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Abstract

In this paper, we establish the Freidlin-Wentzell type large deviation principle for
porous medium-type equations perturbed by small multiplicative noise. The porous
medium operator A(|u|/™ 'u) is allowed. Our proof is based on weak convergence
approach.
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1 Introduction

In this paper, we are interested in the asymptotic behaviour of porous media equations
with small multiplicative noise. Let (2, 7, P, {F: }1ep0,77, ({Br () }efo, 1) vew) be a stochas-
tic basis and fix any 7' > 0. Without loss of generality, here the filtration {F;}:cjo,77 is
assumed to be complete and {3x(t) }+c(o,r], k¥ € IN, are one-dimensional real-valued i.i.d.
{]:t}te[O,T] -Wiener processes. We use IE to denote the expectation with respect to IP. Fix
any N € N, let TV c RY denote the N-dimensional torus (suppose the periodic length is
1). We are concerned with the following porous media equations with stochastic forcing

{ du(t,z) = A(lu(t, z)|™ tu(t, z))dt + ®(u(t,z))dW(t) in TN x (0,77, (1.1)

u(,0) = ug() € L™H(TY) on T,

form € (1,00). Here u : (w,z,t) € 2 x TN x [0,T] = u(w,x,t) := u(x,t) € R is a random
field, that is, the equation is periodic in the space variable x € TV, the coefficient
® : R — R is measurable and fulfills certain conditions specified later, and W is a
cylindrical Wiener process defined on a given (separable) Hilbert space U with the form
W(t) = > 11 Br(t)er,t € [0,T], where (ey)r>1 is a complete orthonormal base in the
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Hilbert space U. Clearly, equation (1.1) can be viewed as a special case of a class of
SPDE of the type

{ du(t,z) = AA(u(t,x))dt + ®(u(t,z))dW (t) in TN x (0,T], (1.2)

u(-,0) = ug(-) € L™THTN) on TV,

where A : R — R is a differential function. Concrete conditions on A will be presented
in subsection 2.1.

The porous media equations have been intensively investigated because of the inter-
ests stemmed from physics and mathematics (see, e.g., [4, 10, 11] and the references
therein). Having a stochastic forcing term is very natural and important for various
modeling problems arising in a wide variety of fields, e.g., physics, engineering, biol-
ogy and so on. Up to now, the Cauchy problem for (1.1) has been studied by a lot of
researchers utilizing different approaches. For example, a monotone operator approach
is employed in the space H~! by some pioneer works, e.g., [1, 26, 27, 28, 29]. When
applied to the Nemytskii type diffusion coefficients, the monotone condition could be
verified if ® are affine linear functions of u, otherwise, the map u — ®(u) are not known
to be Lipschitz continuous in H~!, even if ® is smooth. In order to relax the assumptions
on ®, alternative approaches based on L!-techniques have been proposed. In the deter-
ministic setting, this has been realized via the theory of accretive operators going back
to Crandall-Ligget [9], entropy solutions studied by Otto [25], Kruzkov [21] and kinetic
solution studied by Lions et al. [22] and Chen-Perthame [8]. In the stochastic setting,
an entropy solution was first introduced by Kim in [20] when studying the conservation
laws driven by additive noise, wherein the author proposed a method of compensated
compactness to prove the existence of a stochastic weak entropy solution via vanishing
viscosity approximation. Moreover, a Kruzkov-type method was applied there to prove
the uniqueness. Later, Vallet and Wittbold [30] extended the results of Kim to the
multi-dimensional Dirichlet problem with additive noise. Concerning the conservation
laws driven by multiplicative noise, for Cauchy problem over the whole spatial space,
Feng and Nualart [17] introduced a notion of strong entropy solutions in order to prove
the uniqueness of the entropy solution. By using a kinetic formulation, Debussche and
Vovelle [12] solved the Cauchy problem for stochastic conservation laws in any dimen-
sional torus. In view of the equivalence between kinetic solution and entropy solution,
the authors of [12] also obtained the existence and uniqueness of entropy solution.

The literature concerning the entropy and kinetic solutions to degenerate parabolic
equations (1.2) driven by stochastic forcing is quite extensive, let us mention some
relevant works. For instance, Bauzet et al. [3] proved the existence and uniqueness
of entropy solutions to (1.2) under the assumptions that A is assumed to be globally
Lipschitz continuous and when & is Lipschitz, a behavior A(u) = |u|™ 'u near the origin
is allowed only for m > 2. Moreover, by using a kinetic formulation, Gess and Hofmanova
[19] showed the global well-posedness of (1.2), where the boundedness of A’ is released,
® is assumed to be Lipschitz and /A’(u) is y-Ho6lder continuous with y > % which forces
m > 2. Recently, based on a notion of entropy solutions, Dareiotis et al. [11] established
the well-posedness of (1.2) in the full range m € (1,00) under mild assumptions on
the Nemytskii type diffusion coefficient ®, where the authors proved an L!-contraction
estimates as well as a generalized L'-stability estimates. There are also a lot of interest
on the stochastic fast diffusion equations, that is, m € (0,1] (see [2, 28]). To learn
invariant measures for the stochastic porous media equations, we can refer the readers
to [4, 101].

From statistical mechanics point of view, exploring asymptotic behaviors for vanishing
the noise force is important and interesting for studying stochastic porous media, in
which establishing large deviations is a core step for finer analysis as well as gaining
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deeper insight for the described physical evolutions. There are several works on large
deviation principle (LDP) for the stochastic porous media equations, we mention some
of them. Rockner et al. [29] established the LDP for a class of generalized stochastic
porous media equations for both small noise and short time in the space C([0,T]; H™ )
by utilizing the monotonicity of the porous medium operator in H~!. Later, Liu [23]
established LDP for the distributions of stochastic evolution equations with general
monotone drift and small multiplicative noise. As an application, the author of [23] proved
the LDP holds for stochastic porous media equations in the space C([0,T]; H~'). The
purpose of this paper is to prove that the kinetic solution to the stochastic porous medium-
type equations (1.2) satisfies Freidlin-Wentzell type LDP in the space L*([0,7]; L!(T%)),
which is a more delicate result compared with [29] and [23]. On the other hand, Dong
et al. [15] established the LDP for quasilinear parabolic SPDE, where the authors
handled the hard term div(B(u)Vu) with B being uniformly positive definite, bounded
and Lipschitz. For our model, the term AA(u) can be written as div(a?(u)Vu) with
a®(r) = A’(r), hence, it has similar structure as the term div(B(u)Vu). However, the
function a?(r) is neither bounded nor Lipschitz, thus, our case is much more complex
and difficult than [15].

To study the Freidlin-Wentzell’s LDP for SPDE, we employ an important tool called
the weak convergence approach, which is developed by Dupuis and Ellis in [16]. The key
idea of this approach is to establish certain variational representation formula about the
Laplace transform of bounded continuous functionals, which leads to the equivalence be-
tween the LDP and the Laplace principle. In particular, Boué, Dupuis in [5] and Budhiraja,
Dupuis in [6] have proved an elegant variational representation formula for Brownian
functionals. Recently, Matoussi et al. [24] proposed a sufficient condition to verify the
large deviation criteria of Budhiraja et al. [7] for functionals of Brownian motions, which
turns out to be more suitable to deal with SPDEs arising from fluid mechanics (e.g., see
[14]). Therefore, in this paper, we adopt this new sufficient condition.

To our knowledge, the present paper is the first work towards establishing the LDP
directly for the kinetic solution to the stochastic porous medium-type equations (1.2).
The starting point for our research was the paper of Dareiotis et al. [11], where the
global well-posedness of entropy solution to (1.2) was established. According to the
equivalence between entropy solution and kinetic solution (see Proposition 2.6 in the
below), we firstly deduce the existence and uniqueness of kinetic solution to (1.2). Due
to the fact that the kinetic solutions are living in a rather irregular space comparing
to various type solutions for parabolic SPDEs, it is indeed a challenge to establish LDP
for the stochastic porous media equations with general noise force. In order to prove
the LDP holds for the kinetic solution in the space L*([0,T]; L(TY)), our proof strategy
mainly consists of the following procedures. As an important part of the proof, we need
to obtain the global well-posedness of the associated skeleton equations. To show the
uniqueness, we establish a general result concerning the stability of the strong solution
map on the coefficients by utilizing the doubling of variables method. For showing the
existence result, we adopt a similar approach as [11]. To complete the proof of the
large deviation principle, we also need to study the weak convergence of the small noise
perturbations of the problem (1.2) in the random directions of the Cameron-Martin space
of the driving Brownian motions. To verify the convergence of the randomly perturbed
equation to the corresponding unperturbed equation in L' ([0, 7]; L*(T")), an auxiliary
approximating process is introduced and the doubling of variables method is employed.

The rest of the paper is organized as follows. The mathematical formulation of
stochastic porous media equations is presented in Section 2. In Section 3, we introduce
the weak convergence method and state our main result. Section 4 is devoted to the study
of the associated skeleton equations. The large deviation principle is proved in Section 5.
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2 Preliminaries

Let us firstly introduce some notations which will be used later. Cj represents
the space of bounded, continuous functions and Cl} stands for the space of bounded,
continuously differentiable functions having bounded first order derivative. Let ||- || .» (1)
denote the norm of Lebesgue space LP(TY) for p € (0, 00]. In particular, set H = L?(T")
with the corresponding norm || - || . For all @ > 0, let H%(TY) = W*2(T¥) be the usual
Sobolev space of order a with the norm

T 3 / Du(z) 2d.
TN

la|=[(a1,...,an)|=a1++an<a

H~=%(T") stands for the topological dual of H*(T?), whose norm is denoted by | -
|| sr-«(T~). Moreover, we use the brackets (-, -) to denote the duality between C2°(T" x R)
and the space of distributions over TV x R. With a slight abuse of the notation (-, -), we
set
(F,G) = / / F(2,6)G(x,&)dxdé, F e LP(TY xR),G € LYTN x R),
™ JR

forl1<p<ooandgq:= %, the conjugate exponent of p. In particular, when p = 1, we
set ¢ = oo by convention. For a measure m on TV x [0,7] x R, the shorthand m(¢) is
defined by

m(¢) = (m, ¢) :/ o(x,t,&)dm(z,t,€), ¢ € Cp(TN x [0,T] x R).
TN x[0,T]xR

For T > 0, let B([0,T]) be the Borel o-algebra on [0, 7] and denote by Pr C B([0,T]) ® F
the predictable o-algebra. Let E be a separable space, a process (u(t)) with values in E
is said to be predictable if there exists a sequence of F-valued, Pr-measurable simple
functions which converges to u at every point (¢,w) in a set of full measure in [0, 7] x .
Moreover, we denote by L% (€2 x [0, T]; E) the set of functions v € L?(Q x [0, T]; E) which
are equal £ x P-almost everywhere to a predictable function u, where L is the Lebesgue
measure on [0, 7.

2.1 Hypothesis
Set

a(r) = A (r), ¥(r)= /07“ a(s)ds. (2.1)

Following [11], we impose conditions on the nonlinearity A via assumptions on ¥, with
some constants m > 1, K > 1, which are fixed throughout the whole paper. Precisely, we
assume

Hypothesis H The initial value ug satisfies ||uUH’L”nﬂ1(TN) < 0o. The function A: R — R
is differentiable, strictly increasing and odd. The function « is differentiable away
from the origin and satisfies the bounds

la(0)| < K, |d'(r)| < Klr|™>, ifr>0, (2.2)
as well as
|r — s, if |r[ Vv ]s| > 1,
Ka(r) > I>1, K|¥(r)—¥(s)| > i 2.3
a(r) > Iip>1 (W (r) — U(s)] { s i Vs < 1. (2.3)

For each u € R, the map ®(u) : U — H is defined by ®(u)e;, = ¢g*(-, u), where each
g*(-,u) is a regular function on T". Denote by g = (¢!, ¢, ...). More precisely, we
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assume that g : TN x R — I, satisfies the bounds,

Nl

Gla.u) = [g(a,u)lie = (19" @, w)[?)" < K+ ul), 2.4)
E>1
9@, ) = gyl = (D 19" @.w) = " (. v)?) T < K(lo =yl + u—o]),  @2.5)
k>1

for z,y € TN, u,v € R. For g = (¢*,¢%,...),5 = (§*,3%,...) as above, we set

Zk>1 ‘gk(x’ u) - gk(xvu)lz
d(g,g) == sup = (2.6)
)= R (1+ [ul)m+1

Remark 2.1. The condition (2.5) on g is a special case of Assumption 2.2 in [11] with
parameters £ = ; and & = 1.

