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1. Infroduction

This paper is devoted, for the most part, to a new proof of a theorem
proved by Gunning [3]. In essence the theorem originates with Eichler [2]
who first investigated systematically the cohomology of a Riemann surface
R obtained from the generalized periods arising from the integrals of auto-
morphic forms. The automorphic forms in question are of degree < —2 with
respect to discontinuous groups related to R by means of uniformization theory.
Our method, totally different from that of Gunning, employs only the classical
theory of automorphic forms and a device introduced in [4]. Throughout we
ignore the Riemann surface and work only with the discontinuous group.

Before we can state the main results we must introduce some definitions and
notation. Let 3C denote the upper half-plane and let T' be a disecontinuous
group of linear fractional transformations acting on 3. For convenience we
normalize T' so that an element of T has the form z — (az 4+ b)/(cz + d),
with a, b, ¢, d real and ad — bc = 1. We also identify the element V e I' with
the matrices

+ ¢ 3).

We say that I' is an H-group if

(1) T is finitely generated,
(ii) T is discontinuous in 3¢ but is discontinuous at no point of the real
line,
(iii) T contains translations.

The automorphic forms to be considered here are of ¢ntegral degree with mul-
tiplier system, are holomorphic in 3¢, and are, as usual, restricted to those which
are meromorphic (in the appropriate uniformizing variables) at all of the
parabolic cusps of a fundamental region of I'.  The characteristic functional
equation satisfied by an automorphic form F of degree r, with multiplier system
v, with respect to T, is

1) F(Vz) = v(V)(ce + d)7F (2),

for all V.= (¢ §)eT, where »(V) is independent of z and |¥(V)| = 1.
From (1) we can immediately derive a consistency condition for ¥ which
reduces in the case when r is an integer to ¥ (V- V:) = v (V1) -v(V2), for all
Vi, VaeI'. That is, ¥ is a complex character on I' thought of as a matrix
group. We denote the complex vector space of automorphic forms of degree
r, with multiplier system v, with respect to ' by {T, r, ¥}.
Received March 27, 1969.
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From now on we assume that r is a nonnegative integer and that v is a
multiplier system on I' with respect to the degree r. (Note that ¥ is then a
multiplier system with respect to the degree—r — 2 and ¢ is also a multiplier
system with respect to the degrees r and —r — 2.) A well-known result due
to Bol [1] states that

r+1

(2) d% {(CZ + d)'F(Vz)} = (CZ + d)-—'r——2F(r+1)(Vz),

forany V = (¢ §), withad — bc = 1. This can be proved either by induc-
tion on r or directly by the use of Cauchy’s integral formula. It follows im-
mediately from (2) that if F ¢ {T, r, v}, then

@7 g FO (1, —r — 2,0

dzT'H = € , r y Vi
The converse is not quite true. However it is easy to see from (2) that if
fe{l, —r — 2, ¥} and F is any (r 4+ 1)-fold indefinite integral of f, then F
satisfies the following functional equation:

®3) 7(V)(cz + d)F (Vz) = F (2) + pv (),

forall V.= (¢ %)eT. Here py(z) is a polynomial in z of degree <r which
depends on V. If it should happen that p»(z) = 0 for all V T, then in fact
(3) reduces to (1) and F ¢ {T', r,v}. Inkeeping with recent usage, a function
satisfying (3), which is meromorphie in 3¢ and meromorphic in the appropriate
variables at all of the parabolic cusps of a fundamental region of T, will be
called an automorphic integral of degree r, with multiplier system ¥ and period
polynomials pv, with respect to I'. The polynomials py are also called the
period polynomials of the automorphic form f.

If we put (F| V) (2) = #(V)(cz + d)F (Vz),for V = (¢ )T, then (3)
becomes F | V = F + py and we conclude from this that

) Pvivy = lel Ve + Pvyy

for Vi, V2eI'. For the moment we will concentrate our attention upon (4).
Suppose { pv| V €T} is any collection of polynomials of degree <r satisfying
(4); then we call {py| V eT} a cocycle. A coboundary is a set {py |V e T} of
polynomials of degree <r such that

pr=p|V —p forall Vel,

with p a fized polynomial of degree <r. With these definitions every co-
boundary is a cocycle. The cohomology group H, (T, P,) is defined as usual
to be the vector space obtained by forming the quotient of the cocycles by the
coboundaries. Here P, is the vector space of polynomials of degree <r. It
is of interest to note that if we begin with an automorphic form f of degree
—r — 2 and attach to f the cocycle of period polynomials {py! by means of
(3), this cocycle is not uniquely determined by f. For the indefinite integral
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F is determined only up to a polynomial p of degree r. Replacing F by F' + p,
we find that {py} is replaced by {py}, where py = py — (»|V — p). The
important feature here is that the cocycle {p?} s in the same cohomology class
asis {py}. Thus f uniquely determines an element of H: (T', P,) by means of
3).

