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GAUSS’S THREE SQUARES THEOREM
INVOLVING ALMOST-PRIMES

YINGCHUN CAI

ABSTRACT. Let P, denote an almost prime with at most
r prime factors, counted according to multiplicity. In this
paper it is proved that, for every sufficiently large integer
n satisfying the conditions n = 3 (mod 24) and 5 { n, the
equation n = :v% + :v% + :vg is solvable, with solutions of the
type ©; = Pios (j = 1,2,3), or of the type z1z223 = P304.
These results constitute improvements upon the previous ones
due to V. Blomer and to G.S. L, respectively.

1. Introduction. Gauss proved the classical three squares theorem,
which states that all positive integers not of the form 4*(8m + 7) can
be represented as the sum of three squares. Even more, the number
of such representations can be given explicitly [10]. Up until now this
result is still one of the most elegant in the circle of additive number
theory.

It is conjectured that the three squares theorem still holds even if
multiplicative structures are imposed on the variables. The strongest
plausible conjecture in this respect concerns the sum of three squares
of primes, as long as its validity is not precluded by local conditions.
Here local conditions mean that

(1.1) n=3 (mod?24) and 51n.

The local conditions are necessary here since, for prime p > 5, we have
p?> =1 (mod 24) and p?> = +1 (mod 5).

This conjecture still remains open and is probably beyond the grasp
of modern number theory. Let P, denote an almost prime with at
most r prime factors, counted according to multiplicity. Then the first
approximation to this conjecture is due to Blomer and Briidern [2].
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They showed that every sufficiently large integer n, which satisfies the
local conditions (1.1), can be represented as the sum of three squares
of P., with

(12) _ [ 371, n is square-free,
' | 521, otherwise.

In their paper [2] Blomer and Briidern combined the vector sieve in
[3] with a mean value theorem which is deduced from the theory of
theta-functions and modular forms.

In 2008 Blomer [1] refined the mean value theorem in [2] and showed
that, for every sufficiently large n satisfying the conditions (1.1), the
equation n = x? + x3 + 22 is solvable with x1, x2 and z3 of the type
Pogy.

By a weighted sieve of dimension exceeding one and the mean value
theorem in [2], Lii [9] proved that, for every sufficiently large integer n
satisfying the local conditions (1.1), the equation n = x? + 23 + 232 is
solvable, with xixox3 = P, where

(1.3) _ {397; n is square-free,

551, otherwise.

Another topic about this conjecture involves the investigation of the
exceptional set. Let E(N) denote the number of positive integers not
exceeding N, satisfying the local conditions (1.1) and not represented
as the sum of three squares of primes. Then the first result in this
direction goes to Hua [6], who proved in 1938 that E(N) < Nlog™* N
for some positive A, and the best result was obtained by Harman and
Kumchev [5], B(N) < N(©/7)+e,

The aim of this paper is to show that the power of the vector
sieve can be enhanced considerably by inserting a weighted process
into it. By combing the weighted vector sieve with the mean value
theorem developed by Blomer in [1], the following sharper results can
be obtained, which constitute improvements upon that of Blomer and
of Lii, respectively.

Theorem 1. For every sufficiently large integer n satisfying the local
conditions (1.1), the equation

(1.4) n=a3+ 3+ a3
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is solvable in square-free Piog, and the number of solutions is >
n/2=¢ for any e > 0.

Theorem 2. FEvery sufficiently large integer n, which satisfies the
local conditions (1.1), can be represented in the form

(1.5) n =} + x5+ 13

with T1xoxs = Psoq, and the number of representations is >> n(1/2)—e
for any e > 0.

