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APPROXIMATION BY BEZIER VARIANT
OF THE BASKAKOV-KANTOROVICH OPERATORS
IN THE CASEO0<a<1

XIAO-MING ZENG, VIJAY GUPTA AND OCTAVIAN AGRATINI

ABSTRACT. The present paper deals with the approxi-
mation of Bézier variants of Baskakov-Kantorovich operators
Vo in the case 0 < a < 1. Pointwise approximation proper-
ties of the operators V7 , are studied. A convergence theorem
of this type approximation for locally bounded functions is
established. This convergence theorem subsumes the approx-

imation of functions of bounded variation as a special case.

1. Introduction. In 2003, Abel and others [1] introduced a Bézier
variant of the Baskakov-Kantorovich operators V,* , defined by

Via(ho) =03 Q) / F(t) dt,
k=0 I

meN, a>1, or0<a<l),

(1)

where
Iy = [k/n, (k+1)/n],
QW) (x) = JS 4 (x) = IS pir (@),
Tni(@) =Y b j(2),
=k
and

= (1131

7 1 + Ji)n"'j )

Keywords and phrases. Approximation, Baskakov-Kantorovich operators, Bézier
variant, locally bounded functions; Lebesgue-Stieltjes integral.

The research of the first author was supported by the National Natural Science
Foundation of China (grant Nos. 61170324, 61100105).

Received by the editors on March 12, 2011, and in revised form on July 13, 2011.

DOI:10.1216/RMJ-2014-44-1-317  Copyright (©2014 Rocky Mountain Mathematics Consortium

317



318 X.-M. ZENG, V. GUPTA AND O. AGRATINI

is the Baskakov basis function. For some basis properties of J,, j, one
can refer to [11]. If we replace the term nflk f(t) dt with the term

f(k/n) in the definition (1), we obtain the Baskakov-Bézier operators
By, o defined by

By o(f, ) ZQ fk/n), (neN,a>1, or0<a<l).

The operators B, o were first introduced by Zeng and others [11] in
2002. Some important properties of the operators of Baskakov type
have been studied by several authors (cf., [1, 3, 6-9, 11]).

The authors of [1] studied the rate of convergence of the operators
(1) for functions of bounded variation in the case @ > 1. Since the
other case is equally important, in the present paper we will study the
rate of convergence of the Baskakov-Kantorovich operators (1) in the
case 0 < o < 1. We consider the following class of the function ®p:

®p ={f| f is integrable and is bounded on every finite subinterval
of [0, c0), for some r € N, f(t) = O(t") as t — oo}.

For f € ®p, x € [0,00) and 7 > 0, set

wa (f,m) = sup |f(t) = f(x)].

telz—n, x+n]N[0,00)
The basic properties of w,(f,n) have been presented in [11].
Let the kernel function K, o(z,t) be defined by

[ee]

(2) naxt: Z ‘Pnk)

k=0
where ¢, 1 (t) denotes the characteristic function of the interval I}, =

[k/n, (k+ 1)/n] with respect to I = [0,00). Then, by the Lebesgue-
Stieltjes integral representation, we have

(3) Ve (for) = / " FO) K1) dt.

Now we state our main result as follows:
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Theorem 1. Let0 < a < 1, and let f € ®p and f(x+), f(x—) exist
at a fized point x € (0,00). Then, for

144(z + 1)
n>-———
T

)

we have

W |y e fEDEE DI ‘

20[
4C, +4+ 1
< Lelen VB
+ e ) = fa=)| + O,

where Cy, s a constant depending only on a, | > r and the auxiliary
function g, (t) is defined by

f@) = fla+) z<t<oo;
(5) gz(t) =4 0 t=ux;
f@)—flz—) 0<t<ua.

Let f be defined on [0,00), f(t) = O(t"), and let f be the bounded
variation on every finite subinterval of [0, 00). Then function f satisfies
the conditions of Theorem 1. Therefore, Theorem 1 subsumes the
approximation of functions of bounded variation as a special case.

2. Some lemmas. In order to prove Theorem 1, we need the
following lemmas.

Lemma 1 [1, Lemma 4]. For each fized x € (0,00), let Ty m(z) =
V(¢ —x)™, z). Then

Vii(lz) =1,
1+ 3nz(l +2)

Vot —o,0) = — Vi ((t—=)% ) 302 ’
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and

(6) Tom(z) =0 (n*L(m“)/%) ,  (n— o00).