Based on the above notations, equation (1.2) can be rewritten as

du(t,r) = AA(u(t,z))dt + 3o, 9% (2, u(t, z))dBk(t) in TV x (0,T],
mAL(PNY o TN (2.7)
u(-,0) = up(:) € L™TH(TY) on TV.
We denote by £(A4, g, up) the Cauchy problem (2.7).
2.2 Entropy solution
Set
Uy(r) = / I(s)a(s)ds, ¥1€ Cy(R). 2.8)
0

Clearly, by (2.1), it gives that ¥ = ¥,
We recall the following entropy solution of (2.7) introduced by [11].

Definition 2.1 (Entropy solution). An entropy solution of £(A,g,ug) is a predictable
stochastic process u : 2 x [0,T] — L™+1(T¥) such that

@) ue L™ (Q x [0,T]; L™(TY)),
(ii) foralll € Cy(R), we have ¥;(u) € L?(Q2 x [0, T]; H*(T")) and
0V (u) = l(u)0; ¥ (u),

(iii) for all convex function € C?(R) with 1 compactly supported and all non-negative
function ¢ € C%(TV x [0,T)), we have

- / : /T n(w)dyodeds < /T (u0)6(0)dz + / ' /T y(w)Agdadt

T
1 1 1
[ Gon 6 o IV ) dod
T
+ o' (u)g" (z, u)dwdBy(t), a.s., (2.9)
where ¢, is any function satisfying ¢} (£) = 7'(£)a*(¢).

Remark 2.2. (7, ¢,) is called entropy-entropy flux pair. If n(r) = +r, it follows from (2.9)
that any entropy solution is a weak solution of (2.7) (weak in both space and time). The
entropy solution w is a strong solution in the probabilistic sense.
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Referring to Theorem 2.1 in [11], the following global well-posedness of £(A, g, uo) is
proved.

Theorem 2.3. Let (A4, g, ug) satisfy Hypothesis H, then there exists a unique entropy
solution to (2.7) with initial condition uy. Moreover, if @ is the unique entropy solution to
(2.7) with initial value g, then

€Ss sup E”’Lb(t) - ﬁ(t)HLl(TN) < EH’LLO - ﬂo”Ll(TN). (210)
0<t<T
2.3 Kinetic solution

In this subsection, we pay attention to the definition of kinetic solution to (2.7). Keep-
ing in mind that we are working on the stochastic basis (2, 7, P, { F: }+eo0, 17, (Bk (f))ren).

Definition 2.2 (Kinetic measure). A map m from ) to the set of non-negative, finite
measures over TV x [0,7] x R is said to be a kinetic measure, if

1. m is measurable, that is, for each ¢ € C,(TYN x [0,T) x R), (m, ¢) : @ — R is measur-
able,

2. m vanishes for large ¢, i.e.,

lim E[m(TY x [0,T) x B%)] =0, (2.11)
R—+o0

where B, :={{ € R, |{| > R},
3. for every ¢ € Cy(TY x R), the process
(w, 1) € 2 x[0,T) = ¢(z,§)dm(z,5,§) € R
TN x[0,t] xR
is predictable.

Let M (TY x [0,T) x R) stand for the space of all non-negative bounded measures
m satisfying (2.11).

Definition 2.3 (Kinetic solution). Let ug € L™T!(T¥). A measurable function u : TV x
[0,7] x © — R is called a kinetic solution to (2.7) with initial datum w, if

1. we LETH(Q x [0,T]; L™1(TV)),
2. foralll € Cy(R), we have ¥;(u) € L*(Q x [0,T]; H}(TV)) and
0V (u) = 1(u)0; ¥ (u),
3. there exists a kinetic measure m such that f := I,.. satisfies that for any ¢ ¢

C2(TN x [0,T) x R),

/0 (), D)t + (fo, 9(0)) + / (F (1), a2(6) Ap(t))dt

k>1

T
-~ —Z/O /TN 9" (@, ulz, ) p(a, t,u(z, t))dedBy (t)
T

1

— 5/ Oep(z, t,u(z, )G (2, u(t, z))dzdt + m(9ep) + n(dep), a.s., (2.12)
o Jr~

where u(t) = u(-t,-), G* = Y72, 19F% a(-) is defined by (2.1) and n : Q —
MG (TN x [0,T) x R) is defined as follows: for any ¢ € Cp,(TV x [0,7) x R),

T
n(¢):/0 /TN/]R¢(a:,t,f)|VW(u)\2d6u(t7I):§dxdt. (2.13)
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Let (X, \) be a finite measure space. For some measurable function v : X — R, define
[ X xR = [0,1] by f(2,£) = I:)>¢ a.e. weuse f :=1— f to denote its conjugate
function. Define Af(z,&) := f(z,&) — Iop>¢, which can be viewed as a correction to f. Note
that Ay is integrable on X x R if u is.

It is shown in [12] that for each kinetic solution u to (2.7), almost surely, the function
[ = ILy(z1)>¢ admits possibly different left and right weak limits at any point ¢ € [0, 7.
More precisely, the following results are obtained.
Proposition 2.4 (Left and right weak limits). Let u be the kinetic solution to (2.7) with
initial datum wy. Set f = I,»¢ and fy = I, >¢. Then f admits, almost surely, left and
right limits respectively at every point ¢ € [0,T]. More precisely, for any ¢ € [0,T], there
exist kinetic functions f** on Q x TV x R such that PP-a.s.

(flt=71),0) = ([, 9)

and
(Ft+7),0) = (7, 9)

asr — 0 for all ¢ € C?(T" x R). Moreover, almost surely,
- 1me == [ Ocioli, )Ty (5)dm(z, 5,€).
TN x[0,T]xR

In particular, almost surely, the set of ¢ € [0, T fulfilling that f!* # f!~ is countable.

For f = I,~¢, define f* by f*(t) = f'*, t € [0,T]. Since we are dealing with the
filtration associated to Brownian motion, both f* are clearly predictable as well. Also
f = ft = f~ almost everywhere in time and we can take any of them in an integral with
respect to the Lebesgue measure or in a stochastic integral. However, if the integral is
with respect to a measure-typically a kinetic measure in this article, the integral is not
well defined for f and may differ if one chooses either f* or f~. Due to [12], the weak
form (2.12) satisfied by f = I,,~¢ can be strengthened to be weak only respect to x and
&. This property plays an important role in establishing a comparison principle which
allows to prove uniqueness. Concretely,

Lemma 2.5. The function f = I, satisfying (2.12) fulfills that for any t € [0,7] and
p € C3(TN x R),

0,0+ (for) + /t<f() 2(6) Ap)ds
:—Z/ | | @0t v (dedsits

k>1
,5/0 AN/]R3590(937g)Gz(Ivf)de,s(f)da:ds
+ (m, ) ([0,1]) + (1, Bep) ([0, 1]), a.s., 2.12)

where v := —0¢ f = dy—¢ and (g, 0e)([0,t]) = fTNX[O’t]XRagcp(x,g)dm(x, s,€) for g = m,n.
As stated in the introduction, the starting point of this paper is the equivalence
between entropy solution and kinetic solution. Now, we give a brief proof.

Proposition 2.6. Let uy € L’”“(']PN). The kinetic solution to (2.7) in the sense of
Definition 2.3 is equivalent to the entropy solution to (2.7) in the sense of Definition 2.1.

Proof. Let us first prove that a kinetic solution is an entropy solution. To achieve
it, we choose test functions ¢(z,t,&) = ¢(z,t)n'(£), where the non-negative function
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é(x,t) € C*(TN x [0,T)) and the convex function € C?(R) with n” > 0 compactly
supported. Assume that u(z,t) is a kinetic solution to (2.7), then from (2.12), we deduce

that
T
/0 /TN/]RIu(m,t)>§n’(£)3t¢(a?,t)d{dxdt+/TN/]RIqL0>£n/(£)¢(O)d£d$

T
- / / / Lu(oyca® () (€) A(t)dedurdt
0 ™ JR

T
4 / o, " (ulr, £))| VO () Pt
0 ™~

-y / /T (@, ulz, 1) p(@, )1y (u(, t))dwdBy (1)

k>1
3 / o(z, )" (u(z, t)G*(z, u(t, z))dxdt + m(p(z, t)n" (u(z, t))). (2.15)
o Jr~

In view of ¢ € C3(TV x [0,T)), we deduce that

/OT /TN/]Rlu(w,t)>577/(§)at¢($,t)dfdmdt—|—/TN/]Rlu0>§n’(§)¢(0)d§dx

T
- / / (n(u(z,1)) — 1(~00))Ded(z, t)dadt + / (n(un) — 1(~00))B(0)dx
0 ™~

T w
=/ / n(u(m,t))@tcé(x,t)dxdt—k/ n(ug)p(0)dx. (2.16)
0 TN N

Taking into account that ¢, (¢) = a*(£)n'(€) and ¢ € CZ(TV x [0,T)), we arrive at

T
/ / / Lu(o.yoca® () (€) Ao (x, t)dédudt
0 TN JR

T
B ~/O /][‘N /H{Iu(x’t)>§q;7(£)A¢(IC,t)dfdmdt

:/0 /TN(%(u(x,t))—qn(—oo))A(p(x’t)dxdt

T
= / / gn(u(z,t))Ad(x, t)dxdt. (2.17)
o JrN

Based on (2.16)-(2.17) and by m(é(z, t)n” (u(z,t))) > 0, it follows that u satisfies (2.9).
Moreover, (ii) in Definition 2.1 is implied by condition 2 in Definition 2.3.

Conversely, we suppose that u(z,t) is an entropy solution to (2.7) satisfying (2.9). For
any non-negative function ¢(z,t) € C?(TY x [0,T)) and any convex function n € C3(R)
with " > 0, we define a linear form m as follows:

m(p@n") : / / 6t¢dmdt+/Nn(uo)¢(0)dx
/ / () Adpddt
+/ /TN *¢Ti”(u)G2(;v,u)—¢n”(u)|V\If(u)|2)d:vdt
> / g" (@, w)dzdB (). 2.18)

k>1
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Since u is an entropy solution, we know that m is non-negative for any ¢ > 0. By density,
m can be extended to a linear, non-negative functional on C.(T¥ x [0,7) x R), by Riesz
representative theorem, there exists a non-negative Radon measure [ such that i(¢) =
m(p) for ¢ € C.(TN x[0,T)xR). For the convenience, we denote [ = m. Moreover, for any
R >0, define Og(s) = I;>r, Or(§) = fof Jy Or(s)dsdr, and denote by {7}, }n>1 a sequence
of smooth convex functions approximating © . Fix some ¢ > 0 such that T'— 2. > 0. Now,
we choose a sequence ¢,, € C°([0,T)) satisfying ||(£n||Loo([0’T]) vV ||(5§1HL1([0’T]) <1and

Jim (lén = a3 o,7)) = 0, (2.19)
where «, : [0,7] — R satisfies that «,(0) = 1 and o, = —"'Iy_9, 7—,. Clearly, for
T €1[0,7T],

1, 0<7<T—2,
a(r)= 1—v Y7 —-(T-2), T—20<7<T -4, (2.20)
0, T—-—1<7<T.

Taking ¢ = qgn and n = 7, as test functions in (2.18), letting n — oo and ¢« — 0, and by
using the Lebesgue dominated convergence theorem, we deduce that limp_, ., Em(TV x
[0,T) x [R,00)) = 0. Similarly, we get limpg_, o, Em(T" x [0,7) x (—oc0, —R]) = 0. Hence, m
is a finite non-negative measure satisfying (2.11). The condition 1 and 3 in Definition 2.2
are readily deduced from (2.18). Thus, m is a kinetic measure.

