T can be chosen so that, for each  fixing U NV pointwise, its extension { fixes
D pointwise.

Proof. Let CT be a compact neighborhood of C in M such that C* C IntU.
By applying Proposition 3.2 to the pair (U, C*) we get a neighborhood P of 1,,-
biregular embeddings ¢(: U — M, a compact set F~ C M, and a continuous
function ¢ — 7 on P satisfying certain properties.

Lemma 7 in Berlanga and Epstein [4] implies that there is a relative n-cell L
contained in M suchthat LN C = @, F~ \IntC*™ C L, and u,(FrL) = 0.
It is not difficult to verify that » = p,(1(L)) is independent of « € P, , where
RL,, =PNLWU M; i,).
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Define /\/lf(L, (MolL)-reg) to be the set of all measures v € M, (L) with total
mass equal to b and having the same sets of measure zero as (,|z. In particular,
(oM N L) UFr L is a set of zero v-measure.

Define the continuous function P,, — Mg(L, (Molz)Teg), t = (17 o)z,
where Mf(L, (olr)-reg) is endowed with the weak topology that makes the
functionals v — | f dv continuous for each continuous f: L — R.

Let H(L, M, j1,-reg) be the set of homeomorphisms 4 in H?(M, j1,-reg) sup-
ported in L with the compact-open topology. The fact that L is a relative n-cell
implies that we can find a continuous map

o ML, (ol L)-reg) = H (L, M, p1,-reg)

(see [1]) such that o (v),(Uolr) = v. Let F = CTUL. Then P,, — H.(M, i,),
1+ 100 (17 (o)) is the required u,-measure-preserving extension function.

O
Now we want to generalize Proposition 3.3 to the case in which the set C(M \ C)
of connected components of M \ C is finite and p,(M) < oo. Let S' C S? be
the equator included in the 2-sphere. Then, the reflection of S2 along S fixes S'
pointwise and sends one hemisphere onto the other. The next remark states that
such homeomorphisms are always far from the identity and that under some mild
hypotheses they do not exist at all.

REMARK 3.4. Let M be a manifold and let C be a compact subset of M such
that C(M \ C) is finite. Then there exists a neighborhood A of the identity in
H(M), in the compact-open topology, such that if f € A/ fixes C pointwise then
f(A) = A foreach A € C(M \ C). More precisely, the set S of homeomorphisms
f: M — M such that f|c = Id¢c and F(A) = A foreach A € C(M \ C) is both
open and closed (in the compact-open topology) when considered as a subset of
the space of all homeomorphisms of M fixing C pointwise.

Furthermore, suppose that C is such that Fr A; # Fr A, for each two distinct
components of M \ C. Then the set S of homeomorphisms just defined is equal
to the full group of homeomorphisms of M fixing C pointwise. As an example
of this situation, let M be connected and let C be a locally flat codimension-zero
submanifold of M. Then the frontiers of any two distinct components of M \ C
are disjoint and nonempty.

REMARK 3.5. Let M be a connected manifold, C a compact subset with C(M \ C)
finite, and ., € MJ(M) such that 1,(M) < co. Let C* C U C M be neighbor-
hoods of C with C* compact. By applying Proposition 3.2 to the pair (U, C ")
we get a neighborhood P of u,-biregular embeddings ¢: U — M and a contin-
uous function ¢ — ¢ on P satisfying certain properties. Observe that ((A) (A €
C(M \ C)) is independent of the particular extension of ¢|c+ to M. We now gen-
eralize Proposition 3.3.

ProPOSITION 3.6.  Consider the situation of Remark 3.5 and let
RLU =PNIU M;u,).

Then there exists a compact neighborhood F of C in M such that, for each € P,
satisfying o,(t1(A)) = wo(A) (VA € C(M \ C)), there is a measure-preserving
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homeomorphism i € H.(M, i,) for which properties (1)—(6) of Proposition 3.3
hold.

Proof. The proof is the same as that of Proposition 3.3. O
We conclude this section with an extension of the isotopies theorem.

THEOREM 3.7. Let M be a connected second-countable manifold, and let 1o €
Mz(M) with u,(M) < 0o. Let C C M be a compact subset such that C(M \ C)
is finite. Let U C M be a neighborhood of C and let 1: I — Z(U,M; 11,),
T > L, be an isotopy of embeddings preserving ., such that i is the inclusion
¢: U < M. Then the following conditions are equivalent.

(1) T + t¢|c extends to a compactly supported isotopy 1: I — H.(M, u,) of
measure-preserving homeomorphisms such that Ty = Idy,.

Q) If i: I - H.(M, p,-reg) is any extension of T + (;|c to a biregular
homeomorphism such that 1o = Idy, then p,(i;(A)) = w,(A) for each
AeC(M\C).

Proof. Observe that if condition (2) is satisfied by some extension of 7 — ¢.|¢
then, by Remark 3.4, it is satisfied by all extensions. Therefore, (1) implies (2).
Let C*T C IntU be a compact neighborhood of C. Then, from Theorem 3.1, it
follows that a compactly supported extension of T > (,|c+ to biregular homeo-
morphisms does exist (see [7, proof of Cor. 1.2, p. 79]). Then we can modify this
biregular extension to a measure-preserving extension of T +— t;|¢ as in Proposi-
tion 3.3. U

REMARK 3.8. Suppose 7 — ¢, can be extended to a measure-preserving isotopy
of homeomorphisms. Furthermore, suppose that D C dM is closed and a neigh-
borhood V of D in dM is given in such a way that ¢, fixes U N V pointwise; then
T can be chosen to fix D pointwise for each 7 € I.

4. The Mass Flow

Through the rest of this work X will denote a locally compact, locally connected,
second-countable Hausdorff space. These properties imply that X is metrizable
and locally path connected (see [10]). Also, o will represent a fixed good mea-
sure on X.

