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UNIVALENT FUNCTIONS, HARDY SPACES AND SPACES
OF DIRICHLET TYPE

ALBERT BAERNSTEIN II, DANIEL GIRELA, AND JOSE ANGEL PELAEZ

ABSTRACT. We prove that for p € (0, 00) an analytic univalent function
in the unit disk belongs to the Hardy space HP if and only if it belongs
to the Dirichlet type space Dgfl.

1. Introduction

For 0 < p < o0 and a > —1, the (standard) weighted Bergman space AP,
is the set of all analytic functions f in the unit disk A such that

/ (1= [2)*|f(2)P dA(z) < oo,
A

where dA(z) = dxdy = rdrdf is the Lebesgue area measure. The standard
unweighted Bergman space Af is simply denoted by AP.

For 0 < p < oo, the Dirichlet type space D§71 consists of all functions
analytic in A whose derivative belongs to Ay ;. The D}, spaces are closely
related to the Hardy spaces. Indeed, a direct calculation with power series
shows that H? = D?. A classical result of Littlewood and Paley [19] (see also
[20]) asserts that

(]‘) Hpcpgil, 2§p<OO
On the other hand, it is not difficult to show that
(2) DY, CHP, 0<p<2.

The inclusion (1) can be proved by Riesz-Thorin interpolation. The same
method gives (2) for 1 < p < 2, since the inclusion D§ C H' is trivial.
Vinogradov ([29, Lemma 1.4]) extended (2) to the range 0 < p < 2. However,
we will see that

(3) HP #£D0_,, ifp#2.
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In this paper we are primarily interested in characterizing the univalent
functions which belong to the spaces Dg_l. Our main result asserts that, in
spite of (3), for every p € (0,00) the univalent functions in ’D;Ll and those
in H? are the same. It is well known (see, e.g., Theorem 3.16 of [5]) that any
univalent function belongs to H? for all p < 1/2. Hence, bearing in mind (2),
our result improves this as it implies that any univalent function belongs to
’Dg_l for any p < 1/2.

By a theorem of Hardy and Littlewood [16] (see also Theorem 5.6 of [5],
or [30] for a simple proof), for every p, the Hardy space H? is contained in
the Bergman space A%" and the exponent 2p cannot be improved. Using (2)
we deduce that, if 0 < p < 2, then D;Ll C A?P. Actually, this is also true for
p > 2. Thus,

(4) DY | C A, 0<p<oo.

This is a particular case of Theorem 2.1 of [3] and follows from the work of
Flett [10] and [11]. In view of (1), (2) and (4), we have

(5) DP_, C HP C A, 0<p<2,
H? Cc Db_, C A%, 2 < p<oo.

It is natural to ask whether or not the univalent functions in A?” and those in
D;_, (or equivalently in HP?) are the same. This is certainly true if p < 1/2
because any univalent function belongs ’ng if p is in this range. However,
we will show that for any p > 1/2 there exists a univalent function f which
belongs to AP but not to HP. Also, we shall obtain a sharp geometric condi-
tion on the image of the unit disc under a univalent function f in A?? which
implies that f belongs to HP.

Part of this research was done while the first author was visiting the Uni-
versidad de Malaga. The first author is most grateful to the Departamento
de Analisis Matematico for its splendid hospitality.

2. Background

In this section we define all function spaces and classes which will be studied
later, as well as certain concepts, and fix the notation.

Throughout the paper, the letter 2 will be used to denote a planar domain
and 0N its boundary. A = {z : |z] < 1} will stand for the unit disc in the
complex plane C, QA will be the unit circle, and dA(z) = rdrdf = dxdy the
Lebesgue area measure.
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If f is a function which is analytic in A and 0 < r < 1, we set

s 1/P
My f) = (52 [ 1seepar) 0<p<oo,
]b(raf)::A4E(Taf)7 0<p<oo,
Moo(r, f) =|Sl|1_p |f(2)].

For 0 < p < oo, the Hardy space H? is defined to be the set of all analytic
functions f in the disc for which

def
[fllar = sup My(r, f) < oo
0<r<1

We refer the reader to [5] and [12] for the theory of Hardy spaces.

As noted at the beginning of this paper, if 0 < p < co and a > —1, we let
AP denote the (standard) weighted Bergman space, that is, the set of analytic
functions f in A such that

/ (1 - 2|/ (2) P dA(z) < oo.
A

The standard unweighted Bergman space Af is simply denoted by AP. More
information about Bergman spaces can be found in the recently published
books [18] and [7].