Taking n(§) = ffoc ¢ in (2.18), by using (2.16)-(2.17), we conclude that (2.12) holds
for p(z,t,8) = ¢(x,t)s(£). Since the test functions ¢(x,t, &) = ¢(z,t)s(€) form a dense
subset of C2(TY x [0,T) x R), we get (2.12) holds for any ¢ € C?(TY x [0,T) x R). O

On the basis of Proposition 2.6, we deduce from Theorem 2.3 that

Theorem 2.7 (Existence, Uniqueness). Let uy € L™*1(T"). Assume Hypothesis H holds,
then there exists a unique kinetic solution u to (2.7) with initial datum uy.

3 Freidlin-Wentzell large deviations and statement of the main
result

We start with a brief account of notions of large deviations. Let {X¢}.~o be a family
of random variables defined on a given probability space (2, F,P) taking values in some
Polish space €£.

Definition 3.1 (Rate function). A function I : £ — [0, o] is called a rate function if I is
lower semicontinuous. A rate function I is called a good rate function if the level set
{zr € &:1(x) < M} is compact for each M < oo.

Definition 3.2 (Large deviation principle). The sequence {X¢} is said to satisfy the large
deviation principle with rate function I if for each Borel subset A of £

— inf I(z) <lim inf elogP(X® € A) <limsupelogP(X*® € A) < — inf I(z),
rEA° e—0 e—0 T€EA

where A° and A denote the interior and closure of A in &, respectively.

Suppose W (t) is a cylindrical Wiener process on a Hilbert space U defined on a
filtered probability space (2, F, {F;}+c[o,7], P) (that is, the paths of W take values in
C([0,T);U), where U is another Hilbert space such that the embedding U C U is Hilbert-
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Schmidt). Now we define

T
A= {¢: ¢ is a U-valued {F;}-predictable process such that / |p(s)|Fds < oo P-a.s.};
0

T
Sur = {h € O.TRV) s [ n(o)fds < M)

Ay = {d) cA: gb(w) S SM, ]P-a.s.}.

Here and in the sequel of this paper, we will always refer to the weak topology on the
set Syy.

Suppose for each ¢ > 0,G° : C([0,T];U) — £ is a measurable map and let X¢ :=
G¢(W). Now, we list below sufficient conditions for the large deviation principle of the
sequence X°¢ as ¢ — 0.

Condition A There exists a measurable map G° : C([0, T];U{) — & such that the following
conditions hold

(a) For every M < oo, let {h® : e > 0} C Ay,. If h. converges to h as Sj;-valued random
elements in distribution, then G=(W(-) + % Jo h°(s)ds) converges in distribution to

G°(Jo h(s)ds).
(b) For every M < oo, the set Ky = {G°( [, h(s)ds) : h € Sy} is a compact subset of £.

The following result is due to Budhiraja et al. in [6].

Theorem 3.1. If {G°} satisfies condition A, then X°© satisfies the large deviation principle
on & with the following good rate function I defined by

1

T
I(f) = inf 7/ h(s)|Zds}, VfeE. (3.1)
() {heLz([o,T];U):f:gwo'h(s)ds)}{2 0 Ih(s) e } f

By convention, I(f) = oo, if {h e L2([0,T};0) : f =G/, h(s)ds)} = 0.

Recently, Matoussi, Sabagh and Zhang [24] proposed a new sufficient condition
(Condition B below) to verify the assumptions in Condition A (hence the large deviation
principle). It turns out this new sufficient condition is suitable for establishing the large
deviation principle for (2.7).

Condition B There exists a measurable map G° : C([0, T];U4) — € such that the follow-
ing two items hold

(i) For every M < 400, and for any family {h°;e > 0} C A; and any 6 > 0,
lim ]P(p(Yf, 7¢) > 5) —0,
e—0

where Y* := G° (W() + % Io hE(s)ds), Z¢ :=G" ([, h*(s)ds), and p(-,-) stands for
the metric in the space £.

(ii) For every M < +oo and any family {h°;e > 0} C Sj, that converges to some element
has e — 0, G° ([, h*(s)ds) converges to G° ([, h(s)ds) in the space .
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3.1 Statement of the main result

In this paper, we are concerned with the following SPDE driven by small multiplicative
noise

{00 = AN+ Ep o o )0 39

u®(0) = wo,

where ug € Lm+1(TN). Under Hypothesis H, by Theorem 2.7, (3.2) admits a unique
kinetic solution u® € L!([0, T]; L}(T%)) a.s. Therefore, there exists a Borel-measurable
map
g C([0,T);u) — L([0,T); L' (TY))
such that u®(-) = GE(W(+)).
Let h € L([0,T];U) with h(t) = >, hx(t)ex, we consider the following skeleton
equation a

{ du = A(A(uM))dt + 37, 95 (@, ul (¢, x)) e (2)dt, (3.3)

u”(0) = up.

The solution u”, whose existence and uniqueness will be proved in the following
section, defines a measurable map G° : C([0,7);U4) — L'([0,T]; L*(T")) such that

go(fO' h(s)ds) = ul(").
We are ready to proceed with the statement of our main result.
Theorem 3.2. Assume Hypothesis H holds, then u°® satisfies the large deviation principle

on L'([0,T]; L*(T")) with the good rate function I given by (3.1).
4 Skeleton equation

4.1 Existence and uniqueness of solutions to skeleton equation

In this subsection, we fix h € Sy, and assume h(t) = Y hi(t)er, where {ex}r>1 is an
k=1

orthonormal basis of U. Now, we introduce two kinds of definitions of solutions to the
skeleton equation (3.3).

Definition 4.1 (Entropy solution). An entropy solution of (3.3) is a measurable function
ul 1 [0,T] — L™+(TV) such that

@) u" e L™H([0, T); L™H(TY)),
(i) for alll € Cy(R), we have ¥;(u") € L?([0,T]; H*(TY)) and

aillfl(uh) = (uh’)ai‘ll(uh),

(iii) for all convex function 1 € C?(RR) with " compactly supported and all non-negative
function ¢ € C2(TY x [0,T)), we have

- /OT /EN n(u)0ypdxdt

T T
. " uh uh 2 T
< [ ntwyede+ [ [ ascdsa— [7 ] o't vet) o
T
=0 [ [ @t en @ odsar, (1)

k>1

where ¢, is any function satisfying ¢, (§) = 7'(§ Ya2(€).
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Definition 4.2 (Kinetic solution). Let uy € L™+ (T"). A measurable function u" :
T¥ x [0,T] — R is said to be a kinetic solution to (3.3), if

(1) there exists C,,, > 0 such that
T
|1 @l oyt < Con 42)
0

(2) foralll € Cy(R), we have ¥;(u") € L%([0,T); H'(T")) and

2 (u) = 1(u")0; W (uh). (4.3)

(3) there exists a measure my;, € Mg (TY x [0,T) x R) such that f, := I, satisfies
that for all p € C2(TY x [0,7] x R),
T T
| 0,20yt + (o) + [ (0@ Aol
0 0

T
— =X [ [ st et ) dods

k>1
+mp(9ep) + np(Oep), (4.4)

where fo(z,£) = L,>¢ and n, € MJ(TY x [0,T) x R) satisfies that for any ¢ €
Cy(TN x [0,T) x R),

T
mn0) = [ [ ] oot U it @.5)

Similarly to Lemma 2.5, (4.4) can also be strengthened to be weak only respect to x
and &, that is, forall t € [0,7] and p € C?(TY x R)

t
0

== [ [ ] st @

k>1
+ <mh7 85(,0>([0,t]) + <nh>8§(p>([07t])v (4.6)

.0 + (foro) + / (f(5), a%(6) Ap)ds

where v (&) = —0¢lnsg = Oyn_g.
In the rest part, we shall prove the uniqueness of kinetic solutions to (3.3) firstly,
then, based on the uniqueness, we show the existence part.

Consider

{ da" (t,0) = A(A(@")dt + 3y 7 (2, @ (¢, @) b (t)dt, 4.7)

a"(0) = i,
whose kinetic solution is denoted by @". Moreover, define
a(r) =\ A'(r), \i/(r) = / a(s)ds.
0

In the following, we devote to proving a comparison theorem associated to kinetic
solutions " and @". It states that
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Proposition 4.1. Assume that (4, g, u) and (A, §, @) satisfy Hypothesis H, and let u",
4" be kinetic solutions of (3.3) and (4.7), respectively. Set f; = Iynse, fo= Ign¢, and
the corresponding measures are denoted by my,n; and mo,ns. Then, forany 0 <t < T,
and non-negative test functions p € C°(T¥), ¢ € C>(R), we have

L Jos =0 = O (5 DT (0.0 5 O3 0,0y

< [ o= 0= O o &) Faaly,€) + Froe. ) faoly.¢))dédcdrdy
V)2 JR2

+ 2K + Ko + K3 + 2Ky, (4.8)

- / / / Pl — y)o(€ — Q)dvk (€)dudna(y. (. 5)
0 J(TN)2 JR2

- / / / Pl — g)o(€ — w2 \(O)dydn (2, €, 3),
0 J(TN)2 JR2

t
K, = / / Fif2(a®(€) + a2(0) Awpla — y)p(€ — ¢)dedCdadyds,
0 ’]I‘N)Q R2

where

t
K3 = / / fifa(@®(€) + @ () Awp(x — y)¥(§ — ()déd(dwdyds,
(TN)2 JR2

= [ [t [ (.9 - 0. o
k>1 TN)2
vk @ a2 (€, Q)dadyds,

with
£—¢
0 / e -0de = [ wdy, fro@,€) = e

f2 0(3j 5) z)>&H Va;,s(g) = 6uh:£a V;,S(C) = 611’“‘2@“

Proof. Let ¢1 € C°(TY x Re) and 3 € C°(T) x Re). By (4.6), we have
t
() 01) = (Fror 1) + / (F1(5), a2(€) Anipr (5))ds
+3 [ [ [ Feoaeonen @i

E>1
= {m1, 9ep1)([0,4]) = (n1, D) ([0, 2]).

Similarly, it holds that
3 0).02) = oorn) + [ (o980 A ea(o))ds
*Z/ /TN/ (4, w2y, Ohu(s)dvy (C)dyds

k>1

+ (m2, 0cp2) ([0, ]) + (n2, Ocp2) ([0, ).

Denote the duality distribution over T} xR¢ x T, xR¢ by ((-,-)). Setting a(z,£,y,() =
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w1(z,&)pa(y, ) and using the integration by parts formula, we have
t
OO0 = oo+ [ [ [ RREE©A + (5 adedcdrdyds
(TN)2 JR2

/ / F (5,2, €)ag" (v, Ohy()dedv? ,(¢)ddyds
k‘>1 ’]I‘N)Z R2

/ / T (5,9, Oagh (@, €)hi(s)dCdv? (€)dadyds
k‘>1 ’]I‘N)Z ]R2

" /0 /(TN)2 R2 f1+(8, s §)agadfdxdm2 (Y, ¢ 8)
t

a / / I (5,9, ) OeadCdydm, (x, €, s)
0 (’]I‘N)z R2
t

+/(; [TN)z R2 f1+(5ax,f)agadﬁdxdng(y,gs)

t
- / / f;(say7C)8§adCdydnl($7fas)
0 J(TN)2 JR2

= ((fiofoo, @) + 1+ T+ I3 + Iy + Is + I + I (4.9)

Similarly, we have
(W01 (0).0)) = (hofaoa)) + [ / o o FFPOB + 8 (OB, adedCdadyds

JrZ/ /T fi (s, 2,8 0d" (y, Ohw(s)dédv] () dadyds

k>1 N)2 JR?
_;/ /TN)Q |, £ (5.9, Oag® (@ Ohi(s)dvy, () dl drdyds

_ / / i (s, 2, €)0cadtdzdma (y, C, s)
0 (TN)2 R2
t

+/o /(TN)z R2 £ (5,9, )OcadCydm (, €, 5)
t

,/ / fi (s, 2, €)0cadédrdns(y, ¢, s)
0 (TN)2 R2

t
[ 15 (5,9, )OcadCdydny (@, €, 5)
0 (']I‘N)Q R2
= <<f_'1,0f270, Oé>> + Tl + fg + jg + j4 + j5 + jﬁ + j7. (410)

By a density argument, (4.9) and (4.10) remain true for any test function o € CSO(TQ’ X
R x rJl“_f/\’ x R¢). The assumption that « is compactly supported can be relaxed thanks to
(2.11), (4.2) and (2) in Definition 4.2. Using a truncation argument of o, it is easy to see
that (4.9) and (4.10) remain true if a« € Cg°(TY x Re x T} x R¢) is compactly supported
in a neighbourhood of the diagonal