Call S(AL, X) = C(, X) the space of singular 1-simplices and endow it with
the compact-open topology (since / is compact, this topology coincides with the
Whitney topology). Note that S(A!, X) is second countable if X is second count-
able (see [6]). Endow C(X, S(AL, X)), H.(X), and H.(X, iu,) with the Whitney
topology.

It is not difficult to verify that, given a compact subset K in H.(X), there is a
compact K C X such that every element in X has support in K [2, Lemma 2.1].
This remark is certainly false if #.(X) is endowed with the compact-open topol-
ogy instead.
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Let P(H (X)) = {h € C(U,H (X)) | ho = Idx} be the space of paths (i.e.,
compactly supported isotopies) in H. (X ) based at the identity. Endow P(H (X))
with the compact-open topology. Observe that the (exponential ) map

E: P(H (X)) — C(X, S, X)),
h={h}er = (x = (t = h(x)))

is a topological embedding.

Let n € P(H.(X)) be the constant path such that n, = Id: X — X for each
t € I. In what follows we shall reserve the letter E for the exponential map and
the letter n for the constant path just defined.

If f: X — S(AL X) is continuous and a Borel measure v on X is given then
f«v, defined by f,v(B) = v(f~'(B)) for each Borel subset B in S(Al X), is a
Borel measure on S(Al X). Note that supp f,v C f(supp v), where supp v de-
notes the support of v.

ASSERTION 4.1.  Ifh € P(H (X, u,)) and K is a compact subset of X containing
supph = Cl(U,; supp h,), then

E(h).(pol) — Em)«(rolx) = E(h)«(1r0) — Em)+(10).

Proof. We give an informal proof. The map E(n): X — S(A!, X) is an embed-
ding of X as a set of trivial simplices in S (A, X), which assigns to each x € X the
constant singular 1-simplex ¢ — x. Call the image of E(n) the trivial copy of X
in S(AL X).

The map E(h): X — S(A!, X) is another embedding of X, whose image agrees
with the trivial copy of X in S(A!, X) except for a “bubble” lying over the trivial
copy of supp & in S(A!, X).

It follows that the measures E(h).(uo) and E(n).(wo) agree in the comple-
ment of the union of the trivial copy of supp 4 and the “bubble”. O

Let C; X denote the real vector space of finite signed Borel measures on S(A!, X)
with compact support; thatis, ¥ € C; X if and only if ¢ is a o -additive, real-valued
function defined on all Borel subsets of S(A!, X) such that there exists a K C
S(A!, X) compact with the property that the complement of K in S(A!, X) has
zero ¥-measure.

The linear space C;X becomes a locally convex Hausdorff topological vec-
tor space if it is given the weakest topology such that, for each continuous A:
S(A!, X) — R, the functional C; X — R, given by 9 f A d?, is continuous.

Denote by H. ,(X, it,) the group of measure-preserving homeomorphisms of
X, with compact support, compactly isotopic to the identity in H.(X, u,). That
is, H¢ o(X, o) is the path component of the identity in H. (X, u,).

Define the function

D = Dx ) P(He,olX, o) = C1X

such that
D (h) = E(h)«(olg) — E(m)« (1ol k),

where K is any compact subset of X containing the support of the path /.
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ASSERTION 4.2.  The map ® is continuous.

Proof. Given a continuous A: S (2!, X) — R we have to check that the functional
P(He,o(X, o)) = R,

4.2.1)
h — /Adcb(h) = f[k o E(h) — Ao E(n)]du,
is continuous.

Recall that E(h): X — S(A!, X) is an embedding of X in S(A!, X). The map
S(AlL X) — X, such that 0 — o(0), shows that X is actually embedded as a re-
tract of S(A!, X). Hence E(h) is a closed embedding, so it is proper.

Let C.(X, R) be the space of real-valued functions on X with compact support
endowed with the Whitney topology. Then the fact that E (k) is proper for each
path & implies that the map

P(He,o(X, o)) = Ce(X,R),

4.2.2)
h> Ao E(h) —Xo E(n)
is continuous. Clearly, the functional
C.(X,R) — R,
4.2.3)
7o [ fau
X

is continuous.
Since the composite of the maps given in (4.2.2) and (4.2.3) is the map given in
(4.2.1), the assertion follows. O

In [3] a homology theory based on measures, due to W. Thurston, is discussed in
some detail. For topological manifolds this theory is isomorphic to the standard
singular homology theory with real coefficients. Let us now briefly recall the def-
inition of Thurston’s measure-theoretic first homology group.

Let A2 = {(x,y) e R | 0 < x,y and x + y < 1} and let its vertices be de-
noted by ey = (0,0), e; = (1,0), and e; = (0,1). Let S(A% X) = C(A% X) be
the space of singular 2-simplices with the compact-open topology. Let C, X and
Co X be, respectively, the real vector space of finite signed Borel measures with
compact support on S(A2, X) and X.

Define the faces of A%, F) = (e, e2), F3 = (ep,e2), and F; = (eq, e1), as the
affine maps from A! to A? given in vertices by F;(0) = e;, Fy(1) = ea; F}(0) =
€o, le(l) = e,; and F22(0) = ey, F22(1) =¢,. Fori = 0,1, 2, there is a continuous
ith face map on singular 2-simplices, say (Fz")*: S(A2%,X) — S(A, X), defined
byo > oo F ! which induces a linear transformation 83: C,X — C{X such
that 35(19) = [(F})*].9 for each ¥ € C, X, where 35(9)(B) = H([(F3)*17(B))
for each Borel subset B contained in S(AL X). Let 9 = 83 — 3} + 93.