The Bloch space B consists of all analytic functions f in A with bounded
invariant derivative:

1£1ls < 1£(0)] + sup (1 — [2[?) |£'(2)] < oo
zEA

A classical source for Bloch functions is [1]; see also [23] or [26].

Finally, for p > 0 we let Dg_l denote the space of all functions f which

p

are analytic in A and satisfy [/ € A,_q. Hence, if f is analytic in A then

feDy_, if and only if

1
[a-rir@raae =2 [ ra-nr g < o
A 0
As noted in the Introduction we have:

D, ,CHP, 0<p<2,

}{p C:l)gfla 2 S p < 0,

and these inclusions are strict if p # 2. The strictness can be seen in several
ways:
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(i) Using Proposition 2.1 of [3] we easily see that if f is given by a power
series with Hadamard gaps,

f(z) = arz"™ (z € A) with ngyy > Any for all k (A > 1),
k=1

then, for every p € (0, 00),
o0
feDE, = > |af <o
k=1
Since for Hadamard gap series we have, for 0 < p < oo,

feH! <«— Z|ak|2<oo,
k=1
we immediately deduce that D) | # H? if p # 2.

(ii) Rudin proved in [28] that there are Blaschke products which do not
lie in D} (see also [21]). Vinogradov, in Theorem 3.11 of [29], extended this
result by showing that for any p € (0,2) there are Blaschke products which
do not belong to Dp_,. This yields D) _; # H?,if 0 < p < 2.

The strict inclusion can also be deduced from results in [4] or [13]. More
information about the spaces D,’Lp 2 < p < 0o, can be obtained in [14].

A complex-valued function defined in A is said to be univalent if it is an-
alytic and one-to-one there. We refer to [6] and [23] for the theory of these
functions. Throughout the paper, U will stand for the class of all univalent
functions in A. Sometimes it is useful to consider certain normalized sub-
classes of U such as the class S and the class Sy:

S={feU: f(0)=0,f(0)=1},
So={f€U: fiszero-freein A, f(0) =1}.

We shall also make use of the following results.

THEOREM A. Suppose that 0 < p < oco.
(a) If f € H then [§ MZ(r, f)dr < x| fII%, .
(b) If f €U and [y ME,(r, f)dr < oo, then f € HP.

In particular, if f is univalent then fol M2 (r, f)dr < oo if and only if
feHP.

Part (a) does not require univalence of f. With an unspecified constant
instead of 7, the inequality is due to Hardy and Littlewood. See page 411 of
[16]. On p. 127 of [23] the inequality is stated with constant = and attributed
to Hardy and Littlewood, but without reference. We have not found a proof
in the works of Hardy and Littlewood, but it is easy enough to supply one:



UNIVALENT FUNCTIONS 841

If there is a fixed @ such that M., (r, f) = |f(re??)| for every r € (0,1) then
the inequality follows from the Fejér-Riesz Theorem. See [5], for example.
For general f, let h be the symmetric decreasing rearrangement of log | f| on
the unit circle, let H be an analytic function in A with real part the Poisson
integral of h, and let F' = . Well known inequalities for rearrangements
imply that |F| achieves its maximum modulus on the positive real axis, that
F and f have the same H? norm, and that My (r, f) < Moo (r, F).
Part (b) may be deduced from a theorem of Prawitz [27]. See [23, p. 17].

3. The main result
In this section we shall prove our main result, which is stated as Theorem 1.
THEOREM 1. Let f be a univalent function in A and 0 < p < co. Then
feD) , <+ [feH
In other words,

(6) UNDP

P =UNH,

for every p € (0,00).

For p = 1 this was proved by Pommerenke in Satz 1 of [22]. Actually,
in this theorem Pommerenke gave another characterization of the univalent
functions in H? for 0 < p < 2, as follows:

THEOREM B. If felU and 0 < p < 2, then

1
feH <+ / MP(r, f')dr < .
0

To see how Pommerenke’s characterization is related to ours, we use the
following result, due essentially to Hardy and Littlewood, which can be proved
by modifying the proof of Theorem 5.9 in [5].

