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ANALYSIS

UNBOUNDED COMPOSITION OPERATORS VIA INDUCTIVE
LIMITS: COSUBNORMAL OPERATORS WITH MATRIX

Bounded composition operators in L2-spaces are classical objects of investiga-
operator theory (see [26]). Their unbounded counterparts have attracted
attention quite recently, but these have already proved to be a source of interest-
ing problems and results (see [4], [8], [7], [9], [11], [18]). Many of them are related
to subnormality, a subject widely recognized as difficult and important in oper-
ator theory (see [14] concerning bounded subnormal operators, and see [28]-[30]
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ABSTRACT. This article deals with unbounded composition operators with
infinite matrix symbols acting in L2-spaces with respect to the Gaussian mea-
sure on R*. We introduce weak cohyponormality classes 87 ;. of unbounded
operators and provide criteria for the aforementioned composition operators to
belong to 8}, .. Our approach is based on inductive limits of operators.

1. INTRODUCTION

concerning unbounded ones).

There is no effective general criterion for subnormality of unbounded opera-
tors. As a consequence, the methods of verifying the subnormality of an operator
depend on its properties. In general, the moment problem approach has been very
successful (see [13], [31]), especially for operators with a dense set of C*°-vectors.
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On the other hand, for unbounded composition operators the consistency condi-
tion approach (related to a problem of selecting appropriate probability measures)
is much better (see [9]). This calls for testing various methods when studying the
subject. As shown recently, inductive limit techniques might also be helpful in this
matter, for example, in a case of weighted shifts on directed trees or composition
operators (see [4]-[6]).

In a recent paper [4], we provided a criterion for cosubnormality of unbounded
composition operators induced by finite matrix symbols and also a new proof
of the criterion for subnormality of these operators given in [9]. The inductive
limit method played a pivotal role in the proofs. A natural setting for general-
ization and new area of testing our methods is where finite matrix symbols are
exchanged for infinite ones. Unbounded composition operators with such sym-
bols have already been investigated in [24], [27], and in [11], where we have dealt
with questions of their boundedness and dense definiteness. Motivated by these
previous results and the criterion for subnormality of general unbounded opera-
tors due to Stochel and Szafraniec [29, Theorem 3], we introduce in this article
classes 8, . of unbounded operators closely related to cosubnormal operators (they
resemble, in a sense, weak hyponormality classes studied in the case of bounded
operators; see [23], [21], [15], [16], [20]), and we investigate under what conditions
composition operators with infinite matrix symbols belong to the classes. We use
inductive limits to achieve our goal. This results in three criteria (see Theorem 5.1
and Propositions 5.2 and 5.9). The symbol of a composition operator in the first
of the criteria has unspecified form, whereas in the second and the third one the
symbol is induced by an infinite matrix. Using this type of matrix allowed us
to formulate the criterion in a tractable form, which consequently enabled us to
construct explicit examples. To the best of our knowledge, none of the examples
can be studied without the use of our criteria.

The article is organized as follows. We begin by introducing basic notation and
defining the classes §,,, and §; . in Section 2. In Section 3, we provide neces-
sary information about composition operators in L2-spaces and their relatives—
weighted composition operators and partial composition operators. Then, in Sec-
tion 4, we give a brief description of composition operators with finite and infinite
matrix symbols in L?-spaces with respect to the Gaussian measure. The last part
of the article, Section 5, is devoted to the criteria and examples.

2. PRELIMINARIES

Throughout this article, Z,, N, R, and C stand for the set of nonnegative
integers, positive integers, real numbers, and complex numbers, respectively. For
k € N, I, stands for the set {1,2,...,x}, the Cartesian product of x-copies of
R is denoted by R*, and R* denotes the Cartesian product of Ny-copies of R.
If t,s € N satisty s > ¢, then by 7} and 7, we denote the mappings 7;7: R® 3
(x1,...,xs) = (21,...,2) € Rt and m: R® 3 (21, 29,...) = (T1,22,...,24) €
RY TIf {X,}22, is a sequence of subsets of a set X such that X, C X, for
every k € N and X = [J,2, X,, then we write X,, / X as n — oo. The
symmetric difference of sets A and B is denoted by AAB. For a topological space
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X, B(X) stands for the g-algebra of all Borel subsets of X. If Kk € N and p =
{pn}se, € (0,+00), then £%(p), or £*({p,}52,), stands for the weighted ¢"-space
{z,}22, € R®: 37 o, |"pn < 0o} £7(N) denotes the space £5({1}52).

Let H be a (complex) Hilbert space, and let T" be an operator in H (all operators
are linear in this article). By D(T), T, and T*, we denote the domain, the closure,
and the adjoint of 7', respectively (if they exist). If T" is closable and F is a
subspace of D(T') such that T|z = T, then F is said to be a core of T. If T is
densely defined, D(T") C D(T™), and ||[T*f|| < ||Tf]| for all f € D(T), then T is
called hyponormal. The operator T is said to be subnormal if D(T') is dense in H
and there exist a complex Hilbert space K and a normal operator N in K (i.e., N
is closed, densely defined, and satisfies N*N = NN*) such that H is isometrically
embedded in K and Sh = Nh for all h € D(S)

Let n € Z, m € N, and a = {a}? };>—" C C. Then n, denotes the greatest
ng € I, U{0} satisfying the following condltlon.

there exist 4, j € I, such that |a}’ | + |a%7, | > 0 for some p,q € I,.
Clearly, a; ” =0 for all 7,5 € I,,, and p, q € I,, such that p > n, and ¢ > n,.

Definition 2.1. Let n,r € Z,. We say that a densely defined operator T in a
Hilbert space ‘H belongs to the class §,,, if and only if for every m € N and every

i,j=1,....m
a_{apq p,g=0,..., CC>

DD NNz 20, Az, €C, (2.1)

1,j=1p,q=0

implies that

Z Z Z Tp+kf TQ+lfj{<:> >0 (2.2)

3,5=1 p,q=0 k,1=0

for every finite sequence {f¥: i =1,...,m,k=0,...,7} C D(T™*"). In turn, we
say that T' belongs to 8} . if and only if 7" belongs to S, ;.

Remark 2.2. The case of n = r = 0 is of little interest to us, since every densely
defined linear operator in H belongs to 8y, (use the classical Schur’s lemma).
Therefore, in the rest of this article, we tacitly assume that n +r > 1.

The following is essentially contained in [29, Theorem 3| and [13, Theorem 29]
(for the reader’s convenience we give a sketch of the proof).

Proposition 2.3. Let S be an operator in a complex Hilbert space H. Then the
following conditions are satisfied:

(i) if S is subnormal, then S € 8,,, for alln,r € Z;
(ii) if S € 8,0 for every n € Z,., then S|pe(s) is subnormal.

Sketch of the proof. (i) Assume that S is a subnormal operator. Fix n,r € Z,.

