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Abstract. Matrix Dirichlet processes, in reference to their reversible measure, appear in a natural way in many different models
in probability. Applying the language of diffusion operators and the theory of boundary equations, we describe Dirichlet processes
on the matrix simplex and provide two models of matrix Dirichlet processes, which can be realized by various projections, through
the Brownian motion on the special unitary group and also through Wishart processes.

Résumé. Les processus de Dirichlet matriciels, en référence a leur mesure réversible, apparaissent de maniére naturelle dans de
nombreux modeles différents en probabilité. En utilisant la langage des opérateurs de diffusion et la théorie des équations de bord,
nous décrivont les processus de Dirichlet sur le simplexe matriciel et proposont deux modeles pour les processus de Dirichlet
matriciels, qui peuvent étre réalisés par les projections diverses, par le movement brownien sur le groupe unitaire spécial et par les
processus de Wishart.
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1. Introduction

The complex matrix simplex A, 4 is the set of the sequences (Z M., Z™Y of non negative d x d Hermi-
tian matrices such that ) ;_, 7Y < 1d, where the inequality is understood in the sense of Hermitian matrices.
On the matrix simplex, there exist natural probability measures, with densities C det(Z(M)41=1...det(Z™)a=—1 x
det(d — Y7, Z @yanr1=1 (gee Section 4). As the natural extensions of the Dirichlet measures on the simplex, they
are called matrix Dirichlet measures.

It turns out that on matrix simplex there exist many diffusion processes which admit matrix Dirichlet measures as
reversible ones, and their generators may be diagonalized by a sequence of orthogonal polynomials whose variables
are the entries of the matrices. Therefore the matrix simplex appears to be a polynomial domain as described in [4],
see Section 2.

The purpose of this paper is to describe these diffusion processes that we call matrix Dirichlet processes. They
appear in a natural way in different models in probability: in the projection of Brownian motions on SU (N), and also
in the projection of Wishart matrices, as we will see below.

To begin with, we deal with diffusion processes on the simplex which have Dirichlet measures as reversible ones.
Dirichlet measures are multivariate generalizations of the beta distribution, and play an important role in statistics
and population biology, for example the Wright-Fisher model. In this paper, we talk about Dirichlet processes, by
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which we mean that these diffusion processes on the simplex are polynomial models with Dirichlet measures as their
reversible measures.

The matrix Dirichlet measures, being analogues of Dirichlet distributions, were first introduced by Gupta and
Richards [12], as special cases of matrix Liouville measures. They have been deeply studied, for example by Olkin
and Rubin [16], Gupta and Nagar [11], see also Letac [14,15] and references therein. They not only provide models for
multiple random matrices, which are related with orthogonal polynomials, integration formulas, etc., but also reflect
the geometry of spaces of matrices, see [11,13]. Therefore, it is natural to consider their corresponding diffusion
processes. It is worth to mention that matrix Jacobi processes, which can be considered as a one matrix case of matrix
Dirichlet processes, were introduced by Doumerc in [10]. Demni studied the large size limit of matrix Jacobi processes
in two interesting papers [7,8].

Our interest of this topic not only lies in its importance in statistics and random matrices, but also in the fact that
it provides a polynomial model of multiple matrices. In a polynomial model, the diffusion operator (the generator)
can be diagonalized by orthogonal polynomials, and this leads to the algebraic description of the boundary. Such
polynomial models are quite rare: up to affine transformation, there are 3 models in R [3] and 11 models on compact
domains in R? [4]. More recently, Bakry and Bressaud [1] provided new models in dimensions two and three, by
relaxing the hypothesis in [4] that polynomials are ranked with respect to their natural degree, and investigating the
finite groups of O (3) and their invariant polynomials.

As we will see in this paper, the simplex and the matrix simplex are both polynomial domains where there exist
many different polynomial models, which is a situation even more rare: in general, there is just one polynomial
diffusion process on a given domain, up to scaling. The situation here is quite complicated, since we are dealing
with a family of matrices. By applying the theory of boundary equations, as introduced in [5], we are able to describe
Dirichlet processes on the simplex, and we provide two models of such matrix Dirichlet processes. Our two models are
found to be realized, via various projections, through the Brownian motion on the special unitary group and through
the Wishart processes. This leads to some efficient ways to describe image measures in such projections.

This paper is organized as follows. In Section 2, we present the basics on diffusion operators and polynomial
models that we will use in this paper. In Section 3, we introduce the Dirichlet process on the simplex, and describe its
realizations in the special cases from spherical Laplacian, and also from Ornstein—Uhlenbeck or Laguerre processes.
In Section 4, we give the description of two models. In Section 5, we present the realizations of matrix Dirichlet
processes through projections of the Brownian motion on special unitary group and of Wishart processes which are
extensions of their scalar counterparts.

2. Symmetric diffusion operators and polynomial models

We present in this section a brief introduction to symmetric diffusion processes and operators, in particular to those
diffusion operators which may be diagonalized in a basis of orthogonal polynomials.

2.1. Symmetric diffusion operators

Symmetric diffusion operators are described in [2], which we refer the reader to for further details. Moreover, for
those associated with orthogonal polynomials, we refer to the paper [4]. Although the description that we provide
below is quite similar to that in [1], we choose to present it here for completeness.

Diffusion processes are Markov processes with continuous trajectories in some open set of R” or on some manifold,
usually given as solutions of stochastic differential equations. They are described by their infinitesimal generators,
which are called diffusion operators.

Diffusion operators are second order differential operators with no zero order terms. When those operators have
smooth coefficients, they are given in some open subset Q of R? by their action on smooth, compactly supported
function f on €2,

L(f) =Zg” <x>a?jf+2bl’(x)aif, 2.1)

J

where the symmetric matrix (g'/)(x) is everywhere non negative, i.e. the operator L is semi-elliptic.
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A Markov process (&);>0 is associated to such a diffusion operator through the requirement that the process
f&) — fot L(f)(&s)ds is a local martingale for any function f in the domain of the operator L.

In this paper we will concentrate on the elliptic case (that is when the matrix (g'/) is everywhere non degenerate),
and on the case where this operator is symmetric with respect to some probability measure w: for any smooth functions
f, g, compactly supported in €2, we have

/ FL(g) dpt = f L) du. 2.2)
Q Q

We say that u is a reversible measure for L when the associated stochastic process (&);>0 has a law which is invariant
under time reversal, provided that the law at time O of the process is u. In particular, the measure is invariant: when
the associated process (§;);>0 is such that the law of & is u, the law of (§;);>¢ is u for any time ¢ > 0.

When p has a smooth positive density p with respect to the Lebesgue measure, the symmetry property (2.2) is
equivalent to

b'(x) =" 38" (x)+ > gd;logp. 2.3)
j j

where b (x) is the drift coefficient appearing in equation (2.1). In general by equation (2.3) we are able to completely
determine u up to some normalizing constant.

Now we introduce the carré du champ operator I'. Suppose that we have some dense algebra 4 of functions in
L’z(,u) which is stable under the operator L and contains the constant functions. Then for ( f, g) € A we define

1
L(f.g) = E(L(fg) — fL(g) — gL(/)). (2.4)

If L is given by equation (2.1), and the elements of A are at least C2, we have

L(f.9)=) 870 f;g.
ij
so that I" describes in fact the second order part of L. The semi-ellipticity of L gives rise to the fact that I'(f, f) > 0,
for any f € A.
Applying formula (2.2) with g = 1, we obtain fQ Lfdu=0forany f € A. Then with (2.2) again, we see imme-
diately that for any (f, g) € A

/fL(g)dMZ—f I'(f.&du, (2.5)
Q Q

so that the knowledge of I" and p describe entirely the operator L. Such a triple (2, ', ) is called a Markov triple
in [2].

By (2.1), we see that L(x")=b' and T'(x%, x/) = gij . The operator I is called the co-metric, and in our system of
coordinates is described by a matrix I' = (I'(x', x/)) = (g").

In our setting, we will always assume that € is bounded and choose A to be the set of polynomials. Since poly-
nomials are not compactly supported in €2, the validity of equation (2.2) requires extra conditions on the coefficients
(g') at the boundary of €, which we will describe below.

The fact that L is a second order differential operator implies the change of variable formulas. Whenever f =
(fi,..., fn) € A" and ®©(f1, ..., fn) € A, for some smooth function ® : R" — R, we have

L(®(f)) =Y i ®(HLf) + D5 P(NHT(fir £) (2.6)
i ij
and also
D(®(f),8) =Y  aP(AHT(fi,8) 2.7)

When A is the algebra of polynomials, properties (2.6) and (2.7) are equivalent.
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An important feature in the examples described in this paper is the notion of image. Whenever we have a diffusion
operator L on some set €2, it may happen that we find some functions (X1,..., X,) in the algebra A such that
L(X;) = B'(X) and I'(X;, X ;) = G (X) where X = (X1, ..., X,). Then we say that we have a closed system. If
(&/)r>0 1s the Markov diffusion process with generator L, (¢;) = X (§;) is again a diffusion process, with its generator
expressed in coordinates (X1, ..., X))

L=)"G"(X)d} + B'(X):.
ij

Moreover, when L has a reversible probability measure u, L has the image measure of u through the map X as its
reversible measure. And equation (2.3) is an efficient way to determine image measure, which will be used many
times in this paper.

2.2. Polynomial models

As mentioned above, we will restrict our attention to the elliptic case. Here we expect L to have a self adjoint extension
(not unique in general), thus it has a spectral decomposition. Also we expect that the spectrum is discrete thus it has
eigenvectors, which we will require to be polynomials in the variables (x’). Moreover, we will require that those
polynomial eigenvectors to be ranked according to their degrees, i.e., if we denote by H,, the space of polynomials
with total degree at most #, then for each n we need that there exists an orthonormal basis of H,, which is made of
eigenvectors for L. Equivalently, we require that L. maps H, into itself. This situation is quite rare, and imposes some
strong restriction on the domain €2 that we will describe below.

