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ABSTRACT. For integral equations of the first kind
x
Ky :=/ k(@—t) et dt=f(z), =€ (0b)
0

where 0 < b < oo, in the case of a certain class of almost
decreasing Sonine kernels k(t) we prove weighted estimates
of continuity moduli w(K¢,h) and w(K=1f k). This al-
lows us to show that the weighted generalized Holder spaces
HY(p) and H%1!(p) are suitable well-posedness classes for
these integral equations of the first kind under the choice
w1 (h) = hk(h)w(h).

1. Introduction. We consider integral equations of the first kind
x
1) Ko [ ke-De®d=f@), ve@b)
0

where 0 < b < oo, and k(z) € L1(0,b).

As is well known, one of the main problems for integral equations
of the first kind is to find "nice” well-posedness classes. Spaces of
integrable functions do not suit well for this purpose in the following
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sense: when looking for solutions ¢, for instance, in the space L,,, the
range K(L,,) does not coincide with any space L,,. Therefore, the
scale of the spaces Ly, as it is, cannot provide well-posedness classes:
the range K(L,, ), if imbedded into a certain L,,, is usually a subset of
Ly,. The same is true for weighted L,-spaces.

We show — for a rather wide class of kernels — that there exists a
scale of spaces, within which it is possible to have both the space
for solutions ¢ and the space of right-hand sides f. For this goal
we consider spaces of functions continuous for x > 0 with possible
singularity at « = 0 - the situation rather typical for applications. The
continuity properties of functions will be characterized in terms of their
continuity modulus, while behavior at the origin will be described in
terms of weight functions ”fixed” to the origin. That is, we consider
the generalized Holder spaces H¥ (p) (see definitions in Subsection 2.3).

The main result of the paper is the following: given w and p from
certain classes, there exists an exact isomorphism:

(12)  K(H$(p) = HE (p), where wi(x) = ak(a)w(a).

This isomorphism is proved for a certain class of positive almost
decreasing Sonine kernels. We recall that a kernel k(z) € L1(0,b) is
called a Sonine kernel, if it is a divisor of the unit with respect to the
operation of convolution, that is, there exists a kernel ¢(x) € L1(0,b)
such that the relation

(1.3) /Oze(x—t)k(t)dt—l,

is valid for almost all = € (0, b).

We refer to the original papers [20, 21] by N.Sonine, the paper [11]
on imbedding theorems for ranges of operators of form (1.1), including
the case of Sonine kernels, and recent papers [15, 16] on inversion of
equations with Sonine kernels within the framework of L,-spaces.

The class of Sonine kernels is sufficiently wide. We refer to [15, 16]
for classical examples which typically involve weighted special functions
with singularity at the origin; as shown in [11], any kernel for instance
of the form a(z)z®~1In™ 22, 0 < o < 1, where a(z) is an absolutely
continuous function with a(0) # 0, is a Sonine kernel.
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Isomorphism (1.2) was known earlier for the simplest example of
Sonine kernels, k(z) = %, 0 < a < 1, which corresponds to fractional
integration operator K = I§ . In the case of power characteristics
w(z) = z* the embedding I (Hy) — Hy™, A+ a < 1, in the non-
weighted case goes back to G.Hardy and J.Littlewood [3] (see [17],
Theorem 3.1). The isomorphism I§, (Hg'(p)) = H}'(p) with power
weight p was proved in [10, 12|, see [17], Theorem 13.13. A simpler
proof was given in [5]. An extension to general characteristics w(x) for
the same example k(z) = % was given in [7, 8, 9, 18] (see [17],
Theorems 13.15-13.18), and in [6]; such an isomorphism for general
weights was proved in [19], Theorem 6.

The case of general kernels was considered in [19], where only the
imbedding K(H§ (p)) — Hy'* (p) was studied in terms somewhat differ-
ent from those in this paper. One of the results obtained in this paper,
Theorem Ci, is a certain refinement of imbedding theorem proved in
[19].

The main goal of this paper is to establish the exact isomorphism
(1.2) based on the study of properties of operators inverse to Sonine
integral operators in [15, 16] and technique of weighted estimations of
continuity moduli developed in [19].

Notation:

Co([0,0]) = {f € C([0,0]) : f(0) =0};

Hy (p), see (2.12);

V) is defined by Definition 2.4;

W is defined in (2.1);

W, is defined by Definition 2.2;

Z9 71, see (2.7);

® is the Zygmund-Bari-Stechkin class, see Definition 2.7;

2. Preliminaries. Throughout this paper b will denote a fixed
positive number.

2.1. Classes W, and Vy.  The following definition goes back to
S.Bernstein [2].
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Definition 2.1. A non-negative function f(z) defined on an
interval [0, b] is called almost increasing (a.i.) on this interval, or almost
decreasing (a.d.), respectively, if there exists a constant C' > 1 such
that

flx) < Cfy) for all

0<
fly) < Cf(z) for all 0<z

IN
IN

y <b,
y <b,

IN
IN

respectively.

We denote for brevity

(2.1) W =w(0,b])
={f e Co([0,8]): f(z)>0,2>0, f(z)is a.i. on]0,b.}

As in [19], we introduce the following class of weight functions.

Definition 2.2. By W, = W,([0,b]), # > 0, we denote the class of

functions p € W([0,d]), which have the properties:
(1) @ is a.d.;

Im

(2) there exists a constant C' > 0 such that

) x* = max(x7 y)) zCL‘?:U E [07 b]'

(2.2) ‘p(xx) - Z(y)‘ < cP@”)

Property (1) of functions p € W, that is,

T

(2.3 sy <c(*

m
)p@x 0<y<z<bh,

will be often used in the sequel, as well as property (2). The latter, in
the case 0 < p < 1 is equivalent to

(2.4) ‘p(x) - p(y)‘ < Cmin{p(ﬂ?)7 p(y)}.
=y T Y
Note that inequality (2.4) in the case 0 < p < 1 is satisfied automati-

cally with C = p if p(z) is increasing (not just almost increasing) and
p(x)

xh

is decreasing (not just almost decreasing).
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Lemma 2.3. Let p € W,([0,b]), x> 0. Then

(2.5) }%%C(fylx_y, 0<y<az<b,

where v = max(1, p).

Proof. Let 0 < p < 1. By (2.4) we have |p(x) — p(y)| < C(x—y)%
which yields (2.5). Let x> 1. Then by (2.2) and (2.3) we get

‘p(x)p(—y)p(y)‘ < C»”U;y (g)“ - cx;y G)ul,

which is (2.5) for u > 1. O

We also need the following class of positive a.d. kernels bounded
beyond the origin introduced in [19] (note that the condition (2.2) in
[19] must be read as condition (2.6) below).