(@& 0weTY R},
Taking a = p(z — y)¥ (€ — (), then we have the following remarkable identities
(VatV,)a=0, (9 +d)a=0. (4.11)
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With the aid of (4.11), we get

t
_ / / £t (s, 2,€)dcadedadma(y, ¢, )
0 (TN)2 R2

t
[ e @ty <o
0 J(TN)2 JR2 ’

and

t
I; = / / T (5,9 O)dcadmi (2, &, 5)dCdy
0 J(TN)2 JR2

¢
= —/ / / adml(x,g,s)dugs(odyg().
0 (']I‘N)Z R2 ’

Similarly, we have I, + I5 < 0. By utilizing (4.11) again, it follows that

t
Is + I = _/ / / adv? (&)dzdna(y,(, s)
0 (TN)Q R2 ’
t
_ / / / adv? (Q)dydn (¢, €, )
0 (']I‘N)Z R2 ’
e Kl

By the same argument, we have Is + I; = K,. Moreover, it is readily to deduce from
(4.11) that

t
I = / / P (@(€) + @ (0) ApadedC dudyds
0 (’]I‘N)Z R2
=: Ko,

and

¢
_ ) ) .
I = /0 /(TN)2 /1R2 Jfif2(a” (&) + a*(¢))AyadédCdrdyds

For some &,( € R, set
xi(,0) = / (e — Qe

then, I> can be written as

t
B=-3 L) o o 570590t )96, 03, e (s

= L Jyote =003 w Ot ([ 57 0,2, 00006, €y

k>1

:_Z/ /TN / (z = y)x1(5, 07" (Y, Ohe(s)dvy @ dv] (€,()dadyds.  (4.12)

E>1
Similarly, for &, € R, let
¢&) = P(€ — ¢,
(0= [ w0
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it yields

//’]I‘N / 5 (5,9, 0)p(x = 1)9cx2(C.§)g (@, &)hy(s)dv (f)d{da:dyds
E>1

-->f S Jo =09 @) ([ T3 6 0000a(6, O (s

k>1

> [ S, Jo GO =g e o)) 0 (6 Ordyts. (@.13)

k>1

Note that x1(,¢) = x2(¢,€) = [*_° ¢(y)dy. Combining (4.12) and (4.13), it follows
that

I+ I3

-3 [ S P20 [ 210 8) = 0, @ 7 (6, s

k>1
=: K4.

Similarly, we have I, + I; = K,4. Based on the above, the equation (4.8) is established for
f;7. To obtain the result for f;, we take t, 1 t, write (4.8) for f;7(¢,) and let n — co. 0O

Theorem 4.2. Assume that (4, g,uo) and (A, §,1) satisfy Hypothesis H and let u :=
uh, % := 4" be kinetic solutions to (3.3) and (4.7), respectively. We claim that

(1) if A= A and g =g, then fora.e. t € [0,7],

Ju(t) — a(t)|| prrvy < BT ug — dg || propvy,s (4.14)

(2) furthermore, for all 7,6 € (0,1), A € [0,1] and a € (0,1 A %), we have for a.e.
t€10,17,

[[u(t) = a(t)|| L1 ey
<&(7,6) + HTHM) [HUO — g 1wy + Eo(7,0)

+ Noy 2(\2 + 52a)<1 + [l 0,7y xwmy + 11

Tm([o,ﬂxw))
+ Nov 2| Hjuyzry (14 [u) [T o 7yxmny + N07_2H1|a\2m(1 + Do 0,7y

FROA2) T4 M) +ddo,0) (L il YT an),

where &y(v,9),&(v,0) — 0 as v,6 — 0, the constant Ny is independent of v, 4, ),
and R, is defined by

Ry :=sup{R € [0,00] : |a(r) — a(r)| < A\, V|r| < R}.

Proof of Theorem 4.2. Let p., 15 be approximations to the identity on TV and R, respec-
tively. That is, let p € C=(T%), ¢ € C2°(R) be symmetric nonnegative functions such as
Jynv p=1, [ ¥ =1and suppy C (—1,1). We define

py(z) = %Np(%) Ps(§) = %1&(%)-
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Letting p := p,(z — y) and ¢ := 9s(§ — () in Proposition 4.1, we get from (4.8) that
S oo = DS~ QU L O 0,0+ FE . )5, ey

< / / P — (€ — O Fro(@ ) oo ) + Frole, &) faoly, O)dédCdady
(TN)2 JR2
+ 2Ry + Ra + R3 + 2Ry, (4.15)

where Ri, Rs, R3, R4 in (4.15) are the corresponding K, K5, K3, K in the statement of
Proposition 4.1 with p, 1 replaced by p., 15, respectively. For simplicity, we still denote

by x1(¢; ¢) with p, ¥ replaced by p, ¥s.
For any ¢ € [0,T], define the error term

gt(’)/a 5)
= / pge SO BT (o O 4 J st 15 (s, ) (= ) (€ — Oy

- [ [t @ + 5w o) @.16)
By utilizing [, ¥s(¢{ — ¢)d¢ = 1 and fo‘s s (¢d¢ = f s Us(¢)d¢ = 5, we get
’/TN)Q/pw(w—y)fli(x,taf)ff(y,tf)dé“dxdy
/ FE @) FE (5,6, O pe (5 — 9) s (€ — ) dndydedC
’]I‘N)Q RQ
| [ e [ 5 [ s OUF 0.6~ B .0y
TN)2 R
£ _ _
< / P — 1) / fE @ 1,6) / (€ — OE W 1,€) — FE (u,1,C))dCdedudy
(TN)2 R -6
£+6 B -
+ / / o — ) fE@t6) [ 0s(€ — OUEWt.0) — FE(y.1,€)dCdedudy
™2 JR ¢
)
< / P — y) / 8(¢) / FE @t O (FE W, €) — FE (€ — ¢))dgdC dady
(TN)2 0 R

0
4 / Pl — 3) / 0s(C') / FE@, )5 (9,1, 6 — ) — Fi (4,1, €))dedC dady
(TN)2

<o f ey / sl ) ([ viua)) ey
o emte = ([ watcrac)( [ viuae))asay
%(5—1— -0 =4, (4.17)

where we have taken into account the facts that fzi(y,t,f) is increasing in &, and
fli(x,t,f) < 1. Similarly, it yields

[ ] o= ) £ . ) dedody
™)2 JR

a /TN)Z R Fi (@, .8 5 (y,t. Q)pa( — y)s(€ — ¢)dadydédC| < 6. (4.18)
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Moreover, when ~ is small enough, it follows that

[ Jopr @ s 0 st gasdyae— [ [ et 5 et e
TN)2 ™ JR

‘/TN /Pw f1 z,t f)(fz (y,t,€) — fgi(x,t7§))d§dydx’

— f* ded
< lslug/wffl LONE@ — 2,1,6) — FE (21,6 |deda
< Sup /’JTN/ |_f2 Z,t,f)+[0>§—I()>5+f2i(.13,t7£)|d§dl'

[z]<v

sup /TN/]R|Afzi($_Z7t’§)_Aff(x’t7f)|dfd$~

[z|<v

In view of the integrability of Af,, we have

v—0

hm‘/TN)Q/Pv ) fi (2, 6,8 f5 (y, t, ) dédudy — /N/]Rff(x,t,f)fgi(x,t,g)dgdx’
(4.19)
Similarly, it holds that

hm) Lo oot =0Tt Ot iy [ 56 5 o g

=0
(4.20)
Based on (4.17)-(4.20), we have
Whm Ei(v,0) =0. (4.21)
In particular, when t = 0, we get
7}(isrgo Eo(y,0) =0. (4.22)

From now on, we devote to making estimates of Ry, R2, R3 and R4. Notice that
t
Rivke= [ f F1Fa(al€) = G(0)?*Aupy (& — y)is(€ — C)dgdCdadyds
0 (TN)Z ]RZ

t
Lo / / F12a(€)a(C) Aups (1 — y)ibs (€ — C)dédCdudyds
0 (TN)2 R2

t
[ eete = st~ Qv (@ dadnaty )
o J(y)2 Jr2

[ eete = st~ iy (.6,
0 J(rN)2 JR2
=J1+ o+ J3+ Js.

We will prove Jy + Js + J4 < 0 by using similar method as [13]. From the definition of n;
and no, we have

Jy+Jy= — / / Y)s(u — )|V, U (@) | 2dedyds
TN 2

- / [ oo = st~ D)V, () Pdzdyds,
0 (’]I‘N)Z
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Due to the chain formula (4.3), for any [ € C(R), it yields
ai/ FI(E)a(€)de = b, / AI(E)a(€)de = AWy (u) = ()T (u),
R

where Ay = f — Ip~¢. Then, we deduce that

JHZ / L o Oe OO S~ st — ey

oy / [ oo = s~ 00, 0w, b(@)dodyds.
']I‘N)Z
Based on the above estimates, we get

o+ Jy+ Ji = Z/ / ) (u — )|y, B (@) — Dy, W (w) Pdwdyds
TN)z
<0.
Thus, Ry + Re < Ji. By the same method as above, we have

Ri+ Ry < / / Frf2(a(€) — 6(0))2Aups(x — y)s(€ — C)dedCdudyds.
0 J(rN)2 JR2

Therefore,
2R1 4+ Ry + R3
< / / (1o + Fof2)(@(€) — 6(0)) D (i — y)s(€ — Q)ded(drdyds
TN)2 JR2

N oot s

2 _ i N = (AIN2 e 3

<23 | /TN)QlaxiyiMx il [ € = ) — e Pagac
dvl . ® dl/y (&, Q)dxdyds.

By similar arguments as in the proof of (4.18) in [11], we get for all a € (0,1 A %)
there exists a positive constant Ny independent of v, d, A such that

2R, 4+ Ry + R3

T
<Ny P2 e [t [0 e gk, @ d (6 G dadyds]
0 (TN)2 JR2
T
+Noy / / / Tigiz s (L4 [€)dvy @ duvy (€, )dwdyds
0 (']I‘N)Z R2

T
+ No»y—Q/ / / Licisry (14 [C) vy, @ dv7 (€, C)dzdyds
0 (TN)2 JR?2
< Noy 2(X* + 52&)(1 + 1wl Fon o, 7wy + ”ﬂHanm([O,T]x’]I‘N))

T
+ NO’Y_Q/ / Liy> Ry (1 + |u])"dxdyds
0 (']TN)Q

T
+ Nm—?/ / Liaj> ry (1 + |@]) ™ dxdyds. (4.23)
TN)2
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For the remain term R4, it can be bounded as

/ S P2 @90 [ 060 S 16 8) = @Ol @ (6, s

k>1

<[ S P2 @90 [ 060 S 16 8) = @Ol @ (6,

k>1

//TN (@ =y /leCZIg (y:¢) — 3" (v, )|k (s)|

E>1
dl/z’s ® duyvs(é, ¢)dzdyds

By Holder inequality and (2.5), we deduce that

Ll_/o/qu)z (x—y /Xlﬁ((zw (@,8) — )%<Z|hk )

k>1 E>1
dI/LS ® duy,s(g, ¢)dxzdyds

t
< [l [ mta ==l [ vl Ok 8 6, oy

t
_ _ 1 2
FK [l [ ot [ a0~ a6 Qdadyds
=:Li1+Lip.