2. Some preliminary lemmas. In this paper, n denotes a
sufficiently large integer satisfying the local condition (1.1). e €
(0,10719). The constants in O-terms and <-symbols depend at most
upon ¢. The letter p is reserved for prime numbers. Bold style letters
denote vectors of dimension three. As usual, u(n), p(n), 7(n), Q(n)
denote the M6bius function, Euler’s function, the number of divisors of
n and the number of prime factors (counted according to multiplicity)
of n, respectively. If p! | m but p'*!  m, then we write p'|m. We
use e(a) to denote €™ and e,(a) = e(a/q). We denote by > w(a)
and ) (q)+ SUIMS with z running over a complete system and a reduced
system of residues modulo ¢, respectively. If ¢ is an odd integer, then
by (I/q) we denote the Jacobi symbol. We denote by N the set of
positive integers. For d = (d1,da,d3) € N3,1 = (I1,1,13) € N3, define
dl = (dily,dala,dsls). The congruence 1 = 0 (mod d) means that
l; =0 (mod d;), j =1,2,3. Put

[} = max d;,

() = p?(dy)p’ (ds)p®(ds)

and

S(qa Cl) - Z eq(ax2)a
z(q)

3
Sd(qa Cl) = H S(q7 a/d?)a
i=1
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d= <d1,d2,d3> e N3,
A(g,d,n) = ZSd (g,a)eq(—an),

a(q)*

d) = ZA(q,d,nx
&(n) =6(n,(1,1,1)),
X = %G(n)nlﬂ.

By Siegel’s theorem in [10] and the Hilfssétze 12 and 16 in Siegel [11],
we have

L(17X*4’ﬂ) —€

2.1 e
(2.1) S(n) > loglog 1 >.n

for n =3 (mod 8) and for all € > 0. Hence, we may set

B _ 6(n,d)
(U(d) - w(na d) - 6(71)
For p?||n, 6 > 1, we define
p~l— p=(140)/2 _ = (3+6)/2 =1 (mod 2),
Job) = 1 e (—nzz;*@) p= @02 9 =0 (mod 2),

and

1+(=1/p)[(p— 1)/p]+pfe(p)

w ( )_ Jrfg(p) p|na
)= p—(=1/p) tn
p+(=n/p)’ prn,
1+p> fo (p)
wa(p) = e 0 Pln
p(1+(n/p))
DrCnse o P
p+1°fo(p)
qrF () 2 P | n,
ws(p) = { 1+fe(p)
0, p1n.
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Lemma 1 (see [2]). Ford € N? with u?(d) = 1 and n which satisfies
the local condition (1.1), we have

w(d) = H wy(p)-
p"|ld1d2ds
v>1

Lemma 2 (see [2]). For square-free d € N and n satisfying the local
condition (1.1), set

(2.2) w(d) = w(d,n) le

pld
and, for d € N3 with square-free components, put d; ; = (d;,d;) for
1 <i<j<3. Then the following statements hold.

(i) There exists a function g : N> — R such that, for any d € N?
with p?(d) = 1, we have

w(d) = w(dl)w(dg)w(dg)g(dm, Cl1737 d273).

(ii) There exists an absolute constant C > 0 such that, for any
d € N? such that p?(d) = 1, we have

c
g(d1,27d1,37d2,3)<< max di,j) .

1<i<j<3

(iii) For any d € N3 with u*(d) = 1, we have the inequality

w(d) < w(di)w(dz)w(ds),

where w denotes the multiplicative function defined on square-free inte-

gers by
2/3

Sy = L el
®) {2, ptn.
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(iv) For the function w1, we have
1+ (1/p), if p|nand p=-1 (mod 4),
wi(p) < < 3, if p|nandp=1 (mod 4),
[(p+1)/(p=1)], ifptn

Lemma 3 (see [1]). For a sufficiently large integer n satisfying the
local condition (1.1), let

o= {x e N®: 2} + 23 + 23 =n},
and for d € N® with square-free odd components, put
dg={x€:x=0 (mod d)}
= {x € N*: diz} + d323 + d323 = n}

_ w(d)
- d1d2d3X + R(n7 d)?
_ 1
=192 %
Then we have
(2.3) > wHd)|R(n, d)| < nlH/D 0
|d[<nn
(2.4) X = gG(H)nl/Q > /2=,

Lemma 4 (see [2]). Let zo > 2. For 1 € N? with square-free odd
components and all prime factors of l1lal3 exceeding zg, put

S(AA,20) ={x € A :p|z12225 = p > 20},

O (p) = 3un (p) — 222, wslp)

p p?
Q/
W(z) = H <1— ﬁ),
p<z p
Hn)=]](1+p"/°
n p )
pln
_log Do
0= log 2o’