For o = 0,1, let evy: S(A!, X) — X be such that ¢ — o(«). Define 8% =
(evy)s: C1X — CoX and let 3; = 3) — 3l. Tt is readily verified that 8; 0 3, = 0.
Hence the quotient 2 = kernel(d;) \ Image(d,) is well-defined.
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The vector space 2l is then isomorphic to the first singular homology group
with real coefficients when X is an absolute neighborhood retract (ANR). We
shall write simply 2 = H;(X,R). As a quotient of a subspace of the locally con-
vex Hausdorff space C; X, H|(X,R) is Hausdorff as well (see [3]). In particular,
finite-dimensional subspaces of H{(X, R) inherit the natural Euclidean topology.
ASSERTION 4.3, Ifh € P(H,,o(X, [4o)), then ®(h) is a 1-cycle; that is,

91(®(h)) = 0.

Proof. Let K C X be a compact set such that supp s C K. It is enough to prove
that 9;(E(h)« (ol x)) = 0. But then,

I (E(h) (1ol k) = OV (E(R)w (1ol k) — 91(E()4(1t0] )

= (ev1)+(E(h)« (1ol k) — (evo)«(E(h)«(tolx))
= (evio E(h))«(1ol k) — (evo o E(h))s(1tol k)
= (h)«(Rolx) — (ho)« (Kol k)
= Woln(k) — Molk
= Molk — Molk
=0,

because supp #; C K and h; preserves measure. UJ

ASSERTION 4.4. Let h,g € P(Hc (X, o)) be homotopic paths relative to 0l.
Then ®(h) is homologous to ®(g).

Proof. Let F: I x I — H,.,(X, 1,) be a homotopy from % to g(rel. d/). Dia-

grammatically, we have ¢

n:t—1Id t—>h =g

h
Since F restricted to the edge {0} x [ is constant, we can collapse {0} x [ into
a point and get a map from the standard 2-simplex A? into H.,(X, it,) given by
the following diagram on the edges:

g th =g

h
This map induces a continuous function from X into the space of 2-singular
simplices on X, say E»: X — S(AZ% X). Let K be a compact subset of X con-
taining supp F. A calculation shows that
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02(E2(F)s (ol k) = (E(m) o ) (1ol k) — E(8)x (ol k) + E(M)« (o] k)
=@ (h) — P(g) + EM«(h1+(1ol k)
=®(h) — P(g) + Emx(1olk)-

By performing the same calculation using the constant map A? — {Id} C
He,0(X, o), defined also by the diagram

n
we see that E(1).(i,| k) is a boundary itself. O

Let ﬁc,o (X, o) be the quotient space of P(H,,(X, it,,)) under the equivalence re-
lation of “homotopy relative to d/”. The continuous map ev: P(H. (X, o)) —
Heo(X, o) defined by ev(h) = h; for each h € P(H. (X, t,)) naturally in-
duces a continuous projection p: ﬁc,o(X s o) = Hco(X, o) on equivalence
classes. Observe that p~'({Id}) is the (underlying set of the) fundamental group of
He,o(X, o). When X is amanifold, the compactly generated space of H. , (X, t,)
is locally path connected and locally contractible, so H. (X, u,) is semilocally
simply connected (and of course connected and locally path connected) in the
Whitney topology. Hence, ﬁC,O(X , o) is (a model of) the universal covering
space of H. ,(X, 1t,) in both the compactly generated topology and the Whitney
topology [2, Thm. 4.3; 13, Chap. 2].
With these preliminaries we make the following definition.

DEFINITION 4.5. Define the mass flow
© = Ox = O(x gyt Heo(X, o) — Hi(X,R)

by the formula _
O([r]) = [E(h)*(ﬂa|supph)],

where [h] € ’;Zc,(,(X , o) is the homotopy class (relative to d/) of the path & €
P(He,o(X, 1ho)) and [E(h) (ol supps)]is the homology class of ® (h) in H (X, R).

REMARK 4.6. Since @ is continuous (Assertion 4.2), it follows that the mass flow
© is continuous in the corresponding quotient topologies.

5. First Consequences
PrROPOSITION 5.1.  The mass flow is a group homomorphism.

Proof. Let Azl be the geometric 2-simplex in / 2 having Py = (0,0), P = (1,1),
and P, = (0,1) as vertices. Let H : Azl — Heo(X, o) be defined by the formula
H(s,t) = g, o h, for each (s,1) € A%. Diagrammatically,



Mass Flow for Noncompact Manifolds 253

t gu-_noh

t— h t— g oh,

Certainly H induces a continuous function E>(H): X — S(A%, X).
Identifying A2] with A and computing 9,(E»(H )+(1o|x)), where K is any
compact set in X containing supp 2 U supp g, we get that

2(E2(H) (1ol k) = (8" 0 E(g) o h1)«(ol k) — E()i (ol k) + E(goh)s (ol k),

where §*: S(AL, X) — S(Al, X) is the map induced by the reflection t >
(1 —1)in Al. Hence

02(E2(H)x(Holk)) = (8)4(E(Q)x(1ol k) — E(h)s(olk) + E(g © h)«(ol k).

Since (6*), induces multiplication by —1 in homology, the proposition follows.
O
The proof of the following assertion is immediate.

ASSERTION 5.2. Let f be an arbitrary homeomorphism of X. Then there is a
commutative diagram

J(X, 1to)

~ €]
7'tc,u(X’ /J/U) — HI(X» R)

[f(~)f']~l JHl(f)

~ ®(wa*ﬂa)
Hc,a(X’ f*,uo) — Hi(X,R)

where

[FOF ™At = kD) =[t— fohof™

foreacht — h, in P(H. (X, o).

Both [f(-) f~'17 and H\(f) are isomorphisms of topological groups and lin-
ear spaces, respectively. In particular, if f is isotopic to the identity, then H;(f)
is the identity on H{(X,R).