Let CT(I', —r — 2, v) denote the subspace of {I', —r — 2, ¥} consisting of
entire automorphic forms, that is, those which are holomorphic in 3 and
holomorphic at all of the parabolic cusps of a fundamental region. Let
C°*(, —r — 2, v) be the subspace of cusp forms, that is, those entire auto-
morphic forms which vanish at all of the parabolic cusps of a fundamental
region. We are now in a position to state our main results.

TraEOREM 1. Let T' be an H-group, r a positive integer, and v a multiplier
system on T' corresponding to the degree r. Then as vector spaces,

T, —r — 2,9) ® CT(T, —r — 2,%) and H.(T, P,)

are 1somorphic under a mapping which is ‘“‘canonical” in the sense that its con-
struction is independent of T', r, and .

Taeorem 2. Let T, r, and v be as ©n Theorem 1. Then given a cohomology
class n Hy (T, P,) there exists an automorphic form h in {T, —r — 2, v} whose
period polynomials are in the given cohomology class. In fact h can be so chosen
that it is holomorphic in 3C and at all of the parabolic cusps except for the cusp
at i,

Remarks. 1. Theorem 1 was stated by Gunning [3, Theorem 5] as follows:
there exists an exact sequence of spaces and maps of the form

0—C (T, —r — 2,v) = HyT, P.) = C°T, —r — 2,9) = 0.

Gunning assumes that the multiplier system ¥ consists entirely of roots of
unity, while here we make no such assumption on ¥. On the other hand
Gunning assumes only that I' is a finitely generated Fuchsian group of the
first kind, not necessarily an H-group.

2. Eichler’s version of Theorem 1 [2, p. 283] (the original version ) deals not
with HL(T, P,) but rather with a modification of H: (T, P,) which we will
denote AL(T, P,). H: does not contain all of the elements of H., but only
those whose cocycles {py | V e T'} satisfy the following condition:

(5) Let @y, -, Q:represent all of the parabolic classes inI'.  Then for each &,
1 < h < t, there exists a polynomial p, of degree <r such that

Par = Pn| Q1 — .
Eichler’s theorem can be stated as
CoroLLARY 1. With T, r, and v as in Theorem 1,

T, —r —2,9) ® C°(T, —r — 2, %)
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18 1somorphic to
g, P,).

3. In [2], Corollary 1 is proved only for r even and ¥ = 1. In [3, pp. 61-2]
it was proved under the assumption that ¥ consists entirely of roots of unity.
In [2], the case r = 0, ¥ = 1isincluded. As we have stated Corollary 1, the
case r = 0 is not included. However in the Appendix we give a proof of
Theorem 1 forr = 0. (The case r = 0 is treated in an appendix as it requires,
at least at present, a proof different from that for r > 0.) In §6 we present a
deduction of Corollary 1 from Theorem 1 that is valid for » > 0. Thus
Corollary 1 for r = 0 is actually included among our results here.

2. Cusp forms and the supplementary function

The key to our proof of Theorems 1 and 2 is the use of the “supplementary
function”. This is very nearly the same concept as the ‘‘supplementary
series” introduced in [4, pp. 183-184].

Let

S = (%) )1\), A > 01
be the minimal positive translation in T, let ¥ (S) = €7, 0 < z < 1, and let »
be an integer and r a positive integer. Consider the Poincaré series

_ exp {2ri(v + 2)Vz/\}
W(2,0) =
R e s

where V = (; 1) runs through a complete set of elements of T' with distinct
lower row. The following facts concerning the Poincaré series are well known
[6, 272-289].

(1) gv(z’ ?7) € {P’ -r - 2’ %7}'

(ii) ¢, (2,9) vanishes at all cusps of I' except possibly at 0. At 2% it has
an expansion of the form

0 (2, 9) = 262:i(v+z)zl)\ 42 Zm+z>oam(v, ?7)621i(m+¢)z[)\.

