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GLOBAL BIFURCATION IN NONLINEAR DIRAC PROBLEMS
WITH SPECTRAL PARAMETER
IN THE BOUNDARY CONDITION

ZIYATKHAN S. ALIYEV — PARvVANA R. MANAFOVA

ABSTRACT. In this paper we consider nonlinear eigenvalue problems for
a one-dimensional Dirac equation with spectral parameter in the boundary
condition. We investigate local and global bifurcations of nontrivial solu-
tions to these problems. The existence of unbounded continua of nontrivial
solutions bifurcating from points and intervals of the line of trivial solutions
is shown.

1. Introduction
We consider the nonlinear eigenvalue problem for the Dirac equation
(1.1)  fw(z) = Bw' (z) — P(x)w(x) = Mw(z) + h(z,w(x), ), 0<z<m,

subject to the boundary conditions

U w) = Ug(liww)
given by
(1.2) Ui (w) := (sin «, cos @) w(0) = v(0) cos o + u(0) sinaw = 0,
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(1.3) Us (A, w) :=(Asin S + by, Acos 5+ ar) w(w)
=(Acosf +ai)v(m)+ (Asin 8+ b)) u(m) =0,

where

_ 0 1 [ p(x) O [ u(@)
B_<—1 O)’ P(:c)—< 0 r(x))’ w<x)_<v(x)>’

A € Ris a spectral parameter, p(x) and r(x) are real valued, continuous functions
on the interval [0, 7], a, 8, a1 and b; are real constants such that 0 < «, 8 <7
and

(1.4) oc=a;sinf —bycoss > 0.

The function h: [0, 7] x R? x R — R? is assumed to be continuous and has

a representation h = f + g, where f = <§;> and g = (g;

functions on [0, 7] x R? x R and satisfy the following conditions:

) are continuous

(15) ‘fl(x7w>>‘)| < K|w|a |f2(1'7w7>‘)| < M|w|a

forx € [0,7], 0 < |w| <1, AR,
where K and M are the positive constants;
(1.6) 9(@,w, A) = o(|w]) as |w| =0,

uniformly in « € [0,7] and A € A for every bounded interval A C R (here | - |
denotes a norm in R?).

Similar problems for nonlinear Sturm—Liouville equation of second and fourth
order when the spectral parameter is not involved in the boundary conditions
have been considered before by Rabinowitz [21], Schmitt and Smith [23], Chiap-
pinelli [12], Rynne [22], Dai [13], Przybycin [20], Lazer and McKenna [17], Ma
and Tompson [19], Aliyev [2], and when the spectral parameter is involved in
the boundary condition have been considered by Binding, Browne, Watson [11],
Aliyev and Mamedova [3], Aliyev [1]. These authors prove the existence of un-
bounded continua of nontrivial solutions in R x C! and R x C? bifurcating from
eigenvalues or intervals (in R x {0}, which we identify with R) surrounding the
eigenvalues of the corresponding linear problem and having usual nodal proper-
ties.

In Schmitt and Smith [23] a special case of (1.1)—(1.3), with a3 = b = 0
and K + M < 1/2, was considered. But these authors have not been able to
investigate the structure and behavior of global continua of nontrivial solutions
emanating from bifurcation intervals completely. The reason for this was that
at this time the oscillatory properties of the one-dimensional Dirac system were
not known. For the first time Aliev and Rzayeva [6] investigated completely the
oscillatory properties of eigenvector-functions of the linear one dimensional Dirac
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system (1.1)~(1.3) with & = 0 and a; = by = 0 (see also [7]), where 0 = (9).
To study the global bifurcation of solutions of the nonlinear problem (1.1)—(1.3)
with a; = by = 0 in [8] uses oscillatory properties of eigenvector-functions and
refined asymptotic formulas for eigenvalues of problem (1.1)—(1.3) with h = 0
and a; = by = 0 which are obtained in [6], [7].