ASSERTION 5.3.  Let T denote the topological group R/ Z isomorphic to the unit
circle S' = {z € C | |z| = 1}. Let »: S(AL, T") — R be the continuous map
defined by Mo) = [0 — a(0)](1), where 0 — o (0): Al — R is the lifting of
o — o(0) such that [0 — 5(0)](0) = 0. Define D: C;T' — R such that D(®) =
[xdv forall ¥ € C\T'. Then D induces an isomorphism D of H/(T',R) onto R
(see [3]).

PROPOSITION 5.4. Let f: X — T'be a continuous map and h eP(He,o(X, o).
Define foh — f: X x I — T such that (x,t) — f(h,(x)) — f(x). Since
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f(ho(x)) — f(x) = 0, there is a unique lifting foh — f: X x I — R iden-
tically zero on X x {0} U (X x I \ supph x I). Now, the induced functional
Hi(f): H(X,R) — H\(T",R) is such that

D o Hy(f) o O([h]) =/ fohi— fdu,. (F)
X

Proof. Let S(f): S(AL, X) — S(AL T") be such that ¢ — f o o and let S(f).
be the map induced in measures. Then,

D(H(f)(O([h]))) = /X Ad(S(f)s o E(h)xpto)

=/X(MS(f)OE(h))dMo=/Xfoh1—fdun. 0

CoMMENT 5.5. Formula (F) is exactly the expression Fathi uses in [9] to define
the mass flow, in the case where X is compact, as a group homomorphism from
HO(X’ /J’O) intO HOmZ([X, Tl]’ ]R)

6. Properties

Let Ker © be the kernel of the mass flow homomorphism, and let IT denote the
fundamental group of H. ,(X, u,). Then, the diagram

IT
Ker® > Hoo(X,1ts) —— Hy(X,R)
lp
,Hc',o(xnuo)

induces a commutative diagram with exact columns

Oln

MMNKer® © I Ty
Ker® < e o(X. o) —— Hy(X.R) »

N

Ker @ “—— He o(X. jto) —— Hy(X,R)/Ty

where I'y is defined to be the image of IT under © and O is the homomorphism
induced by © in the quotient. It is easy to see that the equalities Ker(p|g..g) =
Ker(@ n) = ITNKer ® hold. Also, the fact that © |1 is a surjection implies that p
maps Ker © onto Ker ©. This shows that the first column in diagram () is exact.
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If H. o(X, p,) is locally connected and semilocally simply connected, then the
map O is continuous. This follows immediately from the continuity of © and the
fact that in this case p is a covering map.

Let us consider the general group (X ) of homeomorphisms of X with the
compact-open topology and let Q(H(X)) = {h € C(I,H(X)) | h(0) = h(1) =
Idx} be the space of loops of homeomorphisms based on the identity. If x, is a
pointin X, then ev,: H(X) — X givenby h — h(x,) induces a group homomor-
phism IT(ev,): TI(H(X)) — II(X,x,) that assigns to each class [#] of a loop &
the class [E(h)x,] of the loop ¢ — h,(x,) in X. Observe that I[T(# (X)) is abelian
(consider the homotopy (s,1) > y1(s) o y2(¢)).

ASSERTION 6.1. If h € Q(H(X)) then Tl(ev,)([h]) lies in the group-theoretic
center Z(I1(X, x,)) of the fundamental group of X; that is, T1(ev,)([h]) com-
mutes with every element in T1(X, x,).

Proof. Lety bealoopin X based at x,. Then G: I x I — X givenby G(s,t) =
hy(y (), for (s,t) € I x I, is such that G(s,0) = E(h)x,, G(s,1) = E(h)x,,
G(0,1) = y(t),and G(1,¢) = y(t). This proves that I1(ev,)([#]) commutes with
[y]in TT(X, x,). O

REMARK 6.2. Z(II(X,x,)) is an invariant of X that does not depend on the
base point x,. For if x; € X, then any two curves from x, to x;, say y, and
y1, define the same isomorphism from Z(IT(X,x,)) onto Z(IT(X, x;)); that is,
[yo’lg“y(,] = [yl_lgy]] for each loop ¢ in X with [¢] € Z(T1(X,x,)). Hence
Z(T1(X)) is well-defined. If h € Q(H (X)) then these comments and the homo-
topy (s,1) — hs(y,(t)) show that [E(h)x,] and [ E(h) x;] define the same element
in Z(T1(X)).

RemARK 6.3. If (Y,y,) is a topological pointed space and if f: (¥,y,) —
(H(X),Id) is continuous, then the composite ev, o f induces an homomorphism
I1(Y, y,) — Z(I1(X)) such that [y] — [E(f oy)x,]. In particular, we can apply
this to the inclusion H ,(X, it,) < H(X).

If X is not compact, then IT(H. (X, u,)) — Z(IT(X)) is trivial; for if h €
QHc,o(X, 1o)) then some point x € X is fixed, so E(h)x is the constant loop at
x. The same is true for the case where X is a manifold with nonempty boundary
and we apply the preceding remark to the inclusion Hf’ (X, o) = H(X), where
’Hf’o(X , Lo) denotes the group of measure-preserving homeomorphisms of X fix-
ing dX pointwise, with compact support and compactly isotopic to the identity in

HI(X, wo).

PROPOSITION 6.4. Let X be a connected n-dimensional manifold, possibly with
a nonempty boundary, such that (1,(0X) = 0. Let x, € X be given. If X is com-
pact, then the following diagram commutes:

M (Heo (X, 1t0)) ——s Z(T1(X))

e

Heo(X, 1) —— Hy(X,R)
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where Hwz: T1(X, x,) — Hi(X,R) is the map that sends the homotopy class of
a loop y on X at x, into the homology class of the atomic measure on S(A!, X)
concentrated at {y} with mass ,(X).

If X is noncompact or X # ) then, for any loop h on H. (X, i,) based at
the identity, (:)([h]) is zero.