E= H4(n)A*1/2 log'® Dy + A% logh n,
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where ¢ and L are some absolute constants. Then for Dy > zg and
A > 1 we have

S(eh, z0) = (W (z0) + O(E)) :l(;l)gx

+ 0( > pAd)|R(n, dl)|> :

|[d|<Do
p|d1d2d3=>p<20

For a fixed D > 1 we define Rosser’s weights A*(d) of order D as
follows: for d = p1ps - - - p, with p1 > py > --- > p,., let
(=1, if pipa- - papd . < D
AT(d) = whenever 0 <1< (1/2)(r — 1),
0, otherwise,
A (d) = { (=1)", if pip2 - pap3, < D whenever 1 <[ < (r/2),

0, otherwise.

Finally, put A*(1) = 1 and A*(d) = 0 if d is not square-free.

Lemma 5 (see [3, 7, 8]). Let & denote a set of primes, and put

P(z) = H D.

p<z

pedl

Then, for Rosser’s weights A\*(d) of order D, any integer n > 1 and
real number z > 2, we have

(2.5) S oar@s Y oud< Y At

dl(n,P(2)) dl(n,P(2)) dl(n,P(2))
For any multiplicative functions w satisfying

(2.6) { O<w(p)<p, ifpe 2,

w(p) = ifp ¢ 2,
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and

(2.7) I1 | @)\ logws 14 L
' P ~ logwy logw, )’

w1 <p<wz

(for all 2 < wy < wa, where L is a positive constant), set
V(z) = H (1 — _w(p))v 5= _logD.
it P log =z

Then we have
(2.8)

V()= > A ()=~ >V(z )(f( )+ 0@V~ log~(1/3) D))

for2<z< D1/2, and

< 2 M@ <vie) (P(s) + 00w D)),

d|P(2)

for 2 < z < D, where f(s) and F(s) denote the classical functions in
the linear sieve.

Lemma 6 (see [4]). For the functions f(s) and F(s), we have

s—2
log(t — 1 1
sf(s) = 2¢7 log(s — 1) +/2 Og(t ) 1og j+ : dt),

s—3 s—1
log(t —1 —1d
+/ Mdz&/ log & —“), 5<s<T,
9 t 42 t+1 u

where v = 0.577 ... denotes Euler’s constant.
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3. Proof of the theorems. In the proof of the theorems we adopt
the following notation. Let n = 1/192, and

Dy = nf, Dy =n""%, D = DyDx,
20 = logt®® py, . D1/34 2y = D33/34
H b, P = H b, P= POPD
2<p<zo z20<p<z1
logp
gp)=1-1=>— glx)= > g9
& %2 z1<p<z2
plz
A*(d) Rosser’s weights of order Dy,
D
AE(®)(d) Rosser’s weights of order —_ 21 < p < 29,
p

A= > pl), A= D> M@0, j=1,23,

U|(z,P1) U(z;,P1)

SONEDQ), m<p<m, j=123
U(z;j,P1)

Let 0 < ¢ < 1 denote a constant to be chosen later. For the proof of
the theorems, we consider the sum

F= Y (1—1923:19(%))

xf+;c§+x§=n
(z12223,P)=1

3
(3.1) = > 1=9> > gl

forngrxg:n j=1 forngrxg:n
(I1I2I3,P)71 (I1I2I3,P):1
= FO _ 19§ :F(l) —9F®,

By the assumption n = 3 (mod 24) we know that those solutions of
(1.4) such that 2 | x1z9x3 are not counted in F. Next we show that for
some 0 < 9 < 1, F' has a positive lower bound.