Definition 2.4. A non-negative kernel k(z) is said to belong to the
class V) = V5 ([0,0]), A >0, if

(1) k(z) >0 for 0 <z <

(2) 2 k() is a.i. on [0,b];

(3) 2*~¢k(x) is a.d. on [0,b] for every e > 0;
(4) condition of the type (2.2) is satisfied:
k(x)

SC—h,h>0 forall x,x+4 h €[0,b].

(2.6) ‘k;(x—l-h})L—k(a:) ut

From conditions (2-3) of the above definition it follows that kernels
k(x) € V have the properties
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A—¢
(2.8) k(y) < Ck(z) (—) , 0<z<y<b

for every € > 0.

Observe that condition (2.2) fits to a.i. functions, while condition
(2.6) fits to a.d. functions, which may be easily seen by power examples:
plx) =2, p >0 and k(x) = 2%, «a > 0. Note also that the power

kernel k(z) = x%, a > 0, belongs to any V) with A > «. The same is
true for power-logarithmic kernels
In 22)°
k(x) = (557:‘)’ b < oo

with any exponent 6. Condition (2.6) is satisfied for a wide class of a.d.
functions, see Section 9.

Remark 2.5. If a non-negative function k(z) satisfies condition
(2.6) and there exists k'(z), then

(2.9) K ()] < c@, 0<az<b.

Lemma 2.6. The inequality

b
(2.10) f(ﬂ?)SC/@dt, O<x§g

with the constant C' > 0 not depending on f, holds for all non negative
functions f(x) on [0,b] such that there exists a A € R! such that 2> f(x)
is a.i. on ([0,D]).

Proof. The proof is direct:

o
[
8

b
[2 > cos) [ £ > erse [ H5 = crw

O
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2.2. Zygmund-Bari-Stechkin class ®.  The class ® defined below
was introduced in [1] and is known as Bari-Stechkin or Zygmund-Bari-

Stechkin class, see also a study of properties of functions w € ® in [4,
13, 14].

Definition 2.7. The class ® is defined as ® = ®([0,b]) := 2°N 2,
where Z° = 29(]0, ]) is the class of functions w € W ([0,b]) satisfying
the condition

(ZP) /h Mdmﬁcw(b), 0<h<b
o T

and Z; = Z1([0, b]) is the class of functions w € W ([0, b]) satisfying the
condition

b
w(z) w(h)
< c——= <
(Z.) /h = dx_ch , 0<h<b

where ¢ = ¢(w) > 0 does not depend on h € (0,b].

It is known ([1]) that there exist exponents 0 < A; < A2 < 1 and
constants ¢; > 0, cy > 0 such that

(2.11) ™ < w(z) < o™, 0<z<b.

As shown in [13] (see also [14]), in (2.11) one may take any A\ < my,
and any Ay > M,,, where the numbers

In h_HUL_A)W(Ih) In [ﬁhHOW(Ih)}

h h
My = Sup ) , M, = inf wh)
z>1 In x z>1 In

my < M, are known as the lower and upper indices of a function
w € W. Besides this, the membership of a function w € W in the Bari-
Stechkin class @ is characterized by the condition m,, > 0, M,, < 1.

2.3. Weighted generalized Hélder spaces. Let
(k)= max |f(x) ~ F()

x,y€[0,b
|lz—y|<h
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be the continuity modulus of a function f. By H¥ = H“([0,b]) we
denote the generalized Holder space

HY ={f(z): w(f,h) <cw(h), 0<h<b}.

The function w(h), referred to in the sequel as the characteristic
function of the space, or characteristic, will be supposed to belong
to the Zygmund-Bari-Stechkin class .

We define the weighted space Hf (p) as
(212)  Hy(p) = {f(@): p(@)f() € H* , lim pla)f(@) = 0}.

When equipped with the norm

- B wlpf,h)
£l = lloS s = o flloro +sup = Z55=

this is a Banach space.

2.4. The operator inverse to a Sonine operator. In [16] (see also [15]
for the case b = oo) there was constructed the operator inverse to a
Sonine operator under the following assumptions on the initial Sonine
kernel k(t) and its associate Sonine kernel £(t):

monotonicity near the origin: there exists a neighborhood 0 <
T < g9 where

(2.13) k(x)>0, £L(x)>0 and k(z)]|, £(z)], 0<z<ep.

absolute integrability of k'(z) and ¢'(z) beyond the origin: it
is assumed that derivatives exist in the generalized sense and

b b
(2.14) /5 |E' (z)| do < oo, /6 |0/ (x)| dz < oo.

for any 0 < § < b.
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The expression for the inverse operator generalizes the known Mar-
chaud form ([17], p.224) of fractional differentiation; it has the form

(2.15) K f = lim K2 f =€) (o) + imy [ €(0)[f (2 —)~ f(2)] dt.

g

The following results were obtained in [16].

Theorem 2.8. Let k(x) be a Sonine kernel satisfying assumptions
(2.13) and (2.14) on [0,b],0 < b < oco. Then for any f = Ky with
¢ € L,(0,b),1 < p < oo the inversion is given by p(x) = K1 f, where
the convergence of the integral in K~'f = ghg(l) KZ1f is treated in the

L,-sense:

(2.16) lim K1 = ¢ll, 0

Theorem 2.9. Let a Sonine kernel k(z) satisfy assumptions (2.13)
and (2.14) on [0,0],0 < b < 0o. A function f € L1(0,b) belongs to the
range K(Lp), 1 < p < o0, if and only if
(2.17) (@) f(x) € Ly(0.0)

and one of the following conditions is fulfilled:

(2.18) lim W.f € Ly(0,0) or sup [[V.fllL, (0, < o0
& b

(Lp) 0<e<
where

\I'Ef(m):/é’(t)[f(m—t)—f(x)] dt for o>
0

and U f(z) = otherwise.
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3. Formulation of the main results. The main contributions of
this paper are Theorems A-D.

Theorem A gives an estimate of Zygmund type which characterizes
the "improvement” of the behavior of the continuity modulus of a
function f after the application of the operator K or its weighted version
pK% to f. Theorem B shows worsening of the continuity modulus of a

function f after the application of the inverse operator K—! or pK*I%
to f.