Proof. Let h be aloop on H, ,(X, 1t,) based at the identity. Now there is a con-
tinuous function on the unit n-cube, say ¢: I" — X and a measure v, on I” such
that supp 2 C ¢(I") and @V, = Wolen (see [4, Prop. 1 and Lemma 7]). Assume
that ¢ maps the origin 0 € R” to x,.

Letc: I" x I — I" be the contraction of /" defined by c(x, ) = (1—1¢)x forall
(x,t)el"xI.LetH: I x I x I" — X be defined by H(s,t)x = h,(¢(c(x,1)))
for all (s,7) € I x I and x € I". Then H(s,0)x = hy(p(x)) = E(h)p(x),
H(s,)x = hy(x,) = E(h)x,,and H(0,t)x = H(1,t)x = ¢(c(x,1)) = y,(¢) for
all (s,r) el x I andx € I".

Define the affine simplices c; : A I x] (j = 1,2), where o) = (e, e1, €2),
oy = ey, e3,e2), and eg, ey, €3, e3 are the vertices of the unit square.

() es

Ima, |

IIIIO[]

€o €1

For j = 1,2, define Eo(H o j): I" — S(A% X) such that x +— ((s,7) >
H(aj(s,t))x). Letd: A" — Al be such that §(r) = 1 — ¢ for each € Al. Then

02(E2(H o a1)xvo + E2(H 0 a2)4v,)
= (E(h) 0 @)xv, + (8% 0 (x > E(h) X))V,
= E(h)«(@+v,) + (8%)x(vo(I") LE(h) x,])
= E(h)«(iolgam) + (™) (o (I") LE(h) x,]),

where | E (h)x,] represents the atomic probability supported at { E(h)x,}. Hence
O([h]) = po(@(I"NILE(h) X0 ]1.

In particular, if supph # X then E(h)x: s +— hy(x) (0 < j < 1)isacon-
stant loop for some x € X. Therefore E(h)x, is homologically trivial because it
is homotopic to E(h)x. This is always the case when X is noncompact or we are
in the case when homeomorphisms are to fix 0X pointwise. If X is compact and
supph = X = ¢(I") then O([h]) = pu,(X)I[LE(h)x,]]. U

ASSERTION 6.5. Let X be a connected manifold. The map plge & : Ker® —
Ker ®, defined on diagram (), is a covering projection.
Proof. We consider two cases.

Case 1: X is noncompact. In this case I'y is trivial, so Ker @ is the full inverse
image of Ker ® under p.
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Case 2: X is compact. Assume, without loss of generality, that u,(X) = 1.
Therefore I'y is contained in the integral part of the finite-dimensional space
H(X,R) (a compact metric ANR is of the same homotopy type of a compact
polyhedron and hence it has a finitely generated integral homology; see [11]).
Hence I'y is discrete in the Euclidean topology of H (X, R).

Since the mass flow homomorphism is continuous, choose a neighborhood 2 of
the identity in H,, (X, j1,) with ©® () N Ty = {0}. It follows that p(Ker ON2A) =
Ker ®Np (), proving that p .. : Ker © — Ker®isan open map. Hence Ker ®
is the quotient space obtained from Ker © under the action of the discrete group
M(He,o(X, o)) N Ker ®. Thus Plker® 1S @ covering projection. O

7. The Kernel of the Mass Flow

DiscussioN 7.1.  The following discussion is taken from Fathi [9, pp. 73-74].
Let A and B be locally connected, second-countable, Hausdorff spaces. Assume
further that A is compact and that B is locally compact (Fathi needs B compact
only).

Now let ¢: (A x {0} U A x {lI}) — B be some embedding. Define W = A x
Iuy B=(AxI1UB)/{¢(a,0) ~ (a,0), ¢(a,1) ~ (a,1)} by glueing A x I to
B using ¢. Define f: W — T'by f(x) =tmodlif x = (a,t) € A x I and by
f(x) = 0if x € B. Consider the pull-back of the natural covering R — T! by f
to obtain a covering projection W — W.

Suppose that © is a measure on W such that p|sx; = v x dt, where v is a
good measure on A and dt is Lebesgue measure on /. Lift u to a measure i in W.
Let i be a measure-preserving, compactly supported isotopy in P(H. ,(W, t,)).
Then we can lift 4 in a unique way to he P(?—I,)L,’(,(VT/, o). Observe that suppfz
is not compact if i, # Id for some ¢ € I. Moreover, h commutes with the cover-
ing transformations of W — W. Suppose that £ is close enough to the identity;
then we can define a region R(h) C W that consists of the points “to the right”
of A x {0} and i1;(A x {1/2}).

Now, if H{(T', R) is identified with R via the isomorphism found in Asser-
tion 5.3, then

Hi(£)(@([h])) = L(R(h)) — fi(A x [0,1/2]).

We omit the proof of this fact, which certainly explains the name of the mass
flow homomorphism. The figures in Fathi [9, pp. 73—74] illustrate the preceding
formula.

REMARK 7.2. Leta,b,c,d be real numbers suchthat0 <c <a <b <d < 1.
Suppose further that A is a connected manifold. If we define Co(%) as the con-
nected component of A x [0, 1] \ (71(A X [a, b]) that contains A x {0}, then the
foregoing discussion shows that Hl(f)(@([h])) = u(Co(h)) — n(A x [0,al).
In particular, if the space W = (A x I) Uy B is such that ¢ (A x {0}) and
¢ (A x {1}) lie on different connected components of B, then f: W — T is ho-
motopically trivial. Hence we are just asserting that u(Co(h)) = w(A x [0,a]).
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ExaMPLE 7.3. Suppose that ¢ is an embedded circle in X representing a non-
trivial element of H;(X,R) and suppose that N C X is a compact tubular neigh-
borhood of o. Using the previous discussion, Fathi shows how to circulate mass
inside N in order to produce homeomorphisms with nonzero mass flow along o.
An important consequence of this construction is the surjectivity of the mass flow
homomorphism when H;(X, R) has a basis represented by embedded curves hav-
ing tubular neighborhoods. In Proposition 7.5 we prove that the mass flow is onto
without the aid of tubular neighborhoods. The present example illustrates that, in
a particular setting, © is not trivial.