For 0 < p < q < o0, there exists a constant C depending only on p and q
such that for each analytic function f in A and each r € (0,1) we have

(7) My(r, f) < CM, (1 +T,f> (1= p)ifa=1/p,

Suppose that 0 < p < 1. Take ¢ = 1 and replace f by f’. Then (7) gives
1
My < ot (S5 ) et

On the other hand, if p > 1 then (7) leads to

(8) L0 f <cmﬂ(1+T )1—T)P.
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When 0 < p < 2 the significant contents of Theorems 1 and B are the
assertions that if f € U N HP then f’ satisfies the respective integrability
conditions. The last two inequalities above, together with a change of variable,
show then that for 1 < p < 2 Theorem B is stronger than Theorem 1, but for
0 < p <1 Theorem 1 is stronger than Theorem B.

The proof of Theorem 1 is organized as follows. First, in §3.1 we shall
handle the case 0 < p < 1 using results obtained by the first author in [2].
A chief ingredient of [2] is a theorem of Hayman [17] which asserts that a
univalent function cannot be too large at too many widely scattered points.
Our proof of the case p = 1 of Theorem 1 thus provides a new proof of
Pommerenke’s Theorem B for p = 1. For 1/2 < p < 1 we know of no way
to prove Theorem 1 other than the one presented here. But for 0 < p < 1/2,
when Theorem 1 reduces to saying that U C Dg_l, the result also follows
from estimates on the growth of the integral means M, (r, f), f € U, due
to Feng and MacGregor [9]. This is the content of §3.2. Next, in §3.3 we
will prove the case 1 < p < 2. As noted above, this case follows easily from
inequality (8) and Theorem B. Finally, in §3.4, the case 2 < p < oo will be
handled using the Hardy-Littlewood inequality (7) together with Theorem
A and another Hardy-Littlewood inequality relating growth of the integral
means of a function f analytic in A with those of its derivative.

Before we properly start with the proof, let us say that from now on we
shall be using the convention that C' denotes a positive constant (which may
depend on p, f, €, but not on 7, p or E) which can change from line to line.

3.1. The case 0 < p < 1. Since D) ;| C H? for 0 < p < 1, we have to
prove that

UNHP CDy |, 0<p<l,
and, clearly, it suffices to show that

(9) SomeC’Dp 0<p§1.

p—1s
Proof of (9). Take p € (0,1] and f € SN HP. Let

s_ L _l-d4108 1 1 ) B
=20 5772—6 =37 316 71*72_5, Y2=1-—m.
For simplicity, we shall write M (r) for M (r, f) (0 <r < 1). Then r — M(r)
is a continuous and strictly increasing function from [0, 1) onto [1, K), where
K =sup,ca |f(2)|. We shall denote by M ! its inverse function.

If F is a measurable subset of the unit circle, we set

M(r,E) = sup |f(re?)], 0<r<1.
efcE
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Using Theorem 3 of [2] we deduce that there exists a constant C' > 0 such
that

~_\"? ‘
W)  [ireentan<c(T22) ey By,

whenever 0 < p < r < 1, I is a subarc of the unit circle with center €'? and
length |I| < 27(1 —p),and E C I.
If0<r<1andj>0is an integer, we set

Aj(r)={0€[0,27]: 2797 M (r) < |f(rei0)| <277M(r)}

and we define p = p(j,7) as follows: If M(r) < e?2/F! then p = 0. If
€227t < M(r) < oo, then

(11) p(jr) = M~H 277 e 2 M (r)).

Note that p(j,7r) < r.
Let k = k(r) be the smallest j > 0 such that p(j,r) < 1/2, and let

B(r)= J 4;(n).
Jj=k(r)
Then
|f(rei9)| < 262M(1/2)7 6 € B(r).

Assume that 1/2 <r < 1.
Write the unit circle as the union of two disjoint intervals I; and Is of
length m. Apply (10) with p =1/2 and E = B(r) N I; (j = 1,2). We obtain

(12) / | (re®)|do < CM(1/2)(1 —r) P <C(1—r)7", 1 r <l
B(r) 2

Take j with 0 < j < k(r). Write p = p(j,7). Then 1/2 < p <r. If I is an
arc of length at most 27(1 — p), then (10) and (11) give

a [ J_Wf’(rei%desc(l"’)ﬁ( Mp) ) 273 M(r)

1—r) \M(@r)2-
§C<1:£)ﬁ2jM(r).