When we have such a Markov triple (2, T, u), where Q has a piecewise smooth (at least C') boundary, x has a
smooth density with respect to the Lebesgue measure on 2. Then we call 2 a polynomial domain and (2, T, ) a
polynomial model.

In dimension 1 for example, up to affine transformations, there are only 3 cases of polynomial models, correspond-
ing to the Jacobi, Laguerre and Hermite polynomials, see for example [3].

2
1. The Hermite case corresponds to the case where 2 = R, u is the Gaussian measure £ \/%2 dx on R and L is the
Ornstein—Uhlenbeck operator
d? d
Louy=— —x—. 2.8
V= ax? Max (28)

The Hermite polynomial H, of degree n satisfy Loy P, = —nP,.
2. The Laguerre polynomials correspond to the case where €2 = (0, 00), the measure u depends on a parameter a > 0
and is f1q(dx) = C,x*Le™ dx on (0, 00), and L is the Laguerre operator

d? d
La :xﬁ—l—(a—x)a. (29)

The Laguerre polynomial L,(f) with degree n satisfies LaLE,a) = —nL,(la).
3. The Jacobi polynomials correspond to the case where 2 = (—1, 1), the measure u depends on two parameters a
and b,a,b > 0andisis g p(dx) =Cqp(1 — x)* 114+ x)>~1dx on (—1, 1), and L is the Jacobi operator

2

d d
La,bz(l—xz)ﬁ—(a—b+(a+b)x)a. (2.10)

The Jacobi polynomial (J,f“’b))n with degree n satisfy
Loy = —nm+a+b—1)J@D,

In higher dimensions, when €2 is bounded, we recall from [4] the following results.
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Proposition 2.1. Ler (2, T, ) be a polynomial model in R?. Then, with L described by equation (2.1), we have

Fori=1,...,d, b isapolynomial with deg(b') < 1.

Fori,j=1,...,d, 8" is a polynomial with deg(g/) < 2.

The boundary 3K is included in the algebraic set {det(g'/) = 0}.

If{Py--- Py =0} is the reduced equation of the boundary 02 (see Remark 2.3 below), then, for eachq =1, ..., k,
eachi=1,...,d, one has

Sl

T(log Py, xi) =Lig, @2.11)

where L; 4 is a polynomial with deg(L; 4) < 1;

5. All the measures [y, ..., With densities Cq,, . o |P1|%! - - | Pt|** on Q, where the a; are such that the density is is
integrable on 2, are such that (2, T, [La,, ... ) IS a polynomial model.

6. When the degree of Py - -- Py is equal to the degree of det(g'/), there are no other measures.

Conversely, assume that some bounded domain 2 is such that the boundary 02 is included in an algebraic surface
and has reduced equation {P; --- Py = 0}. Assume moreover that there exists a matrix (g" (x)) which is positive
definite in 2 and such that each component gV (x) is a polynomial with degree at most 2. Let T denote the associated

carré du champ operator. Assume moreover that equation (2.11) is satisfied foranyi =1,...,d andanyg =1, ...k,
with L; 4 a polynomial with degree at most 1.

Let (ay, ..., ar) be such that the | P1|*! - - - | P¢|* is integrable on Q2 with respect to the Lebesgue measure, and
denote

MHay,..., Olk(dx):Cotl ..... (xklpllal"'|Pk|akd-x7

where Cy, ... o, is the normalizing constant such that iy, ... «, is a probability measure.
Then (2, T, oy, ) is a polynomial model.

Remark 2.2. The determination of the polynomial domains therefore amounts to the determination of the domains 2
with an algebraic boundary, with the property that the reduced equation of 9€2 is such that the set of equations (2.11)
has a non trivial solution, for g/ and L; 4. Given the reduced equation of 9€2, equations (2.11) are linear homogeneous
ones in the coefficients of the polynomials g/ and of the polynomials L; x. Unfortunately, in general we need much
more equations to determine the unknowns uniquely, and this requires very strong constraints on the polynomials
appearing in the reduced equation of the boundary. We will see that both the simplex and the matrix simplex (in the
complex and real case) are such domains where the choice of the co-metric I' is not unique.

Remark 2.3. The set of equations (2.11), which are central in the study of polynomial models, may be reduced to
less equations, when k > 1. Indeed, if we set P = P; - - - Py, it reduces to

I'(xj,logP)=L;, deg(L;)<1. (2.12)

In fact assume that this last equation holds with some polynomial L;, then on the regular part of the boundary described
by {P,;(x) =0}, we have I'(x;, P;) = 0 since

I'(x;, Pp)
T(x;, Py) =P, (L,» - Z lT)
i !

Therefore, I' (x;, P;) vanishes on the regular part, and P, is irreducible, dividing I"(x;, P;), whichleads to I' (x;, P;) =
L; 4 P,, where deg(L; 4) < 1. Thus we obtain the equation (2.11).

Remark 2.4. A bounded polynomial domain is therefore any bounded domain €2 with algebraic boundary, on which
there exists a symmetric matrix (g'/) with entries which are polynomials with degree at most 2, that is positive definite
on 2 and defines on 2 an operator I" satisfying equation (2.12).
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In [4], a complete description of all polynomial domains and models in dimension 2 is provided: 11 different cases
are given up to affine transformations. This description only relies on algebraic considerations on those algebraic
curves in the plane where the boundary condition (2.11) has a non trivial solution. This reflects the fundamental role
played by the boundary equation.

Among the 11 bounded domains provided by the classification in [4], the triangle appears to be one of the few
ones (with the unit ball and a particular case of the parabolic bi-angle) where the metric is not unique, which may be
generalized in higher dimension as the simplex. Here we extend it furthermore to the matrix simplex.

3. Dirichlet measure on the simplex

In this section, we recall a few facts about the simplex and provide some diffusion operators on it which shows that
the simplex is a polynomial domain in the sense of Section 2.

Definition 3.1. The n dimensional simplex A, C R” is the set

n
Anz{Ofxiflvizl""’n’zxiSl}.
i=1

Given a = (aj,az,...,ay41) € Rt where a; > 0,i =1,...,n + 1, the Dirichlet distribution D, is the probability
measure given by

1 a;—1
1= -1 -1
T T = )T, G ) - d,
a
_ La)-T@ny1) - .
where By = @t tan 1S the normalizing constant.

The Dirichlet measure can be considered as a n-dimensional generalization of the beta distribution on the real line,

1
Blar, az) = ————x71(1 =)= 1) () dx,
B(ai, az) D
which is indeed Dy, 4,)-
It turns out that the simplex A, is a polynomial diffusion domain in R” in the sense of [4], as described in Section 2.
More precisely, there exist many different polynomial models on the simplex which admit the Dirichlet measure as
their reversible measures.

Theorem 3.2. Let A = (A;j); j=1,...n+1 be a symmetric (n+1) x (n+ 1) matrix where all the coefficients A;; are non
negative, and A;; =0. Let a= (ay, ..., an+1) be a (n + 1)-tuple of positive real numbers. Let La o be the symmetric
diffusion operator defined on the simplex A, defined by

n+1
FA(xi,Xj)Z—Aijxixj+5ijZAikxkxi, 3.1)
k=1
n+1 d+1
Laa(x) =—xi Y Ajjaj+a; y_ Aijxj, (3.2)
j=1 j=1

where xp41=1-3""_,x;.

Then, as soon as Ajj >0 foralli,j=1,...,n+1,i # j, (Ay, Da, ") is a polynomial model, and the operator
LA a is elliptic on A,,. Moreover, any polynomial diffusion model on A, having D, as its reversible measure has this
form (however without the requirement that the coefficients A;j are positive).
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Observe that the condition A;; = 0 is irrelevant in formulas (3.1), since the coefficient A;; vanishes in the formulas.

Proof of Theorem 3.2. Let us prove first that any polynomial model with the usual degree has this form. According
to Proposition 2.1, to be a polynomial model, I"(x;, x ;) must be a polynomial no more than degree 2 and satisfy the
boundary equation (2.11): for 1 <i, j <n,

Ta(x; logxj)=L", 3.3)
Ta(xi,logx,q1) = L™, (3.4)

where {L’/, 1 < j <n + 1} are polynomials with degree at most 1.
From equation (3.3), we get

FA()C[, )Cj) = )ijj'Lij,

so that I's (x;, x;) is divisible by x;, and similarly by x;. Therefore when i # j, there exists a constant A;;, with
Aij = Aij’ such that

Ca(xi,xj) =—A;jxjx;.
When i = j, I'a(x;, x;) is divisible by x; and from equation (3.4), we obtain
n .
Z Ta(xi, X)) = =Xy LM
j=1

which writes

n

Jj=1,j#i
This implies that x; divides L""*+1, and therefore that L+ = — A, 1yx;, so that
n+1
PaGei, x)=xi Y Ayxj.
i=1,j£i

Conversely, it is quite immediate every operator ' defined by equation (3.3) satisfies the boundary condition on
the simplex.

The formulas for L, 5 are just a direct result from the reversible measure equation (2.3).

The ellipticity of I's when all the coefficients A;;,i # j are positive is a particular case of the real version of
Theorem 4.1, which will be proved in Section 4. (|

When all the coefficients A;; are equal to 1, the operator (3.1) is an image of the spherical Laplacian when all the
parameters a; are half integers. Indeed, consider the unit sphere vazl yl.2 =1in R, and split the set {1,..., N} in
a partition of n 4 1 disjoint subsets Iy, ..., I,+1 with size pi,..., py+1. Fori=1,...,n+ 1, set x; = Zje,i yjz., SO
that x,+1 =1 — Z;’zl x;. Then it is easy to check that, for the spherical Laplace operator Agy-1 in RN (see [2] for
details), Agn-1(x;) and I'gy—1(x;, x;) coincide with those given in equations (3.1) whenever a; = %

The next proposition generalizes this geometric interpretation for the general choice of the parameters A;;.

