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Exponential and Laplace approximation for occupation
statistics of branching random walk
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Abstract

We study occupancy counts for the critical nearest-neighbor branching random walk
on the d-dimensional lattice, conditioned on non-extinction. For d > 3, Lalley and
Zheng [4] showed that the properly scaled joint distribution of the number of sites
occupied by j generation-n particles, j = 1,2,..., converges in distribution as n goes
to infinity, to a deterministic multiple of a single exponential random variable. The
limiting exponential variable can be understood as the classical Yaglom limit of the
total population size of generation n. Here we study the second order fluctuations
around this limit, first, by providing a rate of convergence in the Wasserstein metric
that holds for all d > 3, and second, by showing that for d > 7, the weak limit of the
scaled joint differences between the number of occupancy-j sites and appropriate mul-
tiples of the total population size converge in the Wasserstein metric to a multivariate
symmetric Laplace distribution. We also provide a rate of convergence for this latter
result.
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1 Introduction

Branching random walk (BRW) is a fundamental mathematical model of a population
evolving in time and space, which has been intensely studied for more than 50 years due
to its connection to population genetics and superprocesses; see, e.g., [1, Chapter 9]
and references. Among this literature, the most relevant to our study is [4, Theorem 5],
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Exponential and Laplace approximation for branching random walk

which states that the exponential distribution arises asymptotically for certain occupation
statistics of a critical BRW conditioned on non-extinction. Their result is closely related
to the classical theorem of Yaglom [13], which says that the distribution of the size of
a critical Galton-Watson process, properly scaled and conditioned on non-extinction,
converges to the exponential distribution. Yaglom’s theorem has a large related literature
of embellishments and extensions, e.g., [5] and [2] give elegant probabilistic proofs,
and [7] gives a rate of convergence using Stein’s method.

We now define the nearest neighbor critical BRW on the d-dimensional integer lattice.
At each time step n = 1,2,..., every particle generates an independent number of
offspring having distribution X with E[X] = 1, Var(X) = 0 < oo, and each offspring
moves to a site randomly chosen from the 2d + 1 sites having distance less than or equal
to 1 from the site of its parent. We say that a site has multiplicity j in the nth generation
if there are exactly j particles from the nth generation at that site. Starting the process
from a single particle at the origin, let Z,, be the number of particles in nth generation,
and let M,,(j) be the total number of multiplicity j sites in the nth generation. Lalley
and Zheng [4, Theorem 5] showed that, when d > 3, there are constants k1, ks ... with
Z];J’ij = 1 such that, as n — oo,

g<%7w7w7...‘Zn>0> = 2((1, k1, K2, .. ) Z), (1.1)

n n n

where Z ~ Exp(c?/2) is exponential rate 0% /2, and the convergence is with respect to the
product topology (which is the same as convergence of finite dimensional distributions).
We study the second order fluctuations in this limit, working with the finite dimensional
distributions of (1.1) in the L,-Wasserstein metric. More precisely, let || - ||; be the
Li-norm on R", let

Hr={h:R" = R:|h(z) — h(y)| < ||z —yl|: for every z,y € R"}
be the set of L;-Lipschitz continuous functions with constant 1, and define

dw(Z W), Z(V)) := sup |E[rR(W) — h(V)]|. (1.2)

heH,
Our first main result is as follows. Below and throughout the paper, we use c to represent
constants that do not depend on n, but possibly .#(X), the dimension d, and the length

of the vector r, and can differ from line to line. We also disregard the pathological case
where Var(X) = 0.

Theorem 1.1. With the definitions above, and any r > 1, d > 3, and offspring variable X
satisfying E[X] = 1, E[X3] < oo, Var(X) = 02, there are positive constants k1, .. ., ky, SO
that for Z ~ Exp(c?/2),

dw (g (ZT: Ma1) M,;L(r)

n

d—2

Zn > O) ,Dg((l,lil, .. .,KJHZ)) < Cn72(d+1)7

for some constant c independent of n.

Our next result refines Theorem 1.1 when d > 7 and the offspring distribution has finite
higher moments. To state the result, we define the r-dimensional symmetric Laplace
distribution with covariance matrix ¥, denoted SL..(X), as follows: If E ~ Exp(1) is inde-
pendent of Z, which is a centered multivariate normal vector with covariance matrix 3;,
then .#(vVEZ) = SL,(X). More important for our purposes is that the symmetric Laplace
distribution arises as the scaled limit of a geometric random sum of i.i.d. centered
random variables; see Section 2.1 for more details.
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Theorem 1.2. Recall the definitions above, and letr > 1, d > 7, and offspring variable X
satisfy E[X] = 1 and E[X5+L%J] < oo. For the positive constants k1, ...,k, from
Theorem 1.1, there exists a non-negative definite matrix 3, and a constant ¢ independent
of n, such that

» <$<Mn(1) . My (r) — knZn

7 Ve 7

Before discussing the ideas behind the proofs of these two theorems, we make a few
remarks. The limiting covariance matrix ¥ is a constant multiple (Var(X)/2) of the limit
of the (unconditional) covariance matrix of (M, (j)—Z, E[M,(j)])j-,, given by Lemma 2.9

Zy > 0) ,SL, (i)) < on”wEET,

below. We are only able to show the limit exists, and cannot exclude the possibility that ¥
is degenerate or even zero. Where Theorem 1.2 applies, it implies a rate of convergence
of n~'/2 in Theorem 1.1. However, we present the results in this way, as it is conceptually
natural, and simplifies the presentation of the proofs. An interesting open question from
our study is what is the minimal dimension for which the convergence in Theorem 1.2
occurs? The assumption that d > 7 stems from Lemma 2.9, giving the behavior of the
covariance matrix. It may be possible to sharpen some estimates, e.g., (2.21), but there
are others that may be sharp and still require d > 7, for example, the upper bound
of (2.23), which must be o(1) (as n — o) for our arguments to go through.

We now turn to a discussion of the proofs, where a key result is the following rate of
convergence for Yaglom’s theorem from [7].