Applying Hélder’s inequality with exponents 1/p and 1/(1 — p), we get
P

B
/. )m|f'<rei*’>|f’d9so<(H) wM(r)) 11,

Since |I| < 27(1 — p), it follows that

) ) 1—p Bp+1—p
(14) / |/ (re®®)P(1 — r)P~Ldh < C279P MP(r) (—> :
A ()T IL—r
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Write the unit circle as the union of m nonoverlapping intervals I, I, ..., I,
of length 27/m, where m is the smallest integer such that m > (1 — p)~L.
Then 27/m € (n(1 = p),27(1 — p]. Let v(j,r) = v be the number of the
intervals I; (1 <! < m) which intersect A;(r). From (14), we have

I

) 1—p Bp+1-p
<otz (122) L 0si<ko)

For each interval J; which meets A;(r) take § € I;NA;(r). Arrange these 6’s in
ascending order and denote them by 0 < 6y < --- < 0,_; < 2m. Let Q = e!?,
and let n be the largest integer such that n@Q < v. Then (n + 1)@ > v.
If n <1 then v < 2Q. Assume n > 2. Let S = {6p,0q,...,0m-1)0} If
0,0 € S then e and e’ are separated by at least Q — 1 intervals of length
2 /m > w(1 — p), so

|w—aﬁ>%@—mﬂbwﬁﬂ@—wﬂ—m

Since p > 1/2, we have |pe’® — pe?® | > (Q — 1)(1 — p). Then the discs with
centers pe'?, pet® | radius 3(Q — 1)(1 — p) are disjoint, hence so are the discs
with radius 1 — p.

Now |f(rei?)] > 2797 'M(r) for § € S and |[f(pe'®)] < M(p) =
M(r)2=7=te=2. So f satisfies the conditions of Theorem 2.4 of [17] with
Re=2"'"IM(r), Ry =2¢ 2Ry, 0, =(1—71)/(1—p) fori=0,...,n—1. So

o(i55) | =x (= (322) +0).

R -1
n<2<10gR—2—1> log
1

Thus,
(16) v(j,r) < 2n@Q < 16Q <log (1_—':) + C) _

Recall that 8 =1/2 — 1/316. Take n > 0 so small that

(17) Y(p)=Bp+1-p+n<l

By (16), there is a constant C' such that

(18) z/(j,r)<C(1_p>n.

1—r
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From (15) and (18), we obtain

I R .

. v(p)
<o (122) L rea, 0<j<ko)

where p = p(4,7).
Let A(1/2) ={z€ A:0<]z] <1/2}, and

" 1 k(r)—1
A=<re EA:T>§,9€ Aj(r) ¢ s
0

j=

; 1
B:{re“QEA:r>§,€EB(r)}.

Then
20 1 — [z~ F ()P dA(2) = 1— NP ()P dA(2
(20) /A< )P f ()P dA(2) /Am)( )P F ()P dA(2)
—1zDP Y (2)P z —2DP Y ()P 2).
+/B<1 )P () dA<>+/A<1 )P F ()P dA(2)
Clearly,
(21) / (1= 2P f ()P dA(z) < C.
A(1/2)

Applying (12) and Hoélder’s inequality, we obtain

(22) /B(T) |f'(re®)|Pdb < © (/B(T) |/ (re?)] d9>

1
<C(1—r) PP, 5 <r< 1.
So

@) [ Irera-lrtace <c [ anre i

Since p — Bp > 0, the integral on the right converges, and we see that
24) [a-rirerae <c.
B

Recall that K = sup{M(r) : 0 < r < 1}. To investigate the third integral
on the right side of (20), for j > 0 define r; € (0,1) by

(25) rj=M"" <2J’+1e2M (%))
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when 2971e2M (1/2) < K. Define r; = 1 when 2971¢2M(1/2) > K. Then
p(j,r;) = 1/2 when r; < 1. Moreover, ro > 1/2, and for each j > 0, j <
k(r)—1iff r; <7 < 1. Thus, for j > 0 and r € (1/2,1), the set A;(r) is
contained in A if r; < r < 1 and A;(r) is contained in B if r € [1/2,rj].
Writing p = p(j,7), it follows from (19) and (11) that

(26) /A (1= )P (2) P dA(2)

1
- rypl / )P df dr
/1/2 Z Aj(r)

v(p) _
(1—r> MP(r)2797 dr

1 k(r)-1 1-p ¥(p)
<C M”(ﬂ)( ) d
1/2 j;() 1—r
S| 1—p v(p)
< MP dr.
_C;O s (p)(l_r) r

Since f € Sy, log f € B. Indeed, the Koebe one-quarter theorem (see p. 31 of
[6]) implies that ||log f||g < 4. Then it is a simple exercise to show that there
exists a positive number b slightly less than 1 such that

(27) M1 —b"th <2M(1-b™), m=0,1,2,...