Lemma 2. Let the kernel function K, o(z,t),0 < a < 1 be defined
as in (2). Then

(i) for 0 < y < x, we have

Y (1+x)2
7 Kn.a 7t dt < — 9
(ii) for z < x < 00, we have
00 Ca
<
(8) / Kol t)dt <

where Cy, is a constant depending only on c.

Proof. Choose an integer k' € [0, 00) such that y € [K'/n, (K’ +1)/n).
Then y = (k'/n) + (¢/n) and, with some ¢ € [0, 1), we have

k'—1

/ ’ Knalzt)dt =Y Q)(x) + Q). ()
0

k=0

=1-(1-e)Jgw() —eJg (@)

<1—(1—-¢e)Jpw(x) —ednrti(x)
k' —1

= Z an(l‘) + aank/ (Z‘)
k=0

Y
= / Knyl(x,t) dt
0
1
<

T, o(2) < (1+ )2

T (r—y)? n(z —y)*

This completes the proof of (7).
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Next, if z € [k”/n, (K" +1)/n), then

oo o k” 1
/ Kn,a(xvt) dt:TLQ; ),,($)<—+ —Z)
z ’ n

+ Y Q@)
k=k/'+1

<Y Q@)

k=k"

- ( i bmk(x))a.

=k’
Now, by applying (6) and the method that was presented in [10, Lemma
7], we obtain inequality (8). O

Lemma 3. Let 0 < a < 1. If x belongs to interval Iy for some
nonnegative integer k', then for

144(z + 1)
n>-———

)

X
we have
> | 120z + 1
by, - <= .
) (2 b)) - g < T2

k=K' +1

Proof. By the mean value theorem, we have

10 |3 b)) -5

k=k'+1

= & (@) Y bmk@—%

},
k=k'+1

where &, /() lies between 1/2 and Y77, . bpr(z). Using [11,
Lemma 5],

(11)

Z b k() — %‘ < %

k=k'+1



322 X.-M. ZENG, V. GUPTA AND O. AGRATINI

holds. From (11), we get >~ bpr > 1/4 for n > [144(x + 1)]/z.
Thus, &, i (x) > 1/4, for n > [144(z 4 1)] /2. We have shown inequality
(9) from (10) and (11).

Lemma 4. Let 0 < a < 1. If x belongs to interval Iy for some
nonnegative integer k', then for n > [144(z + 1)]/z,

(@) () < 20VT+1
(12) Qb (@) < T
holds.

Proof. By using the bound given in [12], for any k, we have

vVr+1
V2enx '

On the other hand, by the mean value theorem, we have
Qi @) = G (@) ke (2) = T (@)]
= a(Gn (x))a_lbn,k’(x)v

where Jy, gr41(x) < Gopr () < Jp i (). From (11), we get

(13) b k() <

(14)

(15) Gt (@) > Tugea@) = D busle) >
j=k'+1

for n > [144(x + 1)]/z. Combining (13), (14) and (15), we obtain
inequality (12). Lemma 4 is proved. o

3. Proof of Theorem 1. For any f € ®p, if f(z+) and f(z—)
exist at x, then by decomposition (cf., [11, page 1449]:

20&
flat) = fla—)
20(

a0 1) = g o) = (1= 5 ) 1G],

ft) = Q%f(x—k) + (1 - i)f(x—)
(16) + 92 (8) + sgha,q ()

2a
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where g, (t) is defined in (5) and

2 -1 t>ua,

1 t==z
sglg (1) =< 0 t=uz, N(t) = {O t 4o,
-1 t <z,
Obviously,
(17) Vi (0, w) = 0.
Hence, it follows that
1 1
(18) |Vialfio) = 5o fa+) = (1= o2 ) fam)
S | g”ﬂa ‘f—f(x_)vnia(sgnr,av .’E) .