Proposition 3.3. Let I1,..., I, 11 be a partition of {1, ..., N} into disjoint sets with size p1,..., pp+1. For i, j €
{1,....n+ 1}, withi # j, let L; j be the operator acting on the unit sphere SN=1 c RN as

Lij= Z (Ypdy, — yqa)’p)z'
peliqel;
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Then, setting x; = Zpeli yl.z, {x1, ..., Xuq1} are a closed system for any L; ;, and the image of

1
E ZAijLi,j
i<j

is the operator La a, where a; = %.

The proof follows from a direct application of the change of variable formulas (2.6) and (2.7) applied to the
functions {x,}. For any operator L; ;, the associated carré du champ operator is I'; ;(f, g) = Zpeli’qe,j (ypdy, —
Yq9y,)(f)(ypdy, — ¥q0y,)(g). We just have to identify L; j(x,) and I'; j(xp, x4) through a direct and easy computa-
tion, and observe that it fits with the coefficients of A;; in the same expression in the definition of LA .

It is worth to observe that the spherical Laplace operator is nothing else than Zi’ j L; ;. The disappearance of the
operators L; ; in the general form for La 5 comes from from the fact that the action of L; ; on any of the variables x,
vanishes.

To come back to the case where all the coefficients A;; are equal to 1, and as a consequence of the previous obser-
vation, the Dirichlet measure on the simplex is an image of the uniform measure on the sphere when the parameters are
half integers, through the map that we just described (y1, ..., yn) = (x1,...,xg) where x; = > jel; yjz.. In the same

way that the uniform measure on a sphere is an image of a Gaussian measure through the map y € R ”;—“ e SN,
the Dirichlet measure may be seen as the law of the random variables > ;. yjz. where y; are independent stan-

dard Gaussian variables. More precisely, if (yi,..., yny) are independent real valued Gaussian variables, setting
Si=2 e yjz. and § = Y"9F1's;, we see that (3%, ..., 52) follows the Dirichlet law D, whenever a; = 4.
. . o Pi_ . . . .
Since the variables S; have y distribution p_l prX 2 Ye=*/2 dx, it is not surprising that this representation of
ryyn?

Dirichlet laws may be extended for the general case, that is when the parameters @; are no longer half integers,
by replacing norms of Gaussian vectors by independent variables having y distribution. We quote the following
proposition from [14], which gives a construction of Dirichlet random variable through gamma distributions y,, g on
R given by

1 o o_x
Ya,p(dx) = I (o) B x4 leTB 1(0,00)(x) dx,

where o > 0 and I'() = fooo x*Le=* dx.

Proposition 3.4. Consider independent random variables x1, ..., Xy, Xy+1 such that each xx has gamma distribution
Y2+ Define S = ZZI} Xi. Then S is independent of %(xl, ..., Xn), and the distribution of %()q, ..., Xn) has the
density Dy, ....a,)-

When (y1, ..., yp) are independent standard N (0, 1) Gaussian variables, the random variable x = Zf’ | yi2 follows
a yp/2,2 distribution. Then Proposition 3.4 generalizes the previous discription of the Dirichlet law from standard
Gaussian variables in RV .

Indeed, Proposition 3.4 is still valid at the level of the processes. Start first from an N-dimensional Ornstein—
Uhlenbeck process, which admits the standard Gaussian measure in RV as reversible measure. One should be careful
here, since the spherical Brownian motion is not directly the image of an Ornstein—Uhlenbeck process through x +—

”ﬁ—”. Indeed, writing the Ornstein—Uhlenbeck operator Loy = A — x - V in RV \ {0} in polar coordinates (r = || x|,

¢ =piy) € (0,00) x SN=1 we derive

N—1

r

1
LOU:33+( —r)a,+r—2ASN1,

where Agv-1 is the spherical Brownian Laplace operator acting on the variable ¢ € S¥~!. The structure of Loy shows
that it appears as a warped product of a one dimensional operator and the spherical Laplace operator.
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Starting again with some Ornstein—Uhlenbeck process in & = 5(1) L& (N)) in RV, and cutting the set of indices
inn+1 parts I; as above with |I;| = p;, we may now con81der the varlables ot = §; (&) and denote o, = S (&), where
Si(x) =5 Z jel; x2 F and S(x) =) ; Si(x). Then o t are independent Laguerre processes with generator Ly, (f) =
2(xf" + (aj —x) '), where a; = 5. One sees that oy is again a Laguerre process with generator L, (f) = 2(xf" +

(a — x) f"), with @ = N /2. Then, setting ;‘(’> and &= (C(l) ...,g“,(")), ¢; takes values in the simplex A,, and

a simple computation shows that (oy, ¢;) is a Markov process with generator L, + %LA’a, where L 5 is the operator

defined in Theorem 3.2, with A;; =2 and a; = 5.

This may be extended to the general case where the parameters a; are no longer half integers. Starting from the
standard Laguerre operator, we have

roposition 3.5. Let a = (ay, ..., ay+1) be positive integers an o, ,...,0 e independent Laguerre
P ition 3.5. L ( )b d %, =" "Dy be independent L

. (1)
processes on Ry with generator Ly, (f) =xf" + (a; — x) f’. Let oy = Z?:ll U,(l) and § = (%, .-

pair (o7, &) € Ry x Ay, is a diffusion process with generator

1
S&+m—®%+§mw

where L 4 is defined in Theorem 3.2 with Ajj =1 fori # j,a=a and a = ZiH_]l a;.

Proof. Following the notations of Section 2, we consider he generator of the process X;, which is

n+1 n+1

La= ) yi0y [+ Y (ai—y)dy [,

i=1 i=1

where y = (y1,..., Yn+1) € RS{’H). Let I'; be its associated carré du champ operator. With S = Zl"Jrll yi and z; = %
i=1,...,n, we just have to check that

1. L;(S)=a—S

2. La(zi) = $(a; — azi);

3. T35, 8)=S

4. Tz(8,z,)=0

5. Ta(zi,zj) = %(Siﬂi —ZiZj)-

This follows directly from a straightforward computation. (I

Remark 3.6. As pointed out by the referee, a special case of Proposition 3.5 has appeared in [17], where Warren and
Yor showed that the ratio of two squared Bessel process is a real time-changed Jacobi process.

Remark 3.7. Proposition 3.5 provides a construction of the process on the simplex with generator L , for the general
a but only when A;; =1 for i # j. To obtain a construction in the general case, we may use the same generalization
that we did on the sphere with the operators L; ; = Zkeli,zaj (ykd — y19%)?, where y = (y;) € S”, i.e., consider the
operator

N —1 1
A 2
LOU:8r+( p —r)8,+—2r2 E AijLi,js

i<j

where we use % Y i~ AijLi j instead of Agy-1 in the Ornstein—Uhlenbeck operator.

i<j
Its reversible measure is still e™ 2 el dxy---dxyy1 on RN+ Now let LAU act on the variables x! = Zpeli yf,,
and S=) ;xi zi = %, i =1,...,n, then it is easy to check that the image ofL ou 18 LA a with a; = Z’ .
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4. Matrix Dirichlet processes
4.1. The complex matrix simplex and their associated Dirichlet measures

We now introduce complex matrix simplex, the complex matrix Dirichlet processes and their corresponding diffusion
operators. In particular, we give two families of models. The first ones come from extracted matrices from the Brown-
ian motion on SU (N), and are analogues to the construction of the scalar Dirichlet process from spherical Brownian
motion. Similarly, Proposition 3.5 may be extended to a similar construction from Wishart matrix processes, which
are a natural matrix extension of Laguerre processes.

As the complex matrix simplex has its real version, it is not hard to derive the real counterparts of our results.

First we define the complex matrix generalization A, 4 of the n-dimensional simplex as the set of n-tuple of
Hermitian non negative matrices {Z(l), e, Z<”)} such that

n
Z Z® <1d. 4.1

Accordingly, the complex matrix Dirichlet measure D, on A, 4 is given by

n n an4+1—1 n
Caa|] det(Z®)* ! det(ld -> z<’<>) []dz®. (42)

k=1 k=1 k=1

where a= (ai, ..., an+1), {ai }ffll are all positive constants, and dZ® is the Lebesgue measure on the entries of yACN

i.e., if Z® has complex entries Zﬁ,kq) = Xgi]) + zY;];), with Zg;,) Z;,kq),

dzZ.® = l_[ dX(k)dY(k)
I1<p=<q=d

This measure is finite exactly when the constants a; are positive, and the normalizing constant C4.5 makes D, a
probability measure on A, 4.
The normalization constant Cy4.5 may be explicitly computed with the help of the matrix gamma function

d
1
Ty(a) = / e () ger(A) "1 g A = g 24@=D ]_[ Ca+d—i),
A>0 i=1
where {A > 0} denotes the domain of d x d positive-definite, Hermitian matrices. Then, the normalization constant
may be written as

T2 Tata) La(a)
Cd;a =T ~ntl
Ly (Z =1 a;)

It turns out that A, 4 is polynomial domain as described in Remark 2.4, with boundary described by the equation
det(ZV) - - det(Z™) det(ld — 2 — ... —Z™) =0, (4.3)

which is a polynomial domain. For convenience, and as described in Section 2, we will use complex coordinates
(Zékq), Zg;), 1<k<n,1 <p<gq <d), and real ones Zg;,), to describe the various diffusion operators acting on
Ay.4. Moreover, instead of using (Zl(;‘), Z(k) ), 1 <i < j <d as coordinates, in our case it is simpler to use (Z; (k),
i,j=1,...,d), due to the fact that Zl.(;() = ZE.];). As in the scalar case studied in Section 3, it turns out that there are

many possible operators I" acting on A, 4 such that (A, 4, T, Dq,. ... 4,,,) is @ polynomial model.

To simplify the notations, we shall always set Z"*+1) =1d — Yo Z(’) with entries Z(n+1) i,j=1,...,d.