Theorem 1.3. ([7, Theorem 3.3]) With the definitions above, and any offspring vari-
able X satisfying E[X] = 1, E[X?3] < oo, Var(X) = 02, we have

1
dw (L (Zn/n| Zn > 0), Bxp(c?/2)) < 28"
n

With this result in hand, the basic intuition behind Theorems 1.1 and 1.2 is that the
number of multiplicity j sites in generation n is approximately a sum of a random
number of conditionally independent random variables. The number of summands
is Z,,, for a well-chosen m < n, and a given summand represents the contribution from
only descendants of a single generation m particle. If m is large, then Theorem 1.3
implies that Z,, will be roughly exponential with large mean; hence approximately
geometrically distributed; and, if d > 3, the summands approximate the true variable
because the random walk is transient, and most low occupancy sites consist of particles
descended from exactly one individual in generation m; see Lemma 2.5. Thus the vector
of Theorem 1.1 is approximately a geometric sum with small parameter, which, by
Rényi’s Theorem for geometric sums, is close to its mean times an exponential. For
Theorem 1.2, the idea is similar, but the summands need to be centered for the Laplace
limit to arise. A first thought is to subtract the mean of the summands, but in fact we
must subtract the mean times a variable with mean one that is highly correlated to
the summand to get the correct scaling; see Lemma 2.9. In order to obtain rates of
convergence for the Laplace distribution, we prove a general approximation result for
random sums, Theorem 2.8 below.

The approach of [4] used to obtain (1.1) uses a similar idea, but the conditioning is
different to ours, and does not seem amenable to obtaining the error bounds necessary for
Theorems 1.1 and 1.2. Here we use couplings via an explicit construction of (M, ()| Z, >
0), which is an elaboration of [5], along with Theorem 1.3, to evaluate the bounds
necessary to obtain Theorems 1.1 and 1.2. We also use the explicit representation in
a novel way to compare two different conditionings appearing in our argument; see
Lemma 2.3. The use of the Wasserstein metric is essential in our argument, even if
Kolmogorov bounds are the eventual goal (via standard smoothing arguments).

EJP 25 (2020), paper 55. http://www.imstat.org/ejp/
Page 3/22


https://doi.org/10.1214/20-EJP461
http://www.imstat.org/ejp/

Exponential and Laplace approximation for branching random walk

The organization of the paper is as follows. In the next section we provide construc-
tions and lemmas used to prove Theorems 1.1 and 1.2. In Section 2.1 we state and prove
our general Laplace approximation result, and then apply it to prove Theorem 1.2. Sec-
tion 3 gives some auxiliary multivariate normal approximation results that are adapted
to our setting, and used in the proofs.

2 Constructions, moment bounds and proofs

To prove Theorems 1.1 and 1.2, we first need to relate £ (Z,,|Z,, > 0) to £(Z,,|Zm > 0)
(in Lemma 2.3 below). We use the size-biased tree construction from [5].

Size-biased tree construction. Assume that the tree is labeled and ordered, so if w
and v are vertices in the tree from the same generation and w is to the left of v, then
the offspring of w is to the left of the offspring of v, too. Start in Generation 0 with one
vertex vy and let it have a number of offspring distributed according to a size-biased
version X of X, so that

P(X°=k)=kP(X =k)/E[X].

Pick one of the offspring of vy uniformly at random and call it v;. To each of the
siblings of vy, attach an independent Galton-Watson branching process with offspring
distribution X. For v; proceed as for vy, that is, give it a size-biased number of offspring,
pick one at uniformly at random, call it v5, attach independent Galton-Watson branching
process to the siblings of v and so on. For 1 < j < n, denote by L, ; and R, ; the
number of particles in generation n of this tree that are descendants of the siblings of v;
to the left and right (excluding v;). This gives rise to the size-biased tree.

From this construction we define another tree 7T, as follows. For 1 < j < n, let R;m-
be independent random variables with

Z(R, ;) = Z Ry j|Ln; =0).

Start with a single “marked” particle in generation O, represented as the root vertex
of T;,, and give this particle R;}l offspring. Then choose the leftmost offspring of the
marked particle as the generation 1 marked particle, and give it R;yg offspring. To
continue, the generation j marked particle is the leftmost offspring of the marked
particle in Generation j — 1, and has R;% j+1 offspring. In addition, every non-marked
particle has descendants according to an independent Galton-Watson tree with offspring
distribution .#(X). Let T, be the tree generated in this way to generation n. The key
fact from [5, Theorem C(i)], is that the distribution of T, is the same as the entire tree
created from an ordinary Galton-Watson process with offspring distribution X conditional
on non-extinction up to Generation n. Moreover, this tree and its marked particles can
be closely coupled to the size-biased tree and the v; “spine” offspring.

Now, let Ay ; = {Ly; = 0} and let X,, ;, X}, ; be random variables that are indepen-
dent of each other and the size-biased tree constructed above, such that

L(Xomj) = LR+ LinjlAmj),  L(X), ;) =L (R j+ L jlAn;j),
and let

Yinj = Rimj + Limj + (Xm,j — By — L j)I[A7, 51,
Y’I”:’L,j = Rm7j + Lm,j + (X;nj — Rm,j — Lm,j)I[AC }

n,j

(2.1)

Define also Y, = 1 + 7" | Yy, jand Yy, = 1+ 37, Y, .. We have the following result.

Lemma 2.1. Using the notation and definitions of the size-biased tree construction, for
j=1,...,m and k = m,n, we have

(i) LVm) = L(Zm|Zm > 0); LY = L(Zm|Zn > 0);

EJP 25 (2020), paper 55. http://www.imstat.org/ejp/
Page 4/22


https://doi.org/10.1214/20-EJP461
http://www.imstat.org/ejp/

Exponential and Laplace approximation for branching random walk

(ii) there is a constant K such that ifn — m > K, then
(n—m)? log(m —j+2)7
(n—j+1)2 m—j+1 |

E[(Lm,j + Rm,j)I[An,j \AmJ‘]] é C
(ii1) B[(Rm,j + Lim,j)|Arj] < ¢
(iv) B[Xn 1AL 1] <

m,j

c

, and ]E[X;nﬁjI[Afm]] < e

m—j+1
Before proving the lemma, we state a key result for controlling the conditioning on
non-extinction is the following second order version of “Kolmogorov’s estimate” found in
[11, Display between (5) and (6)].

Lemma 2.2 (Kolmogorov's estimate). If the offspring variable X satisfies E[X]| = 1,
E[X?] < oo, and Var(X) = o2, then as n — oo,

In particular, nPP(Z,, > 0) — 2/02.