For m € N and a = {a}7 };7—4"" C C such that (2.1) is satisfied, we define the
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polynomials p* of two complex variables A and A by

Z aZJ AP

p,q=0

Let N be a normal extensmn of S in a Hilbert space K. Consider { f’“} """ o C
(SnaJrr) Then {fk} ----- T T C D(Nna+T) Since D(N*k) = D(Nk*) for every k €

.....

Z., we have D(N"™*") Q D(N*r) and N*'D(N™*") C D(N"=). This implies that

=Y N*fFeD(N™) foriel,.

k=0

Moreover, since (N**f N*f"\ = (N'f N*f") for all f,f € D(N™>{kih) and
k,l € Z,, we get

Z Z Sp—i—k:fl7 Sq-l—lfk; Z Z CL Np+l€fl7 Nq—i—lfk')

p,q=0 k,l=0 ,q=0 k,I=0
= 3 > N NN
p,q=0 k,I=0
= Z (NPgi, Ng;).
p,q=0

Hence, proving (i) amounts to showing that

Z Z a Npgl,ng]> > 0.

4,j=1 p,q=0

Let E be the spectral measure of N. For ¢,j € {1,...,m}, let h; ; be the Radon-
Nikodym derivative of the complex measure (E(-)g;, g;) with respect to the non-
negative measure u = > .- (E(-)gi, g;). Arguing as in the proof of [29, Theorem 3],
we deduce that

ZZ“ (N?g;, Nig;) = Z/ (M) dp(X) > 0.

4,j=1 p,q=0 i,j=1

This completes the proof of (i).
(i) This follows directly from [13, Theorem 29]. O

It is worth noting that every operator in 8,1, n € Z,, belongs to the class of
hyponormal operators, provided that its domain is invariant for the adjoint, in
a sense. This follows from the fact that 8,451 C 8,1 for any s € Z, and the
following.

Proposition 2.4. Let T be densely defined operator such that T € 8y 1. If D(T') C
D(T*) and T*D(T) C D(T), then T is hyponormal.
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Proof. Note that (2.1) is satisfied with m = 1, n = 0, and aé:é = 1. Then, by (2.2)
with r = 1, we have (f, f) + (g9, Tf) +(T'f,g9) + (I'g,Tg) > 0 for all f,g € D(T).
Substituting f = —T7"¢ into this inequality, we get || T*g|| < [|Tg| for every
g € D(T'), which completes the proof. O

3. COMPOSITION OPERATORS

Let (X, A, 1) be a o-finite measure space. Let A be an A-measurable transfor-
mation of X. Define the measure pro A~" on A by setting o A~!(c) = u(A=*(0)),
o € A. If A is nonsingular, that is, o A~! is absolutely continuous with respect
to pu, then the operator

Ca: L*(n) 2 D(Ca) — L*(p)
given by
D(Ca)={f € L*(n): foA € L* ()}  and  Caf=foA for f € D(Ca),

is well defined and closed in L?*(u) (see [3, Proposition 1.5]), where L?*(u) =
L*(X, A, 1) denotes the space of all A-measurable C-valued functions such that
Jx [fI?dp < oo. Call it a composition operator induced by A; then we say that
A is the symbol of Cx. If the Radon-Nikodym derivative

he = dpo A1
A= d
belongs to L*>(u), the space of all essentially bounded .A-measurable C-valued
functions on X, then Ca is bounded on L?(u1) and ||Ca || = ||hA||1L/£(u). The reverse

is also true. By the measure transport theorem, we get
D(Ca) = L*((1 + ha) dp).
It follows from [8, Proposition 3.2] that
D(Ca) = L*(p) if and only if ~ ha < oo almost every [u]. (3.1)

As shown below, in the case of finite measure spaces, dense definiteness of C'5 is
automatic.

Lemma 3.1. If (X, A, ) is a finite measure space and A is a nonsingular trans-
formation of X, then x, € D(C%) for every o € A andn € N. Moreover, D>®(Cly)
is dense in L?(u).

Proof. Since pu(X) < +00 and x, 0 A = xa-1(s), Wwe deduce that x, € D(C}) for
all 0 € A and n € N. Therefore, D(C7%) is dense in L?*(u) for every n € Z.. This
and [8, Theorem 4.7] yield the “moreover” part. O

Now we recall some information concerning weighted composition operators.
Let (X, A,v) be a o-finite measure space, let A be a nonsingular .4-measurable
transformation of X, and let w be an A-measurable C-valued function on X
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such that the measure (|w|*dr) o A~! is absolutely continuous with respect to v.
A weighted composition operator Wa vw: L*(v) 2 D(Wa.w) — L*(v) is defined by
D(Waw) ={f € L*(v): w-(foA) € L*(v)},

WA,wf =W (f A)a f € D(WA,W)‘
Any such operator Wy 4 is closed. Moreover, Wy 4, is densely defined if and
only if ha - (Ea(Jw|*) o A™') < oo almost every [v], where EA(+) denotes the
conditional expectation operator with respect to the o-algebra A=!(A) (see [12,
Lemma 6.1]). We refer the reader to [10] for more information on unbounded
weighted composition operators and references therein.
The adjoint of a composition operator induced by an A-bimeasurable transfor-

mation turns out to be the weighted composition operator induced by the inverse
of the symbol (see [8, Corollary 7.3] and [8, Remark 7.4]):

If A is an invertible transformation of X such that both A and

A~ are A-measurable and nonsingular, then Cy = Wa-14,. (3.2)
If 11 is a finite measure, then the above implies immediately the following.

Lemma 3.2. Let n € N. Suppose that (X, A, u) is a finite measure space and
that A is an invertible transformation of X such that both A and A~' are
A-measurable and nonsingular. Then the following conditions are satisfied:

(i) D(CA)") = My D(Ce).
(i) (Ca)* € (CR)" = Cio. )
(iii) (CQ)" = (CR)*, whenever D(Cxn.) = (,—; D(Cxr)-
Proof. Since Cy C Can (see [8, (3.3)]), Lemma 3.1 implies that Cy and Can are
densely defined. This together with [8, Corollary 4.2] yields
(CR)"=(CR)" = Cin. (3.3)
By [9, Lemma 15], we have
har =ha -hao A haoA™2.-hy o A~™ Y almost every [1],n € N. (3.4)

In view of (3.2) and (3.4), we obtain the equality

n

ﬂ{feL2 ): harfo A7 e L?(u)} = [ D(Cis). (3.5)

k=1

Thus (i) is satisfied.
The fact that (B*)™ C (B")* for any operator B in a Hilbert space such that
the adjoints exist implies that

(Ca)" € (CR), (3.6)

which, combined with (3.3), proves (ii).
The equality in (iii) follows from (3.3), (3.5), (3.6), and the assumption on
D(Can). O

That the inclusion (C% )" C C'4. in Lemma 3.2 can be proper is shown below.
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Ezample 3.3. Let X = [0,1], A = B([0,1]), and pu(o) = [ \/%;dml, where m;
is the Lebesgue measure on R. Let A(z) = 1 — z. Clearly, A and A~! are

A-measurable and nonsingular. Since A?(z) = z for every x € X, we get C, = I,
where I denotes the identity operator. On the other hand, by (3.5) we have

D((CAF) = {7 € 22 /}f I

This proves that D((C}3)?) # D(C}

d,u<oo #LZ( ).