,,,,,
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According to the boundary equation (2.12), the carré du champ operator I of the matrix Dirichlet process is such
that each entry must be a polynomial of degree at most 2 in the variables (fo), Zl.(jl.‘)) and must satisfy
(p) k k
T(z;7, logdet(zV)) = L7

for every p=1,....,n, k=1,....,n+ 1, i,j =1,...d, where LP* is an affine function of the entries of
(ZD, ..., Z™}. However, since there are many variables in the diffusion operator I, we are not in the position
to describe all the possible solutions for I" as we did in the scalar case. Therefore, we will restrict ourselves to a
simpler form. Namely, we assume that forany 1 < p,qg <n+1,
(P @\ _ p.q \ab.cd (r) (s)
F(Zij Ly )— Z (Aij,kl) ZapZed»

r,s
abcdrs

with some constant coefficients (A{’j"‘,fd)?,’;*“”. Then the tensor (Afj”',]d), whose entries are denoted by { (A{}"?(l)f,};&d},

should satisfy the following restrictions:

e Since I' is symmetric, we have (Af}”f{ Dab,cd = (AZI’ Ij'j)ah,cd, and the choice of (Af}",’d) should ensure that I" is elliptic
on the matrix simplex.
o The fact that the diffusions live in the matrix simplex gives rise to

n+1
Z Z (Aipj’,t]]d)ab,cd Z;;;) ZEZ’) =0.
p=1abcd

e The boundary equation (4.4) leads to

(») _ O\~ 4gPa ») 7@ _ 7 p,
F(Zz’j ,logdetZ(q)) = Z(Z 1 )zk (Aij,kl)ab,cdzab Zy =LMr 4.4
abcd
forevery p=1,...,n,q=1,...,n+ 1, where L?4 is an affine function in the entries of {Z(l), e Z(”)}, and

z (q))i_.l are the entries of the inverse matrix (Z@)~1.
This last equation comes from the diffusion property for the operator I" (equation (2.7)), together with the fact
that, for any matrix Z with entries Z;;,

3z, logdet(Z) = zj—l.l,

where Z l; I are the entries of the inverse matrix Z~!.

Even under above restrictions, it is still hard to give any complete description of such tensors {(Af}’?d)}. In the
following we give two models of matrix Dirichlet process, which appear quite naturally as projections from the
Brownian motion on SU (N) and from complex Wishart processes, as we have mentioned before.

4.2. Two polynomial diffusion models on A, 4

Our first model is defined by the following Theorem 4.1. As we will see in next section, it appears naturally in some
projections of diffusion models on SU (N).

Theorem 4.1. Let the matrix A = (Apy), 1 < p,q <n+ 1 be a symmetric matrix. Then, consider the diffusion I's
operator given by

n+1

() @)\ _ () ~(p) () ~(p) (@) ~(p) (p) »(q)
Ta(Zi7, 2 )—517(12‘4”7(21'1 2+ Z27Z0) — Ap (2, 2 + 2,0 ZF) 4.5)
s=1
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for1 <p,q<n,1<i,j k1l <d. Following the notations of Section 4.1, in this model we have

b,cd
(Af)j:(/il)a “ = Aps ((Spq(spr - Spraqs)(aakgbjfscisdl + 8ai3b18ck8dj)~

r,s

Then T is elliptic if and only if the matrix A has non negative entries and is irreducible. In this case, (Ap 4, A, Da)
is a polynomial model and

n+1 n+l1
LA,a(zl.‘;’)) = 2ap+d— 1Ay z§j> = 2ag+d— 1Ay, z}j’). (4.6)
q q

We recall that a matrix A with non negative entries is irreducible if and only if for any p # ¢, there exits a path
P = Do, P1,..., pk =q such thatforany i =0,...,k—1, Ap, ., #0.

Proof of Theorem 4.5. Recall that our coordinates are the entries Z ,(Jk) of the Hermitian matrices ZW, ..., Z®™ and
that Z" D =1d — Y7 _, Z®),

The only requirement here (apart from the ellipticity property that we willl deal with below) is that equation (4.4)
is satisfied for this particular choice of the tensor (Afj’jd). Thus for 1 < p, g < n, we have

n+l
Ta(logdet(ZD), ZP) =6pg Y 240 Z) — 24,21,
N

while
+1 » ()
Ta(logdet(Z"*Y), Z;) = =2A4¢41)p Z;),

which shows that the boundary equation is satisfied for this model.
We now prove that on the matrix simplex A, 4 , ['a given by (4.5) is elliptic if and only if for p,g =1,...,n+ 1,

Apg > 0.
(p) q)

For fixed (p, g), we consider FA(Zl.j , Z,El ) as the (ij, kl) element in a d? x d* matrix; and (I'a(Z

the (p, ¢) element in a n x n matrix of d> x d” matrices. Notice that we may write

§ il is

(Ta) = Z qul"(pq) + An+lr(n+l)v

1<p<g=n

where

1. (I'P9) is a nd? x nd? block matrix with

(F(pq))pq,(ij,kl) = _(Zi(lq)zl(cf) +2z;0 ZIE?))’
(D), i =22 + 2P 7).
(CPD) iy = Zl.(lq)Z,Ef) +2zl ZIE(JI')’
(F(pq))qq’(ij’kl) = Zl.(?)Z,Ef) +2z;f ZIE(JI')’

and other entries are 0;

2. T+D 5 a diagonal block matrix with I“[(:;r(ll.; 0y = ZI.(7+])Z,(§) + Zi(lp) Z,E;H) and other entries are 0;

3. Ay41 is a diagonal block matrix of size nd? x nd? satisfying (Ap+1) pp = A p+1)1d 2 g2
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We first observe that each operator associated with I'?9) is non negative. To see this, we have to check that for any
sequence (A) = (A, ..., A™) of Hermitian matrices with entries )Lg.‘),

Z F(pq) )L(r)il({s[)zo.

rs,(ij k)"t
rs,ij,kl
In fact,
(rq) M536) _ (AP _ A@\TPD (AP _ &A@
Z Frs,(,'j,k']))‘ij )‘kl _(A A )FPP (A A )
rs,ij,kl

= trace(Z(q)(]\(P) — [\(q))Z(p)(A(p) — A(q))’)
+trace(Z(") ([\(P) _ [\(q))Z(q)(A(p) _ A(q))’)'

For any p, Z(p)_ is Hermitian and non negative-definite, so are (A" — ANYZP (AP — A@Dy (AP —
ADYZP) (AP — A@) then we have

trace(Z9) (AP — A@)zP (AP — A@)') > 0,
0

trace(ZP (AP — ADYZ@ (AP — A@)")

v

Therefore I'(P?) are all non negative-definite matrices.
Similarly, we have

Y Apwsnl ;’;T&;,,gl)/\;f);\g)
p.ij.kl
= 3" Apius s (trace(ZOHD AP Z (AD)') 4 trace (20D (AP ZP A D)),

p

Thus we know I'*+D > 0,
We then prove the following lemma,

Lemma 4.2. Let A, B be d x d Hermitian positive definite matrices. Then for a given d x d matrix U, if
trace(AUBU*) =0, then U = 0.

Proof. Suppose A has the spectral decomposition A = P*D P, where P is unitary and D = diag{A, ..., A4} with all
A; positive. Then

trace(AU BU*) = trace(P* D PU BU*) = trace(D PU BU* P*).

Notice that since B is positive definite, if PU # 0, then PUBU* P* is also positive definite, whose elements on
the diagonal are all positive, implying trace(DPU BU* P*) > 0. Therefore, trace(AU BU*) = 0 holds only when
PU = 0. Since P is unitary, this happens only when U = 0. (]

Recall the boundary equation of A, 4 (4.3), then inside A, 4 we know all 79 are positive definite. Now we claim
that I'a is elliptic inside A, 4 if and only if A has non negative entries and is irreducible.
Previous computations show that I'p > 0 and if there exists Ag such that A¢T" AAE; =0, we have

n
Z Apq (trace(Z(q)(j_\(()p) - Z_\éq))Z(”)(A(()p) _ A(()q))t)
p<q

—|—trace(Z('”) ([\ép) _ A((Jq))Z(q)(A(()p) _ A(Q))g))
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n
+ Z Apug 1) (trace(ZOTD AP ZP) (AP
p

+ trace(Z" D (AP P AP))
- 4.7)

Since each term is non-negative, they should all vanish. By the fact that A is irreducible, we know that for

any 1 < p < n, there exists a path connecting p and n + 1, noted by p, p1, p2,..., pr, (n + 1), which leads to

AppisApipys ooy Ap.(nt1) > 0. Then by Lemma 4.2, we have
A(p) A(Pl) = A(()Pr) =0

i.e. Ag =0, which implies that I'y is elliptic.
Conversely, when I'a is elliptic, then if AOFAAg = 0, we must have Ag = 0. First we prove that A has non
negative entries. For given 1 < p < (n + 1), assume that some A, < 0 for some g # p. Then, choose the sequence

A= (Agl), A Ag")) to be such that AP = ((Z(”))_%)’ and all others are 0, then from A FAA’I‘ > 0, we conclude
that for (Z1V, ..., ZM) e A, 4,

n+1

Z 24 trace(Z") > 0.
r#p

Now, choose Z@ = (1 — ¢)Id and Z) = £1d for r # ¢, 0 < & < 1. Then when ¢ < % we obtain a
s#p 0P
contradiction.

Now suppose A is not irreducible, then it has at least two strongly connected components A;, A3, such that A pqg =0
for p € Ay, g € Ay. Suppose (n + 1) € Ay, then for all p € Ay, choose A(()p) =0, while for ¢ € Aj, A(()q) # 0, such
that we have A #% 0 which satisfies Agl's A(’§ = 0. Thus there is a contradiction, so we must have A to be irreducible.

Finally, by a direct computation, we have

n+1
Laa(ZP) =3 (a, — DI (logdet(2?), Z;"") +ZZaZ@r zP. 2,
g=1 q=1 kl
n+1 n+1
=Y 2ap+d—DApZP = 2ag+d - 1Ay 2. _
q q

The second model is given by the following Theorem 4.3, which can be naturally derived from the Ornstein—
Uhlenbeck process on the complex matrices.