These estimates allow us to obtain in Theorems C; and Cs results on
mapping properties of the operators K and K—! within the frameworks
of weighted generalized Holder spaces. The statements of Theorems C;
and C, are exact in the sense that they allow us to obtain in Theorem D
a statement on the isomorphism between the spaces H§ (p) and Hy* (p)
realized by the Sonine operator K.

Remark 3.1. Zygmund type estimates (3.2, 3.3) and (3.6, 3.7) in
Theorems A and B are understood in the usual sense: they are valid
under the assumption that the right-hand-sides of the estimates exist;
in (3.6, 3.7), for instance, this implies that

)
(3.1) /Mdt < oo for some 0 > 0.

¢max(1,pu)
0

Theorem A. Let k(z) € V),0 < A <1, and ¢(z) € Cy([0,b]). Then

b
(3.2) w(Ke, h) < Chk(h)w(p, h) + ch/ Mdt, 0<h<hb.
h

For the weight p € W,,,0 < p < 14 A, the following weighted estimate
also holds

h b
[ 5 w(p, ) k(t) w(p,t)
(33) w (pr,h) <Ch k:(h)o/ = dt+Chh/ ; dt,

0<h<b

where v = max(1, p1).
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To formulate Theorem B below, we introduce an additional assump-
tion on smoothness of the kernel ¢(z) beyond the singular point = 0.
We suppose that

(3.4) {(x) € C*([5,b]) for every & € (0,b),

and there exists dg > 0 such that ¢'(z) satisfies condition of type (2.6):

() - ﬁ’(t)‘ < O

(35) 120 < 20

0<t<x<dp.

We show in Section 9 that condition (3.5) is satisfied for a large class
of kernels, in particular for those which occur in applications.

In the following theorem ¢g is a number from (2.13).

Theorem B. Let the kernel £(t) satisfy the conditions
(1) ¢'(z) fulfills integrability condition (2.14) on [4,b] for every § > 0,
(2) £(x) is positive, decreasing and satisfying the condition in (2.6)
on (0, o] for some dg.
Then for any f € Co([0,b]) the estimate

h
(3.6) w(K™'f,R) < c/ wdt, 0<h<eg
0

is valid. 1If £(t) satisfies additional assumptions (3.4 - 3.5), then the
following weighted estimate holds

h
87 w (pK*%,h> < Chv—l/wcﬁ
0

b

+ch/Wdt, 0<h<e
h

where p € W,([0,0]), 0 < p <2, and vy =max(1, ).
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Theorem Cy. Let k(t) € Vi and the characteristic w(t) satisfy the
conditions

(3.8) wt) € 2° and wi(t) == th(t)w(t) € Z;.

Then the operator K is bounded from the space H§ to the space
Hi*. The operator K is also bounded from HE(p) to Hy*(p) with
pEW,0< <14+, if in the case pp > 1 the following additional
condition is satisfied:

(3.9) tHw(t) € 2°.

Theorem C5. Let
(1) the kernel ¢(x) satisfy assumptions of Theorem B;
(2) the weight function p(x) belong to € W,(]0,8]), 0 < p < 2;

(3) the characteristic w(xz) meet the conditions

(3.10) g mxOn=D ) € 20 and  w(x) € 2.

Then the operator K=' maps continuously the space HE?(p) with
wo(x) = ‘Z((f)) into HE (p).

Theorem D. Let k(x) and ¢(x) be a pair of associated Sonine kernels
and let the following conditions be satisfied

(1) k(z) e V\,0< A< 1

(2) £(z) satisfies assumptions of Theorem B;

(3) plx) e W,,0 < <1+ X;

(4) 217 w(z) € 2° wi(x) == 2k(z)w(x) € Z1, where v = max(1, p).

Then the operator K maps isomorphically the space HE (p) onto the
space Hy*(p). The non-weighted case is contained in the above state-
ment with p =1 under conditions (1), (2) and (4) with v = 1.

Remark 3.2. Note that in all the statements on action of the inverse
operator, which ”worsens” the behavior of the continuity modulus, we
do not impose on the kernel ¢(¢) the condition that it belongs to V.
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We needed the Vy-condition only for the kernel k(t) of the operator K
which ”improves” the behavior of continuity modulus.

Remark 3.3. Comparing characteristics wy (z) and wa(z) of Theorems
C1 and C2, observe that

H S H, | fllaee < Ol fllen

because

(3.11) wi(z) Sws(z) <= zk(x)l(z) <1

for small z. Inequality (3.11) holds for arbitrary associated Sonine
kernels positive and a.d. near the origin. Indeed, from Sonine condition
(1.3), we obtain:

T T

(3.12) 1= /k(t)f(x —t)dt > c1k(x) /f(x —t)dt > creok(z)l(x)x.

0 0

Note that the characteristics wy(z) and wq(z) are even equivalent,
that is, the inequality

(3.13) zk(z)l(x) > co >0

also holds, if we additionally assume that k(z) € V,, and £(z) € V3 for
some «, 5 € (0,1), which is seen from the following estimation

x

(3.14) 1= /tak(t)(x —t)PU(x —1)

0

dt
te(x —t)P

x

< 03xa+5k(x)€(x)/

0

dt

=0 c3sB(1—a,1— B)zk(x)l(zx).

Remark 3.4. Assumptions on the almost monotonicity of the kernels
E(x),¢(x) in Theorems A-D are satisfied in various applications, in
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particular, in the examples mentioned in Section 9. However we should
mention that the condition of positivity of the kernels is not always
satisfied globally on a given interval [0,b], but is always fulfilled in a
neighborhood of the origin. Therefore, in the case where the kernels
may have negative values, the statements of Theorems A- D are proved
on any interval [0, a],a < b, up to the first zero of the kernels k(t), £(¢).
The estimation of the continuity moduli of convolutions with non-
positive kernels requires a more elaborate technique (in the region
where the kernel changes the sign, the ideas of almost monotonicity
are not applicable). The authors hope to develop this approach in
another paper.

4. Principal lemmas. The proof of Zygmund type estimates in
Theorems A and B will be essentially based on the crucial technical
lemmas below on estimation of the following integrals

x+h
(4.1) I(k,p;2,h) = (x +h)"! /

x

k(x+h —t)]e()]
tY

dt,

(4.2) Ji(k,p;2,h) = h(z + h)7! / % dt.
0

and

(4.3) To(k, 32, h) = h(z + h)?™" / k(z + h; Dle® 4
0

where 1 <~y < 2.