Thusify + 2 > 0, ¢, (2, 7) e C° (T, —r — 2, &).
(iii) There exist integers 0 < »; < --- < », such that g,,, ---, g,, form
a basis for C°(T, —r — 2, 7).

Suppose ¢ € C°(I', —r — 2, %). By (iii), there exist complex numbers
by, - ,b,suchthatg = D i1bigy, (2, 7). Putg® = D t1big,, (2,v), where
yo= —y ife=0

= —1—y» ifz>0.
Note that with #(S) = ¢, 0 < & < 1, wealsohave v(S) = €™,0< a2’ < 1
where
=0 ifz =20

=1—2 ifz>0.
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Thus we have the expansion at ¢
i (2, ) = 2exp {215 (vi 4+ 2 )2/N} + 2 D miers0m (v: , ¥) exp {2mi(m + 2')2/\)
= 9t L 9 3N o o )T,
It follows that ¢* € {T', —r — 2, ¥}, ¢* has a pole at 7o with principal part
2 D i1 biexp {—2mi(vi + x)2/N},

and ¢* vanishes at all of the other parabolic cusps of . Let G* be the
(r 4 1)-fold indefinite integral of g*, so normalized that

G*(z + \) = v(S)G*(2) = "' G*(2).

We call G*(2) the function supplementary to g.
In analogy with (3) we have

(6) 7(V)(cz + dYG*(V2) = G*(2) + 47 (),

foral V. = ({ 1) eT, where gv (2) is a polynomial in z of degree < r. Also
if we let G be the (r + 1)-fold integral of g, so normalized that

G+ ) =98)GE) = &6 ()
and G has no constant term in its expansion at ¢, then
@) v(V)(cz + d)G(Vz) = G(2) + ¢v (),

foral V= (7 1) €T, where gy (2) is a polynomial in 2 of degree < r. The
fact upon which our entire proof hinges is that with av (2), gv (2) as in (6) and
(7), respectively, we have

8) @ = qr(z) forall VeTl.

This was proved in [4, §IV] under the assumption r > 0.
As an immediate consequence of (8) we have the following result which has
already appeared, in a slightly different form, as Theorem (4.9) of [4].

THEOREM 3. Let r be a positive integer, g ¢ C°(T, —r — 2, 9), and G* the
function supplementary to g. Then g = 0 if and only if G* ¢ (T, r, v}.

Proof. Suppose ¢ = 0. Then G, the (r + 1)-fold integral of g, is also
identically 0. Then ¢v(z) = 0 for all V ¢ I, where gy isasin (7). By (8)
gv(z) = O forall V eI. Thus by (6), we have

(V) (cz + d)G*(Vz) = G*(2),

forall V.= (f 1) eT. There remains only the question of the behavior of
G* at the parabolic cusps. That G* is meromorphic at the parabolic cusps
follows since G* is an (r + 1)-fold integral of ¢* and ¢* as an element of
(T, —r — 2, v} is meromorphic at the parabolic cusps. Thus G* ¢ {T, r, ¥}

Conversely, suppose G* ¢ {T, r,»}. Then gv(2) = 0forall VeI. By (8)
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gv(z) = Oforall VeI. It follows as above that G ¢ {T, r, #}. But @, the
(r 4+ 1)-fold integral of a cusp form, is regular in 3¢ and also at all of the para-
bolic cusps of I'. It is well known that under these circumstances G = 0,
since r > 0 [6, p. 301]. It follows that ¢ = 0.

Remarks. 1. Theorem 3 follows directly from Petersson’s ‘Principal Parts
Condition” [9].

2. The mapping from ¢ to the cocyecle {g¥ | V e T} appears from our con-
struction to depend upon the choice of a basis for C°(T', —r — 2,%) from among
the functions ¢, (2, #); » = 1, 2, ---. However our mapping is in fact snde-
pendent of the choice of the basis, The point is that if g ¢ C°(T, —r — 2, 9)
is expressed in any way at all as a finite sum

g = Zﬁ’l b,y (2, 9),

then the periods of ¢* = D =1 b, g, (2,v) are related to those of g by means of
the equation (8). Thus, although g* depends not upon ¢ but upon a particu-
lar representation of ¢ in the form Y o~ b, g, (2, #) the corresponding cocycle
{gv | V €T} depends only upon g. Another way of stating this is that to each
cusp form g ¢ C°(T, —r — 2,%) there corresponds not a single supplementary
function but rather an infinite class of supplementary functions, all with the
same coeycle of periods. In this context we may expand Theorem 3 to

THEOREM 3.  Let r be a positive integer and g e C°(T, —r — 2,9). Theng = 0
if and only if G* € {T, r, v} for every function G* supplementary to g. This in
turn holds if and only if G* € {T', r,v} for a single function a* supplementary to g.
Furthermore with G™ defined as in Theorem 3, with respect to o fixed basis of
", —r — 2, ¥), we have g = 0 if and only if G* = 0.