Theorem 4.3. Let A be a d x d positive-definite Hermitian matrix and B be a d* x d* positive-definite Hermitian
matrix. Consider the diffusion T'A B operator given by
Can(Z) 2) =8y (Auzi] + Ay i) = Ay (20 2), = au(2027),

+ 3 (B2 28 + By 2D 20 = BonZD 28 — Biai 2 2,7 4.8)

for1 <p,q<n,1<i,j k1l <d. Following the notations of Section 4.1, in this model we have

b,cd
(A7)0 = 8pgdpr Aca (Sarhjdeidar + SaiSbi8ckdaj) — 8 prdys (AkjSaidbedar + AirSekdaads))
+ 8prbgs (Bia,1adpjdck + Bpj,ckSaidai — Bpj,1d8aidck — Bia,ckpjdal)-
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Then (Ay.q,Ta B, Dy

,,,,,,

any1) 18 a polynomial model. Moreover, in this case,

n
LA’B*a(Zl'(jp)) =2ap —1+d)A;j - Z(aq -1 +d)((AZ(p))ij + (Z(p)A)ij)
g=1

— (ant1 = D((AZP),; + (27 4),;) —24;; race(2'?)

+ Z(Biu,jbzc(f;) + Bbj,aizé(zlg) - Biu,buzl(,j')) - Bbj,bazi((f)), 4.9)
ab

where Z0HD =1d = Y ZP).
Proof. First, let us show that equations (4.8) and (4.9) define a polynomial model. In fact, for 1 < p,q <n,

F(ZP logdetZ@) =248, - (Az?),. = (z'P4),;,

Lz logdetz"V) = —(azP) . — (2P 4),,

which is a polynomial model by Proposition 2.1.
Direct computations yield

L(Zi(;))) =2(ap —1+d)Aij — Zl(aq —1 +d)((AZ(p))ij + (Z(p)A)ij)
q:

— (ant1 = D((AZP),; + (2P 4),,) — 24 trace(2'?)

+ Z(Bm,jhz,(f;) + Bbj,aiZ((fg) - Bia,hazi(,ﬁ-’) - Bbj,baZ,-(fZ))-
ab

Now we prove that if A is a d x d Hermitian and positive-definite matrix and B is a d> x 4> Hermitian and positive-
definite matrix, then I'y g is elliptic inside the matrix simplex A, 4. In fact, consider 'y g as a n x n block matrix,
and each block is of size d? x d2, then we may write

Fap=TaA+T5,

where I" is the block matrix containing A and I'g is the block matrix containing B.

Let (A1 ,..., A") be any sequence of d x d Hermitian matrices. Then,
Py q P q
Z Z)L )L F l] lk
p.q=1ijkl
=trace< (Z APZP) (A'” Z A[’z([’)z(q)(AfI) ))
p=1 p.q=1

n n
+trace<A<Z(A”)tZ(”)/_\p - > (AP)’Z<P>Z<4>[\4>).

p=1 P.q=1
Then since A is positive definite, we just need to prove that

i[\pz(p)(Ap)f _ i [\pZ(p)Z(q)(Aq)f’ i(A/’)tZ(f’)/_\f’ — i (AI’)'Z(I’)Z(’”z_\q,
p=1 p.q=1 p=1 p.q=1
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are non negative definite. For the first one, given a vector X = (X1, ..., X4), we have
(Z APz(P)(AP Z APz(P)z(q)(AQ) )X*
p=1 p.q=1

=XA(Z-YY*)A'X*
= XAZ? (Id,g — (Z73Y)(Z77Y)") (XAZ2)",

where A is a vector of matrices A = (A], LAY L= diag(Z(‘), el Z(”)) and Y is a vector of matrices such
that ¥ = (Z, ..., Z™)*. Then by Sylvester determinant theorem, we are able to compute the eigenvalues of Id —

(Z721Y)(Z Yy,
det(Aldyg — (Id,g — (Z72Y)(Z72Y)"))
— det((h — Dldug + (Z727)(Z727)")
= (= D"V det(r1d — Z2D). (4.10)

Since Z"+tD) =1d — Z;zl Z?) is also a non negative-definite Hermitian matrix, the above equation means that the

eigenvalues of Id — (Z_% Y) (Z_% Y)* are all non negative, indicating that it is a non negative definite matrix, such that
(Z APz(I’)(AP Z A”Z(”)Z(q)(Aq) >X* >0,
p=1 p.g=1

thus 37 _, APZP(AP) — = | APZPZ@ (A9)! is non negative definite, so is PR L(APYZIPI AP —
> D= (A”) yARY AN Therefore by the fact that A is a positive-definite, Hermitian matrix, we have

n n
trace(A(Z [\pZ(P)(AP)’ _ Z [\pz(p)z(q)(Aq)’>> >0,

p=1 P.q=1

n n
trace(A (Z(AP)IZ(I’)I_\I’ — Z (AP)IZ(p)Z(q)I_\q>> > 0.

p=1 p-q=1
Since
n n
trace(A (Z [\PZ(P)(AP)t - Z APZ P 7@ (Aq)[)) =trace(AA(Z — YY*)A"),
p=1 P.q=1

and by (4.10) we know that inside A, 4, Z — YY* is positive definite. Thus following the proof of Lemma 4.2, we
may conclude that if

n n
trace(A(Z [\”Z(”)(A”)t — Z [\”Z(”)Z(Q)(Aq)t>) =0,

p=1 P.q=1

then A = 0. This implies that I'y is elliptic inside A, 4.
As for I'g, notice that

Z )\p )f’ Fp q - (A[?Z(I’) _ Z(l’)AP)B(Z(q)(Aq)* — (Aq)*Z(q))'
i,j,k,l=1



Matrix Dirichlet processes 925

Let HP) = APZP) — ZP) AP, since B is positive-definite, Hermitian in the sense that B;; x; = Byy.;j, then

Z Z WAl (05, = (i H(m)B<Xn:(H<q>)*> >0,

p.q=1i,j,k,I=1 p=1 g=1

which means I'g is non-negative definite. Since ' g = I'a + ', we know that I's p is elliptic inside A, 4. Then we
finish the proof. (]

5. Examples
5.1. The construction from SU (N)

In this section, we show that our first model of matrix Dirichlet processes can be realized by the projections from
Brownian motion on SU (N). The construction relies on the matrix-extracting procedure, extending the construction
of matrix Jacobi processes described in [10]. In both this case and the special case where all the parameters A;; are
equal to d, the associated generator may be considered as an image of the Casimir operator on SU (N), whenever the
coefficients a; in the measure are integers. Moreover, for the general case, similar to the construction in the scalar case
in Proposition 3.3, we provide a construction from more general Brownian motions on SU (N), where the generator
is no longer the Casimir operator on SU (N).

The so-called “matrix-extracting procedure” is the following: consider a matrix # on SU (N), then take the first d
lines, and split the set of all N columns into (n + 1) disjoint sets I, ..., I,+1. For 1 <i < (n + 1), define d; = |I;|
such that N =dj + - - - 4+ d,+1. Then we get (n + 1) extracted matrices {W(i)}, respectively of size d x dy,d x d>, ...,
d x d, 1. The matrix Jacobi process is obtained by considering the Hermitian matrix W)W *_ Here, we extend this
procedure, defining 70 — W<’.)(W("))’k fori=1,...,n+ 1. Then, Z;’:]l Z® =1d, and the process (Z(l), e Z(”))
lives in the complex matrix Dirichlet simplex Ay ;.

The compact Lie group SU (N) is semi-simple compact. There is, up to a scaling constant, a unique elliptic diffu-
sion operator on it which commutes both with the right and the left multiplication. This operator is called the Casimir
operator, see [4,18] for more details. The Brownian motion on SU (N) is the diffusion process which has the Casimir
operator as its generator. It may be described by the vector fields Vg,;, Vs,; and Vp,; which are given on the entries
{uij} of u e SU(N) matrix as

Vi, = > (kjduy; — ki duy; + ik Oy, — itki 0. (5.1
k
Vsl.j =i Z(ukj Ouy; + uk,»aukj — Ujj Oy — Uki 8,;kj), (5.2)
k
VD,’I‘ =i Z(“ki 8uk,- - Mkj auk_,- - ﬁki 8Zki + ﬁkj 312kj)- (53)
k

Then for the Casimir operator Agy(ny on SU(N), we have

1 2 2 20
Asum) = Z(VRU + Vs, + NVDU)’

i<j

and

Csumn (f,8) = <Z Vi, (F)Vr;(8) + Vs, (f)Vs; (8) + VD,, () Vb, (g))

i<j
From this, a simple computation provides

1 1
Csuvy (uij, ug) = o itk + Sz AL
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_ 1 1 _
Csuwy (uij, k) = ﬁaikfsjl — oz itk
N? -1 ) N?—1_
ASU(N)(Mij)Z_Z—NzMijv ASU(N)(uij)Z_Wuij,

and these formulas describe entirely the Brownian motion on SU (N).
A simple application of the diffusion property (equations (2.6) and (2.7)) yields, for 1 < p, g < n, for the entries
Zi(]’.’) of the matrices Z(",

» @y _ ] ) ) L oo ,@ @
Tsumn (2] 2, )—ﬁfqu(fsilzkj +852Z,{") - ﬁ(zkj '+ 72,Z,7). 54
1
Asuan(2) =2 + ~ B (5.5)

Comparing (5.4), (5.5) with (4.5) and (4.6), we obtain a matrix Dirichlet operator described in Theorem 4.1, with

1

A =N

ai=di—d+1

forany 1 < p,qg <nand 1 <i < (n+ 1). Therefore, the density of the reversible measure is

n n dpy1—d
C [T det(z )%~ det (Id -y Z<P>) . (5.6)
p=1 p=1

To have this measure finite, we need d; > d — 1 forall 1 <i < (n+ 1), i.e., d; > d since these parameters are integers.
It is worth to observe that this restriction is necessary for the matrices Z) to be non degenerate. If it is not satisfied,
the matrices Z") live on an algebraic submanifold and their law may not have any density with respect to the Lebesgue
measure.