Let A = """ and let B be an n-dimensional connected manifold with bound-
ary. Let¢: A x {0,1} — 0B be an embedding that extends to an open embedding
of R"™! x {0,1} into dB. Then W = A x I U, B is a manifold with boundary
oW = 0Ax ITU B\ ¢((Int A) x {0, 1})). By definition, WV is the result of adding
an n-handle of index I to B.

Suppose that p is a measure in ./\/la(W) such that i| ax; = (@,m) X dt, where
m is Lebesgue measure on A and &, > 0. Let f: W — T!be given by f(x) =
umodlifx = (a,u) € A x I and by f(x) = 0if x € B. It is not difficult to see
that Hi(W, R) = H;(B,R) & R by the Mayer—Vietoris theorem and that the lin-
ear map Hi(f): H{(W,R) — H(T',R) may be interpreted as the projection of
H,(B,R) & R onto its second factor. Choose some continuous function §: A —
[0,1/3] such that «, fA(Sdm = «a,/4 and 8|34 = 0. Define, for each ¢ € I, the
embedding A x [1/4,1/2] <— W, (a,u) — (a,u +t8(a)). Then Theorem 3.7 on
the extension of isotopies says that we can find apath h: I — Hf (W, ) such
that 4, (a,u) = (a,u + t5(a)) for each (a,u) € A x [1/4,1/2]. By Remark 7.2, it
follows that @W([h]) = (B,a,/4) in H{(B,R) & R. Furthermore, by adding an
extra parameter s € [0, «,/4], we can construct a continuous map y : [0, «, /4] —
ﬁfyo(W, w) (e.g., v(s); = [hasia,] for each s € [0,a,/4] and each t € I') with
the property that, for each s € [0, «, /4], (:)W(y(s)) = (Bs,s) in Hi(B,R) & R.
Finally, extend y to y: R — ﬁf’U(W, w) satisfying O (P(s)) = (By,s) for
each s e R.

DEerINITION 7.4. Let W be a real vector space. Then, the £-topology on W is
the topology that makes the inclusions ¢: E < W continuous for each finite-
dimensional linear subspace E C W that is endowed with its standard Euclidean
topology.

If the dimension of W is at most countable, then W, is a locally convex vector
space. Otherwise the (affine) space W is not a topological vector space (see [6]).

Recall that © ; ﬁc,U(X , o) — Hi(X,R)isacontinuous group homomorphism
and that H;(X,R) is Hausdorff [3]. Consequently, finite-dimensional subspaces
in H;(X,R) inherit their natural topology making the inclusion H{(X,R), —
H;(X,R) continuous.

Smce p: ’HC o(X, o) = Heo(X, o) 1s a covering map it follows that, for
K cC ’HC o(X, o) compact, there is acompact K C X such that ®(IC) is contained
in the (finite-dimensional) image of the canonical map H{(K,R) — H;(X,R).
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Therefore, 0: k(ﬁC,U(X, Uo)) — Hi(X,R), is continuous (kS is the compactly
generated space associated with §).

PROPOSITION 7.5.  Let X be an n-manifold. Then 0: k(ﬁc,o(X, o)) — Hi(X,R),
is surjective. Moreover, ® has a continuous section.

Proof. Let z be a nontrivial element in H;(X,R) represented by an embedding
o: T!' < X\ 8X. By covering the image of ¢ with n-cells, we can construct
a neighborhood Z of o(T"') in the interior of X such that Z can be expressed as
the result of adding an n-handle of index 1 to a submanifold of dimension 7 in the
interior of X. Let v be a homeomorphism from Z onto some W = A x I Uy B.

By the von Neumann—Oxtoby—Ulam theorem on manifolds (see [4]), assume
that V. (ito|z) = u where u is the measure in Mg(W) considered in Exam-
ple 7.3. Since T'is an ANR, we can take Z small enough so that the canonical
map H{(B,R) — H;(X,R) is trivial. Using Example 7.3 and the commutative
diagram

~ o)
HY (2,10l 2) —— Hi(2,R) == H|(B,R) ® Rz

o, I

~ ®
H2 (X o) —— Hi(X,R) ¢ Rz

where 7 is the projection on Rz, we can find a continuous mapping y, : Rz —
k(’;quo(X, o)) such that (:)X o ¥, is the identity on Rz. Now choose an at most
countable family {o: T! < X} of embeddings representing a base for H;(X,R).

Note that any element in H;(X,R) is a finite linear combination of basic vec-
tors. Hence, we can multiply the corresponding family of sections {y,: Rz —
k(ﬁfya(X , o))} in some fixed order, for y,, © ¥, # Vs, © Vo, in general, to obtain

a continuous section y : Hj(X,R); — k(ﬁfﬁo(X,,u,,)). O

REMARK 7.6. If the dimension of X is greater than two, then there is a locally fi-
nite family {o: 7' < X} of continuous disjoint embeddings representing a base
for H;(X,R). Suppose now that each o: T! < X has a tubular neighborhood.
Then, in this situation, a section that at the same time is a group homomorphism
can be constructed.

COROLLARY 7.7. There is a homeomorphism
k(He,o(X, 10)) = k(Ker ©) x Hi(X, R);.

Furthermore, k(Ker ©) — k(Ker ®) is a universal covering projection of a con-
nected, locally contractible space.