The last statement follows immediately, since D i b: gy, (2, #) = 0, with
Gvis "+ » v, & basis, of course implies b; = 0for 1 <4 <s. Thusg* = 0 and
consequently G* is constant. Since G* ¢ {T', r,%} and r > 0, it follows that
G* = 0.

3. The mapping into Hi(T, P,)

We now exhibit explicitly the mapping referred to in Theorem 1. Let
feCT (T, —r — 2,v). Put B(f) equal to the cohomology class of the cocyele
{pv | V €T} of period polynomials of F, an (r + 1)-fold integral of f (refer to
equation (3)). For g e C°(T', —r — 2,%) put a(g) equal to the cohomology
class of the cocycle {gv | V €T} of period polynomials of G*, Here G* is the
function supplementary to g, and gy are the polynomials occurring in (6).

For (g’f) GCO(P) -r—- 2’%7) X C+(P7 =r = 27 ?/) pUtM(g,f) = a(g) + Is(f)
Since « and B are linear maps, so is u. We now show that uis 1 — 1. For
this is sufficient to prove that the kernel of pis (0,0). With this in mind sup-
pose u(g, f) = 0. This implies that there exists a polynomial p (2) of degree
< rsuch that F + G* 4+ p ¢ {T, r,v}. Here Fisan (r + 1)-fold integral of f
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and G* is the function supplementary to g. Now F + G* + p is regular in
3¢ and at all of the cusps of I' except at the cusp 2. The principal part of
F + G* + p at i agrees with that of G* at 0. Hence by a well-known
formula for the Fourier coeflicients of automorphiec forms of positive dimension
on H-groups, obtained first by Petersson [8] and later by Lehner using the circle
method [7], it follows that F + G* + p = G* Hence F = —p, so that
f=D""MF =0. AlsoG* =F 4+ G*+ pe{l,r,v}. Thus by Theorem 3
g = 0. We have proved that the kernel of u is (0, 0), so that wis 1 — 1.

4. Completion of the proof of Theorem 1

In section 3 we showed how to imbed C°(T', —r — 2,%) ® CY (T, —r — 2,%)
isomorphically into Hi (T', P,) via the linear mapping . The proof of Theorem

1 will be complete if we show that u is onto Hy (T, P,). To accomplish this we
will prove that

) dim C°T, —r — 2,9) + dim CT (T, —r — 2, ¥) = dim H, (T, P,).

Put Dy = dim C*(I', —r — 2, %) and D; = dim C* (T, —r — 2,v). The
equality (9) is correct for » = 0, not merely for » > 0, and we prove it under
the assumption that » > 0 and ¥ is a multiplier system on I' for the degree
—r — 2. The case r = 0, ¥ = 1 is slightly exceptional.

To calculate the left-hand side of (9) we apply Petersson’s generalized
Riemann-Roch Theorem [10, Theorem 9]. It is a familiar fact that T' can be
presented in terms of generators and relations as follows:

AlyBly "'7Ap’Bp)E17"'aE8,Q17 "'aQt,
(10) EY = -1 for1 <j<s,

i vpByoos BeQu - Q= (=I)** withvy; = A; B; A7'Bi™".