3.1. A lower bound for F(©. By the inequality

AiAshs > ATATAS + AFAG AT + AFATA; — 2AFAFAT,
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(see Lemma 4.2 in [2]), we have

3
(3.2) FO= 3 AAAs> > PO —2F,

xf+;c§+x§=n Jj=1
(x1x2$37P0)=1

where
0 _
Fl( ) = Z Al AJA;L

2,2, 2
ritxyt+r3=n
(z1w223,P0)=1

0 _

2,2, 2
zl+x2+13:n
(z1w223,P0)=1

0 _

2, .2, .2
ritxyt+xz=n
(z12223,P0)=1

Y= 3T ATAfAL

2,2, 2
ritxyt+r3=n
(z1w223,P0)=1

Some trivial arrangements lead to

FP= 3T XAt > 1

l1,l2,l3| Py forngra:g:n
xi1zx2x3,Pp)=1
(3.3) ety
= > AT (AT ()X (15)S (A, 20).
l1,l2,l3| Py

Take

_log Dy elogn

~ logzg  1000loglogn’

A = H8(n)log**" n, S0
in Lemma 4. Then we obtain

1
(34) E = H*n)A"Y21og" Dy + A% 0 logh¥n = O (1 100 >v
og'n
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where the bound log H (n) < log”®n is used. By (3.4) and Lemma 4,

we have
S(ah, 20) = (W(ZO) +0 (loglloo n)) ZTZ(QIILX
3.5
(35) +0< > u2<d>|R<n,d1>|>-
|[d|<Do

pldidadz=p<zo

By (3.3) and (3.5) we find that
(3.6)

© _ 1

+ ) A )M ()M ()

l1,l2,l3|P1

+0< Sy Y u2<d>|R<n,d1>|>.

[1|<D: |[d|<Do
pllil2lz=>zo<p<z1 pldidadz=p<zo

w(l)
l1lals

Since any positive integer m with the property plm = p < z; can
be decomposed into the form m = mymg with plm; = p < zp and
plma = zo < p < z; uniquely, we have

(3.7) > PO Y pA)R(n,dY)

[1|<D1 |d|<Do
pllil2lz=>zo<p<z1 pldidadz=p<zo
< Y W2A)|R(n,d)] < n/),
[d|<D

in the last step Lemma 3 is used.

Write
G= ¥ A UN () (1) 2D
111513
l1,l2,l3| Py
(3.8) — - + + 2@
oo+ > A7 (I)AT (1) (zg,)thl3
l1,l2,l3| Py l1,l2,l3| Py

p2(l1l2l3)=1  p?(l1l2l3)=0
= G + Gs.
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By Lemma 2 (iii), we get

(3.9)
)w(l3) w?(d) w(ly)w(l2)w(l3)
G ), l1l2l3 <D Tm X Lls
ll,lz,lg‘Pl d|P1 ll,lz,lg‘Pl
(I1,l2)>1 d>zo

By Rankin’s trick and Lemma 2 (iii), we find that

(3.10)
LAJQ(d) d 1/3[&2(d)
Z 7 <<Z<z_0> i
i dIPy
d>zo
1/3 1 »
< 25" H< 5/3) H <1+W><<Zo/,
p<zi plp>20
and
(1)@ (l2)@(13)
ay Y el
I1,l2,15] Py llals
1 3
<11 <1+ > 11 <1+m> < log® 2.
p<z1 pln,z0<p<z1

From (3.9)—(3.11), we get

(3.12) Gy = 0(251/3 log® z1).
By Lemma 1 and (2.2), we have
(3.13)
Gi= Y AN Iat (1 e l)els)

lilal3
l1,l2,l3| Py

w2 (llalz)=1

> - > )A(h)A*(zg)ﬁ(zg>w—(h)zgi§iw(l3)

l1,l2,l3| P l1,l2,l3| P
w2 (l11213)=0

= G3 — Gy.
By arguments similar to the estimation of Ga, we get

(3.14) Gy = O(z 7 log® 21).
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It is easy to see that

(3.15) Gz = (I,
where
AE (d)w(d)
(3.16) =y
2

It follows from (3.8) and (3.12)—(3.15) that
(3.17) G = (I")T" +0(z5 *log® z).

By Lemma 2 iv), it is easy to verify that assumptions (2.6)—(2.7) are
satisfied by the function w(p) = w1 (p) for zp < p < z1, so if we set

Vo= TT (1-22),

zo<p<z1 P
Then by (2.8)—(2.9) in Lemma 5, we have

(3.18)

V(z0,21) < I < V(z0,21)(F(34) + O(log~ /3 n)),
(3.19)

V(zo,21) > I~ > V(z0,21)(f(34) + O(log™ /3 n)).