Now we show that certain families generated by characteristic functions form
cores for n-tuples of weighted composition operators (this generalizes [4, Proposi-
tion 3.3]). Given operators 11, ..., T,, n € N, in a Hilbert space H and a subspace
F C N, D(T;), we say that F is a core for (Tl, .., T,) if Fisdensein (., D(T;)
with respect to the graph norm |||ty 5y = [l fII” + 2202, 1T f11%.

Proposition 3.4. Let (X, A, i) be a o-finite measure space, and let B C A be a
family of sets satisfying the following conditions:
(i) for all A,B € B, ANB € B,
(ii) A =o(B),
(iii) there exists {X,}>>, C B such that Xy C Xy41 for every k € N and
(X Uiil Xn) = 0.
Letn € N. Suppose that A;: X — X, i € I, is invertible and that A; and A;*

A-measurable and nonsingular. Let w;: X — C, i € I,,, be A-measurable. If F :=
lin{x,: 0 € B} C_, D(Wa,w,), then F is a core of (Wa, wys---s Wa, wn)-

Proof. Let ha, w,, ¢ € I,,, denote the Radon-Nikodym derivative of the measure
(|Jw;|?du) o A;' with respect to the measure pu. By [4, Lemma 3.2] and [10
Proposition 10], ha,w, < oo almost every [u] for every i € I,,. Therefore, the
measure (1 +ha, w, +---+ha, w,)du is o-finite. Combining [4, Lemma 3.2] and
[10, Proposition 9], we see that F is a core of (Wa, wy,--., Wa, w,) (see also the
proof of [4, Proposition 3.3]). O

It is sometimes convenient to consider composition operators, or even weighted
composition operators, induced by partial transformations of X, that is, mappings
defined not on the whole of X, but on a subset of X; such composition operators
(resp., weighted composition operators) are occasionally called partial composition
operators (resp., partial weighted composition operators). Suppose that Y € A.
Let B:Y — X andw: Y — C be A-measurable having A-measurable extensions
B: X — X and w: X — C. If the weighted composition operator Wy is well

defined, then we define the operator Wy g : D(Wgw) — L*(1) by
WB w =

) - WBQ{Y‘;\\/.
Clearly, if Y = X, then the above definition agrees with the previous one given for
“everywhere defined” transformations, which justifies the notation. The partial
composition operator comes out of it, when we consider w = yy. Let us note that
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the definition is independent of the choice of extensions (see [10, Proposition 7]).
In particular, we have

IfA: X = X is A-measurable and nonsingular,: X — C is

A-measurable, and A and u are their restriction to a full measure
p subset Y of X, then Wy o = Wa u. (3.7)

In view of (3.7), we see that Lemma 3.1 is still valid if a composition operator C'y is
induced by a (partial) nonsingular measurable transformation A: Y — X defined
on a full measure p subset Y of X. Moreover, if additionally A is injective, A(Y)
is a set of full measure y, and A~': A(Y) — X is nonsingular and measurable,
then we get also the claim of Lemma 3.2. That the “partial” counterpart of
Proposition 3.4 is true can be easily proved as well. By (3.2) and (3.7), if u is
finite, then Cfy is a densely defined operator in L?(u) and C} = Wi, Where

A-1and A are any A-measurable extensions of A~! and A, respectively, onto X.
Note that there are transformations, which are invertible and measurable but
not nonsingular.

Ezample 3.5. Consider X = R>*, A =B(R>), and p = pg, where pg denotes the
Gaussian measure on R> (see the next section for details). Let A: R® — R be
given by A{z,}22, = {22,}°2,. It is clear that A is invertible and measurable.

However, A cannot be nonsingular since A~ transforms ¢*(N) into £*({1/n*}%2,)
and, as we know by [1, Lemma 11] and [I, Theorem 1.3, p. 92], uc(¢*(N)) = 0

while p6(¢({1/n?}72,)) = 1.

4. COMPOSITION OPERATORS WITH MATRIX SYMBOLS

Let x € N. The s-dimensional Gaussian measure is the measure pg , given by

4 1 ( i+t al
K — —— X —_——
Ha, ( ,—270“ p 9

where m, denotes the k-dimensional Lebesgue measure on R*. For any linear
transformation A of R, the composition operator C's in LQ(,um) is well defined
if and only if A is invertible. If this is the case, then (see [27, (2.1)])

212 — JA-1p]2
2|* — |
2

Here, and later on, |-| stands for the Euclidean norm on R", n € N. For simplicity,
we use the same dimension-independent symbol for any of the Euclidean norms
on R", n € N. Combining (4.1) with (3.1) and [8, Proposition 6.2], we get:

) dm,,

ha(z) = |det A1 - exp , xeR" (4.1)

Every invertible linear transformation A of R™ induces densely

defined and injective composition operator Ca in Lz(ucﬁ). (4.2)

Cosubnormality of Ca can be written in terms of the symbol A (see [27, Theo-
rem 2.5] and [4, Theorem 3.8]).
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Theorem 4.1. Let A be an invertible linear transformation of R*. If A is normal
in (R*,|-]), then Ca is cosubnormal. The reverse implication holds whenever Ca
is bounded on L*(ug ).

The Gaussian measure pig on R* is the (infinite) tensor product measure

e = Hg,1 @ pa1 @ fg1 Q-

defined on B(R>). Recall that B(R>) is generated by cylindrical sets, that is, sets
of the form ¢ x R*, with o € *B(R"™) and n € N; the family of all cylindrical sets
will be denoted by B.(R>). For every n € N, the space L*(j¢,,) can be naturally
embedded into L?*(ug) via the isometry A: L*(ug,) 3 f +— fom, € L*(ue).
For simplicity, we suppress the explicit dependence on n in the notation. We will
denote by the symbol || - || any of the L*mnorms on L*(ug,), n € N, or L?(ug).
A function f € L?(ug) is called a cylindrical function if fe A(L? " (e, n)) for some
neN.If f € L*(uc) is a cylindrical function and f = Af, with f € L2(ugx) and
k € N, then Xy(f), | > k, denotes the set {x € R*: f(x) # 0} x RI7F.