Here I = (¢ 1), the A; and B; are hyperbolic matrices, the E; are elliptic
matrices, and the @ are parabolic matrices. Also every elliptic element in T

is conjugate to one of the E; and every parabolic element to one of the Q.
Following Petersson [10] we put

v(@) =" 0<am <1 A<h<i)
and

v(E;) = exp {mi(r + 2 + 2a;)/1; 1<j<s),
where a; is an integer such that 0 < a; < [; — 1. Also define
=1 ife, =0
=0 ifz, >0,
put ¢ =t + D 5= (1 — 1/1;), and let
6=1 ifr=0andv =

= 0 otherwise.
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Then by [10, Theorem 9] we have
D,

= —Dhat+ +2)p—14¢/2) — Dham — 2iaa/li—p+ 143,
and
D= (+2)p—1+4¢2) — Ziaan— 2jmai/li—p+ 1

Here a1 and a; are defined by means of

7(Qn)

v(E;) = exp {mi(r + 2 + 24;)/L}) 1<j<s),
respectively, with a; an integer such that 0 < a; < I; — 1. It is clear that

exp {2mizn), 0 < an < 1 1< h<t)
and

a2+ an =1 — . Then we have
Di+Dy=20+2)p—1+¢/2) — 2ia G +1—8)
(1) —2p 42— 25 (@ + ai)/l + 6
=0+ -2+ + ¢ +2) 20 A — 1)
— 205 (@ + ai)/l; + 6.

To calculate dim H; (T, P,) we put D;equal to the dimension of the space of
cocycles and Dy equal to the dimension of the space of coboundaries. We can
take any polynomial p(z) of degree < r and form the coboundary
{p|V—p) | VeT}. Forsuch a coboundary to vanish identically means that
p(2) € {T, r,¥}. Among other things this implies that p (¢ 4+ \) = ¢"“p (2)
which unless » = 0 implies that p(z) = 0. If r = 0, buty # 1 again
p(2) € {T, r, ¥} is impossible unless p (z) = 0. Thus except in the case r = 0
v = 1 it turns out that Dy = r 4 1. In the exceptional case p | V—-p=0
always, so that Dy = 0. In general, then, Dy = r + 1 — 6.

In the ealculation of D; we first observe that because of the condition (4)
satisfied by a cocycle we need only assign polynomials of degree < r to the
generators of T' in such a way that the assignment is consistent with the rela-
tions given in (10). We now make use of the fact that, since I' is an H-group,

t > 1. We may arbitrarily assign polynomials to Ai, By, -+, A,, By,
@i, -+, Q1. This contributes to D; the number (r 4+ 1)(2p + ¢ — 1).
Then once an assignment of polynomials is made to Ey, ---, E,, the poly-

nomial for @; will be determined by the relationyy -+« yp E1 -+ Es- Q1+ -+ Q¢ =
( — I)s+t'

It remains only to calculate the contribution made to D; by the polynomials
assigned to B;, 1 < j < s. In this calculation we follow Eichler [2, pp. 274—
276]). Let px; be the polynomial assigned to E; in an arbitrary cocycle. From
(4) and the relation B = —I it follows that there exists a polynomial p; of
degree < r such that pe; = p; | E; — p;,for1 <j <s. Hence the number of
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linearly independent polynomials we can attach to E; is the dimension of the
vector space

Vi={(| E; — p) | pis a polynomial of degree < r}.

But dim V;is the number of linearly independent elements among 2™ | E; - 2",
0 < m < r. Normalize E; to the form

eri/lj 0
B=(" 0 )

F(By) (615 Y (1) — 2
2"[7(E;) exp {2xi(m — r/2)/l;} — 1],
so that dim V; is the number of integers m, 0 < m < r, such that
exp {2 (m — r/2)/l;} #= v(E;).

Since v (E;) = exp {wi(r 4+ 2 + 2a;)/l;}, we consider the equation
(12) exp {2mi(m — rv/2)/l;} = exp {7i(r + 2 + 2a;)/l;}.
Equation (12) is satisfied if and only if

m—r/2= (r+2)/2+aq (modl),

and this in turn is equivalent tom — r = a@; + 1 (mod l;). Puttingu =r —m
we find that the number of solutions of u = —a; — 1 (mod [;),0 < m < r,is
exactly [(r + a; + 1)/1,], where as usual [x] denotes the largest integer < z.
Hence