Lemma 4.1. Let o(z) € Co([0,b]), 7 € [1,2) and k(z) be non-
negative on [0,b]. Then

h

k(t t

(4.4) sup I(k,p;z,h) < ChY™1 / kKOwlp,t) dt, 0<h<b
z€[0,b] ) 2]
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if k(t) is a.d. and

h
(4.5) supAﬂkhwymh)S(ﬂﬂ‘”dh%/uxﬁﬁ)du 0<h<b
z€[0,b]
0

if k(t) is a.i.

Proof. To prove (4.4), we observe that ¢(0) = 0, so that

w gp,:c—l—t

4.7 h)' !
(4.7) (z + TEnE

h
t
4.6)  I(k,p;2,h) < (z + h) /w¢”+ k(h —t) dt
/ k(h — t)dt
0

[ME

e [ o

Let 2 < h first. Then (z+h)?Y~! < Ch7~1. We observe that h —t > t
in the first integral in (4.7) and = + h —t > t in the second one. Since
the functions % and k(x) are a.d., the estimates in (4.6 - 4.7) imply
(4.4).

v—1
When z > h, we use (‘;f;) <277 !in (4.6) and get

h
%w+t
4.8 I h) < k(h —t)dt.
(19) (i) < C [ 2Dk (h -1
0

Hence estimate (4.4) follows as above from estimates (4.6 - 4.7) with
v=1
The proof of (4.5) is easier. From (4.6) we have

h
+1)
I < A/ 1 W%x
(k,p;2,h) < C(z+h)" " k(h / iy
0
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If x < h, the estimation is obvious. If z > h, then % < 2 and we
obtain

h h
I(k, 3, h) < Ck(h) / W@+ 4o o /w(sa,w dt
0 0

h
< CI (k) / “’(;’;’”
0

Lemma 4.2. Let k(z) be non-negative and a.d. on [0,b] and let
1 <5 < 2. Then for ¢(t) € Cy([0,b]) and 0 < h < b the following
estimate is valid

h b
(4.9) sup Jl(k;,go;x,h)g(]h”_l/Mdﬂ—(/‘h/wdt.
x€[0,b] ) ty J t

If we additionally assume that 7~ k(z) is a.d. on [0,b], then also

h b
(4.10) sup Jg(kwp;:c,h)gcmk(h)/ w(f’ﬂ dt+Ch/wdt.
h

z€[0,b] 5 13

Proof.

(i) Proof of inequality (4.9). We consider first the case where
x < 4h. Splitting the integration in Jy (k, p; x, h), we obtain
3 x
k(t t k(x—1t t
(4.11) i (k, 2, h < cm—l/ % dt+cm/ ko —twlp.t)

t(x—t+h)
0

wls

In the second term we use the fact that w(f’t) < Cw(i’ft_t) and get

2h z
(4.12) Jl(k,go;a:,h)SCh“/*l/ Wdt—l—Ch”’l/ k(t)i,ngt)dt
0 0
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which yields

h
(4.13) Ji(k, o3, h) < Chv_l/wmi.
0

We pass to a more difficult case where x > 4h. We split the integration
as follows

h
Ji(k, g2, h) < h(“h)“/%dt

+h(m+h)v—1/%dt=: Di(z,h) + Da(z, h).

In the term Di(z,h) we use the fact that k(t) is a.d. and the
inequality z + h — ¢ > ZE and obtain

h h
(4.14) Dl(xah)SCh(a?Jrh)”‘Q/ Wdtgcm—l/wcﬁ.
0 0

For the term Ds(x, h) we have

z

Doz, h) < h(z + h)7"L / % ”

+h(z + h)“/*1 / % dt =: Doy(z,h) + Dao(z, h).

(NIE]

Observe that © +h — ¢ > ‘”;h in the term Do (z, h). Consequently

h
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(w+h)1—2 < 1

It is easily seen that - ;=- Taking also into account that

kE(x —t) < Ck(t), we get

Ktw(et)

(4.15) Doy (z,h) < Ch =

t.

S

We split the term Dos(x, h) in the following way

z—h T
[+]
z+h  g—h

2

z+h
2

DQQ(J), h) = h(.]? + h)’y_l / +

=: Ei(z,h) + Ex(x,h) + Es(z, h).

In the term E)(z, h) we make use of the fact that z + h — ¢t > ZE
and obtain

z+h
Ei(w,h) < h(z +h)'~2 / Wcﬁ

<ot [HEZ Do),
(t+3)

Since the functions % and k(t) are a.d. and t4 % >t and § —t > t,
we obtain

h
(4.16) Ey(x,h) < Ch%l/wcﬁ
0

In the term Es(z,h) we observe that ¢ > ZE2 so that

w(@at) _ 1 W(Sﬁat) < c W(Sﬁax—t)

v trv—b ¢ (x+h)—t  x—t
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where there was taken into account that ¢t > x — ¢ and M is a.d.
Therefore,

xz—h
2

2(2, ) <Ch/ (@ — t)w “"’x_ﬂdt:c;z/wdt.
h

(x —t)(x+h—t) t(t + h)

Hence
/ k
Hw(p,t
(4.17) Ea(w, h) < Ch/%dt
h

Finally, in the term Es(x, h) we use the fact that ¢t > o — h > Zth

which yields 2 5= e 1% < W t Then

Since x — t > t, hence it follows that
r k
t t
(4.18) Ey(z,h) < c/%dt
0

It remains to gather estimates (4.13 - 4.18) to arrive at estimate (4.9).

(ii) Proof of inequality (4.10). The proof of (4.10) follows more
or less the same arguments but needs other estimations because the
kernel ki (t) = tk(t) may be non-a.d. in contrast to k(t) which is a.d.
We omit some details, but give the main lines of the proof.
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Let first < 4h. Since k(z) is a.d., we obtain

h
(4.19) Jo(k, @2, h) < ka(h)/“(ﬁ’ D .
0

Let © > 4h. We have

To(k, i, h) < h(w + h)' (/ /) “h_t Jol@:l) g

=: Dy(x,h) + Da(z, h).