In our recent papers [4], [5] we consider the linear eigenvalue problem ob-
tained from (1.1)-(1.3) by setting 2 = 0, where we show that the eigenvalues
of this problem are real, algebraically simple and the values range from —oo to
400, and can be numerated in increasing order. Moreover, we study the location
of eigenvalues on the real axis, the oscillation properties of eigenvector-functions
and the asymptotic behaviors of eigenvalues and eigenvector-functions of this
problem.

The purpose of this paper is to study the structure and behavior of global
continua of nontrivial solutions of problem (1.1)—(1.3) bifurcating from points
and intervals of the line of trivial solutions.

The structure of this paper is follows. In Section 2, by using angular function,
we study the oscillatory properties of eigenvector-functions of the linear Dirac
system (1.1)—(1.3) with ~ = 0. In Section 3 we define classes of functions that
have the obtained oscillation properties of eigenvector-functions of this linear
problem by using technique from [11]. Here we reduce problem (1.1)-(1.3) to
a nonlinear operator equation, and we apply Rabinowitz’s global bifurcation
theorem to this equation with f = 0. By extending the approximation technique
used in [10] and using the basic properties of the angular functions in Section 4
we find bifurcation intervals for problem (1.1)—(1.3). Next we show that the
connected components of the set of solutions of this problem bifurcating from
these intervals are unbounded and lie in the classes of functions from Section 3.

2. Preliminaries

If h = 0, then from (1.1)—(1.3) we get the following linear one-dimensional
Dirac system

tw(z) = w(z), 0<z<m,

21) U\ w) = 0.

It follows from [4, Lemma 2.1 and Theorem 3.2] that eigenvalues of the boundary
value problem (2.1) are real, algebraically simple and the values range from —oo
to 400, and can be numerated in increasing order.

In order to study the bifurcation of solutions of nonlinear problem (1.1)—(1.3)

we consider a more general linear problem
(w(z) = Bw'(z) — P(z)w(z) = Aw(z), 0<az <,

22) U\, w) =0,
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s (v@) @)
Pl) <s<x> r<w>>’

q(z) and s(z) are real-valued continuous functions on the interval [0, ).

where

REMARK 2.1. In view of [8, Remark 2.1] without loss of generality we can
assume that s(z) = ¢(x).

LEMMA 2.2. The eigenvalues of the boundary value problem (2.2) are real,
simple and form a countable set without finite limit points.

The proof of this lemma is similar to that of [4, Lemma 2.1].
It should be noted that there exists a unique solution

Wz \) = u(z, A)
() ( v(x, \) )

(w(z) = w(z), 0<z<m,

of the Dirac equation

satisfying the initial condition
(2.3) u(0,A\) =cosa, v(0,\) = —sinq;

moreover, for each fixed z € [0, 7] the functions u(z, A) and v(z, A) are entire
functions of A\. The proof of this assertion is similar to that of [18, Chapter 1,
§1, Theorem 1.1] with obvious modifications.

Let us introduce the boundary condition

(2.4) Us(w) := (sin+y, cosy) w(mw) = v(mw) cosy + u(m) siny = 0,

where v € [0, 7).
Along with problem (2.2) consider the following boundary value problem

(w(z) = w(z), 0<z<m,

(2.5) Ut) 3,

where U(w) = (ggg;) (see (1.2) and (2.4)).

The problem (2.5) has been considered in [7], where the authors study the
oscillation properties of the eigenvector-functions of this problem. The eigenva-
lues A\, = Ai(a, ), k € Z, of problem (2.5) are real, algebraically simple and the
values range from —oo to +00, and can be numerated in increasing order on the
real axis.

To study the oscillatory properties of eigenvector-functions of problem (2.2),
we introduce the Priifer angular variable

(2.6) 0(z,\) = cot ™! (u(z, \) /v(z,\))
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(see [9, Chapter 8, §3]), or more precisely,
(2.7) O(z, A) = arg{u(z, \) + iv(x, A\)}.