Proof of Lemma 2.1. Statement (i) follows from the key fact stated above from [5, Proof
of Theorem C(i)]. For (m) let X; denote the number of siblings of v;, distributed as
Z(X°-1),I; ~U{1,... . X, + 1} be the position of v; in its siblings (labeled left to right),

and fori=1,...,I; — 1, let L( be the number of offspring in generation m descended

from the ith sibhng (labeled from the left) of v; and AS)] be the event {LS)J =0} k=m,n.
Then

E([Lpy j1[An; \ Am ;]

I;—1
i,0=1
I;—1 -1
4
{ZL()I nj 77L]]+E[ZEL() ] ( n]\A'En)juijj)]
i,0=1
£
IJ‘71 Ij*l
(2) (4) (2) (i)
<B[ Y0 LD AN AL )]+ P(Z s > 0 B[S B, X]
i=1 i,0=1
£
-1 _
<E Z L) 1AY N\ Al )j]_ +P(Zpj > 0) E[X; E[Ly, ;| X;]]
I;—1
<E ZL A ]|+ P(Zny > 0) BIX?]
_1]71 -
(2) (4) (2) ¢
g E _Z Lm,JI[An,j \Am,j]_ + m _]+ 17

i=1
where the first inequality is a union bound, the equality is by independence of lineages,
the second inequality is because .,2”( .y ]) = 2 (Zm—;), and the last is by Lemma 2.2. To
bound further, we have that, conditional on X}, I;, using the independence of lineages,

E[LY 1AV AY ]

m,j

m,j

~ B[O A1, > o] BL, > 0)
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10 | g i
_ ]E[#(P(zn_m - O)mﬂ“) T 1253 o} P(Zp_j > 0)(m —j+1)

m—7+1
. (L)
Lfv?’ ; mL T
< cE[i_’j (IP(Zn,m - 0)m—ﬂ+1) 1z, }
m—j+1

where we have used Lemma 2.2. The function g(z) = xza® is 1-Lipschitz on (0, co) for

any a < 1, so we can apply Theorem 1.3 and use the fact that .,?(L(Z ) =L (Zm—j) to
find that for W ~ Exp(2/0?),

L0

2 ey B g

—¢ (20—2 — (m —j+1)1og(P(Zy_m = 0)))_2 + I%(mw}

m—j+1
2 log(m—j+1
<e| (2072 (m =+ 1) P(Zn-m > 0)) +‘M]
( m—j+1 _(m—j+1)(og(n—m)*\=2 log(m—j+1)
1+ —c 5 ) — |
n—m (n—m) m—j+1

<c

where we have used Lemma 2.2, and we now choose K so that ¢’ log(n—m)?/(n—m) < 1/2
whenever n — m > K. Using this bound and combining the last three displays, we have

E [LmJI[An,j \ AWJ]]

< C{E[Xj] [(1 +

m—j+1 _c/(m—j+1)1og(n—m)2)*2

n—m (n—m)?
log(m j—l—l)}_'_ 1
m—j+1 m—j+1 2.2)

. -2
1 —Jj+1 1 —Jj+1 1
(14 (5] (B + og(m ‘j ) + -
2 n—m m—7j7+1 m—j+1
—J+1\2 1 —J+2
C{(Hm i+ ) . Jog(m .J+)}_
n—m m—j+1
Now noting that given I; and X}, R,, ; is independent of A, ; and A, ;, we easily find
from Lemma 2.2 that

B[R 1A i \ A 1] < B[B[Ron s X5, 1] P (Ang \ Al X5, 1) |
A union bound implies
P(An i\ Am | X5, 1) S P(AT, 51X5, 1) < X P(Zimj > 0),

and clearly E[R,, ;| X}, I;] < X;, so altogether, using Lemma 2.2,

9 c
E[Ru 1A\ Anl] < BXFIR(Zmy >0) €
Combining this with (2.2) shows (i1).
For (iii), we show that for k = m,n,
E[(Rm,j + Lm j)1[Ay, ] < cE[X;]P(Ax ), (2.3)
EJP 25 (2020), paper 55. http://www.imstat.org/ejp/
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which easily implies the result. To show (2.3), we use the following correlation inequality:
if f is non-decreasing and g is non-increasing, then Cov(f(X), g(X)) < 0. Note that

0 = B[ L j1[Am 11 X5, I;] < E[L ;| X5, L] BI[An 11 X5, 1],
E[Rm,j [Am, ;11 X, j] < E[R ;| X;5, ] B1[An ]1X;, 1],

where the first line is obvious and the second is because of conditional independence.
Since E[R,, ; + L, ;| X;,I;] = X;, we then have

E[(Rmj + L ) Am 11X, ;] < X; P (A j|1X;, 1) = X; BP(Zm—; = 0)571X;].

But we can couple I; to X; in such a way that it is non-decreasing with X;, and thus the
correlation inequality implies

B[X; E[P(Zn—; = 0)5 ' 1X;] | < BIXIE[P(Zy-; = 0)571] = BLX;] P(Ap).
Combining the last two displays implies (2.3) for k¥ = m. For k = n, using similar ideas,
E[Lum,1[An | Lm.j] = L P(Zn—m = )3,
and the second factor decreases with L,, ; and so
E (L ;1[An;]] < E[Lp ] P(An;) < E[X;]P(An;).
Finally,
B[R j1[An 11X, 1] = (X; + 1= 1) P(Z—j = 0) ' < X; P(Z,—; = 0) .
But again we can couple (X}, I;) such that I; is non-decreasing in X, and thus
E[Rimn j1[An]] < BIXE[P(Z,—; = 0)57'] = BIX;] P(An,).
Finally, to show (iv), we have
B[ X j1[A7, ;1] = BlXm ;] P(AT, ;) = B[R j + Lm,j| Am ;| P(47, ),
E[X;n,jI[Afz,jH = ]E[X;nj] P(A%,ﬂ = E[Rm’j + Lm,j|An,j] JP(AZ,j),

and then (iv) easily follows from (7ii) and

P(45 ) = B[P(AF;1X,)] < E[X;]P(Zi—y > 0) < ——. 0
J+1
Lemma 2.3. If 7}, denotes the size of the kth generation of a Galton-Watson tree with
offspring distribution X satisfying E[X] = 1 and E[X?3] < oo, and if m < n withn—m — oo,
then
AW (L (Zp|Zm > 0), L(Zm|Zy > 0)) < c[(n —m) + log*(m)].

Proof of Lemma 2.3. The coupling definition of Wasserstein distance and Lemma 2.1,
parts (i), (i), (iv), yield an upper bound of

m

E‘Y'r/n - )/m| < ZE[X"%JI m ]] + X/ [A;:L ]”
+ > E[(Rumj + L )IAS, ; N Ay ]
Jj=1

d (n—m)?  logm—j+2)
CZ:(m F R A LR

< c[(n—m) +log*(m)]. O
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To continue, we need a lemma giving some moment information for variables in the BRW.

Lemma 2.4. Assume the definitions and constructions above, and let Y,,.,, denote
the number of particles in generation n of the BRW that occupy a site with another
generation-n particle that has a different ancestor at generation m. We have the
following:

1. The limit k; := lim,,_, E[M,(j)] exists, and

| E[M,(j)] — k5] < en' =42
2. Var(M,(j)) <1+ no?;
3. B[Yo.m|Zn > 0] < en(1 + mo?)(n —m)~%2.