N|=

By utilizing

/ (€ O, @ dv? (£,) < 1
R2

/ Pl — )|z — yldady < 7,
(TN)

we get

t
Lin <Ky [ h)lods (4.25)
0

To dealing with the term L; », we adopt the similar method as [14]. Taking into account
vt = 0,—¢ and v? = §;—¢, it follows that

t
Lia <K [l [ [ pole = wlé ~ Clivd, @ (¢, Cdudyds
0 (TN)2 JR2
t
& [l [ (o= ) ) dadyds
0 (TN)2
t
A [l [ oo =) ) dedyds
0 (']I‘N)Q

t
— _ + 7+ == +
= [ [ [ o0 s O 0009+ T, 98 15.6)
dédxdyds,
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where we have used the following identities
/wagﬂdg =(u-a)t, /}Rmfﬁxdg =(u—a)". (4.26)
Then, we deduce from (4.17) and (4.18) that
Lis < 26K /O ' h(s)wds
LK / k)l /( . / ETE 4 FE 5o = )l = QdodydeiCas. - @.27)
Hence, combining (4.25) and (4.27), we get
LKy +20) | () s
+ K /0 )l /( . /R AT+ P15 oy — y)us(6 — Q)dadydgdCds.  (4.28)

Utilizing Holder inequality, we deduce that

s [ ey 0 [ 0[S0 -3 0.0F) (S )

dyxvs ® dyy,s(gv ()do:dyds

< [ L o) [0+ 1) i oy

<aieq) [ [ e [ 0 Fa

s @ dvy (€,¢)dadyds
ds ( ”)(1+H~Ilm2+1 /tlh( )l / ( )dzdyd
2 i
9 L= (o1 TN) T gy P P

1
< d(g, g)(1+HUII £ 0 71X /Ih )|vds. (4.29)

[N

IN

Combining (4.24), (4.28) and (4.29), it yields

t m41 t
Ro< Ky +20) [ Iollods +db0.0) (1 a5 ) [ ke)luds
t — —
AK [0l [ [ GEE (- 0)oe - Odudydedcds. (4:30)
0 (TN)2 JR2
Collecting (4.15), (4.23) and (4.30), we conclude that
S oo = DS~ QU L O 0,0+ FE . )50 ey
< f- f: dédx + (v, 6
< /TN /]R(f1,0f2,0+f1,0f2,0) Edx + (v, 9)

+ Noy 2(N° +6°%) (1 Hllullzo o, 7y xv) + ||77‘H?*"<[0’T]XTN))

T
+ No’Y_Q/ / I\uIZqu + |ul)™ dzdyds
0 (’]I‘N)Z

T
+ Ny~ / / Tasry (1 + [a])™ dedyds
0 (TN)Z
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m+1
2

t N ~ _ t
w2 +20) [ s)lvds+ 28 0) (1 a5 ) [ ke lds

2K / Ih(s)]w / / (FEFE + FE 1) py (@ — y)s(€ — O)dadydéd(ds,
0 (TN)2 JR2

where &£y(v, d) is defined by (4.16).
Applying Gronwall inequality and utilizing fot |h(s)|uds < (T + M)/2, we obtain

S oo 9E = QU @t O (:,0) + et 05 1, Oy

< KT [/ / (f1,0f2,0 + fr0f2,0)dédz + E (7, 0)
™ JR
+ Nov 2(\ + 52&)(1 + ull T 0,7y + ”ﬂHTM([O,T]xTN))

T
+ No'y_Z/ / Ly g, (1 + |u])™dzdyds
0 (TN)2

T
+Nov‘2/ / La>ry (14 |4]) " dzdyds
0 (']I‘N)Q

m+1
2
m41

L2 ([O,T]XTN))(

+K(7+25)(T+M)+d%(g,g)(1+ [t1 T+M)]. (4.31)

Then, it follows that

| [t 0 @0 + @t ff (o0, 6)dude
= fo o 0 O ot OF 0.+ i O 0, Oy
+ gt(’%(s)
< Ei(7,0) + KT+ {/ / (fr.0f2,0 + f1,0f2,0)dEdz + E(v,6)
T~ JR
+ Noy 2(\* + 6%) (1 + wll T 0,7y xwny + ||71||ZL7"([0,T]><TN))
T
+ Noy™ /0 /(’]I‘N)z Luj> Ry (1 + [u]) ™ dzdyds

T
+N07*2/ / Lasry (14 |0]) ™ dzdyds
0 (TN)Z

m+1
2

T+ M 4.32
L"L;l([O,T]xTN))( + )}’ ( )

+ K(y+20)(T + M) +d? (9,3) (1 + |1

where &y(v,6),E(y,0) — 0, as v,5 — 0.
When A = ng = g, we can take A = 0 and Ry = +oo. Then, by (4.2), we deduce from
(4.32) that

| [0 @00 + e 5 o)

< &i(7, ) 4 K THM) {/TN /]R(f1,of2,o + f1,0f2,0)dédz + Eo (7, 6)

+ NoCrny 262 + K (v + 20)(T + M)} .
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Taking § = 7%, we get

/l/h FEVFE (2, €) + FE (0,1, ) f (2.1, €))dud
< &(7,9) + 6K(T+M) / / (fr0f2.0 + frof20)dédz + Ey(7, 5)
™ JR
+NOCm7+K(7+2~y%)(T+M)]. (4.33)

Letting v — 0, we deduce from (4.33) that

/ / (FE (0,1, €) T (2, 4,€) + T (2,1, €) fE (.1, €))ddt
< K T+M)/ /(fl,ofzo+J?1,0f2,0)d§dl"- (4.34)
™ JR

Since f1 = Iu>e¢, fo = lase, f1,0 = Lug>e, f2,0 = lay>¢, with the aid of (4.26), we deduce
from (4.34) that

[u(t) — a(t)||Lr(rry < R TTM gy — ol (-

We complete the proof of (1).
Now, it remains to prove (2). Utilizing (4.26) again, we deduce from (4.32) that

[u(®) = a(®)] o)
< E(3,6) + KT [llug — o | 1 oy + E9(3,0)

+ Noy (A2 4+ 02) (1 [ull P o ) + 1

Tm([o,T]xqu))
+ NO’Y_QHI"U«lZR)\(l + |U|)H;:nm([o T)xTN) T N07_2||I|ﬂ|23/\(1 + |a|)||7an([O,T]><TN)

+ K(y+20)(T + M) +d5(9.5) (1 + 1] % T+ M),

([0,77x TN)>(
which implies (2). O

Now, we are in a position to show the uniqueness.

Theorem 4.3. Assume (4, g, up) satisfy Hypothesis H, then the skeleton equation (3.3)
has at most one kinetic solution.

Proof of Theorem 4.3. Taking ug = g in (4.14), we get
lu() — @)1 rvy = 0, ace. t € (0,7,
which implies the uniqueness of solutions to (3.3). O

Now, we devote to proving the existence of kinetic solutions to (3.3).

Theorem 4.4 (Existence). Assume (A, g, ug) satisfy Hypothesis H, then for any 7' > 0,
(3.3) has a kinetic solution u" on the time interval [0, 7).

Proof of Theorem 4.4. By the similar method as Proposition 2.6, we get the equivalence
between entropy solution and kinetic solution to (3.3), hence, it suffices to prove the
existence of entropy solutions. For technical reasons, we follow the spirit of Dareiotis et
al. in [11] to introduce the approximations of the coefficients of (3.3). Define

®(N+1
gn =05 T g =0V (AN)), u = PN % (—nV (ue() An)). (4.35)
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It’s easy to verify that if g and ug satisfy Hypothesis H with a constant K > 1, then the
same holds for g, and ug,, with constant 2K. It is also clear that g, ¢ C‘X’(TN x R)
with first order derivatives bounded by C(n, K). Also, g, is a bounded C*(T")-valued
function for any £ € IN and

d(gvgn) — Oa ||U0 — Uo,n ﬁj-&l(TN) — 0; as n — 0. (436)

Now, we focus on the approximation of A. Taking a symmetric mollifier py supported on
[0, 0], for instance, py(r) := [ po(r + s)pe(s)ds. Set 6, :=sup{6 € (0,1] : |a(r) — a(¢)] <
1/n,V|r| < 3n,|¢ —r| <36} > 0. Then, define
Ap(r) = / aZ(¢)d¢, U, (r) = / an(8)ds, an(r) = pg, * (2/n+ a(360, V |r| A 3n)).
0 0
(4.37)

Referring to Proposition 5.1 in [11], we know that for all n, a,, € C*(R) satisfying
an(r) > 2/n,

sup |a(r) — an(r)| < 4/n, (4.38)
r|<n
lan(r)] < Cln,m,K), |d,(r)] < 2K|r|"=", Vr € R. (4.39)

Then, by (4.37), it yields A,, € C*°(R) with first order derivatives bounded by C(n,m, K).
Moreover, if A satisfies Hypothesis H with a constant K > 1, then A,, satisfy Hypothesis
H with constant 3K.

Based on (A, gn,uo,,) defined above, for h(t) = >, -, hi(t)ex, let us consider the
following approximation B

uﬁ = Ug p. ’

Note that AA, (ul(t,2)) = div(aZ (ul(t,2))Vul(t,z)) and 5 < a2 (u(t,2)) < C(n,m, K).
Referring to Section 4 in [15] with B =0, A4 = a?b, we know that for each n, (4.40) admits
a unique solution u” € C([0,T]; H) N L?([0,T]; H'(T")). Moreover, using integration by
parts formula, we get the following energy estimates:

T
S[HPT] lur, (8) |y +/ IV @y, (uy () rds < C(M, K, T, p)(1 + ||uo,nl ),
telo, 0

sup |up (t)]

?:Lil(TN) S C(Ma K) T7 m)(l + ||u0,n||Lm+1(’]TN))a
te(0,T]

for all p > 2.

Applying integration by parts formula for the function v — [;n [ An(r)drdz and
using the above estimates, it yields

T
/ IV A gy (3)) [ 7ds < C(M, K, Tym) (1 + [[uo,nl| s vy )-
0

Note that ug , are bounded by n, which implies that the right hand side of the above
inequalities are finite. Moreover, since ug,, < 1o, we get for all p > 2,

T
sup s (0113 +/ IV (ury(5))|fyds < C(M, K, T,p)(1 + |luol|a),  (4.41)
te|0, 0

T
e 13 oy + | IV AL s < COUETm) (1 + ] s o).
€10,

(4.42)
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, then by (4.41), it yields

Since a, > 2 > 0, we have [Vull| < N(n)|V¥, (ul)

T
/ Vg () rdt < N(n)C(M, K, T,p)(1 + ||uol|r)- (4.43)
0

In the following, for the sake of convenience, denote u,, = u" and u = u".

We will show that (u,)nen is a Cauchy sequence in L([0,7]; L}(TY)). For any
a€ (0,1A %), and n <n/, we apply Theorem 4.2 to u, and u,  with setting § = 7% and
A = 2. Due to (4.38), we get Ry > n. By using (4.42), for a.e. t € [0, 7], we have

[[un () = e (D) || ()
< E7,0) + XM [llug  — g1 o) + Eo(,6)
o+ No(y 202 4 9) (1 4 om0, 0 + i 1o o, 771 )
+ Nov 20 (1 + [un DI o7 0mm) + Nov My, 20 (1 + [ DI En o 77500
T+ M)}

m+l
2 )
L7 ([0,7]xTN)

+ Ky + 2970 (T + M) + d3 (g, gar) (1 + Il |

< Ei(y,ye) + HTHM) |:Hu0,n — ol g oy + llwo — wom |l p1 ey + Eo(y,77%)
+ No(v" 2072 +7)Cn 4 Nov ™[ 2n (1 [tn) [ Fon 0,77
+ N0V 2 Eju 120 (L + [t ) Fon 0,770y + K (7 + 292 )(T + M)
+ 2 (gn, 9)Co(T + M) + d3 (g, g ) Con (T + M) |

= M(7y) + 5T ug ,, — uol| L2 oy + [[wo = won || Lr(xvy + Noy " *n=2Chy,
+ Nov 2w 20 (1 + [un DT 0,715y + Nov ™2 i, 20 (L + [uns D Eom (0,773
+ @5 (90, 9)Con (T + M) + d5 (9,9, ) Con (T + M)

where

M () = &(y,72%) + KT [50(%7%) + NoyCon + K (7 + 275 )(T + M) | = 0

as v — 0 and the constant N is independent of v, d, A\, n, n’.
For any ¢ > 0, let v > 0 be a constant such that M () < ¢. By (4.36), we can choose
ng big enough such that for ng < n < n/,

Huom — u0||L1(TN) + HUQ — UQ,n/ ||L1(TN) + N0772n72cm + d% (gn,g)Cm(T + M)
+d2 (g, gn')Con (T + M) < 51

Due to the uniform integrability of (1 + |u,|)™ (see (4.42)), for such ng, we also have
NO’Y_QHfluTLIZn(l + |Un|)||7an([0,T]><1rN) + NO’Y_QHIIun/IZn(l + |un’|)||7an([O,T]><TN) <t
Hence, for ng < n <n/, we get fora.e. t € [0,7],
[tn(t) = wn ()] ey < T¢

which implies that (uy,),en converges in L!([0,T]; L' (T¥)). Moreover, by passing to a
subsequence, we may assume that

lim u, =u, a.e. (t,z)c][0,T]xT". (4.44)

n—oo
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In addition, it follows from (4.42) that for any ¢ < m + 1,
(|un(t,z)|?)>1 is uniformly integrable on [0, 7] x TV. (4.45)

Taking ¢ = 2 in (4.45), we get u,, — u strongly in L2([0, T|; L?(T")).