Fix such a b. Define

(28)  Ju=[1-b" 10" Ep,={re(0,1):p(j,r) € I}
Then

(29) 1€ E;, iff MA-b") <2797 2M(r) < M(1 -1,

Let mg be the integer such that 1 — ™0 < 1/2 < 1 — b™o+L, For fixed j, the
E;,, with m > mg form a partition of an interval which contains (r;, 1), so

(30) /MP (1_f>w)dr< Z/ MP(p G:f)w)dr

m=mg

<C Z MP(1 bm'v(p)/ (1—r)"7® g,
E

m=mg im

From (27) and (29), it follows that for fixed m > mg the Ej;,, with j > 0 are
pairwise disjoint. Moreover, their union over j is contained in (s, 1), where
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s = M1(2e2M(1 —b™)) > 1 — b™. With (26) and (30), this gives
Gy [ -l erdae)
A
< CZ Z MP(1 — bm>bm'y(p)/ (1-— T)—’y(p) dr

=0 m=my Ejm

00 1
<C Y M- bm)bm‘*(”)/ (1—7)" 7P gp

m=my 1-bm

—C f: MP(1 = ™)™

m=myao

On the other hand,

17b7n+1
(32) / MP(r)dr > MP(1 — b™)(b™ — b+
17b771
_ MP( — b (1— D).

From (31) and (32), it follows that

(33) /A (1 - 2?1 (2) P dA(2) < C / MP(r) dr,

and then, since f € HP, from Theorem A we deduce that
[ =@ dac) <.
A

which, together with (20), (21) and (24), gives f € Dy ;. This finishes the
proof of Theorem 1 when 0 < p < 1. O

3.2. Another proof for the case 0 < p < 1/2. Since Y C HP for 0 <
p < 1/2, Theorem 1 for these values of p reduces to the following:

(34) Uucoy ,, 0<p<l1/2.

Even though we proved this in the previous subsection, here we present an
alternative proof as a consequence of estimates on the growth of the integral
means My(r, '), f € U.

Proof. Feng and MacGregor proved in [9] that if f € U and p > 2/5, then

L(r, f')=0 ((1 - 7’)7(31)71)) , asr —1.
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Consequently, if f € U and 2/5 < p < 1/2, we have

1 ! 1
/O (L =P L (r, f) dr < C/O (1- r>”‘1m dr

1
1
< ——d
_C/O A=y r < oo,

and hence f € D),
Following Pommerenke [25], [26], for any real number p, we let G(p) denote
the smallest number such that

1
N —
I(r,f)=0 ((1 _r)ﬁ(p)Jre) , asr — 1, for every € > 0,
for any f € U. Feng and MacGregor [9] (see also [25]) also proved that
(35) mmgg,0<p§W5

Thus, if f €Y and 0 < p < 2/5, then, taking ¢ with 0 < & < p/2, we obtain

! 1
/0(1—r)p "I(r, ) r<C/ 1—r)? 17(1_T)B(p)+6dr

1
< C/ 1— ’I" m dr
<c / P2 dr < o,
which implies that f € D). O

3.3. The case 1 < p < 2. The equality U N H? = U N'D? is trivially true
because H? = D3.
Since D, C HP for 1 < p < 2, it suffices to prove that

UNHP cUNTD?

-1, 1 <p<2

Proof. Take p € (1,2) and f € UNHP. From (8), there follows the existence
of a positive constant C' such that

1+7r

Ip(r,f’)gCMf< ,f)(lr)lp, 0<r<l.

Hence, making the change of variable p = (1 + r)/2, we obtain

/01(17")” 1I(rf)dr<C’/ <1+ ,f>d <c/ MP(p, ') dp,

which, using Theorem B, implies that f € Dp—l' O
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3.4. The case 2 < p < oo. SlnceH”CD _1, 2 < p < oo, it suffices to
show that
Dy NUCHPNU, 2<p<oo.