Then

zm l Ej _ zm

I

dm V,=r4+1—[(r + a; + 1)/1;].
We conclude finally that
Dy=(r+12p+t—1) +j2:;<r+ 1- I:f—-i_—%—tj]),
and thus
Di—Dy=(r+1)2p+t—1)

a3 +i(r+1-[7—i—“——fr1:|)—(r+1—a>

=1 l;
=@+ 1D2p+t—2)+sr+1) — il[r___+ ?-’_ 1]—[—6.
= i

The proof of (9), and thus of Theorem 1, will be complete if we show that
Dy 4+ Dy = D; — Ds. A comparison of (11) and (13) shows that it is suf-
ficient to prove

r+2) 25 A — 1/4) — 2% (a5 + a;)/l
=s(r+1) — D[+ a;i + 1)/1),
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that is,
(14) s — 2 (@ + aj + 7+ 2)/l = =25 [¢ + a; + 1)/1].
Equation (14) is equivalent to
20%+%+T+2Mﬁ=;ﬂ}i%ji]+%,
= = 3
which, in turn, will follow from
(15) (@i +ai+r+2)/=[0C+a+1)/l+1 for1<j<s
From the definition of a; and a; it follows that
exp {2mi(a; + a;)/l} = exp (—2i(r + 2)/13},

ora; + a; + r + 2 = 2; l;, with z; an integer. Since 0 < a; < I; — 1, we
conclude that

(@i +r+2)/ <2< (a;+L+r+ 1)/,

or
1L+ (@ +r+ 1)/ <z <14 (a;+7r 4+ 1)/,
Hence (a; + a; +r + 2)/l; = 2; = [(r + a; + 1)/1;] + 1, and (15) follows.
The proof of Theorem 1 is complete.
5. Proof of Theorem 2

The proof of Theorem 2 is actually contained in the proof of Theorem 1.

In Theorem 1 we proved that given a cocycle {pv | V €T}, then there exists
(g7f) € Co(rx -r = 27 ?7) X C+(P: -r = 27 ?/)

such that u(g, f) = a(g) + B(f) = the cohomology class of {pv l V eT}.

Let {gv | V e T'} be the cocycle of period polynomials of f and let {qr | VeT}

be the cocycle of period polynomials of g*. Then u(g, f) is the cohomology

class of the cocycle {gv + g7 | Vel and {gv + ¢ | V €T} is the set of period

polynomials of f + ¢* ¢ {T', —r — 2,%}. This completes the proof of Theorem
2.

6. Proof that Theorem 1 implies Corollary 1

In view of Theorem 1 it suffices to prove that, with

(g7f) € CO(P’ —-r — 2, ?7) X C+(I" —r — 2, ?/)’ /-"(g)f) = a(g) + B(f)
satisfies condition (5) if and only if f ¢ C°(T, —r — 2,%). Let @, -+ -, : be
defined as in §4; suppose 8 = @, so that z; = a/, with «’ as in §2. Further,
let g, 1 < h < t, be the parabolic cusp of T left fixed by @,. Then g, = 2.
With these definitions it is known [6, pp. 272-3] that f ¢ {T', —r — 2, ¥} has
expansions at the parabolic cusps g, of the form

F@) = (e~ @) X bu (k) exp {=2ni(m + 21) ( — )" /M)

(16) 1<h<t—1,

J@) = Znzom, bu(t) exp {2mi(m + z1)2/M, h =t
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In (16) M., 1 < A < {are certain positive numbers depending on the structure
of T, and ms, 1 < h < ¢ are integers. (Note that \; = A.)

Suppose F (2) is an (r + 1)-fold integral of f(z). If1 < A <t — 1, then
applying (2), we find that F (2) has an expansion at ¢, of the form

F(z) = (2 — au) 2mi/N)™
 Dommy b (B) (m A+ )" exp {—2ri(m + 21) (2 — ) /M)

+ & - (=p™ (¢ — @)™+ pal2)

S ’

where py (2) is a polynomial of degree < r and 8, = by(h) or 0 according as the

expansion (16) has a term with m + a =0 (ie.m = P 0) or not. At
g: = 1, F (t) has the expansion

F(z) = @ri/N)"" 2D mzem; bu(t) m + x2) " exp {2mi(m + 20)z/\)
+ 87/ 0 + D+ pe(2);

here &, has the same meaning as before and p; (2) is a polynomial of degree < r.
It follows from these expansions of F (z) that the cocycle of periods of f satisfies
(5)ifand only if 6, = 0, for 1 < A < ¢. Thus the cocycle of periods satisfies
(5) if and only if none of the expansions (16) of f (z) has a term with m = z; = 0.

With f e CT(I', —r — 2,%) it follows that 8(f) satisfies (5) if and only if
feC(T, —r — 2, ¥). On the other hand, for

g e C'(T, —r-—2,?7),g*e{1‘, —r — 2, v}

and ¢* has no term with m + T = 0,forl < A <t Thus a(g) always satis-

fied (5), so that u(g, f) = a(g) + B(f) satisfies (5) if and only if f ¢ C°(T,
—r — 2,v). The proof is complete.