By the definitions of w,(p) and Lemma 2 iv), it is easy to verify that

3, pin,
(3.20) Q(pP)<q7 pln,p=1 (mod4)
1, p|nap5_1 (mOd 4);

and hence 0 < Q/(p) < p for n satisfying (1.1). Therefore, by Mertens
prime formula and (3.20), we have

21 log™” —_—
(3.21) W(zp) > log™" zo > (loglogn)?
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In a similar manner, by Lemma 2 iv) and Mertens prime formula, we
find that

log loglogn
(3.22) Vizg, 21) > 220 5, 0808
log 21 logn

It follows from (3.18)—(3.19) and (3.22) that

log 1
(3.23) It > V(ZQ,Zl) > M
logn

Now, by (3.6)—(3.7), (3.17) and (3.21)—(3.23), we obtain
(3.24) FO = (14 0(1)W(20)(I)2I X,
where (2.4) is employed. By symmetry, we get

(3.25) F = 1+ o)W (20)IM)2 X, j=2,3.

The same method leads to
(3.26) F9 = (14 0(1))W(20)(I1)*X.
By (3.2) and (3.24)—(3.26), we get

(3.27) FO > (14 0(1)W(z)(IT)2(3I —2I)X.

From (3.18)—(3.19) and (3.27), we get

(3.28) FO > (14 0(1))W(20)V (20, 21)%(3f(34) — 2F(34)) X.

3.2. An upper bound for F(!). Since the arguments about F(1)

)

are similar to those about Fl(O , we therefore present it in a sketchy

manner. Let

(3.29) Bl = > gD (k).

k| Py
z21<p<z2
kp=l
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Then by (2.5) and some routine arrangements, we have

(3.30)

V9= 3 g@y= Y o > 1

forngrxg:n z1<p<z2 forngrxg:n
(I1I2I3,P):1 (I1I2I3,P):1
z1=0(modp)

< D ) > ATPAfASL

z1<p<z2 xf+x§+x§=n
(z1w223,Po)=1
21=0(modp)

= ) BN TU) D 1

[1|<Dy 23 taitri=n
l21l3|P1 ($1$2$3,P())=1
x=0 (mod 1)
= D BT (AT (15)S(A, 20)
11<D;
l2,l3| Py
1
+ + w(1) (1/2)—4e
+ ) BU)AT(I2)AT (1) +O(n );
l1l5l3
[11<Dy
la,l3| Py

in the last step (3.5) and the argument leading to (3.7) which are
applied. Let

I= 25(1)@.

Then, by arguments similar to those about G, we have

w(l)
lilals

(331) D BU)AT(I2)AT(ls) = (I'M)2T 4+ O(25 *log® 21).
[1<D,
l2,l3| Py
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By the definition of (1) and (2.2) in Lemma 2, we find that
+(p)
= ¥y go(p)ATP (k)w (pk)

21 <p<z2 pk
k| Py
M@ (K)w(p)w(k
) oy sl Bl
pk
z1<p<z2
k| Py
_ Z 9o(p)w(p) 7+®
z1<p<z2 p
where we have set
AP (k)w(k)
+(») — 2 \vWEA\Y
(3.33) I > - .
k| Py

By arguments similar to those for I* and (2.9) in Lemma 5, we deduce
that

log D1p~!
(3.34) I7® < V(z, zl)(F(H> + O(log™ /3 m).
log 21

By (2.2), (3.34) and Lemma 2 iv), we get

]—( S+ Y )Wﬁ@)

z21<p<za 21<p<z2

(pyn)=1 pln
(335) = > 90PIP) 1) L 0,1V (29, 21) log )
b p
z1<p<z2
(p,n)=1
33/34 4 F(34(1 —
< (14 o)V (z0.21) [ @—iQ—Qi—ﬁﬁi
1/34 33 t

in the last step the prime number theorem and summation by parts are
employed.