Proof of Lemma 2.4. Part 1 follows from the proof of [4, Proposition 21], where they
obtain
| E[Mp41(7)] = E[M ()] < en™/2,

which means E[M,,+1(j)],n = 1,2,... has a limit and the bound follows since

o0
Z i~2 < eplmdi?,

Part 2 follows from M, (j) < Z,,E[Z,] = 1 and Var(Z,) = no? to get Var(M,(j)) <
E[Z2] < 1 + no?. To prove Part 3, we have

E[Yy:m1[Z, > 0]] . E[Ym]
P(Z,>0) ~ P(Z,>0)

E[Y.n|Z, > 0] = <en(n—m)~Y2E[Z2),
where in the last inequality we have used Lemma 2.2 and [4, Corollary 20]. The lemma
follows after noting that Var(Z,,) = mo? and E[Z,,] = 1. O

We give a construction of the critical BRW, building from the size-biased tree construction.

BRW construction. To construct M, (j) conditional on Z,, > 0, first generate T,, from
the size-bias tree section above. Since this tree is distributed as the Galton-Watson tree
given Z,, > 0, we construct the conditional BRW by attaching a random direction to each
offspring, chosen uniformly and independently from the 2d + 1 available directions for
the nearest-neighbor random walk. It is obvious that this “modified” BRW process has
the same distribution as the original conditioned on non-extinction to generation n. For
the modified process, let Zk denote the size of generation k and ]\an (7) be the number of
multiplicity j sites in generation n, then, in particular, we have

L(Zm, Zny, (M ()51 Z > 0) = L (Zny Zny (M (5))—1).

Modified BRW construction. A key to our approach is the following lemma that shows
the cost of replacing Mn(i) by a sum of a random sum of conditionally independent
variables. Given Z,,, for i = 2,00, Zm, let Zflym be the number of generation n offspring
of the ¢th particle in generation m of the modified BRW construction; here the labelling
is left to right (so particle 1 is always the marked particle), and note these are distributed
as the sizes of the (n — m)th generations of i.i.d. Galton-Watson trees with offspring
distribution .Z(X). Let also M, ,,,(j) be the number of sites having exactly j generation-n
descendants from the generation m particle labeled ¢ in the critical BRW construction
above, where the counts ignore particles descended from other generation m particles

at those sites. Also let (Z}, ,,,, M, ,,(j) be an independent copy of (Z,,—m, My —m(j)). Note

that given Z,,, M} ,,(5),. .., MZm (j) are i.id.

EJP 25 (2020), paper 55. http://www.imstat.org/ejp/
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Lemma 2.5. For the variables described above and m < n,
Zm
E‘Mn(]) — ZM;Lm(j)‘ < c(nm(n — m)—d/2 + (n — m))
i=1

Proof. The differences between the two variables are (i) multiplicity j sites with more
than 1 ancestor from generation m, (ii) multiplicity k£ > j sites with exactly j particles
descended from some single generation m particle, (iii) the number of multiplicity j
sites with only descendants of the first particle of generation m, and (iv) M}L’m(j).
But (i) and (ii) together are bounded by Y., (from Lemma 2.4) and (iii) is bounded
by Z?:mﬂ R;m-. Thus, using using Items 1 and 3 of Lemma 2.4 and (iii) of Lemma 2.1,
we have

n

Zm,
ML) = 35 M ()] € BlYoinlZ0 > 0+ 3 IR ] + B[ (i)

i=m-+1

E

<e(n(1+ma?)(n—m)~Y? + (n—m)). O

Before proving Theorem 1.1, we state and prove a simple lemma.

Lemma 2.6. For any nonnegative random variable Y on the same space as (Z;)o< <n
and m < n, we have

E[Y|Z, > 0] < % E[Y|Z,, > 0]. 2.4)
Proof. Using Kolmogorov’s approximation,
E[Y|Z, > 0]
EY1z,50] _ E[Y1z, >0

= < =EY|Z,>0
P(Z,>0) = P(Z,>0) ¥l ]

P(Z,>0) cn
YA . m :
P(Z, >0 mIE)[Y|Z >0]. O

~~

Proof of Theorem 1.1. Fix n > 4 and
1<m:=|n— n?’/(d“)J =|n(1- n’(d*2)/(d+1))J <n.

The triangle inequality implies

b (i (o 00, 20

) )

Zy > 0) ,X((l,nl,...,nr)Z))

n
< dw (g (Z" M) Ma(r)) 0) 7 ((1, PRIPR L S 0)) (2.5)
n n n m
+ dy (,,s,ﬂ <(1,/@1, .. .,m%"‘zn > o) L 2((1, 51, .. .,mz)) . (2.6)

Using Lemma 2.3 and Theorem 1.3, we find (2.6) is upper bounded by rc¢(n — m)/m =
O(n ).
From the coupling definition of the Wasserstein metric, (2.5) is upper bounded by

+Y E
j=1

where the hat-couplings are those in the BRW description above and

2 Nolj) K3 -
oo T_JT <b1+b2+2(€1,j+€2,j)a

j=1

E

n

1 . . n—m _ . x4
blsz‘anZm , by = E[Z].
n nm
EJP 25 (2020), paper 55. http://www.imstat.org/ejp/
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1 2 1 Zm K2
e1; = —B[M,(j) = > _ M., es; =E|= Y M, (j) — ===
" i=1 [ m
For by, we have that
n 2
Z, —Zm‘ < Y R+ > (.-
i=m-+1 =2

where recall the Z}’Lm are the number of generation n offspring of the ith particle in
generation m of the modified BRW construction, which are distributed as the sizes of
the (n — m)th generations of i.i.d. Galton-Watson trees with offspring distribution .#(X).
Thus, using (iii) of Lemma 2.1, conditioning on Z,,, and using the fact that E(Z,.] =1,
Var(Z}, ,,) = (n —m)o?, Cauchy-Schwarz, and then Jensen’s inequality, we have

by < %(n - m+E{ (n— m)aQZAmD < %(n —m++/(n —m)02\/E[Zm]> < P
Now, using (2.4) which says E[Z,] = E[Z,,|Z, > 0] < cn, we find by = O(n%) And
Lemma 2.5 implies that e; ; = O(nﬁ)

For e, j, recall that conditional on Z,,,, M, .(j), M2 ,.(j), ... areiid. random variables
all having the same distribution as M,,_,,(j). Thus, letting Z,, be distributed as the
size of the mth generation in a Galton-Watson tree with offspring distribution X that is
independent of the M? , (j), we find

Zm
m _ i
ae2d < E{E“n ! ZMn,m(.]) - KjZm/m”Zma L > 0}

i—1

Zm > O}

Zm . 1/2
< E{E[(n1 > M (0) = 552/ m0)° | Zuns Zun > 0) / |7 > 0}
=1

- ]E{ [n*“'Zm Var(My—m(5)) + (' Zy E[My—m (5)] — njzm/mﬂ 1/2’Zm > 0}

< B[n 1/ Zp Var(My ()2 + 07 Zn[BIMy ()] = 8 /]| Zo > 0]