To summarize, we have

Proposition 5.1. The image of the Brownian motion on SU (N) under the matrix-extracting procedure is a diffusion
process on the complex matrix simplex Ay, with carré du champ T's and reversible measure Dy,

qu=ﬁ,p,q=1,...,n+1,p7ﬁq,ai=d,~—d+1.

~~~~~~

As a corollary, we get

Corollary 5.2. Whenever di > d,i =1,...,n + 1, the image of the Haar measure on SU(N) through the matrix-
extracting procedure is the matrix Dirichlet measure Dy, —q. ... d,. —d-

For the general case where the parameters A;; are not equal, we may follow Proposition 3.3. For p # ¢, we define
the following L(P9) acting on the matrix simplex {Z®, Y 7D < 1d},

2
(pq) — 2 2 “32
L = E Vsz + VS[_/. + NVDij’

iely,jely

with its corresponding carré du champ operator I'(P9)

2
POD(fo = Y Ve (Ve () + Vs, (HVsy (@) + 1V, (N)Vby (2).

iely,jely
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Lemma 5.3. For the entries u;j of an SU(N) matrix, and denoting by Zl.(f ) the entries of the extracted matrix ZP,

we have
VR z) = Licr, (ugjiipi + uaitin;) — Vjer, Uaillpj + tqjilp;), (5.7)
Vs, 2o = V=1(Vier, (ajitbi — taiiin)) + jer, (aiiipj — tajiin)), (5.8)
Vp, 2% =0, (5.9)
and
V;%I.j Z‘(f;) = Yier, Quajuipj — 2uaitipi) — jer, Quajiinj — 2uqitip;), (5.10)
V3§, 28 = Nic1, Quajitn; — 2ugiitpi) — jer, (uqjitnj — 2uaiilpi). 5.11)
Then,
re0(zp . 2) =22, 2] — 22,7 2.3 (5.12)
reo(zy zh)) =22 2. +22. 2.3, (5.13)
re0(zgy. z)) =22 2 + 22, 2. (5.14)
For a pair (r, s) # (p, q), we have
rvo(z4 z8)) =o. (5.15)
Moreover,
LOD(Z0) = 1,2p4(dp 20 = dy Z{1) = 1,2 4(dp 20 — dy Z1). (5.16)

Remark 5.4. The action of Vp,; vanishes on the variables Z((l[;) such that indeed we could replace L(P? by

(pg) — 2 2
L™= Z VRI./’ + Vsi.i’
iely,jely,

and the dimension N disappears from the definition.

Proof of Lemma 5.3. Recall (5.1). Then letting Vg, act on Z(P) = W) (W(P))* and writing (u;j)1<i<d.je1, for the
entries of W), which are indeed entries of an SU (N) matrix, we have

VR,'J' Zfli) = Z VR,'J' (uarﬁbr)

re[p
= Yier, Uajlpi + uailtpj) — Ljer, Uaillpj + Uajilpi).

Similarly we can prove (5.8), (5.9).
By (5.7), (5.8), we obtain

VR (Uajitpi + Uqilip) = 2uqjitpj — 2uqilp;,
Vs, (ajiupi — ugittpj) = =~ —1Qugjiipj — 2uqiitpi),

then (5.15), (5.10) follow.
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By (5.7), (5.8) and (5.9) we have
F(pq)(z(p)’ Z(q))

Z VR!/ Z(p) j (ZL(‘Z)) + VSij (Zé(llb;))vst] (ZL(‘Z))
iely,jely

_ (P) ~(q) (P) ~(q)
_2Zcb Zad _2Zad Zcb ’

which proves (5.12).
In the same way, we can deduce (5.13), (5.14) and (5.15).
(5.16) is proved by (5.10), (5.11) and

(pq) (r) (r) 2 ()
L# Z Z VRAI Zij + VSkl Zij
kelp,lely
_ (q) (p) (q) (p)
= 1r=p4(dpzij - quij ) - 1r=q4(dpzij - quij ) O

Now by Lemma 5.3 we may derive the following conclusion.

Proposition 5.5. (ZV, ..., Z™) is a closed system for any L'P? and the image of

n+1

Z Z A, L(pq)

P<q

is the operator L 5 in Theorem 4.1 witha; =d; —d + 1.
5.2. The construction from Wishart processes

In what follows, we show that our second model may be constructed as a projection from complex Wishart pro-
cesses, which are matrix generalizations of Laguerre processes. We first recall the definition of the complex Wishart
distribution.

Definition 5.6. A d x d Hermitian positive definite matrix W is said to have a Wishart distribution with parameters
d,r >d, if its distribution has a density given by

C,.q det(W)—d 2 raceW) (5.17)
where C, 4 = (Z’drr %d(d_l)F(r)F(r —1)---T'(r —d + 1))~ is the normalization constant.

When r > d is an integer, this distribution can be derived from the Gaussian distributed complex matrix. Indeed, if
we consider a d x r complex matrix X with its elements being independent Gaussian centered random variables, then
W = X X* has the complex Wishart distribution with parameters d, r.

A d x d complex Wishart process {W;, ¢ > 0} is usually defined as a solution to the following stochastic differential
equation,

dWIZ\/ WtdBt+dBt*\/ Wt+(UWt+ﬂIdd)dt, W[ZW(),

where {B;,t > 0} is a d x d complex Brownian motion, Wy is a d x d Hermitian matrix. Wishart processes have
been deeply studied, see [6,9] etc. There exists more general form of Wishart processes that we will not consider here.
In what follows, we extend the construction of Wishart laws from matrix Gaussian ones at the level of processes,
exactly as in the scalar case where Laguerre processes may be constructed (with suitable parameters) from Ornstein—
Uhlenbeck ones. We will apply the matrix extracting procedure again.
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The generator of an Ornstein—Uhlenbeck process on N x N complex matrices is given, on the entries {z;;} of a
complex matrix z, by

[(zij, z11) =0,
U (zij, Zk1) = 28ik6 1,
L(zij) = —zij.

This describes a process on matrices where the entries are independent complex Ornstein—Uhlenbeck processes.
Now we start the “matrix-extracting” procedure on z, as we did before on SU () in Section 5.1, i.e., take the first d
lines and split the N columns into (n + 1) parts Iy, ..., I,4+1, such thatd; = |[;|, for | <i <(n+ 1) and N =d; +
-+-+d,+1, then we have (n 4 1) extracted matrices YD, Y®etD Foril < p < (n+1),define WP = Y(p)(Y(p))*
with entries Wl.(jp ),

Proposition 5.7. (W) 1 < p < (n+ 1)} form a family of independent complex Wishart processes, whose reversible
measure respectively given by (5.17) with r, = d) for 1 < p < (n + 1). Moreover, the image of complex Gaussian
measure through the “matrix-extracting” procedure is a product of complex Wishart distributions.

Proof. One may check
PW Wil’) = 28, (36 Wif” + 8 W) (5.18)
L(W,") =ddydi; 2w, (5.19)

Let p be the density of the reversible measure of {W(l), e W(”“)}. Then,
I(logp, W) = 4(d) — d)si; —2W."

iy

and we also have
I (logdet(W), Wl-(f)) =48,

I"(trace wP), Wl.(].p)) = 4Wl.(jp),

therefore,
n+1 1 »
p=C H det(W(l’))dp_de—7 trace(zp=1 W(p)),
p=1

which shows that, under the reversible measure, we have a family of d x d independent Wishart matrices
(W wethy O

We now construct a process on the complex matrix simplex from independent Wishart processes (W, ...,
W("‘H)). As in the scalar case, we obtain a kind of warped product on the set D x A, 4, where D denotes the set
of real diagonal matrices with positive diagonal entries.

LetS= Z’;ill W) Since S is a positive-definite Hermitian matrix, we may assume that it has a spectral decom-

position § = UD?U*, where U is unitary and D = diag{A1, ..., As}. Observe that U is not uniquely determined, since
we may change U into UP where P = diag{e/?!, ..., ¢/%},0< ¢, ..., ¢q < 27, and this amounts to the choice of a
phase for the eigenvectors. In this paper, we choose U to be the one that has real elements on its diagonal, such that U
is an analytic function of S in the Weyl chamber {A| < --- < A4}. This choice will be irrelevant to the construction of

the process. Moreover, we introduce (V(l), e, V(d)), whose elements are given by
(p) _
Vi =UipUy; (5.20)

for 1 <i, j, p <d, and we see that the choice of phase in U has no influence on {V(”)}.
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Then for 1 <i < (n+ 1), write
M® =srwihs—z  zO —urMOU (5.21)
for which we have the following result.

Theorem 5.8. Ler (W', ..., WD) be (n + 1) independent Wishart processes. Then with D = diag{A1, ..., A4},
0<M <---<Agand yAQ defined as in equation (5.21), (D, 7w Z(”)) is a Markov diffusion process, where

(ZD, ... Z™) lives in the matrix simplex Ay . The generator of the process is

d 2N —d)+ 1

Z(afl_ + (Ai T e ) ) +LaB.a (5.22)

i=l l M T
where LA B a is defined in Theorem 4.3 with

Ajj = 2)»;28,'1',

A .
5 | 2EE ottt £ and kA,
)L_zfslj(stksjly i=jork=I