We are interested in properties of composition operators with symbols induced
by infinite matrices. Such operators were investigated in [11, Corollary 5.1], where
tractable criteria for dense definiteness in case of row-finite matrices were given.
In this article, we need to relax our approach slightly and also consider the non-
row-finite case. This can be done as follows. We take a matrix a = (a;;); jen With
real entries, and we set

Da = {{xn}zozl e R*>: Zaij:vj € R for every 1 € N}
j=1
Using the Cauchy condition, we see that

D.=U N {{xk}iili ‘j:inaiﬂfj

ieNIeEN NeNm>n>N

<7}

which yields D, € B(R>). Now, if A: D — R*>, with D € B(R>) such that
D C D,, satisfies

A((El, T, .. ) = <Z Clljfﬂj, Z agjl’j, .. .>, {xn}zozl c D,
j=1 j=1
then we say that A is induced by a, or that a induces A. Such an A is B(R>)-

measurable. This follows from the fact that sets of the form R*™! x (a, 8) x R*,
with k € N and «, 5 € R, generate B(R*) and

AT (R x (a, B) x R™) U ﬂ {{xn}n L€Dra< ’ZG’W‘T?

NeNm>N

<6}

The operator C'p is defined according to the scheme of defining composition
operators with partial symbols (see Section 3).

It is obvious that D, is a set of full measure pg for every row-finite matrix a.
As shown below, if a is not row-finite, but entries in each row have appropriate
asymptotics, then one can deduce a similar result.
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Lemma 4.2. Let a = (a;j); jen be a real matriz. If there exist A € (0,1) and C > 0
such that |a; ;| < CA=il for all i,7 € N, then Dy is a set of full measure jig.

Proof. By the Cauchy—Schwarz inequality, we have £2({\"}°°,) C D,. Since, by
[1, Lemma 11] and [I, Theorem 1.3, p. 92] uc(F*({\"}22;)) = 1, we get the
claim. O

Our focus will be on composition operators with block 3-diagonal (or, using
another language, block 1-banded) matrix symbols. For this we need some extra
terminology. Let s = {s(n)}°, be an increasing sequence of natural numbers.
Let a = (aij)i jen be an infinite matrix such that

aij = aj; =0,

(i,5) € {s(n—1)+1,....s(n)} x {s(n+1)+1,...}, neN, (4.3)

with 5(0) := 0. Then, for p,q € N, we define matrices a, = aj and a,, = aj, by
s(p) _ s(p)
ap = (aij)z‘,jp:p ap = ( ij)i,f:s(p—l)ﬂv
_ s(p+1),s(p) _ s(p),s(p+1)
Aprip = (a/ij>z‘zps(p)+li‘:8(p_1)+l7 App+1 = (aij)i:ps(p—pl)—i-l,jzs(p)—i-l’
and
ap; =0, lp—gq| > 1.

With this notation, a is indeed a block 3-diagonal matrix, that is,

aj;|ap| 0

dgy |A2 |A23

0 |as|ass -

If additionally to (4.3), the matrix a satisfies

rankapvp-i-l € {O7S(p) - 5(p - 1)}a p e Na
then we say that a belongs to the class §(s).

5. CRITERIA AND EXAMPLES

In this section, we propose criteria that answer the question of when a compo-
sition operator Cy in L*(ug) induced by an infinite matrix is of class S, ,. The
first (see Theorem 5.1 below) is rather general in nature, while the second and
third (see Propositions 5.2 and 5.9) are more concrete, enabling us to construct
explicit examples.

Theorem 5.1. Let n,r € Z,. Let s = {s(k)}32; C N be an increasing sequence.
Suppose that
(i) D € B(R>) satisfies ug(D) =1,
(ii)) A: D — A(D) C R*™ is a B(R>)-measurable nonsingular and invertible
transformation such that pue(A(D)) = 1, A™! is B(R™)-measurable and
nonsingular,
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(iil) there exist k € N and {£2;: | € N} C B(R*") such that £, / R3*)
| = oo and Xg,xr=hai € L*(ue) for allk € N and i € I,

(iv) for every k € N there exists a B (R**®))-measurable nonsingular and invert-
ible transformation Ay of R*® such that A, ' is B(R*®))-measurable non-
singular, Ca, tis densely defined and cosubnormal in LQ(,LLGVS(k)),

(v) foralli € Iy, and k € N,

2 (5.1)

: 2
lim sup/ o XQkXRs(l)—s(n)hA% d,u(;#(l) S ||XQkXRoo hAi
Rs l

l—o0

(vi) for every m € N, there exists p € N such that for all i € I, and
o € B(R™), we have

e (A7 (c x R®))A(A,

p

(o x REP=m) x R®)) =0, p>p, (5.2)
(vii) for everym € N, o € B(R™), and i € I,,,, we have

(
MG(( (0 x R*®)) (G (M Ai(o x RP=m) x ROO)) —0. (5.3)

k=1p>k
Then Ca €85, .

Proof. We divide the proof into a number of steps.
Step 1. For every m € N, there exists p € N such that for all i € I, and

w=wxR>® withw € B(R") for some n € N, and every f = Afe D(Cai), with
F € L (pigm), we have
) 1/2 B
|<OAifa Xw>’ <[Ifll (/Rsm XA?(@xRS(l)—m)ﬁZs(l)(f)hA;' d,uc,s(z)> , I>p. (54

Take 0 = ¢ x R*® with & € B(R*) and k¥ > 7. Then, by condition (vi), there
exists p € N such that for all p > p and ¢ € I,,,,., we have

(CAiXos Xw) = / (o 0 A") - X dpug

= Hg s(p) (A;i(’g“ % RS(p)—k) I E% RS(p)—n)

7
= / ) XoxRe®=k © A Xoxrstw—n Ahg,s(p)
Rs(p
= / . X&xRs@—k * XAl (@xRsP)= hAl d,UGs
Rs (P

1/2
< ||XJ|| (/ Xb'XRS(P>—’€QA§?(LT;><RS(1’)—”)h2A;iD dﬂG,s(p)) 5
Rs(p)

which means that (5.4) holds with f = y,. If f = Af € D(Cai), where fisa

nonnegative step function, then arguing as above we see that

(Caifixw) = / AfXA;(UJxRS(P)*")hA; dfi,s(p)

Rs(p)

1/2 -
< ||f|| (/ ) Xﬂs(p)( )OA;(@XRS(P)—")hQA; dﬂG,s(p)) , pP=pieE ]n+r~
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In turn, using approximation by step functions, we deduce that (5.4) holds for
every f € D(Ca:) that is nonnegative and f = Af with f € L*(ug,,). For
every cylindrical C-valued function f € D(Cy:), its module is also a cylindrical
function, |f| € D(Cai) and Xy (f) = Y (| f]). Hence, by the inequality

‘(CA1f7Xw>‘ < <C’AZ f‘an>7

we get the claim.
Step 2. For all i € I,,.,,, m € N, and w € B(R™), if

1im811p/ u X aj(wxre®-m)Was dite.s) < +00, (5.5)
RS

=00

then Xwxmree € D(CRi). Moreover, if k € N, i € Iy, and 0 € B(R>) satisfy
o C A7 (£, x R™®), then x, € D(C3.,).