< B[V Zwm|Z, > 0] Var(M,,—,,(5))'/?
+ nil E[Zm|Zn > 0] (| ]E[Mn7WL(.7)] - K:j‘ + "{j(n - m)/m)

__d-2
<en 2D

where the last line follows by E[\/Z,,|Z,, > 0] < \/E[Zn|Z,, > 0] < cn'/?-using (2.4)-and
Parts 1 and 2 of Lemma 2.4, which imply

Var(Mp,_m ()% < ev/n —m < en™ @4 and |E[M,,_n(5)] — #;| < c(n —m)' =42, O

2.1 Laplace distribution approximation

The centered multivariate symmetric Laplace distribution is a cousin to the Gaussian
distribution that arises in a number of contexts and applications; see [3] for a book
length treatment of this distribution. The r-dimensional distribution is denoted SL,.(X),
where the parameter ¥ is an r X r positive definite matrix. In general, its law is the same
as that of vVEZ, where E ~ Exp(1) and Z is a centered multivariate normal vector with
covariance matrix ¥. The covariance matrix of SL,.(3) is ¥, which can thus be thought of

as a scaling parameter. The characteristic function is evidently
— 71

u )

1+ iu'Su
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and from this it’s easy to see a number of equivalent characterizations in the case r = 1:
if 1, F5 are independent and Exp(1), then Fy — E5 ~ SL1(2); if B ~ Ber(1/2) independent
of Ey, E», then BE; — (1 — B)Ey ~ SL;(2). The 1-dimensional density of SL; (2) is 3¢~ 17!
and the multivariate density is given in [3, (5.2.2)] in terms of modified Bessel functions
of the 3rd kind.

The symmetric Laplace distribution arises as the limit of a geometric sum. More
precisely, we have the following theorem, which is elementary, using, for example,
characteristic functions.

Theorem 2.7. Let N, ~ Geo(p) be independent of X1, X5,..., which are iid. r-
dimensional random vectors having mean zero and covariance matrix .. Then asp — 0,

NT’

d
P> X -5 SL(D).

i=1
Here we provide a rate of convergence to a generalization of Theorem 2.7 in a metric
amenable to our setting; see also [8] for a related result when r» = 1.

Theorem 2.8. Let M > 1 be a random variable with mean pu > 1, independent of
X1,Xo,..., which are i.i.d. r-dimensional random vectors with zero mean, covariance
matrix ¥ = (¥,;;), and finite third moments. Then there is a constant C, depending only
on r such that

dw (a?(/fl/2 iXi)SLr(Z))
<pmV2 <Cru1/3 E[||X 3] 1/3 (Z ﬁ)dw M),Geo(u™ ")) + 3.5).

Proof. Let E ~ Exp(1), N ~ Geo(1~!) and Z = Zy, be a centered multivariate normal
vector with covariance matrix 3, with the three variables independent and independent
of M and the X ;. Then, since .Z(vEZ) = SL,(X), the triangle inequality implies

M M
-1/ . -1/ ) _
dw<$<u 1 2;Xl>,SLT(E)) < dw<2<,u 1 2;)(1),3(\/# 1MZ)) 2.7)

+dw (2 (Vi M2), 2(Vim N Z)) 2.8)
+dw(Z(ViNZ), 2(VEZ)). (2.9)

We use below that if X, Y, Z are random elements defined on the same space, then
dw(Z(X),2(Y)) < Eldw(ZL(X|2),2(Y|2))], (2.10)

which easily follows from the definition of Wasserstein distance given at (1.2).
To bound (2.7), we use the smooth function CLT, Corollary 3.2 below, which says that
there is a constant C,. such that forall m > 1,

( ( 1/2ZX1)’ / Z)) <Cr'ufl/le/SE[HXlnili]l/S.
Conditioning on M, applying (2.10), and using independence, we find that
_ _ 311/3
dw (2 (" ZXz)a (VirTH2)) < Co 2 B M) E[1X4 1]

< Crﬂ_1/2M1/3 [”X || ]1/3

(2.11)

EJP 25 (2020), paper 55. http://www.imstat.org/ejp/
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where we have used Jensen’s inequality in the last line.
To bound (2.8), we use (2.10) and the general fact that for fixed z € R4, and random
variables X,V
dw(ﬁ(Xz),f(Yz)) < ||z||1dw($(X),f(Y)). (2.12)

Now use the dual definition of Wasserstein distance, see, for example [9] or [12], to
choose a coupling between M and N such that dw (£ (M), Z(N)) = E[|M — N|]|. Using
that M, N > 1, we have

dw(Z(VM), Z2(VN)) <E|VM - VN| < E[|VM — VN|(VM + VN)]
=E[|M - N|| = dw(Z (M), Z(N)).

Thus, conditioning on Z, using (2.10) and independence, we have that (2.12) implies

aw (2 (Vi M 2), 2 (Vi 'NZ)) < B[l Z]1) i 2dw (£ (VM), £ (VN))
<2 (3 VIR Ja (200, 2()),

where the last inequality is because E[|Z;|] < v/Zy.
To bound (2.9), we again use (2.10), (2.12), and independence, to find

dw (2 (Vi 'NZ), 2 (VEZ)) <E[|Z]]dw (L (VuTN), £ (VE)).

To bound this last Wasserstein distance, we use the usual coupling of a geometric to an
exponential. If N’ = [E/(—1log(1 — p~1))], then Z(N) = Z(N’), and

dw (Z(Vu"'N), 2 (VE))
gE‘\/m—\/E‘ (2.14)

_ EUW VE[E < p] + EUW VE|E > /ﬂ]}
Since /u~IN’ > pu—1, if E > ', then

-IN' —VE gﬂ “IN' — E,
I 5 K

(2.13)

and so
E Um - VEIE > m]

E
< VP g N gl <@E‘7+M—1—E (2.15)
2 2 lplog(l —p)
< Vi

4 7’ +/J1> <uV2,
2 (‘ plog(1 — p)

since |1 4+ 1/(ulog(l — p))| < 1 for p > 1. Finally,

EU\/W—\/E’I[E<MW} < <\/u‘1( 1)+1> +u1/2> P(E < 1)

plog(1—p
V2+1 25
1372 = pl/2’
(2.16)
since 1 — 1/(plog(l —p)) <2, P(E < p~') < p~!, and p > 1. Combining (2.14), (2.15),
and (2.16) with (2.13) and (2.11) yields the result. O
EJP 25 (2020), paper 55. http://www.imstat.org/ejp/
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2.2 Proof of Theorem 1.2
As in the proof of Theorem 1.1, we use Lemma 2.5 to move the problem to a random sum
of i.i.d. random variables (with cost to the error term). Then we apply Theorem 2.8 to
the random sum. Our first lemma gives some moment information for the summands, in
particular, it shows the covariances converge, and the fourth moments are appropriately
bounded.