Appendix. A proof of Theorem 1 for r = 0

In this appendix we give a proof of Theorem 1 for » = 0. Since equation (8), a
key feature of our proof of Theorem 1, depends upon the assumption » > 0, we
give a different proof for » = 0, based upon results of Petersson. Then
Theorem 2 and Corollary 1 also follow for r = 0.

Since equation (9) is value for r = 0, it is sufficient to display a mapping
which imbeds C°(T', —2, #) ® C* (T, —2,v) isomorphically into H; (T, Po),
Py, = complex numbers. In [12], [13], Petersson has carried out a construction
of automorphic forms of degree —2 with arbitrary multiplier system¥ on H —
groups. He obtains these automorphic forms from the usual Poincaré series
of degree —r — 2, r > 0, by a passage to the limit as » — 0+. In this way he
produces functions g,(z, #), with » an arbitrary integer, satisfying conditions
i), (ii), (i) of §2, but now with » = 0.

In [11], Peterson establishes two further results which are essential in our
proof. The first of these is the existence of a “gap sequence” in a setting
more general than that of the classical gap sequence of Weierstrass [11, p. 207].
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We apply only a very special case of this Petersson gap sequence. The second
result connects this gap sequence with a basis for cusp forms [11, p. 211, The-
orem 9a]. We state both results together under the single title of

PrTERSSON GAP THEOREM. Let s be the dimension over the complex field of
the vector space C° (T, —2,9). Then there exist exactly s integers w;, 0 < w; <
<o+ < w,, such that there does not exist an element of {T, 0, v} having as its only
singularity in o fundamental region of T' a pole at i of order w; — ', 1 <7 < s.
Furthermore

Guis ** 5 Guw, form a basis for C°(T, —2,9) if & = 0,

(17) . .
Guiet 5 *** 5 Gus—1 form a basis for C°(T, —2, #) if x # 0.

We are now in a position to describe the mapping into H;(Ty P). For
feCt(T, —2,v), B(f) is as described in §3; that is, 8(f) is the cohomology class
of the cocycle of periods of F, an indefinite integral of f. Suppose g ¢ C°(T,
—2,9). From (17) and the definition of »’ given in §2 it follows that the
functions gw;, 1 < 7 < s, form a basis for C°(I', —2,) whether z = 0 or
z > 0. Thus there exist complex numbers by, ---, b, such that
g = 21 bigewp (2 7). Put
g* = Z:=1 51 9 (~ws) (Z, ?/) € {P’ “2’ ?/}
and let a(g) be the cohomology class of the cocycle of periods of G*, an indefi-
nite integral of ¢* so normalized that G*(z + \) = €™ 'G*(z). Note that
the principal part of g* at ¢oo is

2 > iy biexp {+2mi(—wi + 2/)z/\},
so that the principal part of G* at ¢ is
2 > i bl 2mi(@ — wi)/N 7 exp {2mi (—wi + 2')z/M).

Since ¢* is regular at all points of a fundamental region other than the point at
{00, the same is true of G*, so that if G* were in {T', 0, %} it would contradict the
Petersson Gap Theorem, unless b; = 0 for 1 < ¢ < s. Thus G* ¢ {T, 0, v}
if and only if g = 0. This is Theorem 3 for the case r = 0.

For (g,f) e C°(T, —2,%) X C*(T, —2,%) put u(g,f) = a(g) + B(f). Then
p is a linear map and we want to show that u is 1-1. Suppose p (g, f) = 0.
Then there exists a complex number ¢ such that F + G* 4+ c¢ {T, 0,#}. Now
F 4+ G* + cis regular in 3¢ and at all of the cusps of I except at the cusp ¢ ;
at 7o the principal part of F + G* + ¢ agrees with that of G*. ThusF + G* +¢
is an element of {T', 0, ¥}, with a singularity of the type excluded by the Peters-
son Gap Theorem, unless b; = 0 for 1 < 7 < 5. Since all b; = 0, it follows
that g = 0 and G™ is a constant. Thus F 4+ G* + ¢ is an everywhere regular
element of {T', 0,%}. By the result of [5], F + G* + cis constant. Thus F is
constant and f = F’ = 0. Therefore the kernel of u is (0, 0), u is 1-1, and
Theorem 1 is proved for the case r = 0.
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