Proof. First note that the subspace topology of (the underlying set of ) Ker ® in
k(H,0(X, 1,o)) is the topology of the k-space k(Ker ®) [2]. Now, the existence
of the stated homeomorphism is a consequence of the existence of a continuous
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section. The fact that k(H.,,(X, tt,)) is connected and locally contractible (see
[2]) implies that its universal covering has these same properties. From Asser-
tion 6.5 and the fact that H;(X,R), is contractible, the second statement of the
corollary follows. O

REMARK 7.8.  Proposition 7.5 and its corollary hold for the group of homeomor-
phisms fixing 90X pointwise.

LEMMA 7.9. Let v, be a 3-good measure in I". Then H(1",v,) is contractible.

Proof. The lemma is a consequence of “Alexander’s trick” and the von Neumann—
Oxtoby—Ulam theorem (see [9]). O

LEmMMA 7.10. Let X be an n-manifold. Let K be a closed n-cell in X. Suppose
h € H(X, u,) is isotopic to the identity by a |L,-preserving isotopy supported in
K. Then ©®(h) = 0. If h e H(X, ,) has its support in Int K, then h is isotopic to
the identity in Int K and ©(h) = 0.

Proof. Any homeomorphism in H (K, u,| k) that fixes Fr K pointwise can be ex-
tended to a homeomorphism in # (X, i,) by defining such an extension to be the
identity out of K (note that Fr K may be different from dK). Let HF" (K, 1,| k)
denote the group of homeomorphisms of K preserving (4, |k and fixing Fr K point-
wise endowed with the compact-open topology. Let HE'(K, 11,] k) be the path-
connected component of the identity. There is a commutative diagram

®
H (K, 1ol x) — Hi(K,R) =0

J J

Heo(X. o) ——— Hy(X,R)/Tx

This implies the first part of the lemma. The rest is a consequence of Lemma 7.9.

O
PROPOSITION 7.11.  Let X be an n-manifold. If h € Ker Oy, then h can be written
as a composition h = hyo hy oo hy such that, for each i, h; is in H. (X, [Lo)
with supp h; contained in an n-cell.

We first prove a lemma.

LEMMA 7.12. Let N be an n-dimensional manifold and let S be a compact, con-
nected, bicollared (n — 1)-submanifold of N. Let u be a d-good measure on N
such that

(1) wlsxi=1,2) = v x dt, where S x {(—1,2) is a bicollar of S = § x {1/2},v €
Mg(S), and dt is Lebesgue measure on (—1,2).

Let h € P(H.,o(N, pw)) satisfy

(2) ©Oy(hy) =0 foreacht el and
3) h(S x[1/4,3/4]) C S x (0,1) foreacht e l.

Then there is a b in P(H.,,(N, n)) such that
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(4) suppb C S x (0,1) and
(5) bil(sxrija,z3/ay = hel(sxpija 34 for eacht € 1.
Furthermore, if D is a closed set in 9N and W is a neighborhood of D in 0N

such that h;|w = Idw for each t € I, then b can be chosen in such a way that
b,|p =1dp foreachtel.

Proof. Define, for each ¢t € I, Cy; (respectively C; ;) as the connected compo-
nent of S x [0, 1]\ &,(S x [1/4,3/4]) that contains S x {0} (respectively S x {1}).
By Theorem 3.7 and Remark 3.8, it is enough to prove that, for each i = 1,2,
n(Ci ) = u(Ci o) if t € I. But now this follows from Remark 7.2 and the assump-
tion that £ is a path in Ker ©. O

Proof of Proposition 7.11. Let E" denote either R” or the upper half-space H" =
R"! x [0, 00), and let By(r) denote the standard Euclidean closed ball of radius r
centered at the origin.

Let U be an open subset of X with compact closure satisfying n € H. ,(U, tolv)
and Oy (k) = 0. Since C1 U is compact, we can find a finite number of coordinate
charts, say ¢;: E" < X (1 < j <), such that | J{¢;(Bo(1/2)NE") |1 < j <1}
is an open set containing C1 U. By induction on the covering number / of charts it
is enough to prove that, for a given chart ¢ : E" < X, any sufficiently small & €
Ker ®y can be written as a product g o f such that, for rA = ¢ (Bo(r) N E"):

(1) g €He,o(Int2A, polimi24);

) feHeo(U\NA/DA, wolunasa);

(3) f € Ker ®U\(l/2)A‘

Using the differentiable structure that ¢: E" < X imposes on ¢ (E"), we can
construct an open subset N of X such that

4 CIN C U,
(5) he Hc,o(N’ M0|N)»
(6) h e Ker®y, and
(7) CI(N NFrA) is an (n — 1)-dimensional manifold such that there is an em-
bedding
CI(NNFrA) x[-1,2] — CI(NN24A)\ (1/2)A

that satisfies the following property: (N NFr A) x [—1,2] is mapped into N in
such a way that (NN Fr A) x (—1,2) < N isabicollarof (NNFrA) x{1/2} =
NNFrAin N, and (N NFrA) x {0} C A (so the bicollar goes from A to the
outside).

In other words, we have engineered U into N in order to canalize the flow of
mass in and out of Fr A through channels with reasonable embankments. Assume,
without loss of generality, that ,|ci(vnFra)x[—1,2] = V X dt, where v is a good
measure in C1(N N Fr A) and dt is Lebesgue measure on [—1, 2].

By Corollary 7.7, Ker ®y is connected and hence is generated, as a group, by
any neighborhood of the identity. Expressing & as a product of small homeo-
morphisms and replacing it by one of its factors, we can suppose further that
h((NNFrA) x[1/4,3/4]) c (NNFrA) x (0,1). Now define the sets
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Yi = (NNA)U(NNFrA) x [1/2,1),
Y, = (N\ A)U(NNFrA) x (0,1/2];
L=Y NY,=(NNFrA) x (0,1).