In the term D (z, h) we have x+h—t > ZH. Therefore, k(z+h—t) <
Ck (). Then

h
Dy(z,h) < Ch(z + h)" 'k (x ; h> /w(? t)
0

Since v — 1 < A, the function 27~ 1k(x) is a.d. Therefore,

h
(4.20) Di(w.h) < Ch7k(h) / ”(ﬁ’t) dt.
0

For the term Ds(x, h) we split the integration as follows

Da(a,h) < Ch(z + h)~ // “h_t Jol@:l) g

= : D21(£C h) +D22( h)

In the term Dy (z, h) we have z + h —t > £(x + h). Consequently

.

h
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Since the function 7~ 'k(z) is a.d., and ’”'5—h > t, we get

Etw(p,t)

b
(4.21) Doy (z,h) < Ch/ "
h

We split the term Das(x, h) in the following way

Das(z,h) = Ch(z + h)” 7h / /

eth g
=: Fi(z,h) + Eg(x,h) + E3(x, h).
In the term Fj(x,h) we have

h

[h(E+h—t)w(pt+2)

Ei(z,h :C'ha:—i—h”_l/ dt.
() = Ch(a + ) T
0
Here the function % is a.d., so that
k(1 h—t
(4.22) El(m,h)gCh(a:+h)v—1/ (5 + - Hwlet) .

0

h
S Ch(x_'_h)'y—lk ($+h> /w
0

where we have used the fact that k(t) is a.d. and £ 4+ h —t > Zth
Making use of the fact that 27~ 1k(z) is a.d., we get

h
(4.23) Ev(x,h) < Chk () / “’(;’;’ D .
0

For the term
z—h
Ea(w, h) < Ch(z + h)~! /

z+
2

E(x 4+ h —t)w(p,t)
v

dt

>
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we observe that x + h < 2¢ so that

x—h
(4.24) Ex(x,h) <Ch / kz+h — (e t)

dt
t
%h,
x;h b
_on [ Moy [HOD,,
r—t t
h

Finally, in the term

T

kE(x +h—t)w(e,t)

Es(x,h) = Ch(x +h)7~! / y= dt
xz—h
we use the fact that ¢ > %(x + h) so that t% < W Then

t

h
= / _)dt<Chk /w dt.
0

0

E3(x,h)<(]h/ krt+h—twled) ,

Hence

h
(4.25) Es(x,h) < ka(h)/‘”(ﬁ’ D oy,
0

It remains to gather estimates (4.19 - 4.25) and we arrive at (4.10) in
the case 1 < v <2 O

5. Proof of Theorem A.

I. Non-weighted part. For the function f(z) = Kp(z) we represent
the difference Ay, f(z) = f(x + h) — f(z) with x,2 + h € [0,b] as
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0
Aﬁu»—/w@—w—wmwa+Mﬁ
“h

x

—/wu—ﬂ—wumuo—ka+mwt

0

+ o(z) [/ k(t + h) dt—/k(t)dt] .

—h 0

Hence

(5-1)  [Anf(z)] < V[@(m —t) — p(x)]k(t + h) dt
h

x

4—/wm—ﬂ—¢umuo—ka+mwt

0

x+h

+ () / k(t)dt

x

=: A (J,‘, h) + AQ(Z‘, h) + Ag(x, h)

Taking into account that w(ep,t) is a.i. and making use of (2.7) we get
h h LAY
Az h) < c/w(<p,t)k(h—t) it < Cw(ga,h)k:(h)/ <m> dt,
0 0

whence

(5.2) Ai(x,h) < Chk(h)w(p, h).
For Ay(z,h) by (2.6) we have

(5.3) As(zh) < Ch /Ox W dt.
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Let first x < h. By property (2.7) we obtain

T h
T REDY w(p,t)dt < 1A / dt .
As(x,h)<Ch k(h)/o 7#\(75 0 <Ch ™ k(h)w(p, h) ; 71&’\(75 )
Hence
(5.4) Az(z,h) < Chk(h)w(p,h), x<h

In the case where x > h from (5.3) we have

<
oz, h) Ch/ dt+0h/ t+h dt

where the first term is obviously estimated like in (5.4) so that
b
(5.5)  As(z,h) < Chk(h)w(p,h) + Ch/ w dt, x>h
h

For the term As(z,h) in the case z < h we have

z+h 2h

Aafa )< ol k(a + W)(a + 1 [ 55 <Cutou k(i [ 3
x 0
so that
(5.6) As(z,h) < Chk(h)w(p,h), x <h.

Let us show that in the case x > h one has

Kte(o,)

: t, x > h.

b
(5.7) As(w,h) < Ch /
h

We have

(5.8) Asz(x,h) < Chw(p, z)k(z)
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and then estimate (5.7) is derived from (5.8) by means of Lemma 2.6:

do b
(5.9) As(z,h) < Ch/wdt < Ch/ w(%? k(t) .
@ h

do

h<zx< —
- T 2

Collecting the estimates in (5.2) and (5.4 - 5.7), from (5.1) we obtain
(3.2).

II. Weighted part. We have

(5.10) (#K2) (@) = Ko(o) + Aple)
where
[ o) = p(t) r
Ap(z) = | B Pk — ypt)dt =: | Az, t)e(t)dt
0/ p(t) O/
and
_p@)=pt),
(5.11) Az, t) = =0 k(z —t).

The estimation of the continuity modulus of K¢(x) has already been
done in the part 1 of the proof. It remains to estimate w(Ay, h). In
the estimation of w(Ag, h) we follow some ideas of such estimations
suggested in [5] for the case k(z) = 227, 0 < a < 1,p(z) = 2", 0 <
1< 2—a. We have

(5.12) w(Ap,h) < sup App(z) + sup App(x))
z€[0,b] z€[0,b]
where
x+h x
Avple) = [ A+ hiein, A= [ A b 0p)a

T 0
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and
Ai(z,h,t) = A(z + h,t) — A(z, ).
(i). Estimation of A(z,t). The estimate

(5.13)  |A(z,t) < C (%)H (&= k(z —1)

t ) Py:max(]Wu)'

for A(x,t) follows from inequality (2.5) of Lemma 2.3.

(ii). Estimation of Ajp(z). For the term Ajp(z) we have

s

=
U
Iy

h
(5.14) [Anelo)] < Ok [ el
0

which follows from estimate (5.13) and inequality (4.5) applied to the
kernel tk(t).

(iii). Estimation of Ai(z,h,t). For Ai(z,h,t) the following
estimate is valid

y—1 _
(5.15) () <Ch<x4t—h> |k(a:+th Ol

y = max(1, ).
To prove (5.15), we split Ay (z, h,t) as follows:

pla+h)—pla),
0 k(x+h—1t)

M[k(ﬁh—t) — h(w —1)

Al(xa hvt) =

= All(ﬂﬁ,h,t) + Alg(ﬂi,h,t).