We recall that u,v have fixed initial values for x = 0, and all A, given by
(2.3). We define initially

(2.8) 0(0,)) = —a,

in view of (2.3). For other z and A, 6(z, \) is given by (2.7) (or (2.6)) except
for an arbitrary multiple of 27, since v and v cannot vanish simultaneously.
This multiple of 27 is to be fixed so that 6(x, \) satisfies (2.7) and is continuous
in z and A. Since the (z, A)-region, namely, 0 < z < 7, —00 < A < 400, is
simply-connected, this defines f(x, \) uniquely.

REMARK 2.3. From (2.7) it is obvious that the zeros of the functions u(z, \)
and v(z,A) are the same as the occasions on which 6(z, \) is an odd or even
multiple of 7/2, respectively.

REMARK 2.4. In virtue of [7, Theorem 1] the eigenvalues Ay (e, ), k € Z, of
problem (2.5) can be numbered in increasing order on the real axis so that the
angular function 6(z, A (e, y)) at = 7 satisfy the condition

O(m, Ae(a,v)) = =y + k.

The next lemma follows from [7, Lemmas 1-3 and Theorem 2] and is useful
in the sequel.

LEMMA 2.5. (a) 0(x, \) satisfies the differential equation, with respect to x,
1
(2.9) 0 =\ +pcos? 0 +rsin? 0 + §(q+s) sin 26.

(b) If X > \*, then as x increases, 0 cannot tend to a multiple of w/2 from
above, and as x decreases, 6 cannot tend to a multiple of w/2 from below. If
A < \*, then as x increases, 6 cannot tend to a multiple of /2 from below, and as
x decreases, 0 cannot tend to a multiple of /2 from above, where \* = Ao(a, ).

(c) As X increases, for fived x, the function 0 is increasing; in particular,

O(m, \) is a strictly increasing function of \.

For the function

Acos B+ ay
P\ = 2P T
() Asin 8+ by
we have
AP e ——
*) (Asin 5 + by)?

Since o > 0 (see (1.4)), it follows that for § = 0 the function @(\) is strictly
decreasing on the interval (—oo, +00), and we have \ hIf &(N\) = Foo; for f#0
— =00
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the function @(\) is decreasing on each of the intervals (—oo, —b;/sin8) and
(=b1/sin 8, 4+00), and we have

lim D(\) = —o0, lim @(A) =400, lim P(A) = cotS.
A——b1/sin B—0 A——b1/sin 40 A—too

Following arguments of [11, p. 251] and taking into account Remark 2.4, we define
a continuous function g(A), A € R, as follows:

o(A) = —cot™ ' P(\) for B =0,
—cot~LB(N) if A € (— o0, —by1/sin ],
\) — f 0.
o) —cot7td(\) — 7 if A € (—by/sin B, +00), i

It is obvious that

AcosfB+a b
cot o(N) = ~8(A) = ~ T @<‘sml 5> =

It follows from the above consideration that the function p(A) is strictly decreas-
ing on R. Moreover, we have

(2.10) lim () = -5, lim o(A)=—-p—m.

A—— 00 A—+ 00

THEOREM 2.6. The eigenvalues \i, k € Z, of problem (2.2) can be numbered
in ascending order on the real axis so that the corresponding angular function
O(x, \) at x = 7 satisfy the condition

(2.11) O(m, A\e) = o(Ag) + k.

PRrROOF. By virtue of statement (¢) of Lemma 2.5, 6(m, A) is a strictly in-
creasing function of A\, A € R. Moreover, by Remark 2.1 it follows from [7, (10)]
that

(2.12) O(m,A) = —c0 as A = —o0, O(m,\) = 400 as A — +oo.
Note that the eigenvalues of problem (2.2) are the roots of the equation
(2.13) (Aeos B+ ay) v(m, A) + (Asin 8+ by) u (m, \) = 0.
Equation (2.13) can be expressed in the following equivalent form:

(2.14) O(m,\) = o(\) + km, keLZ.

It follows from relations (2.10), (2.12) and the properties of continuity and strict
monotonicity of functions 6(w,\) and o()\) that for each k € Z there exists
a unique root A = )\ of equation (2.14), i.e.