Applying Lemma 7.12 to each component of C1(N N Fr A) and using a small
isotopy of / in Ker ®y, we can find an homeomorphism b of X in H. ,(L, tto|r)
such that b agrees with 4 on (N NFr A) x [1/4,3/4]. Since the composite b~ o h
is the identity on (N N Fr A) x [1/4,3/4], we can find two homeomorphisms, say
g and f’, such that

®) bloh=g"of
9) 8" €He,o(Y1, oly,), and
(10) f €He,o(Ya, toly,).

Let g’ = b o g” and observe that, although £ is equal to the product g’ o f' and
conditions (1) and (2) are satisfied, it may well happen that ®y, (f') is not zero.
To remedy this situation, we want to perturb f” and g’. For this purpose consider
the commutative diagram

~ Wy ~ ~ Nl ~
Hig(L, M0|L) — Hc,o(Yl’ M0|Y1) X Hc‘,o(YZ’ ,lL0|Y2) — Hc,o(N’ MU'N)

l@)L l@yl x Oy, l(:‘)N

2 [}
H\(L,R) ————— H(Y},R) @ H,(Ys,R) ———— H(N,R)

where W1(P) = (P,P7"), ®/(G,F) = G o F, ¥,(z) = (z,—2), and ®1(v, w) =
v 4+ w. The Mayer—Vietoris theorem implies that Image W, = Ker ;.

Suppose now that G € ﬁ,(‘,(,(Yl, Woly,) and F € ﬁc,O(YZ, Woly,) are given such
that 6N(G F) = 0. Then, by the exactness of the Mayer—Vietoris sequence and
the fact that OL is surjective, we can find a Pe 7-[ o(L, tolr) with \Ilz(OL(P)) =
(®y] G), @YZ(F)) Therefore P o F € Ker ®y2 and (GoP™Ho(PoF)=GoF.

O
DEeFINITION 7.13.  Let A be an open covering of the manifold X. A homeomor-
phism of X is said to be A-small if its support is contained in some element of A.

REMARK 7.14. Let A be an open covering of X. By using balls of small diame-
ter in the proof of Proposition 7.11, we can add in its statement that each %; in the
decomposition of / is A-small. Collecting the results in Propositions 7.5 and 7.11,
we can state the following theorem.

THEOREM 7.15. Let X be a second-countable connected n-manifold, let ., be
a 9-good measure in X, and let A be an open cover of X. Then the map ©:
He,o(X, o) = HI(X,R)/Tx is surjective. Moreover, the kernel of ® is gener-
ated as a group by its A-small w,-preserving elements supported in n-cells.

REMARK 7.16. The same result holds for ®: H?

c,0

(X, Mu) g H](X, R)

THEOREM 7.17. Let X be an n-dimensional connected manifold without bound-
ary such that n > 3. Then the kernel of the mass flow homomorphism is a simple
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group. Furthermore, it is the smallest nontrivial normal subgroup of H. (X, o)
and it is equal to the commutator subgroup H. ,(X, (o).

Theorem 7.17 is a consequence of the following three results.

ASSERTION 7.18.  Let Y be a k-dimensional connected manifold with k > 2, let
v, € Mg(Y ), and let x,y be two points in Y \ dY. Then there exists a homeomor-
phism in Hf,O(Y, Wo) supported in a topological ball and sending x into y.

Proof (cf.[12,p.895]). Let BbeaballinY suchthat {x, y} € Int B. Assume, with-
out loss of generality, that B = I* and v, | 3 is a multiple of Lebesgue measure. By
sliding a small cube centered at x onto a small cube centered at y and then apply-
ing Theorem 3.7 (extension of isotopies) we get the desired homeomorphism. [J

In particular, Ker ® acts transitively on X.

ASSERTION 7.19.  Let m be Lebesgue measure on IntI" (n > 3). Then the group
H.(Int I, m) is perfect.

REMARK 7.20. This nontrivial result is [9, Thm. 7.4]. Assertion 7.19, the von Neu-
mann—Oxtoby—Ulam theorem (see [12]), and Theorem 7.15 imply that Ker ® is
perfect. Note that it is only here where the restriction n > 3 is needed.

ASSERTION 7.21.  Let K, N be two subgroups of the full group of homeomor-
phisms H(X) of X satisfying the following properties.

(1) N is not trivial.

(2) K acts on N by conjugation (i.e., K is contained in the normalizer of N in
H(X)).

(3) K acts transitively on X.

(4) For any open covering A of X, K is generated by its A-small elements.

Then, the commutator subgroup of K is contained in N. In particular, if K is per-
fect, then it is simple.

REMARK 7.22. This is just a restatement of a well-known argument due to Ep-
stein [8].

Proof of Assertion 7.2.1 (cf. [9, p. 90]). Let f, be a nontrivial element in . Then
we can find a nonempty open subset Vy C X such that

(5) Von fo(Vo) =0.

LetV = {b(Vy) | b€ K}. By (3), V is a covering of X. Let A be an open bari-
centric refinement of V. Hence, if U;,U, € A and Uy N U, # @, then U; U U, C
V for some V € V. By (4) it is enough to show that, if &, g € IC are .A-small, then
the commutator [k, g] = hgh~'g™! belongs to N. Let U;, U, € A be such that
supph C U and supp g C U,. If Uy N U, = @, then [h, g] = Id and we are done.
Otherwise let b € K with U; U U, C b(Vy) = V. By (2) and (5), we have that
by putting f = bfob~! then f € N and V N f(V) = . Using (2) we see that
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[, f1 € N because [k, f1 = hfh ' f~' = (hfh™") 1. By (2) again, the com-
mutator [[4, f], g] lies also in A. Since supp(fh~'f =1 C f(V), it follows that
fh7'f ! commutes with g. Finally,

[lh, f1.81 = h(fh~' f Hg(fhf Hn g™
= hg(fh™'fO(fhf Hh'g = hghT'g7 = [h,gl,
proving that [h, g] € K. U
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