Proof. Let 2 < p < oo and suppose that f € D) _; NU. From (7) we obtain

M2p (l#vf)

Moo((rvf) < C—l/@),
(1 130)7®

O<r<l,

or, equivalently,
Ms, (55 )
(1- 1)

Mgo(raf)éc 0<r<l.

Thus, integrating and making the change of variable p = (14 17)/2, we obtain

1 1 P (147
(36) /0 M2 (r, f) dr < C/O Wdr

— L)/

1M:D
L

On the other hand, using Theorem 5.6 of [5], we see that
(37)

/01(1 - r)*1/2M§’p(r, fdr<C {/01(1 B T)p—l/QMQpp(T’ Fdr+ |f(0)|p} .

Furthermore, using (7) once more we deduce that

My(E, 1) My(E, f)
r\1/p—1/(2p) — 1/(2p)’
(1-4%) (1-45%)

M2p<r7 fl> S C

O0<r<li,
and, hence,

(38) My (r, f') < C 0<r<l.

Using (36), (38) and the fact that f € Db |, we deduce after a change of
variable that

@ M&(nﬂsc{ / <1—r>p-1/2M§p<r,f’>dr+f<o>|f’}
1 — p)p—1/2 717”(1;7.’1“) r P
O{/o (1-7) (1_1_5_r)1/2d +1£(0)

<C {/01(1 =)’ (p, f) dp + f(O)I”} < 0,

IN
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which, by Theorem A, implies that f € HP. The proof of Theorem 1 is
complete. 0

In the proof above the constants C' relating the H? and D§71 norms were
permitted to depend on f. However, inspection of the proof and some simple
considerations show that under appropriate normalization of f the norms are
essentially equivalent, with constants which depend only on p. Here, for the
record, is one such statement:

For 0 < p < oo there exist constants C1,Cy,Cs, depending only on p, such
that for every f € U with f(0) =0 we have

(40) /A (1~ [P~ Y|f (=) dA(2) < Cy / e do

1
S 02/ MgO(T
0

<Cs [ = I aA)

4. Univalent functions and Bergman spaces

Since U C HP if 0 < p < 1/2 and HP C A?P for all p, we immediately
deduce
(41) UcA, 0<p<l.

In the following theorem we give a characterization of the univalent func-
tions which belong to the Bergman space AP (0 < p < 00). It is the analogue
of Theorems A and B for the spaces AP.

THEOREM 2. Let f € U and 0 < p < co. Then the following two condi-
tions are equivalent:

(i) f e AP,
.. 172
(i) [y Jo ME (p, f)dpdr < co.
Furthermore, if 0 < p < 2 then these conditions are also equivalent to

(iii) [y fy MP(p, ') dpdr < oc.

Proof. (i)=-(ii). This implication holds even if we do not assume that f is
univalent. Indeed, take p > 0 and f € AP. By part (a) of Theorem A,

(42) [ oo < anoon, 0<r<i

Thus

(43) //TMP p,f)dpdr<7r/017“l (r,f)d /|f )P dA(z)
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and (ii) follows.

(ii)=(i). Take a univalent function f which satisfies (ii). An identity of
Hardy [15] (see p. 126 of [23]) gives

2 ™
S a0 =5 [ e e ar

—T

Integrating and making the change of variable w = f(z), we obtain

2
I/ , :p_ p—2| £/ QdA
o) =5 [ UGPSR aA)
2
< jw[P~2 dA(w)

27 Jw|< Moo (p, )
MOO(P»f)
:pz/ =l dt = p M2 (p, f).
0

Integrating, we obtain for 1/2 <r < 1,

Ip(rhf)_jp <%vf) 2/1/2I;(p,f)dp

< p/ p’lMé’c(p7f)dp§2p/ MZ (p, f) dp,
1/2 1/2

and then it follows that

1 1 1 1 r
/7@mﬁws—aCJ)+%/7~ M2 (p, f) dpdr
1/2 27\2 12 Jij2

1 r
< 1Izp (1,f> +/ / ME (p, f) dpdr < oco.

Clearly, this implies that f € AP.