O(m, \g) = o(Ag) + km, k€Z,

where ... < A <... <A1 < X< <. < <. O
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REMARK 2.7. By virtue of Theorem 2.6 and the definition of the function
0(A) when numbering the eigenvalues of problem (2.2) will be proceed from the
following consideration: the zero sequence number will be assigned to eigenvalue
which is contained in (A_1(c, 0), Ao(a, 0)] and is closest to Ag(c,0).

3. The classes S}, k€ Z, v € {+,—},
and global bifurcation of solutions of problem (1.1)—(1.3)
in the case f =0

Consider E = C([0,7]; R?) N {w : Uy (w) = 0} with the usual norm

w| = e lu(x)] + e, lv(z)[;

then F is a Banach space. Let S be the subset of E given by
S={w e E:|u(z)+|v(z)] >0, for all z € [0, 7]}

with metric inherited from E. For each w = (%) € S we define f(w, -) to be
continuous function on [0, 7] satisfying

u(z)

= — 0 —
cot(w, x) @)’ (w,0) @
(see, e.g. [8], [11]). It is apparent that 6: S x [0,7] — R is continuous. From
(2.8) and (2.11) we have

(3.1) 0(wy,,0) = —a, O(we, ) = o(\e) + km, k€ Z,

where wg(x) is an eigenfunction corresponding to the eigenvalue A of prob-
lem (2.2).
For each k € Z and each A € R let S,:)\ be the set of functions w = (ﬁf) es
satisfying the following conditions:
() 0w, m) = oN) + b
(ii) the function u(z) is positive in a neighbourhood of = = 0;
(i) if 8=0,k>00r f=0,k=0, 0N >—-aorp #0,k>1o0r
B #0,k=0,1, o(A) > —a, then for fixed w, as z increases from 0 to m,
the function 6§ cannot tend to a multiple of 7/2 from above, and as z
decreases, the function 6 cannot tend to a multiple of 7/2 from below;
if=0,k<0or=0,k=0,0) <-aorf#0,k<lorg=#0,
k = 0,1, o(A) < —a, then for fixed w, as x increases, the function 6
cannot tend to a multiple of 7/2 from below, and as x decreases, the
function 6 cannot tend to a multiple of 7/2 from above.

Let S; ) = —SZ)\ and Si ) = S;A U S 5. It follows from (3.1), Remark 2.7
and statement (b) of Lemma 2.5 that for each A € R the sets S,:',/\, S,;)\ and Si ,
k € Z, are nonempty.
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From now on v will denote an element of {4+, —} that is, either v = + or

V= —.

REMARK 3.1. It follows from the definition of the sets S,’; \» k € Z, that for
each A € R these sets are disjoint and open in E. Furthermore, if w € OSZJ\,
then there exists ¢ € [0, 7] such that |w(t)| = 0, i.e. u(t) = v(t) = 0 (see [8]).

Now we define the sets Si and S}, k € Z, as follows:
Se=J Ska and Sy =[] Sk,

AER AER
In view of Remark 3.1 the sets Si, and S}, k € Z, are disjoint and open in E.
Moreover, if w € 0S}, k € Z, then there exists a point ¢ € [0, 7] such that
lw(t)| =0, ie. u(t) =wv(t) =0.

LEMMA 3.2 ([8, Lemma 2.8]). If (A\,w) € R x E is a solution of problem
(1.1)~(1.3) and w € ASY, then w = 0 (more precisely, u =0 and v = 0).

Let £ = E & R be the Banach space with the norm

a-|(0)

Let us define the operator L by

L(w) = L(?) - < alv(ﬂ)e(jrul)?lu(ﬁ) )

(V) eBwectmir),

= [[wll + |n].

with the domain

D(L) = {a

17 = —(v(w) cos f + u(r) sin B)}
Obviously, the operator L is well defined in E. Then linear problem (2.1) takes
the form
(3.2) Lo = \w,

i.e. the eigenvalues A, k € Z, of problem (2.1) and the operator L coincide, and
between the eigenvector-functions, there is an one-to-one correspondence

uj,
we() e ()-(3)
Vg Nk
Nk
Mk = —(v(m) cos B + uy () sin B).