for1<i,jk,l<danda,=d,—d+1for1<p=<(@n+1).

It is known that starting from random matrices (W, . W(”“)) distributed as independent Wishart distributions,
one could get the matrix Dirichlet distribution through M’ =52 W(’)S 2 where § = Zl’”rll Wi, see [11]. Also
from our results in the scalar case (Section 3), it is natural to guess that (M(]), e, M(”)) may be a matrix Dirichlet
process. As we will see in the following proposition, given S, (M1, ..., M) is indeed a matrix Dirichlet process;
However, the operator of (S, MDY M(”)) is much more complicated than the one of (D, zo o Z(")), since
'S, M) # 0, and therefore does not have the structure of a (generalized) warped product.

Proposition 5.9. (S, MO M(”)) is a Markov diffusion process where (M(l), e M(")) lives on the matrix sim-
plex A, 4, and the generator of the process is

Z 2(8jk Sir + 8i1Skj)s;; 05y, + 2(41\’51'] —28;j)ds; + LaB.a
ijkl ij

+ Z Z 2 +)L M(P)v(a)) V(b) V(a)(v(b)M(p))kj)asu3M(1’)’ (5.23)
ijkl,pa,b=1 Aa b

where V) defined by equation (5.20), LA B.a is defined in Theorem 3.2 with
d

4
—n¢—1 L vy
A=25"", Bijx = E_l oy + 2g)2 ik Vij >

andap —1+d=d,.

Before proving Theorem 5.8 and Proposition 5.9, we first give the following lemmas regarding the action of the
diffusion operators of N = S, (MO, 1<i<n)and {Z®,1<i <n).
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Lemma 5.10. For the generator of independent Wishart matrices (W(l), e W(’”'l)) and S = ZZZII W we have
U(Sij, Skr) =208k Sit + 8i1 k), (5.24)
L(Sij) =4Nds;; — 25;j, (5.25)
T (Sis Wi ) =206 Wi + 8uW,y). (5.26)

Moreover, suppose S has a spectral decomposition S = UD?U*, where U is unitary and D = diag{A, ..., Aq}, we

have
C(Ai, Aj) =65, (5.27)

2(N —d)+1
L(ki) = =———— —hi +4% ; ; AZ (5.28)

Proof. Formulas (5.24), (5.26) and (5.25) are straight-forward from (5.18) and (5.19).
By (5.24), (5.25), we are able to compute the diffusion operators of D = {11, ..., A4}. Let P(X) = det(S — XId),
P(Y) =det(S — YId). Notice that

F(log P(X), log P()) = 4 <XP’(X) YP’(Y))

Y—-X\ P(X) PXY)

and compare it with

40T (i, hj
F(log P(X), logP(Y)) = Z (2 j)()i)t2 j)Y) ’
ij i i

implying that
F()\i, )‘j) = 5,']'.
Now we compute L(A;). By (5.24), (5.25) we derive

’ l 2 /
P(X) _4X(P (X)) _2d+2XP X)

L(log P(X)) =4(d — N) P(X) P2(X) P(X)

(5.29)

On the other hand, let n; = Al.z be the eigenvalues of S, we have

d

4n; L(ni)

L(log P(X)) = (— + )
; i —X)?  ni—X

Comparing it with (5.29) leads to

L(ni)=8n; y

J#i

+4(N —d + 1) —2n;,
Ni —1nj

such that

2IN—d)+1
L) = —————— — ki + 4k Y5 pEL
' J#l )” 0
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Lemma 5.11. Let S be a positive definite, Hermitian matrix and N be its positive definite square root. Suppose S has
the spectral decomposition S = UD?U*, where U is the unitary part and D = diag{X1, ..., g}, with A; all positive.
With N = UDU*, and V. = U;pU*; for 1 <i. j. p <d, we have for 1 <i. j.k.l <d

d
vy e
5l = 2 5 VN (5.30)

Proof. For fixed k, [, write Df.‘; = 05, Nij. Then from Nf/. =§;;, we have
DYN+NDY = E¥,

where EX is the matrix satisfying E (’jé = 8,45 Since S = UD2U*, we may write N = UDU*, such that
(U*DMU)D + D(U*DMU) = U*EF L.

Therefore, we deduce

Us U
ki k=4
(U D), =

A+ A

so that

which finishes the proof. U

Lemma 5.12. The following formulas hold for N = S? ,

d d
T(Nij, W) = Z V<’> (WPVE) o+ Y mV,fj)(V“)W(P))l.,, (5.31)
s=1 r,s=1 ;
d
A2+ 22
T(Nij, Ni) = Zz(k ) vV, (5.32)
L(N;j) = 42 o +M2Vl§” Nij +2(N — d)N;;". (5.33)
Furthermore,
d 2 2
Ay A ") ()
CINGL N == 2 255 Vil Vi (5:34)
s=1
d 1
(p) (r) (P)y/(s) @) (v @O wip)
NI WP =2y — (v (wPv VOO WP 5.35
(lj ) )\)\’()\ +)\)( ( ) + kj( )1[) ( )
A A ") 1 (5)
(N Ng') =2 Z D20+ Vil Vi (5.36)
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1
LIN-\Y=4 7\/(’) N L_oN=d)(s™INTY) . 5.37
( ) )L ()\‘ +)\. )2 3] + ( )( )1] ( )

Proof. By (5.30), we are able to compute
T(Nij, W) = ZD’”’F Sap, W)
d

Xd: v(’) (WPVE) +2)°

r,s=1

© (y O
v (vOwPy
)\r+)‘«s k] ( )ll

and

d

A2+ 22
L' (Nij, Nu) =2 Z T4 yoy®

(i +ag)? R

A _
L(N;j) =4 mv§> = Nij +2(N —d)N;;".

Moreover, due to the fact that
-1 _ —1a—1
aNubNij =—Ny, ij ’

we have

d
(Nlj ’ W(p) Z aNabN F ab, W]Elp))
a,b=1

d d

_ ! O (WP yEy 1 ©) (v ) P
_ZZ)\)\()\_FK)VU(W V)' 2ZAA(A+A)Vk/(VW)'

Similar computations yield

A )y )
PN Nu) = _ZZAA(A ewrACACE

PN N—l)_zi A A v y©
ij "kl ) T — )"%)\'%()\'r—i_)"s)z il kj
d d
—1 —1 -1
L(NG') = > ong N 'LNi) + D T(Naa, Nab) 9w, Ong N
k, =1 k,l,a,b=1

—4 AR N— 2N —d)(ST'NTY. .
Z As(hr +A)2 u T ( i} )i O

Lemma 5.13. With V® defined in equation (5.20), we have

F(Ml(jp) , M(‘I))

=28, (Si' MY + S5 M) — 28 (MP M D), — 25, (M@ M),
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d
4 4
®) ar(p) @@y _ EE—
(hg + )\h)2 (V M )kj(V M )il Z (M + )\b)z

d

a,b=1 a,b=1
d
b=

(MPV@) (MOV®),

d
@ (3P y )y @)
Al (MPVOy D) + ;

1 a

(a)(M(q)V(b)M(p)) ) (5.38)
kj’

, Ga + )»b)z

and
L(M) = 4d, ;" = 2N —d)($T'MP), —2(N = d)(MPs7") . — 48" trace(M )
1 d

()La + }Lb)z

1
@arpy _ (p)y )
(V9m )ij 4a§b:1 TPEEWY (MPv )ij

1
m ‘/lia) trace(V<b)M(p)) (539)

Moreover, we have

d
A A
F(Mi(jp)’ Skl) = Z 22 : ((M(p)v(a))ilvlc(;)) - Vi(la)(v(b)M(p))kj)‘ (5.40)
b=

>
S
+
>
S

Proof. Since
P M) =T (NI WPNT) L (NTTWONT), ),

then by (5.18), (5.35) and (5.36) we are able to prove (5.38).
As for (5.39), direct computations yield

d
L(Mi(f)) = Z L(N;lWr(sp)Ns;l)
r,s=1
d

8y e )ZVI(ja)trace(V(b)M(p)) 45 trace (117)

a,b=1

d d
—4 (tl)M([’) _4
> wrr 2

a,b=1 a

M([’)v(b))”
| (Aa + )\.b)z 1

+4dp S5 —2(N =) (ST MP) 2N —a)(MP' ST,

where the last equality is due to (5.19), (5.35), (5.36) and (5.37).
By (5.31), (5.34), we get

F(Mz(/p)’ Nkl)

d d
-3 2 Pa = b (MPV@) v 2 3 b VOO u»y

2 L3 \2 il kj’
abol (Ag + Ap) ol ()» —H»)

(5.41)

which leads to (5.40), showing that in fact M(P) and S are not independent. ]

Now we may obtain Proposition 5.9 directly from Lemma 5.13.
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Proof of Proposition 5.9. Combining (5.24), (5.25) and (5.38), (5.39) and (5.40), we derive (5.23) as the operator of
S, MDY, MM, O

To examine the relation of N and M”) more precisely, we decompose N into D and U, and explore their relations
with M(?) separately. The method is adapted from [5], i.e., to obtain the action of the I" operator of the spectrum of N
and M?) by computing its action on the characteristic polynomial of N and M(?).

Lemma 5.14.
F(Ml(,p), ) =0, (5.42)
and
d
r (M), Un) Zgal (MPU), Uk Ua = ) 8aUn(U*M'P) | Upa, (5.43)
a=1
d
LUy M) = ng (MPU), UnUs + Y gkaUiaUsy (U*MP), (5.44)
a=1 a=1
where

2 . .
0, i=j
forl<i,j<d.
Proof. Let PN(X) =det(N — XId) = fl:l (A; — X) be the characteristic polynomial of N. Notice that

I (log Py (X), M) = ZN XOul (N, M)
k=1

=Y 2 ks L Us(MPU)
G+ As)2 A = X 0 "

r,s

Ar — Ag 1
-2 8 Ui (U*M P
Xs:(xrﬂazxr—x ol )

sj
=0,
from which we deduce that
r(M”, a) =0,

since

QU

I (log Py (X), M) =" P (e MP) = 0.

P A —X

Also notice that I'(Ny;, M i(/‘." ) ) is invariant under the unitary transformation

(N, MP) — (U'N(U°)", U"MP(1%)")
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for any unitary matrix U°, we may compute F(Ml.(jp ), Uy) at U = 1d, then obtain it at any U. More precisely, by
(5.41), we obtain at U =1d,

A — Ak » A — Ak »
5 Okj M — 25 Mkj )
(A1 4+ Ak) (A1 4+ Ak)

T (Nu, M}P) =2
and on the other hand at U =1d,
I'(Nu. M(p)) (U, M(p))(/\l Ak).

Combining the two equalities together, we have for k # [

Uk M{P) (U =1d) =2 (8 M) — ). (5.45)

1
(M + Ai)?
Moreover, at U =1d, for 1 <k <d
LUk, ") = =T (U ).
Then by the fact that Uy is real, we have at U =1d,

I (Ui, M) = 0.

Now write
2 . .
8ij = { i 7
0, i=j,
then at any U, we derive (5.43) and (5.44) by the invariance of unitary transformation. O