We need to estimate |V,7 ,(sgnz o, )| and [V,',(gz, 7)|.
Let x € Iy for some k’. Direct computation gives
0o k'—1

Vo (s8000,2) = (22— 1) > QW) - Y Q@)
k=0

k=k'+1

a2 2) )

Q@) — 1+ 29K + 1 - na)Q') ().

k=k'+1

Note that 0 < ¥’ +1 —nz < 1. By Lemmas 3 and 4, we have

o0 o 1
Z Q;,;(x) ~ %

Vor o (88020, )| < 2%

+29Q'), ()

k=k'+1
[ee] 1 N
(19) :2&( > bn,k(x)) 5 +2aQ;,i,()
k=k’'+1

< 12as/1+x+2as/1—|—x lda /1 +x
- 20 /nx 20 nx  2* Jnz
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Next we estimate |V, (gz,2)|. Using the Bojanic-Cheng decomposi-
tion [2, 4, 5], we write

[0,00)

4
= Z/AAgz(t)Km(x,t) dt,

where

Ay =0, z —z/\/n], Ay = (z —z/v/n, x+x//n),
Az = (z+z/Vn, 22|,  Aq:=(2z, c0).

Firstly, note that g,(z) = 0; thus,

@) | [ 00O (o00) ] < V) < S V)
2 k=1

To estimate

’ / 0o () Ko (@, ) ],
Ay

note that w,(g.,n) is monotone increasing with respect to n; thus, it
follows that

o/ N
‘ / 9o () Ko (1) dt‘ / wa(Gos — 1) Ko, ) .
0

Integrating by parts with y = x — x//n, we have

o2/ VR
(22) / W (gz, @ — t)Hy o(z,t) dt
0

< Wy (ge,x —y) / Ky oz, t)dt

/ (/ K"N“d“)d(—wm(gz,x—t)).
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From (22) and Lemma 2, it follows that
) |/ gr(t)dt)\ma(x,t)’
Ay

< w, (gz,w/\/—) M

n*(z —y)?
nx+1 [* 1
52 /0 @ t)Qd(—on (gzyx —1)).

/y (#d(—wr(gm,x )= el oY) | waldr7)
0

x—t)? (z —y)? a?

Y 9 J
We have, from (23),

e—w/Vn 3nr +1
’A gw(t)dtKn,a(xat)’ S Wu}w(gwax)

Snz 4+ 1 [rE/Vn 2
(G, T — 1) ———— dt.
+ /0 W (g, T )(a:—t)3

2n?2

Using the substitution ¢ = 2 — 2/+/u for the last integral, we get
(g, x —t)————=dt = — 2 (G, d
| st 5 [ antonafavi
1 n
< 2 Zwr(gra a:/\/E)
k=1
Conbequen‘cly7
3 1
‘/ Gz (t) Koz t)dt‘ ;m:2+2 (wr Gy @ +Zwr gz,x/\/—)>
Ay

3nm—|—1
= n2 D) sz gz,a:/\/_)

Using a similar method to estimate

’/ 9z (0) Ky o (2, ) di],
Az
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we get

nxr
k=1

®) | [ aKatwa] <2 g0V,

where C,, is the constant in Lemma 2.

Finally, we estimate

’ /A4 9 (1) K a2, 1) dt’.

Since f(t) = O(t"), there exists a constant M > 0 such that |f(t)] <

Mt". Thus, we have

(k+1)/n

‘/ gx(t namt)dt‘<Mn Z Q) )/ £ dt
Ay

k=[2nz] k/n

fe'e] (a) (k + 1)r+1 _ k’r+1
= \/2 E .
k=[2nz] @l (r+1)n"

By binomial expansion,

g +1) .
k 1 r+1 _ errl — (Tikz
(k+1) Zi!(r—i—l—i)!
i=0
If we take
r ]
MT _ M Z : (7‘—|— 1) _
r+1e= (r+1—1)!

then it follows that

o k+1r+1_kr+1 o ,
MZQ() ) < M, ZQ() )(k/n)".

k=[2nz] (T‘+ 1)nT k=[2nz]

Now, by the results of Lemma 3 and [7, equation (11)], we obtain

(26) ’/ 9z () Ky o(z,t) dt| < (f,arm)’
Ay
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where M(f,a,r,x) is a constant depending only on f,a,r,x. The-
orem 1 now follows from (18)—(21) and (24)—(26), along with some
simple computations.
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