Fix i € I,1,. Let m € N and w € B(R™). Then, applying Step 1, inequality
(5.5), and Proposition 3.4, we deduce that x,xre € D(C3.,).

Now fix k£ € N. It follows from condition (vi) that

pe (A7 (26 x R®)) A (A (12, x REP=0)) 5 R™)) =0, p>p,

and thus, by condition (v), we have

. , 2
lim sup /Rs(l) XA?(AZ_I(QICXRs(n—s(n)))hA? dpe s

l—00

: 2
= lim sup/ XQkaS(l)*SWhA;’ d,uc,s(l) < +00.
Rs(®

l—o0

Hence, xa-i(g,xr=y € D(C3%;) by the first part of the claim. Now, that y, €
D(C3,) follows easily from (3.2) and the definition of the domain of a weighted
composition operator.

Step 3. For all i € I, and k € N, and {l;}32, € N such that lim;_,, [; = oo,
we have

||X_Qk><]R00hAi” < lim sup ”XQkXRs(lj)f‘s(m)hA? || (5.6)
J—00 J

Fix i € I,4, and k € N. By Step 2, xa-i(o,xr=) € D(Cy;), and thus using
(3.2) we get
(f, Xapxrehai) = (f, Chixa-i(2,xr>))
According to Lemma 3.1, equalities in (5.7) are satisfied for every cylindrical step

function f. Moreover, for every cylindrical step function f, by condition (vi) and
Step 1, we have

[NIE

|<CAif, XA—i(QkXRoo)>‘ < I/ lim sup (/Rs(zj) XA;-j(Afji(gkXRsuj)—s(n)))hi;-j d,uc,s(lj)> )

Jj—o0

which together with (5.7) gives

‘(fv X xrehai)| < f]] thUP ||XQkXRS(lj)*S(N)hA;._ I
j—o0 J
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for every cylindrical step function f. Since every function in L*(yg) may be
approximated by cylindrical step functions, we get

2 < lIX 2, xrh A

||XQkXRoo hA¢ lim sup HXQkXRs(lj)—s(n)hA;ij

J—00

)

which proves (5.6).
Step 4. There exists an injective increasing sequence {lj};'il C N such that for
all v € I,y and k € N|

J—o0 J

First we prove (5.8) with ¢ = k = 1. In view of (5.6) and (v), there exists an
injective increasing sequence {l;’l}]‘?’;l C N such that

.hm ||X91><R°°AhA 1,1|| = ||X_(21><R°°hAH-
Jj—00 Y

Thus, by [33, Exercise 4.21(a)], it suffices to show that

[ hadue= lim fAhA, du fEL(ug).  (5.9)
21 xRo° J—0 21 xR lj

By condition (vi), equality in (5.9) holds when f is a cylindrical step function.
Since sup;cy || X2, xr~Ah A | £2(4e) < 00 and cylindrical step functions are dense

in L*(pg), we get (5.9) and consequently (5.8) for i = k = 1. Repeating the same
argument (n +r — 1) times (apply Step 3 to consecutive subsequences), we show
that there exists a subsequence {l;”r’l 2, C {ljl-’1 22, such that (5.8) is satisfied
withi=1,...,n+r and k = 1. In a similar manner, we show that for any ky € N
we can find subsequences {l;”””ko }2, S C {l?+r’2}§i1 C {l?”’l};";l such that
(5.8) is satisfied with i = 1,...,n+rand k = 1,..., ko. Now, the sequence {;}52,
given by [; = l;&r’j does the job.

Step 5. We have Ca € S, ,..

In view of Lemma 3.1, (3.2), and (3.7), Ca is densely defined in L?*(u¢) and
CaA = Wa-1h,s- In turn, by (3.2), for every k € N, O} = WAgl,hAk' Set

S = WA—lyhA, and Sk = WAL_,;’hAlk’ keN,
where {lj }ren is as in Step 4 with the additional requirement that 1 > k.

We denote by B the family of Borel subsets of R* defined as follows: o € B if
and only if there exists o € B.(R>) such that u¢(cAg) = 0 and either ¢ = R* or
there exists ki, ..., kyir € Nsuch that & € A71(02y, xR®)N---NA-MH) (0 %
R>°). According to condition (vi) and the fact that {2,  R" as [ — oo, the family
B satisfies conditions (i)—(iii) of Proposition 3.4. Indeed, conditions (i) and (iii)
are clear. For the proof of (ii) we take m € N and o € B(R™), and for every
k € N we consider the sets

wy = (0 x R®) N (AT (2 x R®) N -+ N A~ (0 x R™))
and

Brp = (0 x REO™™) A AT (2 ,) N NAS(2,)) xR®, peN,

P
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where (2, = 2, x R*®)=5(*)_ Then, using (vi), we deduce that pg(wpADy,) = 0
for sufficiently large p € N. Hence for every k,p € N, wy, € B and w;, /0 x R®
as [ — oo. This and the fact that B.(R>) generates B(R>) prove (ii).

Let X be a family composed of all characteristic functions x, € L?(ug) of sets
o € B. Then by Step 2, we have

X C (D(Ca). (5.10)

Thus, by Lemma 3.2(i), X C D(S"™").

For k € N, let Bj denote the family of sets ¢ € B(R*")) such that either
o =R or 0 C AN (2, x REW=0) 0 AT, 5 ReI7509) for
some my, ..., My, € N. Applying condition (v), (3.2), and Lemma 3.2 (i), we
show that X, C D(Sp™") for every sufficiently large k € N, where X}, is composed
of all characteristic functions x, € L*(i¢s,)) of sets o € B,

By condition (vi), X = Ui Nee; AXk. In view of (5.10), (3.2), and Proposi-
tion 3.4, lin X is a core for (CR,...,Chntr). Thus, by Lemma 3.2, 1in X is a
core for (S,...,S™*"). Note that, by condition (vii), for any x € X,,, with m € N,
and i € I,,1,, we have (Az) o A~ = lim,,_,..(Az) o AJ". Hence, by Lemma 3.2
and Step 4, we have

S'Az =hpi - (Azo A = lim Ahy, - (Azo Ay
—00 k

= lim SjAz, i€ I, andz € X,,,m € N,

k—o0

which implies that
(S'Af, 87 Ag) = lim (SLAf,SiAg), Af,Ag€linX andi,j € I,y,. (5.11)
—00

By subnormality of Sj and Proposition 2.3, we have Sy € 8, for every k € N.
This and (5.11) imply that inequality in (2.2) (with S in place of T') is satisfied
for all {fF:i=1,...,mk=0,...,7} C X. This and the fact that 1in X is a
core for (S,...,S"*") imply that Ca €8 ,. O

Proposition 5.2. Let n,r € Z,. Let a = (a;5)ijen € R be a matriz such that
pe(Da) =1, and let s = {s(k)}2; € N be an increasing sequence. Assume that

(a) A: Dy — A(D,), the transformation induced by a, is nonsingular and
invertible, and ug(A(Dy)) =1,

(b) A~!is B(R>™)-measurable and nonsingular and induced by a matriza™' €
3(9),

(c) there exist k € N and {§2;: 1 € N} C B(R*W) such that 2, / R**) gs
| — oo and xg,xr=hai € L*(ue) for allk € N and i € I,

(d) for every k € N, the matriz (a='),, is invertible and normal in (R*®) |- |),

(e) for all i € L4, and k € N, inequality (5.1) is satisfied, where A; is the
transformation of R*®) induced by the inverse of (a=');, | € N.