Lemma 5.15. The diffusion operators of {Z!} are given by

® @ L w (») 1 1
Tz, 2) = 2854 (5“22 + 8k A—z )—2<8kjﬁ(z<l’)z(q))il+8,-,A—_2(z<’1>z<l’>)kj
J i

d
+ D (b Z 28 + wady 20 25) =y 2 2P = vz 2,2, (5.46)
a=1
2 2
where y;; _ZW when i # j and y;; = ﬁforl <i<d,and

1 1 1 1
L(Zi]") = 4dp50; — 2N = ‘”(P + —)z}ﬁ — 45 race(27)

2
i i )\'j i
d d d
+ 22)’1‘(181']‘2%) - Z)’jazi(f) - Z)’iaz,-(f). (5.47)
a=l1 a=1 a=1
Moreover,
r(z{" a) =0, (5.48)
(Z,(]p), Unt) = 8is ZdalUka aj - ]lUk] , (5.49)
a#l
Aihj . .
where d; _4m when i # j and d;; = 0.
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Proof. Notice the diffusion operator of (U, M, ..., M®) are all invariant through the map
(UMD M®P) - (00, UMD (U0, .. UM (U°)),

hence the diffusion operator of Z = ZWD, ..., Z™) are also invariant. Therefore to compute [(ZP), Z9D), we may
first consider the case at U = Id. By direct computations, we have

d
Pz )= 3 (O (M L) + T (M) U Ust) My + MET (U Uy M)
r,s=1

d
+ Y T(U Uy, U U ) M M9

u
u,v,r,s=1

The first term ['(M, i(j‘." )M ,Elq)) at U =1d is straightforward from (5.38).
By (5.45), we get

d
> r(MP UpUg) MY

r,s=1

d
=Y (ka2 2 — 2asu 2, Z) + 811210 2,7 + g 2D 211,
a=1

d
Z F(M,E;”, Ui*rUSj)Mr(g)

r,s=1
d
= (—2iadiZ 0 2L — 0ajoii 210 20) + 21 20 28 + e 20 2,
a=1
and

d
> T (UA UG, UL Ua) MY M0
u,v,r. 1

§=
d

= S M+ M) P D P
a=1

Therefore, putting all the four terms together we obtain at U =1d,

r(z?, z?)

iy’
L L ! 1
=25pq<5ilﬁzkj +5kjpzil -2 3kjp(z(p)z(q))il+3”E(Z(q)z(p))kj
i J J i

1 P 1 P, 1 » @ 1 » 5@
_ )L_(Sikz,, Zil — )L_Q(Sjlzij ij + )L_Z(Skaij Zjl + Failzi./ Zki
i J J i

d
F Db 2D 20+ nabs 20 20) ~ a2 217~ razi 7))
a=1
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and defining

rljv i # ],
yij = ..

AZ’ l_J
for 1 <i, j <d, we obtain
(p) ~(q)
F(Zij Ly )

L L _» L o0, ! )
= 25pq< ) 32 Zyj + 5k/’pzil -2 (Skjﬁ(z(p A )i + ail?(z(q)z(p )kj
J J i
d

a=1

This formula is also valid at any U, because under the map (U, M?) — (U°U, U°MP (U)*), Z(P) does not change.
Thus we derive (5.46).
Let P(X) =det(S — X1d). Then

U

( !j?lOgP(X) =

(Sij, 47) = Z(S X) o T(Sij Spa)-
r=1 p.q=1

Setting Vjp r =T'(Uip U ips A,%), we may derive from the above formula that

H
*
U +Z)\'2 ‘/l]pk 4H_X’

4U

which leads to
2
kavil'l’vk =0.
p
On the other hand, since U is unitary, we know that I'(U;;, -) = —F(Uj,-, -) at U = Id. Then taking Zp XpViipk =0
at U =1d, we derive
L'(Uij, A) =0 (5.50)

for any i # j and k.
Computing I"(S;;, S;) at U =1d leads to

26118k (A +25) = 48i—jmk=i ] + (1] = 15)(Az = A))T Wi, Unp).
from which we may deduce that for i # j or k # [
U'(Uij, U)(Id) = —r;j616;, (5.51)
()

;- A§)2
As for L(Uj;), by the fact that U is unitary we obtain at U =1d,

where r;; =2 Also since Uj; is real, we have r;; = 0.

L(0;i) + LU;j) +2 T(U;r, Ujr) =0,
r
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thus

L(Wij) =L(ji) ==Y _risdij. (5.52)
r#i

By (5.45), (5.51) and (5.52), we have (5.47).
(5.45) and (5.50) lead to

r(z{. a) =o0.

Also by (5.51), we have at U = Id and at any U,

(p) g MM (p) »
Letd;; = 4% when i # j and d;; =0, then at any U, we obtain (5.49). (]
i

Finally we are in the position to prove Theorem 5.8.

Proof of Theorem 5.8. By (5.27), (5.28), we obtain the generator of D.
Together with (5.48), and comparing (5.46), (5.47) with Theorem 4.3, we obtain the operator (5.22) with

A=2D"2 Bij ki = yijéikdji,

anda, =d, —d+1. O

Acknowledgements

This work was done when I was a Ph.D. student at Université Paul Sabatier. I would like to thank my supervisor, Prof.
D. Bakry, for his precious suggestions, helpful discussions and all the encouragements. I would also like to thank Prof.
Feng-yu Wang for the encouragements and help.

Moreover, I would like to express my gratitude to the referee for his careful reading and suggestions.

References

[1] D. Bakry and X. Bressaud. Diffusions with polynomial eigenvectors via finite subgroups of O(3), 2015. Available at arXiv:abs/1507.01394.
[2] D. Bakry, I. Gentil and M. Ledoux. Analysis and Geometry of Markov Diffusion Operators. Springer, Cham, 2014. MR3155209
[3] D. Bakry and O. Mazet. Characterization of Markov semigroup on R associated to some family of orthogonal polynomials. In Séminaire de
Probabilités XXXVII 60-80. Lecture Notes in Mathematics 1832. Springer, Berlin, 2003. MR2053041
[4] D. Bakry, S. Orevkov and M. Zani. Orthogonal polynomials and diffusion operators. Available at arXiv:abs/1309.5632.
[5] D. Bakry and M. Zani. Dyson processes associated with associative algebras: The Clifford case. In GAFA Seminars (2011-2013) 1-37.
B. Klartag and E. Milman (Eds). Lecture Notes in Mathematics 2116. Springer, Cham, 2014. MR3364675
[6] M.-F. Bru. Wishart processes. J. Theoret. Probab. 4 (1991) 725-751. MR1132135
[71 N. Demni, T. Hamdi and T. Hmidi. Spectral distribution of the free Jacobi process. Indiana Univ. Math. J. 61 (3) (2013) 1351-1368.
MR3071702
[8] N.Demni and T. Hmidi. Spectral distribution of the free Jacobi process associated with one projection. Collog. Math. 137 (2) (2014) 271-296.
MR3286312
[9] C. Donati-Martin, Y. Doumerc, H. Matsumoto and M. Yor. Some properties of the Wishart processes and a matrix extension of the Hartman—
Watson laws. Publ. Res. Inst. Math. Sci. 40 (2004) 1385-1412. MR2105711
[10] Y. Doumerc. Matrices aleatoires, processus stochastiques et groupes de reflexions. Ph.D. thesis, Univ. Toulouse III, 2005.
[11] A. K. Gupta and D. K. Nagar. Matrix Variate Distributions. Chapman & Hall/CRC, Boca Raton, FL, 1999. MR1738933
[12] R.D. Gupta and St. P. Richards. Multivariate Liouville distributions. IV. J. Multivariate Anal. 54 (1995) 1-17. MR1345525
[13] L. K. Hua. Harmonic Analysis of Functions of Several Complex Variables in the Classical Domains. American Mathematical Society, Provi-
dence, RI, 1963. MR0171936
[14] G. Letac. Dirichlet random probabilites and applications. Graduate course, La Sapienza, 2012.


http://arxiv.org/abs/arXiv:abs/1507.01394
http://www.ams.org/mathscinet-getitem?mr=3155209
http://www.ams.org/mathscinet-getitem?mr=2053041
http://arxiv.org/abs/arXiv:abs/1309.5632
http://www.ams.org/mathscinet-getitem?mr=3364675
http://www.ams.org/mathscinet-getitem?mr=1132135
http://www.ams.org/mathscinet-getitem?mr=3071702
http://www.ams.org/mathscinet-getitem?mr=3286312
http://www.ams.org/mathscinet-getitem?mr=2105711
http://www.ams.org/mathscinet-getitem?mr=1738933
http://www.ams.org/mathscinet-getitem?mr=1345525
http://www.ams.org/mathscinet-getitem?mr=0171936

940 S. Li

[15] G. Letac and H. Massam. A formula on multivariate Dirichlet distributions. Statist. Probab. Lett. 38 (1998) 247-253. MR1629907

[16] I. Olkin and B. Rubin. A characterization of the Wishart distribution. Ann. Math. Stat. 33 (1962) 1272—-1280. MR0141186

[17] J. Warren and M. Yor. The Brownian burglar: Conditioning Brownian motion by its local time process. In Séminaire de Probabilités XXXII
328-342. Lecture Notes in Mathematics 1686. Springer, Berlin, 1998. MR1655303

[18] O. Zribi. Polyndmes orthogonaux associés a la courbe deltoide. Ph.D. thesis, Univ. Paul Sabatier, 2014.


http://www.ams.org/mathscinet-getitem?mr=1629907
http://www.ams.org/mathscinet-getitem?mr=0141186
http://www.ams.org/mathscinet-getitem?mr=1655303

	Introduction
	Symmetric diffusion operators and polynomial models
	Symmetric diffusion operators
	Polynomial models

	Dirichlet measure on the simplex
	Matrix Dirichlet processes
	The complex matrix simplex and their associated Dirichlet measures
	Two polynomial diffusion models on Deltan,d

	Examples
	The construction from SU(N)
	The construction from Wishart processes

	Acknowledgements
	References