Recall the notation and constructions for the BRW and modified BRW, and write
Lemma 2.9. Assume the hypotheses of Theorem 1.2, and for j, k € {1,...,r}, denote

An(]v k) = COV(MR(J) - Mn(])Z’mMn(k) - Mn(k)Zn)

Then the limits
lim A,(j,k) = X

n—oo

exist, are finite, and
|A, (G, k) — Sjn] < en®79/3.

Furthermore,
1 . .
Jim = B[(M(7) = pn(5) Zn)"] = 30725, (2.17)
Remark 2.10. As a check on the limiting constant and linear growth of the fourth mo-
ment of (M, (j) — pn(j)Zn) given by (2.17), Theorem 1.2 suggests (assuming appropriate
uniform integrability) that for E ~ Exp(1) and Z; ~ N(0, 3;,),

n 2 B[(Mn(§) — tin(§)Z0)*| Zn > 0] — B[E?| E[Z]] = 633, (2.18)
The left hand side of (2.18) is equal to

-1 E[(Mn(]) - ,un(j)Zn)ﬂ —1 E[(Mn(]) - Mn(j)Zn)4]
" nP(Z, > 0) ~n 2/0 ' 219

From (2.28) below, we see that Y = (02/2)%, which, with (2.18) and (2.19), agrees
with (2.17).

Proof of Lemma 2.9. Write

Ay (j, k) = E[My, (5)Mn ()] — o (k) B[M;(7) Zn] — 10 (5) B[M (k) Zn] + pn (5 1n (k) E[Z7].
Let (M _,(4), M}_,(k),Z}_,)Z, be defined as follows: The first (respectively, second)
coordinate is the number of sites with j (respectively, k) particles in generation n
descended from particle ¢ in generation 1, and the third coordinate is the number of

offspring in generation n descended from generation 1. Note that, given Z;, these are
i.i.d. copies of (M, —1(j), Myp—1(k), Zn—1). Now write

A Zy
E[M, (j) M, (k)] = E[Z Mz_l(j)Mfi_l(k)] +E{Mn<j>Mn(k> = > M ()M (k)

1,0=1 i0=1
Zy
. i . 4 1),
=B 30 MM B + DG
i,0=1
EJP 25 (2020), paper 55. http://www.imstat.org/ejp/
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The first term above is the main contribution, and the second term is a small error. For
the first term,

E[Z MM (0]

i =1 B |
~ B[ 3 B[ M 0912)]
=1

Zl Zl
E[ZE[M;_1<.7>M;_1<@|21] +SCBM L ()M (8)|2)]
i=1 i£j

~ BIZBIML (DML (8] + BIZ1(Z) ~ Dlptas (i1 (1)
— B (M1 (6)]) + 01 (-1 8.
Similarly,
7 Zn
BIM,()Z, = E| Y M ()2 | + B[ 2, (M,0) - M),
= =
=: E[; Mil(j)Zﬁl} + e (),
and 2
B3 Ml ()] = B G)Z] + o)
Finally, |

B[Z3] = Bl(Zn-1)] + 0.

Using that E[M,,(¢)Z,] < E[Z%] < cn and, from the proof of [4, Proposition 21], that
|tin (£) — pn—1(£)] < n~%2, we can collect the work above to find

|40 (G, k) — An_1 (5, k)| < c(|eDG k)| + [e2G)| + [eP (k)] +n'=42).

To bound the errors, first note

74 Zy 4
D (. k)| < B [Mn(j)‘Mn(k:) - ZMf_l(mH +E [Z Mf_1<k>(Mn(j> - ZMi_lo)H
/=1 =1 =1

<efafonr L ucswf] efafno - S]] <eg
=1 = (2.20)
Similarly;, p
e () < B [Zn My (j) = Z?M,iq(j)ﬂ < E[ZnYnal,

and the same inequality holds with |e£2) (k)| on the left hand side. For « > 0, to be chosen
later, we bound

(2. Y1 1[Z, > n' ] + n' T E[Y,,,]

E[Z,Yp1] <E
2 1 1 d/2 (2'21)
< E[Z21[Z, > n't*]] + en!Tom/2,

EJP 25 (2020), paper 55. http://www.imstat.org/ejp/
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where we have used [4, Corollary 20]. Now squaring both sides of the inequality in the
indicator and bounding by the ratio, we have

E[Z2]
2 14+ n 1-2c
E[Z21[Z, > n'T"]] < —3(T+a) <en ,

since E[Z2] = O(n?). Thus, choosing a = d/6, we obtain [Z,,Y;,.1] < cn!~%/3, and thus
|An(Jv k) - Anfl(jv k)‘ < Cnl_d/?)c

Sinced 27, 3,5, n'~4/3 < 0o, and therefore (A,,(j, k))n>1 is a Cauchy sequence; denote
its limit by X ;;, and observe that

|A, (G, k) — Sjn] < en?79/3.

To prove the second assertion, we fix j and drop it from the notation, e.g., writing M,
for M,,(j). We follow the strategy above, but now there are higher moments, which we
denote by

k¢
= EB[(M)*(20)'],
for i € {n — 1,n}. Now, expanding and then swapping the coefficients with powers
(0,1)

n—1"’

B0 — 02,07 = 50— 4D 16 (1)
( (1,0)) M'SLI ,3) (,LLSLLO)) Iuglo ,4)

of u(o Y for those with I we have

2.22
:M#’O) m (1 0) (3 1)+6( (1, 0))2 (2,2) ( )
4(#53 01))3 O3 4 (uD) 0D o342,
where the second equality follows, similar to the argument above, from
k 1,00\ k 1,0
| (p0) R0 — (D) R | < e B2 ) = Y < en®2, (2.23)
where k = 0,1,...,4. Now, denote the error made in the summands above when replacing

the moments by the first step moments as

Z1 k  Z1
e%kA_k) = aqay (H;llol))k (NgzkA_k) - B [(Z Mv ) (Z 1) } ) 7
i=1

where a; is 1, —4, or 6 as appropriate. Bounding these similar to (2.20) and (2.21) above,
using that E[X>*118/(¢=6)]] < oo, we have that for « > 0 and § = |18/(d — 6)] + 1,

|€7(Ik,47k)| < CE[ZSYnl] < C(E[Z;llJrﬁ]nfB(lJra) _’_n3(1+a)7d/2)) < C(n?)f,é’a _’_n3(1+a)7d/2)’

Choosing a = (d — 6)/6 — ¢, for ¢ > 0 small enough that o8 > 3, and noting thatd > 7,

we have
elE4M] = 0(n~),

for 6 = min{af — 3,3e} > 0. Thus we find the fourth moment (2.22) is equal to

E[@Mm}—ww[@ (e o]
o) B (S (5 24 ] 04 B[ (L) ()
+ (u))* {(Zn )}+O(n5’).