Next, we prove that u is an entropy solution of (3.3). Utilizing (4.42) and Fatou lemma,
we deduce that (i) of Definition 4.1 holds.

Let ! € Cy(R) and 7 be the same as in Definition 4.1. Recall the entropy function

Uy (r) == / I(s)a(s)ds, V1€ Cy(R), g, isany function satisfying g} (¢) = 1/(£)a*().
0

Analogously, we define ¥, ;, g, , similar to the above with a replaced by a,. For each
n, we have ¥,, ;(u,) € L2([0,7]; H*(T")) and 8;V,, ; (uy,) = U(uy)0i ¥y (uy). Also, we have
V() < ||l||Loo(]R)3K|r|%rl for all » € R, which combined with (4.41) and (4.42) yields

T
sup/O H\Iln,l(u")||§{1(TN)dt < o0.

Hence, for a subsequence, we have ¥, ;(u,) — v, ¥,(u,) — v weakly for some
v, v € L2([0,T); HY(TY)). With the aid of (4.38), (4.44) and (4.45), we deduce that
v = ¥;(u),v = ¥(u). Moreover, by 9;¥,,(u,) — 9;¥(u) weakly in L?([0,T]; H), for any
¢ € C>(TY), it holds that

T T
/ 0,V (u)pdxdt = lim / 0V (up)pdzdt
0 ™™ 0 TN

n—oo

n—oo

/OT /TN 1(u) 0¥ (u)pdadt,

where we have used I(u,,) — [(u) strongly in L?([0,T]; H). Hence, (ii) of Definition 4.1 is
obtained.

In the following, we will show (iii) in Definition 4.1. Let n and ¢ be as in (iii). By
integration by parts formula, we get

- /OT /TN 7(wp,)Orpdadt

T
< /T (o n)6(0)dz + A /T ) At

T
= lim/ / Uun)0; Uy, (uy, ) pdadt
o Jo~

T T
- /O -~ ¢n”(un)|vwn(un)\2dxdt+z /0 /T N o' (wn)g¥ (wp ) hi(t)dzdt.  (4.46)

k>1

On the basis of (4.36)-(4.39), (4.44) and (4.45), we have

T T
lim_ /0 /T n(un)odadt = A /T n(w)aysdrd,
im [ n(uon)6(0)de — / n(u0)(0)d,

n—oo

™ ™
T T
lim/ / qn’n(un)Aqu:vdt:/ / qn(u) Apdadt,
n—eoJo  JTN o JTN

T T
T S [ ek odsat = 32 [ [ o g @) dade.

k>1 k>1
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Set I(r) = /7"(r), then AV, i(un) = /0" (un)0;¥n(uy). From the above, we have
obtained (after passing to a subsequence) 0;¥,, j(u,) — 0;¥j(u) in L3([0,T); H). In
particular, we have 0; ¥, i(u,) — 9;¥;(u) in L2([0,T] x TV, i), where dji := dx ® dt. This
implies that

T T
/ / o' ()| VU (u) > dzdt < liminf / / o' (1) |V, ()| ddt.
0 JTN n—=ee Joo JoN

Hence, taking lim inf on both sides of (4.46), and by choosing an appropriate subsequence,
we obtain that u satisfies (iii) of Definition 4.1. O

In view of Theorem 4.3 and Theorem 4.4, define G : C([0, T];U) —L*([0, T]; L*(TN))
by

Qi) = uh, if h= [ h(s)ds, for some h € L*([0,T];U),
"1 0, otherwise,

where u" is the solution of equation (3.3).

4.2 The continuity of the skeleton equation

In this part, we aim to prove the continuity of the map G°. Namely, let v"" be the
kinetic solution of (3.3) with A replaced by k¢, we will show that «"~ converges to the
kinetic solution u” of (3.3) in L'([0,T]; L*(T")), when h* — h weakly in L2([0,T];U).
To achieve it, we need the auxiliary approximating process (A, gn,uo,n) defined by
(4.35)-(4.39).

For any family {h%;e > 0} C Sy with h®(t) = >_,-, h},(t)ex, consider the following
approximation equation B

{ du?f (tv LI’) = AATL (U'ZE (t7 J)))dt + ZkZI gfz (JZ, u'rhze (t’ ‘r))hi (t)dtv (4 47)

€
uh

n — uo}n.

Referring to Section 4 in [15], for each n, the Cauchy problem £(A,, g,,uo ) has a
unique solution u!” € C([0,T]; H) N L?([0, T]; H'(T")) satisfying the following energy
estimates uniformly in n:

T
sup{ s[up]lluZ ()1l +/ IV @y (upy (s))%ds} <C(M, K, T,p, |luollm), (4.48)
€ te[0,T 0

Lm+1(TN));s

T
sup{ sup [|ul (8)|[7obh oy + / IV Ay (s (s))gds} <C(M,K,T,m, |uo]
€ te[0,T] 0

(4.49)

for all p > 2, where we have used ug, < ug. Since a, > 2 > 0, we have |Vu’}f\ <

N(n)|V¥, (u")|, then by (4.48), it yields

T
sup [V (Ot < N)CM. KT, o]l (4.50)
e>0.J0

With the approximation process (4.47) in hand, for any € > 0 and n > 1, we have

" — " 1 oy 01 (o)
< gy = u" Nl qpo,ryspr oy + luly = wlllos oz crnyy + lug = u oo, ryzr vy

In order to establish the continuity of the skeleton equation, several steps are involved.
Firstly, we show the uniform convergence of the sequence {u";n > 1} to u”" over
heSy.
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Proposition 4.5. Assume (4, g, ug) satisfies Hypothesis H, then

; h _ ,h _
Jﬂrgohz‘gg'\un w|[Lro.ryiLr ey = 0

Proof. As discussed above, under assumption, the triple (A4, g, uo,,) satisfies Hypoth-
esis H. Applying (2) of Theorem 4.2 with v? and u", for all 7,6 € (0,1), A € [0,1],
a€(0,1N%)anda.e. tc[0,T], we have
[[up () = w"(®)[| L1 (o)
< E4(3,6) + 2F TN flug — g | 1 vy + E0 (7, 0)

+ Noy 2 (A + 52&)(1 + HUZH?M([O,T]xTN) + HuhH?m([o,T]xTN))
+ Nov 2 = ry (L [ DT 0,753y + Nov™ 2 jun = ry (14 [u" D1 Fon o,y xrv),

m+1

t
B 5 J }7
L 2+1([0,T]xqu)>/0 h(s)|uds

where &y(v,6), E(y,9) — 0 as v,0 — 0, the constant Ny is independent of v, §, A\, n, h and
R, is defined by

t
+K(r+20) [ Ih(s)luds + d g,,) (1+ 1"
0

Ry =sup{R € [0,00] : |a(r) — an(r)] < \,V|r| < R}.

For n > 4, we can choose A\ = %, by (4.38), we deduce that Ry > n. Furthermore, let
v = n~% and § = 'y%, by (4.49) and (4.2), it follows that

T
wp/n%m—wwmmwﬁ
heSy JO

T
< [ &8yt + KT o — ol pace) + E0(r:0)
0
6, 1
n  /n

+ No sup nffjyn>n(l+ |UZ|)||7an([o,T]xTN)
heSnm

+No )OO, K, Tym, [[uoll )

L ([0,T]xTN)

+ No sup n|[{jn>n(1+ |u])|
heSn

+ K(n~% +2n7 38 )(T + M) + d2 (g, gn)Co (T + M)]. (4.51)

By the Lebesgue convergence theorem, we have fOT Ei(v,0)dt — 0, as v,6 — 0.
Note that

T
Wi+ WD rperny € [ [ Tupisnllhe 011+ ) dt
T
< Cm/ / Tun s (14 Jult (2, 8)[ ™) dadt,
o Jr~v T

hence, by (4.49), we get sup,cg,, 2l 1jun|>n (1 + \uﬁ\)”}f‘m([o r)xrvy — 0, @s n — co. Simi-
larly, with the help of (4.2), we obtain supjcg,, n/[Ljn >n(1 + |uh|)||'L”m([0 7)<y — 0, @s
n — oo. Letting n — oo in (4.51), we get the desired result. O

In the following, we show the compactness of {u ;e > 0}. For simplicity, set

Uy, 1= uﬁi.
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As in [18], we introduce the following space. Let Y be a separable Banach space
with the norm || - ||y. Given p > 1,3 € (0,1), let W#»(]0,T];Y) be the Sobolev space of
all functions v € L?([0,T];Y") such that

T
[|u(t) HY
/ / \t—s|1+5p dtds < o0,

which is endowed with the norm

T
[[u(t) — u(s)[[y
||UHWH 2 ([0,T];Y / Hu ‘p dt+/ / |1+ﬁpydtd

The following result can be found in [18].

Lemma 4.6. Let By C B C By be three Banach spaces. Assume that both By and B, are
reflexive, and By is compactly embedded in B. Letp € (1,00) and 8 € (0, 1) be given. Let
A be the space
A == LP([0,T]; Bo) N WP*([0,T]; By)
endowed with the natural norm. Then the embedding of A in L?([0,T); B) is compact.
To obtain the compactness, we also need the following lemma.

Lemma 4.7. Assume B, C Bj are two Banach spaces with compact embedding, and the
real numbers 3 € (0,1), p > 1 satisfy 8p > 1, then the space C([0,T]; B2)NW?#?([0, T]; Bs)
is compactly embedded into C([0,T]; Bs).

Proof. Clearly, the space W#?([0,T7]; B3) is continuously embedded into C*([0, T]; Bs)
for all . € (0,3 — 1/p). Thus, if a set R is bounded in W#?([0,T]; B3) N C([0,T]; Bz),
it is bounded in C*([0,T}]; B3). It follows that the functions in R are uniformly equi-
continuous in C([0,T7]; Bs). Since By C Bs is compactly embedded, for each s € [0, T
the set {f(s) : f € R} is bounded in B, and thus relatively compact in B;. We can apply
Ascoli-Arzela theorem to conclude that R is relatively compact in C([0,T]; Bs). O

With the help of Lemma 4.6, we obtain the following result.
Proposition 4.8. For any n > 1, {uf;e > 0} is compact in L?([0,T]; H).
Proof. From (4.47), u;, can be written as

t
t):u0,n+/AAn )ds + Zgn z))hs (s)ds
0

0 k>1
=: I] + I5(t) + I5(¢).

Clearly, ||I5|| g < C;. Next,
[AA(up )1 ovy = sup [(v, Ady(ug,))|
HUHHI ']IN)<1
= sup [(Vu, VA, (u))]
HUHHI(’ﬂ'N)Sl
< CIIVAL(uy) | o
which yields
t
1550 = B By-scomy = | / B A E) DA
Clt—s / A AL ) (1) 13— oyl
C(t—s / IVA, (u ||Hdl
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Hence, by (4.49), we have for 3 € (0, %)

sup 115 138,20,y -1 (o)

175(6) = I5(5) s v
< [ OB [ [ T
< Ca(B).

Moreover, by Holder inequality and (2.4), it follows that

1> gn (e, us, (L 2) hi (D17 < /Zlgn g, ()P Y 1h (1) da

k>1 k>1 E>1
< K21 [lug, (D3 1A (D)]E

then, by Holder inequality, we get

125.(t) = I5(s)II3 = | Zgﬁ(%%(hw))hiﬂ)dlll?ﬁz
S k>1
=) [ 1Y abws 4 DAy
S k>1
t
< K*(t—s)(1+ sup ||ui(t)||%r)/ |h*(D)7dl
t€[0,T) s

< K2M(t—s)(1+ sup |[[us()]%)-
t€[0,T)

Thus, we deduce from (4.48) that for 8 € (0, 1),
Sup ||I§||€Vﬁ,2([o,T]~H)
1I5(t) = I5(s)|1 %
/ 175 (t) ||Hdt+/ / = s|1+2ﬁ dsdt

< C3(B).