It is obvious that L is a closed (nonself-adjoint) operator in E with compact
resolvent.
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We define the operators F': R x E— Eand G: R x E — E as follows:

F(\, @) :F()\,< :‘7} )) - ( f(x’(;”’A) ) — ;;g;i; ,
GO\, D) :G</\,< 2‘; )) - ( g(”“"’(;”w ) = Z;Ei;i; :

where n = —(v(7) cos 8 + u(m) sin 8). Then problem (1.1)—(1.3) reduces to the
nonlinear problem

(3.3) Lo = v+ F(\w)+ G\ w).
i.e., there is a one-to-one correspondence
(A w) < (A, 0)

between solutions of these problems. If A = 0 is not an eigenvalue of the linear
problem (2.1), then L1 exists and L~!: . E — E. We define the operators
Z:E—>E,F:]RxE—>EandG:RxE—)Easfollows.

L=L"' F=L' and G=L"'G.

Then problem (3.3) (or (1.1)-(1.3)) can be written in the following equivalent

form:
(3.4) @ = AL@ + F(\, @) + G(\, ).

Since L has the compact resolvent in E we can regard Lasa completely con-
tinuous operator in E.Hence F:RxE — Eand G: Rx E — E are completely
continuous. Moreover, by virtue of (1.6), we have

(3.5) G\ w) = o(l|w]]) as [lw]| =0,
uniformly in A € A for every bounded interval A C R. Let
St ={BeE:wes}, S,={cFE:weS}, kel

We denote by C the closure in R x E of the set of nontrivial solutions of prob-
lem (3.4). We suppose that

(3.6) f=0

(in effect, we suppose that the nonlinearity h itself satisfies (1.6)). In this case
problem (1.1)—(1.3) is equivalent to the following problem

~

(3.7) @ = AL@ + G(\, ).
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Note that proble (3.7) is of the form (0.1) of [21] (see also [14]). The lineariza-
tion of (3.7) =0= ( ) is the linear problem
(3.8) @ = AL®.

It is obvious that problem (3.8) is equivalent to the linear problem (2.1) (also to
problem (3.2)). For problem (3.7) we the have the following global bifurcation
result.

THEOREM 3.3. Suppose that (3.6) holds. Then for each k € Z and each v
there exists a continuum C} of solutions of problem (3.7) which contains (Ak,0),
lies in (R X §,’g) U {(Ak,ﬁ)} and is unbounded in R x E.

PROOF. If A = 0 is not an eigenvalue of problem (3.2) the proof of this
statement is similar to that of [21, Theorem 2.3] with use the above arguments
and relation (3.5). If A = 0 is an eigenvalue of (3.2), then replacing ¢ by £+¢ (we
can obviously choose € in a way that the number zero will not be an eigenvalue
of the new linear problem), and passing to a limit using the already established
result and the completely continuity of L and @, completes the proof of this
theorem. O

Since there exists an isomorphism (A, @) <> (A, w) between solutions of prob-
lem (3.7) and (1.1)—(1.3), Theorem 3.3 yields the following result.

THEOREM 3.4. Suppose that (3.6) holds. Then for each k € Z and each v
there exists a continuum C} of solutions of problem (1.1)—(1.3) which contains
()\k,ﬁ), lies in (R x S¥)U{(Mr,0)} and is unbounded in R x E.

4. Global bifurcation of solutions of problem (1.1)-(1.3)
in the general case

We say that (), 0) is a bifurcation point of problem (1.1)~(1.3) with respect
to the set R x S}, k € Z, if any small neighbuorhood of this point there is
a solution of this problem which is contained in R x S.