The implication (iii)=-(ii) holds for any p > 0. Indeed, take p € (0, 00) and
suppose that f is a univalent function which satisfies (iii). Assume without
loss of generality that f € S. For 0 < r < 1, let C,. be the image of the circle
{lz| = r} under f. Then C, is a Jordan curve with 0 in its inner domain.
Also, 27r M (r, f) is the length of C).. Hence

Moo (r, f) < 2mrMi(r, f'), 0<r<1,
and then (ii) follows.

It remains to prove that if 0 < p < 2 then (ii) implies (iii). Thus, suppose
that p € (0,2) and take a function f € U which satisfies (ii). Assume, without
loss of generality, that f € S. Using Satz 4 of [22] and Theorem 5.1 on p. 127
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of [23], we deduce that
[t sa<enon<e [ amen® o<r<,
which, with (ii), clearly implies (iii). O
Now we can state our main result in this section.

THEOREM 3. Given p with 1/2 < p < oo there exists a univalent function
f which belongs to A%P \ HP.

The following lemmas play a basic role in the proof of Theorem 3.

LEMMA 4. Define

1
(44) Q(Z) = m7 z e A.
Then:
(45) ReQ(z) >0, ze€A.
(46) QelU.
1
(47) Moo(T,Q) = m, 0<r<l.

Proof. The assertion (45) is part of Theorem 7 of [8]. Next, set

F(z) =log z € A.

1-2z’
Then F is a conformal mapping from A onto a domain D contained in {z €
C:Rez > 1, |Imz| < w/2} and it follows that
1
48 Re —— > 0.
(48) T

Also, [1/F(z)| <1 (z € A), which implies

1
4 1— — A.
(49) Re( F(z)>>o’ z €
Notice also that
1 1

I — ] =1 11— —— A.
(%0 w(r) = (1 w) o
A simple computation gives

1

(51) Q') = o) =g, e,
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where k(z) = 2(1 — 2)72 (2 € A) is the Koebe function and

(52) G(z)zﬁ(l—ﬁ), ceA.
Now, (48), (49) and (50) imply that

ReG(z) >0, z€A.

In other words, we have

!/
Re(zQ(Z)) >0, zeA.
k(2)
Using the notation and terminology of Section 2.2 and Section 2.3 of [23],
it follows that, since the Koebe function is starlike, the function @ — Q(0)
is close-to-convex and, hence, univalent (see Theorem 2.11 on p. 51 of [23]).
Consequently, (46) follows.
It remains to prove (47). Clearly,

1
(1 —7)log 3¢~

1—r

(53) My (r,Q) > Q(r) = 0<r<l.

Now, bearing in mind that the function « — z log(2e/x) is increasing in (0, 2),
we have

2
(1-2)log—| > |1fz|logﬁ > (1-r)log T, || =m,
for all » € (0,1). This implies
1
Mo(rnQ)< ——— 0<r<l.
~(rQ) = (1—r)log 2= '
This and (53) give (47). O

LEMMA 5. Let v and a be two positive constants. Then

" 2e \ @ 2e
_ )1+ ~ (1 —r) Y
/0 (1-y9) (logl_s) ds~ (1—r) <log1_r

-
) , as r—1".

The proof of this Lemma is elementary and will be omitted.

Proof of Theorem 3. Take p with 1/2 < p < co. Let @ be the function
defined in Lemma 4 and set f = Q'/P. Since 1/p < 2, (45) and (46) imply
that f e U.

Now, (47) implies that

1

(1 —r)log ffr

1/p
(54) Mo (r, f) = [ ] , O<r<1,
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and then, using Lemma 5, it follows that

(55) /O1 </OTM§f(p,f)dp> dr:/ol (/OT(l—p)_2(1og126p)2dp> dr

1
2e 2
< — -1 .
_C’/O(l r) <log1_r> dr < oo

We note that (54) also implies

- T

2¢ \—1
(56) /Mprf dr>C/ (I1-r)" 1og1€) dr = oo.

Using Theorem 2 and (55) we deduce that f € A?P. On the other hand, by
part (a) of Theorem A, (56) implies that f ¢ HP. This finishes the proof. O

Next we shall use Theorem 1 to find geometric conditions on the image
domain of a function f € U which imply its membership in H?. For simplicity,
we shall assume that 0 € f(A).

Given a domain € in the plane and a point w in €, we shall write dg(w) to
denote the (Euclidean) distance from w to the boundary 0€2. The following
statement is well known (see, e.g., [26, Corollary 1.4]).

