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A COUNTEREXAMPLE TO A LEMMA OF L. D. BROWN

By J. PFANZAGL

University of Cologne

In his renowned paper on sufficient statistics, L. D. Brown uses the following
lemma (see page 1464, Lemma 5.1) for the proof of his main theorems (Theorem 2.1,
Theorem 8.1 and Theorem 8.1):

Let (a; b) be a finite interval in R and ®: (a, b) x (a, b) - R a continuous function.
- Assume that there exists a measurable set A <(a, b) such that, for all ye€[c, d] with
a < ¢ <d < b and all measurable sets B, u(B) = 0 implies p{xe A:®(x, y)e B} =
(where u denotes the Lebesgue measure).

Then for any fixed measurable set B, the function y — u{xeA:®(x, y)e B} is
continuous on [c, d].

The proof of this lemma given by Brown contains an error on page 1465, lines
10 and 11. It is the purpose of this note to show by a counterexample that the lemma
itself is wrong. This does not imply, of course, that Brown’s Theorems 2.1, 8.1 and
8.1’ are necessarily wrong. The author suspects however, that additional assump-
tions on the sufficient statistic will be needed for a correct proof.!

1. To prepare the definition of an appropriate function ® we shall introduce the
following sequence of sets:

Ay = UP (k27" =272 k27", : neN.
The following relations will be needed subsequently:
(D) lim, ), 2"w([0, P)NA4,) = r for every re[0,1].

This follows immediately from the inequalities
r—1/2" < 2"uw([0,r)nA,) < r for re[0,1],neN.
) w(UnZ14,) < %
We have u(Unz1 4) = 3+ 3m(Unz2 4,) S 3+330%, w(4,) = 3.

2. Let &, denote the Borel field of [0, 1] and let P, | %, be the measure having
. p-density 2"1, . The function r— P,[0,r) is continuous and we have by (1):
lim,_, ., P,[0, r) = r for all re[0, 1].

3. Let (s,),en i3 be a decreasing sequence with s, = 1. For xe[0, 1] and
Y€ [sn+ 1 Sn] let

G(x,y) = fr+3 2= P[0, x) +4 1

Sn—Sn+1 Sp = Sn+1

n+ 1[0, X).
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! In the meantime, Mr. Brown submitted a paper ‘‘Sufficient statistics in the case of indepen-
dent random variables” for publication.
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This defines a continuous function G:[0,1] x (4, 1]— [0, 1]. Furthermore,
(X en = X0 and (y) ey — 3 implies (G(xy, V)i e = Xxo. This can be seen as
follows: For every ke N, let n, be such that s,, . < y, <s,, . As (P L0, X)) en— x
for every xe[0, 1], we have

limsup, . P, [0, x,) < limsup, . P, [0,x) < x forevery x> x,

and therefore limsup, .y P,, [0, x,) < x, . Similarly, xo < liminf, P,[0, x,) so that
limg .y P, [0, x) = xo. Hence (o, P, [0, x,)+(1—0)P, 4 [0, x))cn— Xo for
any sequence «,€[0,1], keN. Applied for a, = (y,—5S, +1)/(Sp.—Sn +1)> this
yields (G(xy, yi))k e = Xo. Hence we may extend G to a continuous function on
[0, 1] x [}, 1] by defining G(x, 1) =x, xe[0, 1].

4. Asx — G(x, y) is increasing for all ye [4, 1], there exists a uniquely determined
function F:[0, 1] x [4, 1] [0, I] such that G(F(x,y),y) = x for all x€e[0, 1],
yels 1]

Let (X4, Yk en = (X0, ¥o). Given an arbitrary infinite subset Ny N we choose
N; =Ny such that (F(x,, i) cn, converges. Let r; denote thelimit of this sequence.
As G is continuous, (G(F(Xy, y,), Yi))k e CONVerges to G(r,, y,). As G(F(x,, 1), Y)) =
x,, we have G(r,y,) = x, and therefore r, = F(x,, y,). This implies that F is
continuous in (X, y,). Furthermore F(x, 1) = x for all xe [0, 1].

5. Foreach ye(4, 1], let Q, ] %, be the measure defined by
V=5 Sp— Y
0,(B) = su(B)+4 Y"1 p By 1} 2= P (B),Bed,,

n~ On+1 n n+1

where # is chosen such that ye[s,, |, s,].
We shall show that

u{re(0,1):F(r,y)eB} = Q,B)  forall Be,, ye( 1].
For each x€[0, 1], ye(4, 1], we have
u{re(0,1): F(r, y)€[0,x)} = u{re(0,1): F(r, y) < x}
= pu{re(0,1):r < G(x, y)}
= G(x, y) = ,[0,x).

As the measures B— u{re(0, 1): F(r, »)eB} and B— Q,(B) coincide for all
B =10,r), re[0, 1], and trivially for B = [0, 1], they coincide for all Be%,.

6. Now we define ®:(0, 1) x (0, 1) - (0, 1) by
O(x,y) = x x€(0,1),y€(0,%)
= F(x,y) x€(0,1), ye[4,1).

As F'is continuous and as F(x, }) = x for all xe(0, 1), @ is continuous.
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Furthermore, u(B) =0 implies u{xe(0, 1):®(x, y)e B} = 0. For ye(0, 1] this
is trivial. For ye(4, 1) this follows immediately from the fact that P, < u and there-
fore Q, < .

Now we shall show that y — u{xe(0, 1): ®(x, y)e X, 4,} is discontinuous at
y=1%

For ye(0, 4] we have

p{xe(0,1):®(x, e Uiz 4} = (U=, 4) < 3
For ye(4, 1) we have
u{xe(0,1):(x, y)e Uy A} = Q(UNL 1 4,) = $+4u(UT=, 4),
as P,(Uy=,4,) =1 1orall neN.
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