To study the bifurcation of solutions of problem (1.1)—(1.3) we consider the
following approximation problem

tw(z) = dw(z) + f(z, |lw(@)fw(x), ) + gz, w(x),A), 0<z<m,

(4.1) ~

U\ w) =0,
where € € (0,1]. By virtue of (1.5) for any ¢ € (0,1] we have
(4.2) f(@, Jw(@)|*w(z),A) = o(jw]) as [w] =0,

uniformly in z € [0, 7] and A € A. Then, because of Theorem 3.4, for each k € Z
and each v there exists an unbounded continuum C; . of solutions of problem
(4.1) such that

(D) € €L € (R x S U {0}
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LEMMA 4.1. For each k € Z and each v and for sufficiently small 7 > 0 there
exists a solution (Ar,w.) of the nonlinear problem (1.1)—(1.3) which satisfies the
conditions w, € Sy and |lw.|| = 7.

ProOOF. It follows from the above reasoning that for any ¢ € (0,1] there

- Ur e
()\’T,S?wT,E) = ()\T,é'?( Vr.e ))

of problem (4.1) such that w, . € SY and |Jw, .|| = 7.
Obviously, (Ar,e, ) solves the nonlinear problem

tw(z) = w(z) + Pro(x)w(z) + g(z,w(z), ), 0<z<m,
U\ w) =

exists a solution

where

e = (5720 )

and the functions ¢, o(2), ¥rc(x), ¢r(x) and 7, () are determined as follows:

Sz, |wr, s($)|EUT,5(x)a |wT,5(:c)|5v.,-75(x), )‘T,s) ur ()

prelr) = w2 (@) + 2. (@) |
B fi(z, |w7-,€(x)\8u.,-’5(:v)7 \wT’E(x)FUT’E(xL )\7-75)1).,-’5(;6)
prele) = EREERERE) |
(4.4)
¢ (l‘) _ f2($, |w77€(x)\5u778(x), ‘wT,E(x)|EUT,E(x)7 AT,E) UT,E(J:)
e uZ () + 07 (2) ’
wr o (1) = f2(@, |we e () [*ur e (%), [wre () |07 (), Are) vr e (@) '

w2 (2) +02.(2)
By (1.6) the linearization of the nonlinear eigenvalue problem (4.3) at w = 0 is
the linear eigenvalue problem

tw(z) = w(z) + Pro(x)w(z), 0<z<m,

(4.5) U

By [16, Chapter 4, §2, Theorem 2.1] and Theorem 3.4 the point (A ,.c,0) is an
only bifurcation point of problem (4.3) with respect to the set R x Sy, and this
point corresponds to a continuous branch of nontrivial solutions of this problem,
where Ag ;. is the kth eigenvalue of the linear problem (4.5). Hence to each
small 7 > 0 we can assign a small p, . > 0 such that

(46) )\'r,s S ()\k,'r,s — Pres )\k,'r,s + p'r,s)~

In view of (1.5) it follows from (4.4) that

(4.7) ore(@)]; [r e(@)] < M, [dre(2)], lwr, o (2)| < K, @ €[0,7].
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Let wi re, k € Z, be the eigenvector-function corresponding to the eigenvalue
Ak,re of problem (4.5). In virtue of (2.9) we have

(1) 02) = + 5 () + ()} + 3 {ple) — (@)} cos204(2),
(4.9) ;c,‘r,s(x) =Xg,re + {p(x) +7r(zx) + Pre(T) + WT,E(-T)}

+ 5 0(0) + 0r,e(2) = 7(2) — ()} 03 26,2 (2)
4 5 (Yre(@) + fre(a)} sin26...,

where 0, (x) = 0(wg,z) and bi () = (wk r e, x). Moreover, it follows from
(2.8) and (2.11) that

9k(0) = 916)7—75(0) = —a, Hk(ﬂ') = Q()\k) =+ k‘ﬂ',

(4.10)
0}6,7’,6(7[-) = Q()\k,'r,a) + k.