For Aq1(z,h,t) by (2.2) and (2.3) we have

p—1 _
(5.16) | A1 (z, b, )| (“Lh) ket h =t

t

(a:—i—h) a:+h—t)|.

t

| /\
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For Aia(z, h,t), by (2.5) and (2.6) we obtain
a\7L (z —t)k(z —t)
. < — -
(5.17) [Asa(a b 1) < Ch (T) o h—D

We use the fact that the function zk(x) is a.i., so that for 0 < = < %‘)
we have
"h(z+h—t)

t Y

(5.18) | Ava(z, h, 1) < Ch <“”“;h)

and then from (5.16) and (5.18) we obtain (5.15).

(iv). Estimation of A} p(z). By estimate (5.15) and equation
(4.10) of Lemma 4.2 we have

w(ep,
Y

h b
(5.19)  |Alo(@) < cmk(h)/ ) d”“/Mdt'
0 h

Gathering estimates (5.14) and (5.19), from (5.12) we obtain estimate
of type (3.3) for w(Agp, h) and therefore (3.3) holds for w (pK%, h) in
view of (5.10) and already proved non-weighted estimate (3.2).

6. Proof of Theorem B.
6.1. Auxiliary lemmas.

Lemma 6.1. Let a function {(x) be bounded on [6,b] for every é >0
and non-negative, almost decreasing and satisfying condition (2.6) on
(0, 80] for some 69 > 0. Then for any f € Co(]0,b]) the estimate

h
(6.1) w(lf,h) SC/wdt, 0<h< %0
0

is valid, where C > 0 does not depend on h € (07 %‘)) .
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Proof. We denote F(z) = {(x)f(x). Let first 0 < & < %0 (and then
x4+ h < dp). We have so that

Flz +h) = F(z) =Lz +h)[f(x+h) = f(2)] + f(2)[l(z + h) — £(z)]
= Ay(z) + Ag(x).

The estimate for Ay (z) is direct:

(6.2) AL (@)] < Clla + h)w(f,h) < CE(h)w(f, h)

where the fact that ¢(x) is a.d., was used. For A, taking into account
(2.6) for ¢ and the fact that |f(x)| = |f(x) — f(0)] < w(f,z), we obtain

Ux)w(f,x)
(6.3) |As(z)| < Chﬁ-

Observe that

(64)  f@)w(f,z) < C / Mdt forall =z € (0,8]
0

(which obviously follows from the fact that W is a.d. ). Therefore,
in the case z < h we have

h
(6.5) 1As(z)| < C / M dt.
0

In the remaining case x > h, from (6.3) we obtain

w(f,z+h)

<
[Aofw)] < ORI

{(z) < Cw(f, h)e(z)

h
< Culf, h)l(h) < C/wdt.
0

Therefore, (6.5) holds for all € (0, %0] To state that (6.5) and

(6.2) prove estimate (6.1), it suffices to consider the case where z >
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%0 which is trivial. Indeed, from the above estimations of Aj(x)

and As(z)and boundedness of ¢(x) beyond the origin, we see that

sup |F(xz + h) — F(z)| < Cw(f,h) which is obviously dominated by
>80

the right-hand side of (6.1). o

Lemma 6.2. Let the kernel £(t) satisfy the assumptions of Lemma
6.1 and let there exist almost everywhere the derivative {'(z) satisfying

the condition |¢'(x)| < C@. Let p e W, 0 < p < 2. Then for any
f € Co([0,b]) satisfying condition (3.1), the function

o) = | %wx or

is bounded on [0,b] and
(6.6) lim g(z) = 0.

x—0

Proof. The function g(z) admits the following estimate

(6.7) 19 |<cvl/w Wf”_wﬁ

(x —t)7
— C«x'y—l / |€(q" — t)lw(.ﬁ t) dt
Y
0

where v = max(1, ). Indeed, let 0 < p < 1. Then by (2.4)

|<c/w wifhe=t)
a:—t

Let 1 < p < 2. Then by (2.2) and (2.3) we get

| |<Cu1/|€ |wf7x_t)dt

x—t

which proves (6.7).
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From (6.7) and boundedness of £(t) on [do,b], it is easily obtained
that g(z) is bounded on [dg, b]. So we consider only 0 < x < dy below.
From (6.7) we have

©8) o)l = co [ttt
0

_ [ w(f,x—1t

Since x — ¢t > t in the term I; and % is a.d., we obtain I; <

x
Czr— [ Wdt. Similarly, since ¢t > x — ¢ in Iy and £(t) is a.d. for
0

Y
small ¢, we have I, < Cz7 ! [ %ds Therefore,
0
[l
(6.9) l9(z)] < Car 1 / Wdt.
0

By assumption (3.1), from (6.9) the statements of the lemma follow.
O

6.2. Complete Proof of Theorem B.

I. Non-weighted part. The estimation of the continuity modulus of

the first term ¢(z) f(x) in (2.15) was already given in Lemma 6.1.

For the second term

in (2.15) we have
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x

(6.10) U(z+h)—U(z) :/Z’(t)[f(x+h—t)—f(x+h)+f(x)—f(x—t)]dt
0
oth

+ / V() f(x+h—t)— f(x+h)]dt=: B1+ Bs.

(a) Estimation of Bj.

In the case z < h we immediately get

h

Bil <2 [ | (ol(r.0) d

0

and then by Remark 2.5

h
£(t t
(6.11) 1By < C/%dt
0
T h T
Let > h. We decompose the integral [ = [+ [ and use the estimate
0 0 h
(6.11) in the first term:
h
f(t)
(6.12) |Bil < C | =Fw(fst)dt+2w(f, W) (@),
0

where I (z f|£' (t)|dt.

To estimate Ih(x) we observe that |[¢/(t)] = —£'(¢) for small ¢ € (0, )
according to (2.13). Therefore, for h <t <z < gy we have

x

In(z) = — / 0(t) dt = £(h) — €(z) < £(h).

h
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When h > ¢y, we obviously have

b
In(z) < /|£’(t)|dt =C < o0

€0

according to (2.14). When h < gy < z, we have

£0 b
@) < [ 1@l [ |©lat= ) - tle0) + € < o)
h €0

for small h. So I (z) < C(h) in all the cases and from (6.12) we arrive
at the same estimate (6.11) in the case x > h as well.

(b) Estimation of By. We have

z+h h

|Ba(x)| < / |0/ ()|w(f,t)dt < C/E(x+t)
0

x

w(f,z+1t)
T+t

dt.
Since both the functions £(z) and @ are a.d., we get
/ 1
(6.13) 1B ()] < C/Mdt.
0

Gathering estimates (6.1), (6.4), (6.11) and (6.13), we get at (3.6).