Collecting all the above estimates, we conclude that for g € (0, %)

S‘ip ||Ufz||%VB,2([0,T];H—1(TN)) < C(8).

Taking into account that u$ € C([0,T]; H) N L2([0, T]; H(T")) and applying Lemma 4.6
with By = HY(TV), By = H~'(T") and B = H, we conclude the desired result. O

Arguing similarly to the above, on the basis of the estimates (4.48) and (4.49), we have
{u;e > 0} are bounded in W#» ([0, T]; H='(TV)) N C([0,T); H) for any p > 2. Choosing
Bp > 1 and applying Lemma 4.7 with By = H, B3 = H-}(T"), we get
Proposition 4.9. For any n > 1, {u<;¢ > 0} is compact in

L2(0,7); H) n C(0, 7]; B~ (TV)).

Now, we are ready to prove the continuity of G°.

Theorem 4.10. Assume h° — h weakly in L?([0,T];U). Then u"" converges to u" in
L([0,T]; L*(TN)), where u" is the kinetic solution of (3.3) with & replaced by h°.

Proof of Theorem 4.10. Fix any n > 1. For the solution u ° of (4.47), we shall firstly
prove that when h® — h weakly in L2([0,T];U), we have

- he _ ok _
lim [ug = unllzr om0 (rvy) =0, (4.52)
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where uﬁ is the solution of (4.47) with h® replaced by h. This will be achieved if we show
that for any sequence ¢, — 0, one can find a subsequence ¢,,, — 0 such that
lim HU,ZEM)C - uZ”L1([OQT];L1(TN)) =0. (453)
k—o0
From (4.48), (4.50) and Proposition 4.9, we know that for the sequence ¢,, — 0, there

exists a subsequence {my, k > 1} and an element u* € L>([0,7]; H) N L?([0,T]; H) N
L2([0,T); HY(TN)) nC([0,T); H~1(TY)) such that

ul™™ — u* strongly in L2([0,T); H) N C([0, T); H~Y(TN)), (4.54)

uf;mk — u* weakly in L?([0, T]; H'(T™)). (4.55)
Clearly, we also have h"x — h weakly in L?([0,T];U). Thus, we only need to prove
u* = ul.

From (4.47), we know that for a test function ¢ € C’OO(’]PN), it holds that

t
(Wl (8),6) — (o 0, 0) = /O<An( Y, Ag)ds + [ (37 g e, ul ™ (s, ) )

0 k>1
(4.56)

Due to (4.54), we get

(Wl (8) — u*(t), 0)| — 0, ask — oo.

n

By the Lipschitz property of A, and using (4.54) again, we deduce that

/ t<An (u, ™) = An(u®), Ad)ds
0

1
2

t
< Cnm, )| A0l o TH( [ 1™ = [fyds)” = 0
0

Note that

t
|7 (ohal ™ i = gt ) s

0 j>1

t
B / O (gn(wuy ™) = gh (e, u"))hy"™  $)ds + Zgn @, u") ("™ = hi), ¢)ds.
0

E>1 0 k>1
With the aid of (4.54), we get

/0 (S (g (o, ul™ ) — g, w)hE™ , 6)ds

k>1

1 1
2 2

em Emy,

<lolmy [ [ (S lobat™) = it | (S inie ) s

k>1 k>1
t 3 t 3

<CK (/ [l —u*|§{ds) (/ |hEm (s)|Uds>
0
3

<CKM?: </ [ hsmk — u*|%,ds) — 0.

EJP 25 (2020), paper 151. https://www.imstat.org/ejp

Page 31/42


https://doi.org/10.1214/20-EJP556
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

LDP for stochastic porous media equations

Since h™x — h weakly in L2([0,T];U), we get

| bty 07 = ). ohds —o.

0 k>1

Thus, letting £ — oo in (4.56), we obtain

(W (1), ) — (uom, &) = /0 (An(u®), Ad)dt + /O (g (), ),

hence, u* is the solution to (4.47) with h¢ replaced by /. By the uniqueness of (4.47), we
conclude that u* = uZ Thus, (4.53) is proved, which implies (4.52).
Note that for any € > 0 and n > 1, we have
||Uhs - uhHLl([O,T];Ll(’]PN))

< ||UZE —u |1 (o, m;01 (0 + ||UZE - UZHLl([O,T};Ll(’]I‘N)) + [|ufy — uhHLl([O,T];Ll(’]I‘N))-
(4.57)

For any ¢ > 0, by Proposition 4.5, there exists Ny such that for all ¢ > 0,

Wl ~

=5 € L
[y, — u™ L1 o730 (T )) < 3 eand Ju, — vl L2 o730 (7)) <

Letting n = Ny in (4.57), it follows that

e 2t e
[u"" =" 1o,y () < 3T e, — w122 (o, 79:21 (0 -

Using (4.52), we know that there exists ¢y > 0 such that for any ¢ < ¢g, it holds that

W ~

he h
lun, — i, It o,y (rvy) <
Thus, we conclude that
. he h
lim lu™ —u|| Lo, rpnr (rry) < ¢
Due to the arbitrary of ¢, we obtain the desired result. O

5 Large deviations

For any family {h%;0 < ¢ < 1} C Ay with h*(t) = >, hj(t)ex, we consider the
following equation

{ dif = AA(TE)dt + Y51 97 (2, @) RE (4)dt + V2 35y 0F (2, 5°)dB(1), (5.1)
a=(0) = wo. |

Combining Theorem 2.7, Theorem 4.3 and Theorem 4.4, we know that (5.1) admits a
unique kinetic solution @* with initial data up € L™+ (T¥) satisfying

T
sup E </ / |a€|m+1dxdt> < Cp. (5.2)
0<e<1 0 JTN

Moreover, for all [ € C,(R), we have ¥;(a°) € L?(Q2 x [0,T]; H*(T")) and

81'\1/[(115) = l(ﬂE)Bi\I/(ﬂE).
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Also, there exists a kinetic measure m® € M{ (TV x [0,T) x R) such that f& := [;e~¢
fulfills that for all ¢ € C?(TY x [0,T) x R),

/ (2 (1), Drp(t))dt + (fo 9(0)) + / (5 (), (&) Agp(t) e
=Y [ ][ e oeeont @i

k>1

i [ ot oo @
S [ e 00 om0 it + w06 + 170k, s 63

k>1

where V5 ,(§) = —0¢f = 0y (5,1)=¢ and for any ¢ € C,(TV x [0,T) x R),

T
- / / / O(, 1, €)| V(@) [2dbge 1) —c vt
0 ™ JR

According to the definition of G¢, it is clear that QE< () f Jo b* ds) =uc(-).
Due to Theorem 3.1 (the sufficient condition B) and Theorem 4.10, in order to
establish the main result, we only need to prove the following result.

Theorem 5.1. For every M < oo, let {h®:0 < e <1} C Ap. Then

‘QE +—/h€ go/lf

ase — 0.

L1 ([0,T];L1 (TN)) — 0 in probability,

Proof of Theorem 5.1. Recall that @¢ = gf( ) f fo ds) is the kinetic solution

to (5.1) with corresponding measures denoted by mj and nf. Let v* := g0<f0' he(s)ds

be the kinetic solution to the skeleton equation (3.3) with h replaced by h® and the
corresponding measures are denoted by m5 and nj§. Also, we have

T
sup E/ o ()75 oot < 0. (5.4)
0<e<1 0

Set fi(x,t,&) := Igs(z1)>¢ @nd fo(y,t,¢) := I,e(y+)>¢. By the same procedure as Lemma 2.5,
we deduce from (5.3) that for all ¢ (z,&) € C°(TY x Ry),

(fiE(t), 1) :<f1,07@1>50([0,ﬂ)+/ (f1(s),a®(&)Appr(x,€))ds
SEX [ ][t onomkieanso)

k>1

/ /TN / O o1 (x,€) G (, €)dvy 5 (§)dads

+Z//TN/%ME (2, €)1, ()dv2 (€) dads

- <m178§901>([07t]) - <n§7a§@1>([07ﬂ)7 a.s.,

where fl,O = Iu0>5 and V;:i(f) = —6§f1i(s,x,§) = 65f1i(s,x,§) = 6ﬂf«i(x,s)=f-
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Similarly, in view of (4.6), for all @5 (y,¢) € C°(T) x R¢), we have

(TEW), 02) = (Fas 020600, ]) + / (Fa(s), a%(O) Ayips (3, €))ds
—Z//TN/ (4, Q)2 (y, )i (s)dvy 5 () dyds

k>1
<m27 8C¢2>([0’ t]) + <n2v 8(‘)02>([0’ t]),

where fg’o = Iu0>< and VS:E(C) = agfzi(s,y, C) = —Bgf;:(s,y, C) = 6v5=i(y,s):§-
Denote the duality distribution over T x R¢ x ”JI‘;V xR¢ by ((-,-)). Setting a(z,&,y,¢) =
p1(x,&)ea(y, ). Using It6 formula for continuous semimartingales, we obtain that

(f7 (@), ) (5 (1), 02) = ((f7 (1) 3" (1), )

satisfies

(T O (1)) = (frofa0 / /TN)2 - fif2(a®(&) A, + a*(Q)A,)adéd¢drdyds
N / / FE(s,, O)cadnt (x, €, s)dCdy
o J(ry)z Jr2
t L )
+/O /(TN)2 . fi(s,2,8)0cadn5(y, ¢, s)dédx
i/ / caufy (9, Q)G (w, €)dvy 5 (€)dCdudyds
(TN)? JR?

/ / T (5, O)ag® (ar, )5 (5)dC v (€) derdyds
k>1 TN)? JR?

/ / FE (5,2, €)ag" (y, OhS () dEdv2< (C)ddyds
k>1 TN)? JR?

_/ / f5 (5,9, C)0cadms (z, &, s)dCdy

0 (’]I‘N)2 Rz
t

+/ /TN B2 i (5,2, €)0cadmi (y, ¢, s)déda

+ e f ; ,O)adCdvle (€)dzdydp
];//TN)z 225y)(:c Jox V7()xy k(5)

= ((fiofeo,a)) + 1 +Jo+ s+ s+ s+ Jo + Jr + Js + Jo,  a.s.

Similarly, we get

(FEOF5 (1), @) = (frofao.a / /TN)2 - Fif2(a(6) Ay + a® (O A adedCdadyds
+/0 /(’]I‘N)2 R2 f2 (S’y’g)agadnl(xagzs)dCdy
_/ / i (s, 2,€)0cadns (y, ¢, 5)déda
o J(ry)2 Jr2
_ f t a + s 2 T 1/1’5 " <
/ /"JI‘N)2 R2 Oeafy (5,4, Q)G (x,§)d xs(ﬁ)dCd dyd

- Z/ /TN 2 Jo f5 (5,9, Q) ag" (z, )i, (s)dCdvy S (€)dadyds

k>1
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s / / o | T g . O () (O ddyas

iz1Jo Javye Jee

i /0 /(TN)2 R2 f5 (8,9, C)Oeadms (2, €, s)d(dy
t
- / / Fi(s.2,€)0cadmi (y, ¢, s)d¢dx
’]I‘N)2 R2

~VEYD / / FE (5,9, Q)" (&, €)adC v (€)ddyd By (s)
i>1 (TN)2 JR2

= ((frofe.0,a)) + i+ Jo+ Js+Jy+ Js + Jo + Jr + Js + Jo, a.s.

By the same technology as Proposition 4.1, we can take a(z,y,&, () = py(x — y)¥s(€ — Q).
where p, and 15 are approximations to the identity on TV and R, respectively. Then, we
have

S oo = DS~ QU b O 0,0+ 0 )5, ey

< /TN [ ool = 0l = 100 (v €) + ol &) ooly. ) edcdady

+ Z Ji+J), a.s., (5.5)

where J;, J; in (5.5) are the corresponding J;, J; with a(z,y,&,¢) = py(z — y)s(€ = Q).
fori=1,...,9.
In view of (4.11), it yields

t
= / / FE (5, C)0cadms (2, €, s)d¢dy
0 J(rN)2 JR2

¢
7/ / / admi(x,g,s)dui’?i@)dy§O, a.s.,
0 J(rN)2 JR2 ’

t
Jom [ [ st acdmty. . syieds
0 (TN)2 R2

¢
—/ / / admi(y, ¢, 8)dvoE(€)dr <0, a.s.
0 J(TN)2 JR2 ’

By the same method as above, we deduce that J; + Jg < 0, a.s.