(2.24)
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for &' = min{é,3 — d/2} > 0. As before, we expand the random sums in the expectations
above and then simplify. We cover in detail only the middle term, which is the most
involved, and just write the final expressions for the other terms. Write ¥y; ; ;. for sums
over distinct indices. For the middle term,

() (2
i=1 j=1
Z1

2.

11,12,13,84=1

il ig i3 i4
Mnfanflznflznfl

Zl Zl
=3 (M) (Zi) Y (ML)H(Z)”
i=1 {il,iz}zl
Zl . 2 . . Zl . 2 . .

+ Z (M) 22 Z5y +2 Z (M) 21 2,2

{’il,iz,ig}:l {il,iz}:l
Zl . . . . Zl . . . .

+ Y ML ML ZE 2 4 Y My M7 7

{’il,iz,ig,i4}:1 {il,ig,ig}zl

Zl Zl
+2Y MM ZEZE k2 Y ML M (2

{i1,92}=1 {i1,92}=1
Z1
+ > ML MR (Z)
{i1,i2,i3}=1

For a quick parity check of this formula, note that for non-negative integer z,
=2z -1)(2z-2)(z=3)+62(z —1)(z —2) + Tz(z — 1) + 2.

Now, taking expectation by first conditioning on Z;, writing v, := E[Z1(Z, — 1)--- (Z1 —
k+1)], k= 3,4, we have

VAL P A 2
i j 2,2 2,0 0,2 2,0 2,1
. [(Z M) (3o 70) } = w2+ P ) v + 2070
i=1 =1
1,042 1) (1,0 1,1)12
+ 7 (D) + s ) + 202 ()
1,2) (1,0 1,02 (0,2
+ 202“51,—1)“51,—1) + 73 (.ng—l)) /”’L'SL—l)'
Similar arguments shows
< 4 2 2
1 4,0 2,0 2,0 1,0
E[(Z Mn71> = i + 30 (Ngz—l)) + 67301 (/‘;71))
=1 -
3,0) (1,0 1,0)\ 4
+ 402#51_1)N£L_1) + 4 (,Ug_l)) >
- N ) (L1) [, (1,0))2 2.1) (1,0)
E{(ZMM) (3700 | = ) + 39l (ulE)? 4 802 E )
i=1 j=1 .
1,1) (2,0 3,0 2,0) (1,0 1,0)\3
+ 30 Y+ ) 4 By Y v ()
Z VA
. . 3
B {(Z M) (Yo Zi) } = i)+ 3l + 3020 (%) + 307l R
i=1 =1
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0,3) (1,0 0,2) (1,0 1,0
+o /‘I"I(’l 1)/$£1 1) "‘3’73#5171),“7(171) +74N;71)a

Z1 4
E [(Z Zfl_l) } = u(0_41) + 302 (uf_’?) + 673 ,uS) 21) + 4021120 31) + V4.
j=1
Plugging these into (2.24), we find (it’s easiest to compute the coefficients for each of
02, 3, and ~4; the last two are zero) that
E[(My, — 1nZn)'] = B[(My—1 — ptn-1Zn-1)"] = 302 4,_1(j,)* + O(n™%).

Therefore,
]E[(Mn — unZn)ﬂ = 3n02An_1(j,j)2 + O(l +nt? ),

and the result easily follows. O
Proof of Theorem 1.2. Assume d > 7 and fix n > 3 and
1<m:= Ln — n3<2dgrl>J < n.

Recall the definition and constructions for the BRW and modified BRW, and denote
fnm(j) = E[M, ,,.(7)] = E[M,_m(5)], M; (j) = M .(j) — ,Un,m(j)szL,m' Now, let

n,m n,m n,m

5. = (62/2)% and use the triangle inequality to find

w(((BF2), J0) 50)

< dw z((M"(j)\/%”jZ”xl),g((z 1 le%.) ”jZ”Xl) (2.25)

(e |

52 M) = () 2 )" o
o((Betret) )
oo (Bt sy
| 4(2?"‘1( (g)f un,mmzz,m));_l))
+ dw f((XW)fl),SLT((UQM)Zn) (2.28)
n \% dy (SLr(3), SLy(5)), (2.29)

where ¥, = (Ay_n(j, k)); e With A,_n(j, k) = Cov(M} , (j), M} (k). Using the cou-
pling definition of Wasserstein distance and Lemma 2.5, we can bound (2.25) by noting

2d—9
—1/2 Z ) cn T 6(2d+1) .

Similarly, (2.26) is bounded from

14d—3 2d—9

77/_1/2|Mn,m(j) _ Hj’ E[Zn] < en @I L ep” SRID
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where in the first inequality we have used Lemma 2.4 and that E[Zn] = O(n). For (2.27),
note that

_1/2 /~Ln m( )Zn - Z (M;L,m(j) - /”Ln,m(])ZrlL,m)

i=1

Zm n
<0 2V B\ = Y Zh| Son B[ YD R 41
=1 1=m-+1

|

_ _6d—37 __2d-9
< C(n _ m) <en 8D L en 6(2d+1)’

where we used Lemma 2.4 in the second inequality, and part (ii¢) of Lemma 2.1 in the
second to last. Noting our Wasserstein distance is with respect to ; distance, summing
over j and k, and usmg the inequalities above shows that (2.25), (2.26), and (2.27) are
upper bounded by cn 6<2d+1>

To bound (2.28), we apply Theorem 2.8 with M = Z,,, X; = (M ,(j));_;, and
1 = E[Z,,], which, using (2.4), is of strict order n. Lemma 2.9 states that

B[(M},(7))"] < eln—m),

and then repeated use of Holder’s and Jensen'’s inequalities implies that
271/3
[H( nm (7 );:1”ﬂ <e(n - m)1/4 < en” ST

Multiplying this by the n~/ factor coming from the powers of ; in the bound from

2d—9
Theorem 2.8 gives a term of order n~ 62¢+1), For the remaining (nontrivial) term, the
triangle inequality implies

dw (Z( Zm), Geo(p™ ))

< AW (L (Zm), L (Zm| Zm > 0)) + dw (L (Zm| Zm > 0),Exp(a?/(2m)))
+dw (Exp(0?/(2m)), Exp(u™")) + dw (Exp(u~), Geo(u ™)),

< ¢((n—m) + log(m —l—‘m (02/2) — ),

where the second inequality uses Lemma 2.3, Theorem 1.3, and standard couplings.
Using Lemmas 2.2 and 2.3, we have

im(0?/2) — p| < |m(0/2) — E[Zn|Zn > 0]| + |E[Zn| Zn > 0] — E[Z,,| Z, > 0]
< c(log(m)? + (n —m)),

_ 1,20 _ __2d-9
Noting that ;= '/2(n — m) < en”273@HD < ¢n” 52450, and putting these bounds into
Theorem 2.8 implies that (2.28) is bounded by cnfﬁ.