II. Weighted part. We have

p(z—t)
=K' f(z) + Bf (x)

(6.14) (pKﬁ) () =) () + / [ POt —1)— ()| 0y
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where

T

@ —pe =t
Bﬂm!" 0N tﬂt.!Buwﬂmﬁ

and

_ @) = p)
(6.15) Bla,t) = B 5w =),

Estimate (3.6) for the continuity modulus of K~!f(z) was already
obtained in the first part of the theorem. It remains to estimate

w(Bf,h). It suffices to consider small values of h : 0 < h < g, where

0 is from assumptions (3.4 - 3.5). In the case h > % the estimation
of w(Bf, h) is trivial, since the function Bf(x) is bounded as proved in
Lemma 6.2. Therefore, we assume that h < g in the sequel.

We denote
Bi(x,h,t) = B(w + h,t) — B(, 1)
and have

zth

(6.16) Bf(x+h)—15af(x):/B(x+h,t)f(t)dt+/Bl(x,h,t)f(t)dt
x 0

=: Buf(2) + B, f(2).

(i). Estimation of B(x,t). The following estimate is valid

=1 4(x —t)
t )

(6.17) IB(z,1)| < C (%) ~ = max(1, ).

Indeed, when 0 < u < 1, by property (2.6) for ¢(x) we obtain

(x =)' (x — 1) < CE(J: —t)
t - t

|B(z,t)| < C ,  t<uw.

When 1 < p1 < 2, we use properties (2.2) and (2.3) and get (6.17) with
y=p—L
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(ii). Estimation of Bj f(z). For the term By f(x) the estimate is
valid

h

(6.18) |Brf(z)| < Ch”’l/mé(t)dt.

t
0

which follows from (6.17) and inequality (4.4) of Lemma 4.1.

(iii). Estimation of Bi(z,h,t). For Bi(z, h,t) the following
estimate is valid

(6.19) [Bi (. h,1)| < Chy l(x — 1) <x+h

y—1
(l‘“‘ h _ t) t ) ) ’y = ma,X(].,‘LL).

To prove (6.19), we split By(z, h,t) as follows:

Bl(xa hvt) = W

p(z) — p(t)
p(t)

O(x+h—t)
+ [('(x+h—t)—l(x—1t)]=: B+ Bia.

Making use also of properties (2.2 - 2.3), which yield

h) — h h)r—1
620 pla+ 1) = pla) _ o+ 1)~
p(t) e
and taking into account that |[¢'(z + h —¢)| < C%, we obtain
h )=ty h—t
(6.21) By < cMe AT Heth = t)

th x+h—t

To estimate B2, we use (3.4 - 3.5). If z < &, then z —t+h < § since
h < . So we may make use of (3.5) and get

h'(x—t

)<C he(z —t)
r+h—t —

W(@+h—t)—l(x—1)<C CENCET =L
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This inequality and estimate (2.5) yield

(6.22) |Bua| < Ch (%)V t(ﬁ(fi%

In the remaining case x > % in the estimation of Bjs, the arguments
are similar if we consider separately the cases 0 < t < = — % and

T — g < t < z. In the former case we use exactly the same arguments
as above within the frameworks of assumptions (3.4 - 3.5), while in the
latter case we may use the fact that {(z) € C? ([%, b]) and arrive at
the same estimate (6.22).

Gathering estimates (6.21) and (6.22), we obtain (6.19).

(iv). Estimation of B} f(z). The estimate

h

b
(6:23)  |Bf(a| <O / e(’f)‘;’# + Ch/ Wdt
0 h

immediately follows from (6.19) and inequality (4.9) of Lemma 4.2.

It remains to collect estimates (6.18) and (6.23) in order to obtain
the final estimate (3.7) from relations (6.14, 6.16).

7. Proof of Theorems C; and Cs.

Proof of Theorem Ci: boundedness of the operator K. We treat
simultaneously the weighted and non-weighted (p = 1) cases. By
Zygmund type estimates (3.2), (3.3) we have

h b
(7.1) w(pKep, h) < Cllpol ms m/k(ti:u(t) dHCh/w(t)tk(t) ”
0 h

whence

(7.2) w (pKp, h) < Chk(h)w(h)|pe| g

by conditions (3.8) and (3.9).
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It remains to check that pp| _, = 0 for all ¢ € Hg(p). For
o(x) = 292 with po(z) € Co([0,b]) we have

p(z)
) (Ke)(@)] < plo) [ W i
0

By properties (2.3) and (2.7) we obtain

x

Ip(e) (Ke)(2)] < Ch(z) / (5) (xf t)kwwo,t) dt

1

~ Cak(a /w ©0, Tt) dt.
1—¢)A

0

Hence

goo,bt dt
th(l —t)A

Ip(@)(Kp)(z)| < Cak(z)  with C = /

Therefore, lirr%) p(x)(Ky)(z) = 0 since zk(z) < Czt=A.

Proof of Theorem Cy: boundedness of the operator K—!. We have to
prove that

w (pK‘lﬁ,h)
(7.3) ST S Clfllgg=,  f e Hg?

Making use of estimates (3.6), (3.7) of Theorem B, we obtain

h b
o (L) s [H20 dt+h/£(t)(;722(t)dt} 17115
0 h

r b
=C |t ﬁdHh @dt] | £l o2
0/ I / t2

L h
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By conditions (3.10) of the theorem, we get
f
w(pK ;7/1 < Cw(R)[| f]] g

which proves (7.3).

It remains to prove that pK*%‘ =0 for f € Hy*. Making use
=0

of relation (6.14) and the expression for the inverse operator K1, we
have

(1)

< le(@)f ()] + / Fla— 1) — f@))0(t)dt

0

x

p@)pet) | |
-l—/ p(l‘—t) f( t)£ (t)dt D1+ Dy + Ds.

Since |[((z)f(z)| < [l(z)w(f,z)| < Cll(z)wi(z)| = Clw(z)| and w(z) €
Z0 it follows that D; — 0 as  — 0. Also,

Ds < c/w(f,t)w'(t)mtgc/wdt:c/@dt_)o
0 0 0

as © — 0. As regards the term Dg, it was estimated in Lemma 6.2, so
it also tends to zero as x — 0.