Then Ca €85, .
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Proof. We begin by showing that for every m € N there exists p € N such that
for all i € [, and o € B(R™), condition (5.2) is satisfied. Indeed, fix i € I,,,,
m € N, and o € B(R™). Suppose that there exists py € N such that

s(pp) >m  and rank(a™!)p pot1 = 0.
Set p = po. Then normality of (a=')z; implies that rank(a™!);,;5 = 0. This
and surjectivity of A~! yield (5.2). Now, suppose that for every p € N such that
s(p) > m we have
rank(a™!), 11 = s(p) — s(p—1). (5.12)
It is easily seen that

AN (G x ROPIm) = Wj((ﬁ;_l) o AL (G xR 5 {0} x --- x {0}), p=>P,

where p is the smallest integer such that s(p — 1) > m. This and (5.12) imply
that

e (A7 (o x R®)A (AN (G x REP ™)) x R®) =0, p>p. (5.13)

Using (5.13) repeatedly, we obtain (5.2).
Now, if m € N, 0 € R™, and i € I,,.,, then there exists p € N such that for
pe-almost every x € R*™ and every p > p, we have

(Xoxr= 0 A7) (2) =1 <= ((A7(2)),,..., (A7(2)) ) €0

= (((AlgZ o Wp)(l‘))l, e ((Agi o 7Tp)($)>m) €o
= AlXoxpew-n 0 A7) (z) = 1.

This implies that yoxre 0 A7¢ = limy, 00 A(X xR —m © Agi), which all proves
that (5.3) is satisfied.

Finally, since, by (4.2) and Theorem 4.1, Ca, is densely defined and cosubnor-
mal for every k£ € N, we can apply Theorem 5.1. O

Remark 5.3. Concerning Theorem 5.1, it is worth noting that, by Step 3, condition
(iii) of Theorem 5.1 is automatically satisfied if lim sup;_,, [[ha;il| < 400,47 € L.

Below we provide examples of unbounded composition operators induced by
infinite matrices that belong to 8, .. The first one, with diagonal matrix symbols,
is motivated by [27, Theorem 4.1], where cosubnormality of bounded Ca’s of this
kind was shown (by use of different methods).

Example 5.4. Let n,r € Z. Let a = (a;j); jen C R be a diagonal matrix, that is,
a; = a; with {a,}o0_; € (0,00), and let a;; = 0 for all 7, j € N such that i # j.
Assume that

0<ap<1 forall k€ Nsuchthat k >n+r,
and that

Z(l — ay) s convergent. (5.14)
k=1
Clearly, a induces an A-measurable invertible transformation A of R* such that
D, is a set of full measure ug. Let s = {s(k)}72,; C N be given by s(k) = k. Then
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A~!is an A-measurable transformation induced by a matrix a~! € F(s) such that
D,-1 is a set of full measure ug. Let {(2: k € N} be given by (2, = [k, k]"*".
By (4.1), for all ¢ € I,,,,, we have

1 2 _(aTiry . a2
haj (@1, 1) = — iexp|(x1’ w)l” = [lor'e, .- 0 )|
al..'al 2

l
1 x? 1—cz
I e(-2—55), (@..a) eRLIEN,
. ot 2 a5t
j=1 "7 J

where A; is the transformation of R’ induced by the matrix a;, [ € N. This
together with the change of variable theorem (see [25, Theorem 8.26]) and (5.14)
implies that there is C' > 0 such that

X 2pxmin=rh g7

n4+r k x5 (1 a21) x5 (1 a2i)
1 7
= HE/ 7 dpg H 21/ dpig,1
S At
j=1 "7 j=n+r+1 %
oo _xi(g_;‘?i)
= C H / e 7 dmy
j=n+r+1 J v o0
=C H ai\/2—a¥)', kleNandl>n+r.
j=n+r+1

Since (/2 — 3" < 1 for every j > n+r and every i € I, we infer from (5.14)

and [22, Chapter VII| that 0 < lim;_,., ||X9kazfnfrhA;' L2(ug,) < 00. In view of
[11, Corollary 5.1], the above discussion shows that conditions (a), (b), and (d)
of Proposition 5.2 are satisfied. Now, set

2

1 1 -« .
hi ({‘Tj}jEN) = H J exp<__J#]>7 {mj};')il € 62(pa,i)a (S -[’rH-T)

j=1 J 2 Q;

where p,,; = {pgi)};?';l with pg.i) =[1- a§i|. Since for every i € I,,,,, the product
T2, ozj_i is convergent by (5.14) and [22, Theorem 3, p. 219], and the series
1o .
> ey 77:—25 is convergent for every {z;}>2, € (*(pa,), we see that h; is well
J
defined. By [1, Lemma 11] and [1, Theorem 1.3, p. 92], £*(p,;) is a set of full
measure . Hence h; may be treated as a 8B(R°)-measurable mapping defined
on the whole of R>. For all i € I,,,, and k,m € N and ¢ € B(R™), we have

pig o A7 ((0 x R®) N (24 x R™))
= lim p1es (A7 ((0 x R™™) N (2 x RT"T)))

= lim XQkal—n—ThA;' dpc, :/ X2, xreh; dpug,

=00 oxRl=m o xR>®
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where the last equality follows from the Lebesgue dominated convergence theo-
rem and the fact that ygo, xr=h; is essentially bounded. This, together with [2,
Theorem 10.3], implies that for every i € I,,,,, A is nonsingular and h; = hy:
almost every [ug]. Hence the conditions (a) to (e) of Proposition 5.2 are satisfied,
and consequently Ca € 8, ,

Remark 5.5. In view of [27, Theorem 4.1], the operator C'a from Example 5.4
is bounded and cosubnormal whenever «o; € (0,1) for every i € N (if a;,, > 1
for some m € N, then Ca is unbounded in L*(ug); see [27, Proposition 2.2]).
It is worth noting that, if this is the case, cosubnormality of C's can also be
deduced from Proposition 5.2. To this end, we first observe that Ca € 8}, , for
every n € N which follows from Theorem 5.1. On the other hand, by applying
[11, Corollary 5.5], we see that Cj is a bounded operator on L?(jg). Hence, using
Proposition 2.3, we get cosubnormality of Ch.