If Q is a simply connected proper subdomain of C and F is a conformal
mapping from A onto Q2 then we have

(57) do(F(2)) < |F'(2)|(1 = |2]*) < 4da(F(2)), =z € A.

Now we can prove the following result.

THEOREM 6. Suppose that f € U and let Q = f(A). We have:
(1) If there exists o with 0 < aw < 1 such that
d 2p—2
(58) / do(w) 77 dA(w) < oo,
o |w*

then f € HP.
(2) Suppose that 0 € Q. Fore >0, set Qe = {w € Q: |w| > e}. If there
exists a > 1 such that f € AY and

d 2p—2
(59) / da(w) 77 dA(w) < oo,
Q. |w®
for all sufficiently small € > 0, then f € HP.

Proof. Take f € U, p > 0, a« > 0. Let Q* be a subdomain of Q to be
specified later and set A* = f~1(2*). Using the Cauchy-Schwarz inequality,
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(57) and making the change of variable w = f(z), we obtain
60 [ =B P dA)
A*

= [ e adce)

S{/*(1—|z|2)21’—2|f}52: } {/f e } /2
{/A (1— |2]2)2- 2J”J(C()|)2|a2| PR )} )

{ /. If(Z)"‘dA(z)}
cof [, 48 )| [ o aso)”

If 0 <o <1, we set Q* =Q (then A* = A). Then, bearing in mind that
f e HY? ¢ A*, (58) and (60) imply that f € D?_,, and hence f € HP. This
finishes the proof of the first case.

Suppose now that « > 1, f € U N A® and 0 € Q. Take > 0 such that
{lw] < n} C Q and take ¢ with 0 < e < 7. Set Q* = Q.. Then (59), (60) and
the assumption f € A give

/ (1~ [P U ()P dA(2) < oo
N

Clearly, this implies that f belongs to ’Dp , and, thus, to H?. So, the proof
of the second case is also finished. O

1/2

p—1

Since HP C A?P, for all p, the most interesting case of Theorem 6 is the
following.

COROLLARY 7. Suppose that 1/2 < p < oo, and f € A’ NU. Set Q =
f(A) and suppose that 0 € Q. If

/ M dA(’U}) < 00,
Qe

|w]

for all sufficiently small € > 0, then f € HP.
We finish by showing that Corollary 7 is sharp.

THEOREM 8. If1/2 < p < oo then there exists a univalent function g €
A?P\ HP with g(0) = 0 and such that, setting Q = g(A) and Q. = {w € Q :
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jw] > e},

(61) //QEMdA(w)<oo, e >0,

|w‘2p+fi
for every k > 0.

Proof. Take p € (1/2,00) and let f be the function defined in the proof of
Theorem 3, that is,

Set

Then g is univalent, g(0) = 0 and g € A%’ \ HP. Hence, it remains to prove
that (61) holds for every x > 0.

Take ¢ > 0 and k > 0. Since ¢g(0) = 0, there exists n with 0 < 1 < 1 such
that

def

g Q) C A, = {ze Az >0}

A simple calculation shows that

1
62)  ¢'(2) ! t ) -1 )|, zea
! p(1—2)t /P |\ log 22 log 2 ) | ’

and that there exists a positive constant C' such that

1/p

(63) lg(2)| = C z €Ay

1
(1-2)log 12_52

Assume, without loss of generality, that 0 < k < p(2p — 1) (or, equivalently,
that 2p — k/p > 1). Using (57), making the change of variable w = g(z), and
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using (62) and (63), we obtain

(64) /Q (w7 ) 4 )

wPre

< c/ (1- |Z|2)2HM dA(2)
Ay

lg(z)[2+r
2+4r/p
‘(1 — z)log 12762 1 2p
<c [ a-ppr P T
A, 11— Z|2p+2‘ log i_ez log 7=
k/p
2y2p—2 ‘IOg i
_ p—21 " FL
<o [ Q- A
w/p
1 g
2e 1
_ p)2p—2
<C ; (1—r) IOgl—r [ﬂ [ dtdr
&/p
1
2e 1
_ p)2p—2
<C ; (I1—7) log T (A= r)zr—i—rir dr
! 2e i
SC’/ (1 — ) 1 FR/P [ Jog —— dr < oo.
0 1—r
This finishes the proof. O
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