Integrating both sides of (4.8) and (4.9) from 0 to 7 and using (4.10) we obtain
p(Ag) + km 4+ o =g + % /Ow{p(as) +r(z)} dx
s /0 " (ple) — r(a)} cos 20, (x) do,
POkine) b7 0 =Nerem 5 [ (0(0) +7(0) + o) +m (@)} do
g | 0+ 9reo) = ) = o) o052 sl

+3 /0 {thre (@) + 6r.c(2)} si0 26 .o () da,

respectively. Subtracting the first equality from the second equality we obtain
A1) pOr) =00 = (e = M) 7+ 3 [ fin o) +re (Do
+ % /Oﬂ{p(m) + @re(x) —r(x) —wre(z)} cos 20y - o (z) dz
‘a /0 () + Gre(2)} 5020 () d
_ ;/Oﬂ{p(x) ()} cos 204 (z) da.

It follows from [15, Lemma 4.3] that, for sufficiently large |k|, the following
relations hold:

(4.12) /Oﬂ{p(x) + ore(x) —r(x) — wre(w)}cos 20y 7. (x) de = O (llc) ;
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T 1
(4.13) / {re(x) + Pre(x)}sin2by . . dx =0 (k) ,
0
(4.14) / {p(z) — r(z)} cos 20 (x) de = O (lt) .
0
Since the function p(\) is strictly decreasing on R it follows from (2.10) that
(415) ‘p(Ak,'r,s) - P()\k)| <.

Using (4.7) and (4.12)—(4.15) from (4.11) we obtain

(4.16) Mre = Ml < 5 (M 4 K) 414 ¢4

where ¢, = O(1/k). Then by virtue of (4.16) it follows from (4.6) that
(4.17) Are € [Ak = @ — po, Ak + G + po),

where ¢, = (M + K)/2 4+ 1+ ¢k, po = sup pr > 0.

T,

Since ||wy || = 7 for 0 < e < 1, f,g € C([0,7] x R? x R;R?) and A\, . €
Ak — €k — po, Ak + €k + po] for 0 < e <1 (see (4.17)) it follows from (4.1) that
the set {w,. € F : 0 < & < 1} is bounded in C'([0,7];R?). Then the set
{w; € E:0<e <1} is precompact in E by the Arzela—Ascoli theorem.

Let {e,}52; C (0,1) be a sequence such that €, — 0 and (A; ¢, ,wre,) —
(Ar,w;) in R x E. Taking the limit in (4.1) we see that (A, w;) is a solution of
problem (1.1)-(1.3). Note that w, € S¥ = S¥ UdSy. Since ||w.|| = 7 it follows
from Lemma 3.2 that w, € Sf. O

COROLLARY 4.2. The set of bifurcation points of problem (1.1)—(1.3) with
respect to the set R x S}, is nonempty.

LEMMA 4.3. Let {e,}5°; C (0,1) be a sequence converging to 0. If (A, ,we,)
in R x S} is a solution of problem (4.1) corresponding to € = €,, and sequence
{()\En,wgn)}zozl converges to (C,0) in R x E, then ¢ € I, where I = [\, — Cr,
A+ Ek]

The proof of this lemma is similar to that of [8, Lemma 5.3].

COROLLARY 4.4. If (/\,6) is a bifurcation point of problem (1.1)—(1.3) with
respect to the set SY, then A € Ij,.

For each k € Z and each v, let 15,’: C C denote the union of all connected
components Dy, of C emanating from bifurcation points (A, 0) € I, x {0} with
respect to the set R x SY. It follows from Corollaries 4.2 and 4.4 that 75,’; # 0.
Note that DY = DY U (I, x {0}) is a connected subset of R x E, but DY is not
necessarily connected in R x F.

THEOREM 4.5. For each k € Z and each v the connected component D}, of C
lies in (R x S¥)U (I x {0}) and is unbounded in R x E.



830

7Z.S. ALIYEV — P.R. MANAFOVA

The proof of this theorem is similar to that of [2, Theorem 1.3] with the use

Lemmas 4.1, 4.3 and Corollaries 4.2, 4.4.

Since between solutions of problem (1.1)—(1.3) and (3.3) there exists an iso-

morphism (A, w) <> (A, @) Theorem 4.5 yields the following result.

THEOREM 4.6. For each k € 7 and each v the connected component YSZ =

{we E:we Dy} of C lies in (Rx§g)u (I x {6}) and is unbounded in R x E.
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