8. Proof of Theorem D.
8.1. Auxiliary lemma.

Lemma 8.1. Let 0 < p < 2. If 2'77w(z) € Z°, where
~v = max(1, u), then there exists a po > 1 such that

wit) € L,(0,b) forall — p € [1,po).

xH
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Proof. In the case i < 1 we use the fact that w(x) € Z° from which
it follows that there exists a §; € (0,1) such that w(x) < Cx%. Then

wi@) o _C ELp(O,b),Where1§p<“_%;lif(51<,uand1§p<oo

Tk — gpH—01

In the case ;1 > 1 we use the fact that % € 29 so that w(z) <

m
xu—l-‘rég with 0 < 63 < 1. Then Wm(f) < ;cl% c Lp((),b) with
1<p< ﬁ.

It remains to note that in the case 0 < p < 1 we have py = u—lél if
01 < p and pp = oo if 41 > p, while in the case 1 < p < 2 we have

_ 1
Po = 15 a

8.2. Complete Proof of Theorem D. By Theorems C; and Cs,
we have

(1) K H(p)— H (), () = wh(@)()
and
(5.2 K5 Hi ) = HE o), o) = 5

Then by Remark 3.3, from (8.2) we also have

(83) K i HP(p)— HE(p), wile) = ch(2)w(a).

To state that the results in (8.1) and (8.3) already guarantee the
existence of an isomorphism between the spaces H¥ (p) and Hi* (p), it
remains to prove that the range of the operator K coincides with the
space Hy* (p):

(8.4) K(Hg (p)) = Hg™ (p)-

We do not have an independent characterization of the range K(Hg (p)),
but in the case of the Lebesgue spaces L,, a characterization of the
range K(Lp) is provided by Theorem 2.9. Therefore, to state that
a function f € Hi"(p) belongs to the range K(H§ (p)), it suffices to
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prove that there exists p > 1 such that conditions (2.17) and (2.18) of
Theorem 2.9 are satisfied for f € Hy* (p). This will yield

Hg" (p) C K(Lyp)

and then Theorem 2.9 and mapping (8.3) will guarantee that coinci-
dence (8.4) holds.

Verification of condition (2.17). For f € Hy*(p) we have f = £
with g € Hy*. Therefore,

by (3.11). Since pﬁ) is a.d., we have

(8.5) —

Then
) f)| < 2D e L,

for any p € [1,po) by Lemma 8.1.

Verification of condition (2.18). For

we have
1 /
e s(—/m—mg) o0
0

dt =: Fi(z) + Fa(x).




476 R. CARDOSO AND S. SAMKO

By (8.5)
File) < 5 [ 16— 0] wlg.o -t < %/76“)“‘;(9’%5.
0 0

We take into account that w(g,t) < Ctk(t)w(t) and by (3.11) we have
tk(t)e(t) <1 for small ¢t and consequently we arrive at

C/ dt<C ) €L,

by Lemma 8.1.

It remains to estimate the term Fy(x). By (2.2 - 2.4) and (8.5)
have

‘L _ b cprot
p(t)  plx) wth
which yields
Fy(z) < Q/e(x—t)w(g,t)dt - g/e(x_t)wl(t)dt
z tH T tH
0 0

For the term Fb;(z) we observe that

z z

F21(a:)§%/€(t);’7;@)dt§%/
0 0

w(t)

dt
th

and then from the condition t!"#w(t) € ZY it follows that
Fgl(il,') < C@ c Lp

xL

by Lemma 8.1.
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For the term

Fp(x) = % L) (z — 1)

@— 0 dt

O\wla

we distinguish the cases 0 < p <land 1 < gy < 2. Inthecase0 < p <1
we write

Fy(x) < % /E(t)k(m —t)(z — )" Fw(x —t) dt.
0

1—p

Since the function ' #w(x) is increasing in the case 0 < p < 1, we

obtain B
@ | (@
w(x w(x
Fy(z) <C por /é(t)k'(x —t)dt <C ol
0
In the case 1 < p < 2, we observe that the function w;_&x) is a.d. and

x —t >t so that

Pt < 2l gy = € [ HON0A0),
0 0

~

<

8|Q

T tH

/ w(t) .
=
0

Therefore, in all the cases

&
8
S~—"

Fy(x) < Foy () + Faa(x) < C

and then
w()

Ve f(2)| < Fi(z) + Fa(z) < C

xh

A

where C' > 0 does not depend on ¢. Hence we conclude that sup || ¥, ||z,
e>0
oo for 1 < p < pg, where pg is from Lemma 8.1.
The conditions of Theorem 2.9 having been verified, Theorem D is
proved. ]
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9. Appendix: Concerning condition (3.5) First we observe
that condition (3.5) holds for instance, for functions

o) =2 (mé)" ,

T

on [0,b],b < oo, where a € (0,1),p € R}, A > b, which may be
verified by direct differentiation of this function and checking condition
(3.5). Note that in the case p = 1 the associated Sonine kernel k(z)
is the special Volterra function studied in [22, 23] in connection with
the solution of the integral equation of the first kind with a power-
logarithmic kernel.

The same is also valid for similar functions which are obtained after a
finite number of operations of addition, multiplication and substitution
of the power function and the logarithmic function. In the following
lemma we give a simple general condition sufficient for a function £(t)
to satisfy condition (3.5). This lemma covers many examples known as
Sonine kernels, in particular the kernel

Uz) = Io;(a\//f)

z 2k+a

m is the Bessel

function of the second kind, as well as many others.

o0
which occurs in applications, I,(z) = ). 5
k=0

Lemma 9.1. Let {(z) = aéf) where a > 0 and a(x) € C?([0,b]),0 <
b < o0, and a(0) # 0. Then condition (3.5) is satisfied for some §y > 0.

Proof. Rewrite condition (3.5) in the form
[0 (z) = €'(Az)| < C(1 = N)[E' (M),
0<A<l, O0<z<6.

For the function ¢(z) = = *a(x) this condition after some calculation
takes the form
|aa(Az)—a T a(x e\ d/ (2)-Dzad’ (\x)| < c(1-N) |aa(z x) -Aza’ (Ax)).

Under the notation g(z) = aa(z) — xa’(Az), the last inequality turns
into
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(9-1) lg(Az) = A g(2)] < C(1 = N)lg(Az)|  or
1+a 9(8) _
A 90) 1‘§C(1 A).
Obviously
1+a&_ _yl4a 14a [9(2) —g(A2)
Mo 1’ S e ev e

Therefore, to obtain (9.1), it suffices to show that
l9(z) = g(Az)| < C(1 = N)[g(Az)]

which is valid for small x € [0,d0]) with some d9 > 0, because
g(z) € C*([0,b]) and g(0) = aa(0) # 0. o
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