Finally, we bound (2.29). Using the representation .#(vEZ) = SL,(Cov(Z)) for E
distributed as an exponential with rate one, independent of Z, an r-dimensional multi-
variate normal, we apply Lemma 3.3 below and Lemma 2.9, and noting that d > 7, we
conclude that

1/2 _10(d—6) _ _2d—9
dw (SLT (Zn), SLT(Z)) < c(ZAn_m (], k;) — ij|> < en @I L en” 84FD |
and combining the bounds above yields the theorem. O
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3 CLT with error

In this section we prove a multivariate CLT with Wasserstein error for sums of i.i.d.
variables that is adapted to our setting. The proof is relatively standard using Stein’s
method, with the complications that we are working in the Wasserstein (rather than
smoother test function) metric, and that we do not demand the covariance matrix be
non-singular.

In what follows, denote by |-| the Euclidean L,-norm. For a k-times differential
function f: R" — R, let

T
0" f(x)
My(f) == sup sup A1y Okiy 3 Fa |
z€R" aq,...,ap€R": i Zikzl " ok 8%1 v axir
la|==lak|=1 """
Clearly, for any vectors aq,...,a;,x € R", we have
T
0" f(x)
L R S P .. M . 3.1
D GGk Dz Ozs, | S la|- - ax| My (f) (3.1

i1, yip=1

Theorem 3.1. Let X3,...,X,, be iid. random vectors in R", with E[X;] = 0 and
Var X1 = % = (Syp)i<uvsr Let W =n~"Y23"" X, and let Z have a standard multi-
variate normal distribution, and let Zs. = »1/27. Then, for any differentiable function
h:R"— R,

r 13 1/3
(W) — E[h(Zs)]] < 2M, (k) (“E“X']) .

vn
Proof. We first replace h by h., which is defined as
he(z) = E[h(z+eZ")], z€eR,

where Z' has a standard multivariate normal distribution, independent of all else. The
error introduced by replacing & by A, is at most

[EIL(W)] — BR(W + < 2)]| < M (h) B[|Z/]] < eMy(W)VF,

and the same bound holds when W is replaced by Zs.. Following [6, Lemma 1], since h.
is infinitely differentiable, there is a function f on R" such that

Z v fuv () — Z T fu(x) = he(z) — E[h(Zx)], reR",
u=1

w,v=1
and from [6, Lemma 2] and then [10, Lemma 4.6], this function satisfies
Ms(f) < Ms(he)/3 < e My(h)/3.

Now, letting Y¥; = n~1/2X;, and using Taylor’s expansion about W = W — Y;, we have
that

EY " Wafu(W)
u=1

=EY > Viufu(W)

=1 u=1
r

n T s 1
=B ) Vi {fu<wi)+2m,vfm,(wi>+ > YioYiw /0 (1= 8) fuvw(W* + sY;)ds

i=1 u=1 =1 v,w=1
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:EZ Z n S fun(W “EZ Z Y;uYiwYiw / (1= 8) fuvw(W* + sY;)ds

i=1 u,v=1 =1 u,v,w=1

1
—]EZ Yo fur (W) + 0 E Z Vi.Yi lew/ (1 = 8) fuww (W + 5Y1)ds
0

u,v=1 u,v,w=1

1 T
=F } S fun(W / (1—s) (E > YiuYiw V1w fuvw (W +sY1)>ds.
0

u,v=1 w,v,w=1

Applying (3.1) to the quantity inside the second expectation, we have

Z YL“Ylﬂ)Yl,wfumu(Wl + 5Y1)

u,v,w=1

< VP Ms(f).

Now, let Y/ be an independent copy of Y3, and note that we have ¥,, = nE(Y{ ,Y{,).
Hence,

E Y Sy fun(W EZ [f +ZY1w/ Fuvw(W! +sY1)d}

u,v=1 u,v=1

:EZ Zuvfuv( +E Z Euvylw/ fuvw W +SY1)d

u,v=1 u,v,w=1

T 1
=E > SwfwW)+n / E Z VY WYY V10 fuvw (W + sY1)ds.

u,v=1 u,v,w=1

Applying again (3.1) to the quantity inside the second expectation, we have

Z Yll,’U«Yll,le,wfuvw(Wl + SYl)

w,v,w=1

< VPV M3 (f).

Subtracting one from the other, it follows that

Thus
[EB(W)] ~ Eh(Zo)]] < 2eMy(R)V7 + M(Z)E%(”
and choosing |
- (45
yields the final bound. .

We also have the following easy corollary to fit our setup above.

Corollary 3.2. Under the notation and assumptions of Theorem 3.1, if h is differentiable
and 1-Lipschitz with respect to the 1-norm, then there is a constant C,. depending only
on r, such that

37\ 1/3
E[L(W)] — B[h(Zs)]| < CT<E[||\);L”1]>
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Proof. By equivalence of norms in R", there is a constant ¢, depending only on r such
that for any a € R", ¢, |a| < [Ja]1 < ¢»

a; Oh(x ||a||1
({‘)1'1 < |a‘ X 4r,
and E[|X[?] < ¢2E[||X||}]. The result now follows from Theorem 3.1. O

Finally, we state a simple lemma used to compare centered multivariate normal distribu-
tions.

Lemma 3.3. Let ¥ and ¥’ be two non-negative semi-definite (r x r) matrices forr > 1.
Let X = (X4,...,X,), respectively Y = (Y1,...,Y,), be a centered multivariate random
normal vector with covariance matrix ¥, respectively ¥'. Then

r 1/2
dw(Z(X),2(Y)) < C( > B - 2@\)

uw,v=1
for some constant C' that only depends on r.

Proof. Using Stein’s identity for the multivariate normal, for any twice-differentiable
function f, we have

T

{ Z Suv fun(Y ZX FulY } { > CGw 2;U>fuv<Y>}

u,v=1 u,v=1

) D B = -

u,v=1

The result now follows by using the smoothing argument and Stein’s method as in the
proof of Theorem 3.1; we omit the details. O
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