By (2.4), (3.30), (3.31), (3.18) and (3.35), we conclude that
FY < (14 0(1)W(20)V (20, 21)3X
33/34 ( 34 )F(34(1 —t))dt

X F2(34)/ 1— =t :
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and
3
1 1
FO =3"FY =3F"
Jj=1
(3.36) < 3(1+o(1)W(20)V (20, 21)° X
33/34 _
e [ (1)
1/34 33 t

where the symmetry between Fl(l)7 F2(1) and Fél) is used.

3.3. Proof of the theorems. By Lemma 6 and numerical inte-
gration, we have

(3.37) F(6) <1.00011,  f(6) > 0.99989.

From (3.37) and the well-known monotonic properties of F'(s) and f(s),
we get

(3.38) 3£(34) — 2F(34) > 3f(6) — 2F(6) = 0.99945,

and

1——=t
t

33/34 ( 34 )F(34(1 —t))dt
33

(3.39) F?(34) /

/34

33/34 4\ F(34(1 —t)) dt
< 1.000112 x / <1 _ 3—t> F(34(1 — 1)) dt
28,34 33 t
. 28/34 4 dt
+ 1.000113 x / <1 - 3—t> =
< 2.52902,

where Lemma 6 and numerical integration are used.

By (3.28), (3.36), (3.38) and (3.39), we have

(3.40) FO > 0.99940W (20)V (20, 21)° X,
(3.41) FO < 7.58708W (20)V (20, 21)° X.
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Let ¥ = 0.1315. Then (3.1), (3.40), (3.41), (3.21), (3.22) and (2.4)
imply that

F=F0 _ygpQ
> (0.99940 — 0.99756)W (20)V (20, 21)> X
> 0.0016W (20)V (20, 21)* X
> n(1/2)725.

Let F'* denote the sub-sum of F which is composed of those terms such
that

(3.42)

3
1- ﬁZg(xj) > 0.
j=1

Then, by (3.42), we have
(3.43) Ft > F > /272

Let F," be that part of F* which consists of all terms such that
xj = 0(p?) for some p and j, where z; < p < nt/4 1 < j < 3. Then we

find that
B < Y oo

z1<p<nt/4 gz taitai=n
z1=0(p”)

< > 2 X

z1<p<nt/4 g, <nt/? ﬂfg-i-:cg:n—x%

(3.44) 21=0(p)

<«nf Z Zl

z1<p<nl/4 g, §n1/2
x1£0(p2)

< ne(nl/szl + n1/4)
< n(1/2)-10¢

By (3.43) and (3.44), we deduce that > n(1/2)=2¢ triples (z1,z2,23)
exist such that

(3.45) K2 (%) = 12 () (22 (5) = 1,
(3.46) (z12073, P) =1,
(3.47) 22+ 22+ 22 =n,

3
(3.48) 1-9) g(z;) > 0.
j=1
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For any triples (z1, 22, x3) satisfying (3.45)—(3.48), we have

(3.49) Q)= Y1, j=12,3.

p>z1
plz;

3.3.1. Proof of Theorem 1. For a triple (z1,z2,x3) satisfying
(3.45)—(3.48), it follows from (3.48) that

1—ﬁg($])>0, j:172a37
and this implies that
1 17
3.50 l<=+—(mn—-2)7"% j=1,2,3.
(3.50) S l<grgmh-2) j=12

p>z1
plx;

By (3.49) and (3.50), we find that, for any triples (x1,x2,x3) which
satisfy (3.45)—(3.48), we have

(3.51) Q)= ) 1<106, j=1,2,3.
p>z1
plz;

Since > n(1/2)=2¢ such triples (x1,x2,23) exist, by (3.51), and the
proof of Theorem 1 is completed. O

3.3.2. Proof of Theorem 2. For a triple (z1, 2, x3) satisfying
(3.45)—(3.48), from (3.48), we find that

(3.52) ZZl< +3><—7(77 2¢) 71

j=1p>z1
plz;

By (3.49) and (3.52), we conclude that, for any triples (z1, 2, z3) which
satisfy (3.45)—(3.48), we have

3 3
(3.53) Qzraows) =Y Qzy) = Y 1< 304
Jj=1

Jj=1p>z
plz;

By (3.53), the Proof of Theorem 2 is completed. o
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