Remark 5.6. It should be noted that any nontrivial scalar multiple of the identity
mapping on R* cannot satisfy the assumptions of Proposition 5.2. Indeed, sup-
pose that A: R® — R* is given by A(z) = ax, with a € R\ {0,1,—1}. Then
either A or A~!is singular; that is, one of them is not nonsingular. To see this,
we first fix aw € (0,1). Then we take any sequence {z,}>°, C (0,1) such that

iazn < 00 and ix}{a = 00. (5.15)
n=1 n=1

Set a, = y/2Inz;', n € N. Using the well-known method of proving that
the Gaussian measure pg; is a probability measure due to Poisson (see [32,
pp. 18-19]), we can show that

2

2
1-— exp(—a—

\/%/aa] exp Q)dm1>2
<1 —exp(—a?), € (0,00). (5.16)

2

By (5.15) and [22, Theorem 3, p. 219], the product [ (1 — exp(—4)) is con-
vergent, which in view of (5.16) implies that

0< H(l — exp(——)) H \/ﬁ/an,an exp ——) dm1> <1

This, in turn, yields

0 < pg <ﬁ[—an, anD.

n=1

On the other hand, the product [[°2,(1 — exp(—a?a2)) is divergent to zero (use
again (5.15) and [22, Theorem 3, p. 219]) Hence, by (5.16), we deduce that

o0

0= pg (H[—aan, aan]> ,

n=1
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which shows that A is singular. Similar reasoning proves the same for other o’s
belonging to R\ {0,1 — 1} (if |a] > 1, then A~! is singular).

In fact, modifying slightly the above argument, one can show that any transfor-
mation A of R> given by A({zx}32,) = {awxr}i2,, with {ax}32; C R such that
either limsupy_, . |ag| # 1 or liminfy_, |ax| # 1, does not satisfy the assump-
tions of Proposition 5.2.

Below, in Proposition 5.9, we provide another set of conditions implying that a
satisfies the assumptions of Theorem 5.1. To this end, we need an auxiliary lemma
in which a class of infinite matrices (suitable for Proposition 5.9) is distinguished.
Recall that a matrix (a; ;)i jen is called n-banded, with n € Z, if a; ; = 0 for all
i,7 € N such that |i — j| > 7. Below, and later on, d;; stands for the Kronecker
delta.

Lemma 5.7. Let p = {p;}32, and {a;}52, be sequences of positive real numbers

such that

(a) {p;}52) and {oy}52, belong to £1(N),
b) there are 0 < m < M < oo such that 222 € (m, M) for every j € N,
by

(c) SUpjey g—; < 00.

Letn e Z,. Let b= (I;i,j)i,jeN be a n-banded matriz with real entries such that
(d) \AZA)U] < «; for alli,j €N, )
(e) b is symmetric, that is, b, ; = b;,; for all i,j € N.

Let b = (0;; + b ;)ijen. Then the following conditions are satisfied:

(1) b induces a trace-class operator B on (%(N);

(2) detb is well defined; moreover, detb # 0 if and only if the operator I + B
1s tnvertible;

(3) there exists C > 0 such that

2o (e
j=1

(4) if detb # 0, then b induces an invertible transformation of R*>.

o
< szfpj?x = {z;}32, € R;
j=1

Proof. If {e;}22, is the standard orthonormal basis for £2(N), then by (d) we have
> _I1Bleses)| < 3 _ll1Blesll = >_|[U1Bled]
i=1 i=1 i=1
= |Bei < @n+1) o < o0,
i=1 i=1

where B = U \E | is the polar decomposition of B. This proves that B is a trace-
class operator. This, according to [3, p. 46], implies (2). For the proof of (3), we
first observe that if S is the shift operator S(x1,zs,...) = (0,21, 22,...) acting
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on (*(p), then, by (b) there exists C' > 0 such that max;er, {||S"]], [[S*[]} < C.
Let ¢ = max{supjeN ,Sup,ey ¢ . Then, for every {z;}52, € £*(p), we have

’Zx — b:L’

< 52 (Be)? + 20| (B

7j=1

) B 2.1
22 Z Oéj ]+k+2||$|’€2(l))<z( ?>j>2

=L =1 P

<9 Z 3 ok, + 2z (2 Z > Wﬁk)

k—fm 1 k“*ﬁ] 1

1
<20 Y Y+ 2o (20 Y Y atn)

k=—n j=1 k=—n j=1
1
< 2¢%(2n + 1)02HxH§2(p) + 2||z|| 2(p) (202(277 + 1)02”;,;\@%)) 2

This proves (3). If detb # 0, then, by (2), the matrix b induces an invertible
operator B in ¢*(N). Let a denote the matrix of the operator B~ with respect
to the standard orthonormal basis of £(N). In view of [17, Proposition 2.3] and
Lemma 4.2, D, is a set of full measure pg. Let A be the transformation of R*
induced by a, and let B be the transformation induced by b. It is a matter
of simple calculations (based on the fact that BB~ = B™'B = I) to show
that AB and BA coincide with the identity mapping on R*> up to sets of full
measure fig. 0

Regarding Lemma 5.7, we note that if b is a matrix satisfying assumptions (a)
and (d) of Lemma 5.7, then for every k € N we have

‘(Bk)i,j| < (i oq>klozi, i,j € N.

=1

As a consequence, we get the following.

Corollary 5.8. Under the assumptions of Lemma 5.7, for every k € N we have

that (b) is a trace-class operator, det b* is well defined, and there exists C>0
such that

‘Zx (b*z) ‘<0||x||p v = {2;}2, € P(p). (5.17)

Proposition 5.9. Let n,r € Z, and n € N. Assume that b = (Bij)i7j€N, p =
{pi}52, and {Oz]}"o1 satzsfy conditions (a) to (e) of Lemma 5.7. Denote by b

the matriz (0;; + b”)meN and by B the transformation of R* induced by b. Let
s = {s(k)}22; € N be an increasing sequence. Suppose that