Moreover, by using the same approach as Proposition 4.1 and Theorem 4.2, applying
(4.23) with A = 0 and R) = 400, we have for any a € (0,1 A %) there exists a constant
Ny independent of v, d, ¢ such that

3

Z(jz +Ji) < NO’Y_Q(SM(l + ||a6||£nm([0,T]xTN) + HUE”TLHW([O,T]X’]FN))’ a.s.
i=1

and

By using (2.4), we have
j4 = j4

t
[ eGP eanks o k(e Odudyas
2 Jo (TN)2 JR2 ’ ’

¢
EKQ/ / / a(l+ [¢*)dvle ® duj’i(f, ¢)dzdyds
2 0 J(rN)2 JR2 ’ ’
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<

| ™

t
K? / / / advys ® duys (€, ) dudyds
0 (']I‘N)Z R2

t
+ %KQ /0 /(TW /}R algPdvys @ dv (€, C)dadyds.
Clearly, it holds that

/ / advys ® dvyi (€, Q) dady

(TN)2 JR2 ’ ’

< sl e oy / / (& — )i @ dv2 (€, C)dady
(TN)2 ]R2

< sl e oy / p (2 — y)dady
(TN)2
<5t

Moreover, it follows that
[ | alePavks @ avisie oydzay
(TN)2 JR2
< /(TW py(x —y) /}Rz ¥s (& = QIéP vy @ dvys (€, ) dady

< [Wsll oo comy 1oy Nl oo vy /(TN)2 /11{2 EPdvys @ dvy (€, C)dady
< 057177]\]”@8(3)”%2(1‘1\’)'
Hence, combining (5.6) and (5.7), we deduce that
Ji=Js < gKQTcS*l + 301@57 NN e o rpirarnyy @S-
Recall

oG, €) = /C (e — ¢
using the similar arguments as in the proof of Proposition 4.1, we have
j5 + jﬁ =Js+Js
t
=S [ ] 06 - 9(d @0 - 0 0)rie)
k>170 J(TV)? JR?
dvy ® dvyi (€, Q) dadyds
t
<[ [ [ o i - i)
>1 0 J(TN)2 JR?

dvls @ dv2e (€, ¢)dadyds

< /;/(TN)Q /]R xQ(C,ﬁ)pv(wfy)(Zlg’“(:c,f)*g’“(y,C)IQ)%(Zmz(s)P)

k>1 k>1
dvys @ dvp3 (€, ¢)dudyds

t
<K [0l [ [ el ple ol o (6 ey
0 2 2

(5.6)

(5.7)

(5.8)

=

t
K [l [ ) [ e 0l arks o i Odedyds

=: j571 + jg,l.
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By

/(TN)2 py(x —y)|r — yldzdy < 7,

/(TN)2 X2(C7§)duizi ® dyj:j(g’ O<1, as.,

it follows that
Js1 < Ky(T+ M), a.s.
Using the same method as the proof of (4.27) in Theorem 4.2, we have

Jo.1 < 2K8(T + M)

LK / 11 (3)o / / P — y)bs(€ — QO (FETE + FE F)dedCdadyds, a.s.
0 (TN)2 JR2

Based on the above estimates, it yields
j5 + j@ = j5 + j(;

gK(’y+25)(T+M)+K/O |h€(5)|U/(

TN)2

/ py(x —y)ibs (€ = C)
R2

x (fEfE + fEfF)dedCdzdyds, a.s.

Combining all the previous estimates, it follows that

S oo 9E = QU @ O 0.0+ et 05 1, Oy

< / /(fl,o(l’,f)fz,o(%f) + fr0(z,€) fo,0(x, €))dzdé + Eo(7,6)
™ JR
 Noy 282 (L [ o o ey + 10 ooy cany) + K276
+eCR2 5y N0 2 (0,032 o) + 2K (26 + ) (T + M) + |Jo| (1) + [ o (t)

t
2k [l [ [ - sl - OUER + ) dgdcdodyds, as
0 (TN)2 R2
Applying Gronwall inequality, we get

L oo 9E = QU b O 0.0+ Tt 05 0, Oy

< HTHM) {/N / (f1,0f2,0 + f1,0f2,0)dzdé + 50(%5)}
™ Jr
+ KM {N07_252a(1 + 1@ o, 7y + 10T 0,71 xmmy) + eK*To!

+eCR* 5y N[0 32 (0.1 02 o) + 2K (26 + ) (T + M) + | Jo| (1) + |j9|(t)], a.s.
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Thus, collecting all the above estimates, we deduce that

/ /(fft(fcytaf)fzi(%ﬂf)+f1i(x,t,§)f2i(:c,t7§))dxd§
™ JR
= /(TN)2 ]Rz(fli(xvtvg)fét(yﬂtvC)+fft($,t,£)f2:t(y’t,<'))

X py(x — y)bs(§ — ¢)dadydEdC + Ei(y, 6)
< KT+M) [/TN /R(fLofz,o + f1.0f2,0)dzdé + Eo (7, 5)]

+ K (THM) {No’f%m(l 1@ 1T 0,71 x vy + 1 0,7y xw8)) + eK*To!

+ €CK2571’77N||ﬂ€H%2([07T];L2(TN)) + 2K(25 + 7)(T + M) +

+ 575 (’% 6)

1 o|(t) + | o] (t)

— KT / / (Frofeo + Frofao)dede + <THD (T 0) + ol ()
™ JR

+7r(e,7,0,t), a.s

where the remainder is given by

r(g,7,6,1)

(5.9)

R THM) | Ny =262 (1 + 1@ 17 o, 710y + 10T 0,1y xmvy) + eK*To!

+ ECKQCSil’YiN||’L_L€||%2([O’T];L2(TN)) + ZK(25 + 7)(T + M) + 50(775)

+ gt(’Yv 6)

(5.10)

Applying the Burkholder-Davis-Gundy inequality, utilizing (5.8) and (2.4), it yields

E sup |J|(t)
te[0,T]

< VEE sup / /W [ 00 Oa" (0 Qa5 (€ dadyd e )

tE0,T] 7 >

=/eE sup / /TN - F5 (5,5, Q)0 x2(C, ) py (x — )

tef0.11' 1]

§F(x, §)d§dux’e(§)dxdyd5k(s)‘

—fEsup // /X2C'€va_)
te0.7] ' ;51 (TN)2 JR?

¥ (2, &)dvle ® dv2E (e, C)dxdydﬁk(s)’

< VK| / S Jo 309 =) (S g &)t @ (e, days]

k>1

< vere[ [ L Jo B0 )1+ ek i s

< ﬁKvN[E/OT /TN(l + |a5(x,s)|2)dxdsf

< VEKyN(T + ()3,
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where we have used (5.2). By the same method as above, we deduce that

E sup |j9\(t) < \/EK’y_N(T—l-Cl)%.
t€[0,7]

In the following, we aim to make estimate of error term sup,cjo 1) €+(7,0). For any
tel0,7T],

&i(7,0) = /T N /R (fi (@, 6, ) F5 (2,4, €) + fi (2,4, €) f5 (w1, €))dEd
o O 0.0+ R O W Ot )
x s(€ — ()drdydéd(
= {/TN /R(ff(x,t,ﬁ)ff(w,t@) + FE(,,6) fE (a8, €))deda
—/(TN)Z/Rpw(fc—y)(fli(x,tf)f%(y,t,ff)+ff(a:,t,g)f;i(y,t,g))dgdxdy}
! [/mrw /R””(x‘y)(ff (2,4, 5 (W 1.€) + i (2.1.6) f5 (4,1, ) dédudy
- /(W /R @t O 6O + [ (@695 (01 O)py(w — w)

X 163(€ — C)dadydgd]
=: Hy + H>.
Applying the same method as (4.17) and (4.18), it follows that
|Hs| <26, a.s. (5.11)

Moreover, it is readily to derive
|Hy| < ‘/ py(x — y)/ Lot (o) > e (Tpe o (a,) <6 — IUEvi(y,t)Sﬁ)dgdxdy’
(TN)2 R
+ ’ / pv(x — y)/ Iafvi(a:,t)gﬁ(jvfyi(w,t)>§ — Ivs,i(y)t)>§)d§dxdy‘
(TN)2 R
<2 -l o) - o . Oldody, as
(TN)?

Due to (5.11) and applying (4.31) with A = 0, Ry = +o0, we have

[ o= )l ) = oo () dody

(TN)2

= [ [ orla = U 7 (0. + 5 (ot €) 5 0.1, €) oy
(TN)2 JR

< / / Py (& — 95 (€ — O (fE (2, t,€) FiE (y, 1, Q) + FiE (1, €) £ (y, 1, ¢))dedC ddy
(']I‘N)Q IR2
+ 26
< eK(T+M) [/TN /]R(fQ,on,o + f2.0f2,0)dédz + 50(%5)]

+ 26K (THM) [Ny —2420 (1 + 2\|v€||zlm([0,T]XTN)) + 2K (v +26)(T + M)] + 26
= eK(T+M)SO(’Yv 6)

+ 2eK (T [Nw—?&?“ (1 + 2\|v5||’gan,([0,TWN)) +2K (v +26)(T + M)} + 26,
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where &y(v, d) is defined by (4.16) and N, is independent of v, §, . Then,
|H.| <46 + 2eKTHM gy (v, 5)
L 4 K(T4) [Nw—zéw (1 20 o o1 XTN)) + 2K (7 + 20)(T + M)] , a.s.

Combining all the above estimates, we conclude that

sup &(7,6)
t€[0,T]

< 60 + 26K THMEgy () + 4K THM) [JVO’Y_252OZ (1 + 2||UE||TM([O,T]XTN))
+ 2K (v + 20)(T + M)] , a.s.
Hence, we deduce from (5.10) that

sup 7(e,v,9,t)
te[0,T)

< KTHM) [N0V7252a (1 + 1@ T (0, 770y + \|U€||Tm([o,T]xTN)>

+ EK2T5_1 + €CK2(S_1’Y_N||'U/EH%Z([(LT];L)(TN)) + 2K(25 + ’Y)(T + M):|

+ 66 + 2KT+M) g (~ §)

4 4K (T [Nw*?(s?a (1 n 2||v€||?m([0’T]XTN)> 2K (7 + 20)(T + M)} s
Letting

3 1
) =c1, v = eINFT,

then, we deduce that

~ 1 2N+41
E sup |Jo|(t) < K(T+ Cy)2es8+2 — 0, as € — 0,
te[0,T]

and

E sup |j9|(t) — 0, ase—0.
te[0,T)

Taking « € (3,1 A ), it yields by := % — ;725 > 0. Utilizing (5.2) and (5.4), it
follows that

E sup r(e,7,9,t)

t€[0,T]

< EK(T+M) |:N0€b0 (1 + sup EHa6||Tm([O,T]><TN) + sup ]EHUEHT’"([O,T]XTN)) + E%K2T
0<e<1 0<e<1

feim W CK? sup ]E|\a€||iz([07T]xTN)+2K(2s%+sﬁ+1)(T+M)}
0<e<1

+6c + 2eKTHM) g, ( 4)

+ 4K (T+M) [Nosbo (1 +2 sup Bl 7 T]XTN)) + 2K (2e% 4 e )(T + M)}
0<e<1 ’

—0, as —0.

Applying identities in (4.26) with fi = Igese, fo = Lese, fi,0 = Tug>e and foo = Lug>e,
we deduce from (5.9) that

17 () = v (B)l|pr oy < KT |(8) + | Jo|(8) +7(2,7,6,8),  as.
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Hence, we get

Ella® — 0% 1 o,7y;21 (v
< TE esssup [[a®(t) — v°(t)[| L1 (ww)y
0<t<T

STeK(T+M)E( sup |Jo|(t) + sup |J:9\(t))+TIE sup r(g,7,9,t)

te[0,T] t€[0,T] t€[0,T]
— 0,
which implies [|@° — v¥|| 11 (jo,77;1(r~)) — 0 in probability as ¢ — 0. 0O
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