(f) there exists p > 0 such that | det by| € [p, +00) for all k € N.
Then B is invertible, B~ is nonsingular, and Cg-1 € 8},
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Proof. Note that, by [3, p. 46], (f), and Lemma 5.7, | det b| = limg_,, | det by| €
[p,00) and det(b?); # 0 for i € I,,,, and sufficiently large [ € N. Hence, by (4) of
Lemma 5.7, the transformation B is invertible. According to (3) of Lemma 5.7

and Corollary 5.8, there exists C' > 0 such that the inequality (5.17) holds for
every k € I, ... Hence the formula

hl({xj};“;l) | det b|* exp ~ (Zx x?), {w;}52 °, € *(p),

defines a B(R>)-measurable function on R*> for every i € I,,,. Now, let us
choose k € N so that 1 — 25’pj > 0 for every j > s(k), and let {§2;: k € N} be
given by 2, = [k, k]**). Then, employing the change of variable theorem and
the fact that (?(p) is a set of full measure p in R, we get

d
/WROO eXp(Z:v b'a)?) dye
< [ e (@l dus
Qk xR

5(x) 00 ~ 2
~ 1 (1 —2Cpj);
[ (@) e T e [omp(- 020
i j=1 j=s(r)+1 21 R 2

s(k)

= / eXp(CZx p3> dtics(r)
2
j=s(k)+1 4/ 1-— ZCpJ

Since p € (}(N), we deduce that []32

i € Iysr k€N (5.18)

is convergent (see [22, Chapter

1
j=s(k)+1 \/l 2C

VII}). Thus, by (5.18), the function x, xreh; belongs to L?(ug) for all i € I,
and k € N. Note that there exists C' > 0 such that

s(l) s(l)
‘Zx— bklx )<C’prj, $€RSZ)ZGNI{3€]TL+T (5.19)
7j=1
(see the proof of assertion (3) of Lemma 5.7). Hence arguing as in (5.18), we show
that the function XQkX]ROOAhB_Z belongs to L? (tesqy) for all i € I,,, k € N and

every | € N such that [ > «, where B} is a transformation of R*") induced by
(b");. Note that for every x = {x;}32, € /*(p) we have

s(l) o)
D0 = (mye)}) = Do — (')

s(1)

‘Zx— l7Ts(l ‘—I—‘Zx—b‘

j=s(l)—in j=s(l)—
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This combined with (5.17) and (5.19) proves that
h;(z) = llim AhBl—i(ﬁL'), x € (*(p).
—00
By (5.18) and (5.19), the function Hy;: ¢*(p) — C given by
i 1

Hyi(z) = Sllellg{ |det(b")] } X, xree €xp Q(CHIH??(;)))
is a majorant in L?(u¢) for the sequence {XQkXRmAhBl—i}loil, keNandie€ I,,,.
Hence, by the Lebesgue dominated convergence theorem, we get

X 2, X R® h; = llirga XQkXRooAhBl—i, keNiiel,.,. (520)
Since for all 4 € I,,,, and [ € N, the matrices b’ are banded and the matrices

(b%); are invertible, we deduce from (5.20) that for all i € I,,,,, k,m € N, and
o € B(R™), we have

pe (B ((0 x R®) N (2 x R)))
= lim p16,50) (Bj (0 x R*D™™) 1 (42, x R7O ()

l—o0
= lim XQkXRs(l)f‘s(n)hB—i d,uqs(l) = / XQkXRoohi d,uG.
I—=oo [ Rs@)—m ! o XR>®

This, by [2, Theorem 10.3], implies that for every i € I,,.,, the transformation B~
is nonsingular and h; = hg-i almost every [ug]. This, Theorem 4.1, Lemma 4.2,
and equality (5.20) imply that conditions (i) to (vii) of Theorem 5.1 hold with
A = B !and A; = B!, | € N (conditions (vi) and (vii) follow easily from
n-boundedness of b). Hence, applying Theorem 5.1, we get that Cg-1 belongs to
S O

Remark 5.10. Regarding Proposition 5.9, we note that there is an another way
of producing the inverses of an 7-bounded matrix b and a transformation B via
inductive technique. To this end, instead of conditions (a)—(e) of Lemma 5.7, we
assume that

(1) there exists p > 0 such that o(bg) C [p, +00) for all k € N,

(2) for every k € N, by, is normal in (R*®) |- |),

(3) for every € > 0 there is ky € N such that for every m > 1> ky

]bmégf;)x — L‘;E?;)blx\ < e(|z] + |meZE;?)£L" +[bz|), zeRW,

where (5: R 2 (z1,...,2) — (z1,...,24,0,...,0) € R® for t < s.
Then we proceed as follows. For j € N, let B, denote the linear mapping RsU) —
R*U) induced by b;. By [19, Theorem 1.1, Lemma 4.3] and (3), the sequence
{B,}32, induces a closable densely defined operator By, acting on £*(N) according
to the formula
D(By) = ’g{akx: r € R¥ such that jli_}rgo Lapbx € *(N)},

Bootpr = lim Ls(j)bjaz(j)x, 1z € D(By),
j—00
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where ¢;: R 3 (xq,...,2¢) — (21,...,240,...) € R*® for t € N. The trans-
formation B, is the inductive limit of {B;}52,. In view of [19, Corollary 2.2,
Lemma 4.3] and (1), 0(Bs) C [p,+00) and thus B, is invertible. From this
point forward we proceed as in the proof of (4) of Lemma 5.7.

With help of Proposition 5.9, we can deliver an example of composition oper-
ators belonging to 8;, . induced by the nondiagonal transformation of R*. The
operator is induced by a 1-banded matrix.

Example 5.11. Let n,r € Z,. Let b be a matrix given by

1 ¢ 0 0 0
qt 1 q> 0 0

b=| 0 ¢ 1 7 0 ,
0 0 7 1 4

with ¢ € (0, %2). Let {s(k)}?2, be given by s(k) = k. Set p = {¢’ 21, and define
a; = ¢!, j € N. Clearly, det b; = det b;_; — ¢* 2 det b;_s, [ > 3, which implies
that 1 — > 7, ¢**? < detb; < 1 for [ > 2. As a consequence, the assumptions of
Proposition 5.9 are satisfied. Hence b induces an invertible transformation B of
R> such that B~" is nonsingular and Cg-1 belongs to 8, . If fact, Cg-1 € 8},
for every n,r € Z,..

Now, let X C L%*(ug) be the family defined as in Step 5 of the proof of
Theorem 5.1 with A = B™!. According to Lemma 3.2 and (5.10), we see that
X C D((Ch-1)") for every n € Zy. Arguing as in Step 5 of the proof of Theo-
rem 5.1 and using [4, Lemma 3.2], we see that X is linearly dense in L?(jg). Thus
every power of C_, is densely defined. This combined with [10, Theorem 52]
proves that D*(C%_,) is dense in L?(ug). On the other hand, by Proposition 2.3,
the operator C';_, |D°°(C;_1) is subnormal.

Remark 5.12. Concluding the article, we point out that Theorem 5.1 and Propo-
sitions 5.2 and 5.9 rely essentially on the very precise knowledge of the Radon—
Nikodym derivative ha, which is due to the inequality (5.9). It seems desirable
to look for some inductive-limit-based criteria for cosubnormality, which would
be independent of the knowledge of hya.
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