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Several classical results on boundary crossing probabilities of Brownian
motion and random walks are extended to asymptotically Gaussian random
fields, which include sums of i.i.d. random variables with multidimensional
indices, multivariate empirical processes, and scan statistics in change-point
and signal detection as special cases. Some key ingredients in these exten-
sions are moderate deviation approximations to marginal tail probabilities
and weak convergence of the conditional distributions of certain “clumps”
around high-level crossings. We also discuss how these results are related to
the Poisson clumping heuristic and tube formulas of Gaussian random fields,
and describe their applications to laws of the iterated logarithm in the form
of the Kolmogorov—Erdds—Feller integral tests.

1. Introduction. The goal of this paper is to extend a number of classi-
cal results on boundary crossing probabilities of Brownian motion and random
walks to much more general stochastic processes involving multidimensional in-
dices (i.e., random fields). These extensions were motivated by applications to
signal detection and change-point problems; see Example 2.2 and the last two
paragraphs of Section 4. Other applications include the laws of the iterated loga-
rithm for sums of i.i.d. random variables with multidimensional indices (see Sec-
tion 3), Kolmogorov—Smirnov statistics of multivariate distributions and sums of
linear processes with long-range dependence (see Section 4). To begin with, let
{W(t):t = 0} be Brownian motion and let 7, = inf{r > 0: W(¢) > b.(t)} be the
first time when Brownian motion crosses a positive continuously differentiable
boundary b.. Strassen [34], Jennen and Lerche [22], Wichura [37] and others have
shown that 7, has a density function p. and that under certain additional conditions
on b., p. has the “tangent approximation”

(1.1) pe(t) =173 2a. (1) (be (1) /1),
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where ¢(x) = 27)~1/ 2=*/2 s the standard normal density function and a.(t) =
bc(t) — tbl.(t). Note that in the case of a linear boundary b.(t) = a + Bt (with
a >0 and B > 0), the well-known Bachelier-Lévy formula yields p.(¢t) =
=3/ za(p(bc (t)/+/1), so (1.1) simply replaces o by the intercept a.(¢) of the tan-
gent line passing through (¢, b.(¢)), and is therefore called a “tangent approxima-
tion.” For concave boundaries b.(t) = b(¢) that become infinite as t — 00, one
typically has b'(t) = o(b(t)/t), so one can replace a.(¢) in (1.1) by b(t). There
is a close connection between this approximation to p.(¢) and the Kolmogorov—
Erd&s—Feller test, which yields for nondecreasing b(t)/+/t the 01 dichotomy

(1.2) P{W(t) < b(t) for all large t} =1 (or 0) if £(b) < o0 (or = 00),

where 4(b) = [ t732b(t)p(b(t)/+/1)dt < co. Similarly, if S, = X1 +--- + X,,
with EX; =0, EX? =1and E|X|* < 0o, then for all n > 1,

(1.3) P{S, < b(n) for all large n} =1 (or 0) if £(b) < 0o (or = 00).

If we think of the random walk {S,,, n > n.} in (1.3) as an “asymptotic” Brown-
ian motion as n. — oo, then (1.3) can be regarded as the generalization of (1.2)
to processes that behave like Brownian motion. This suggests that if (1.1) and
(1.2) can be extended to more general Gaussian processes, then they may even
be expected to hold much more generally for processes that are “asymptotically
Gaussian.” In view of the functional central limit theorem for sums of weakly
dependent or long-memory random variables, the scope of applications of such re-
sults would be very broad. Unfortunately, functional central limit theorems, which
are about the “central” part of the limiting Gaussian distributions, are not the right
tools to handle the “rare” events in the high-level crossings as in (1.1) and (1.3).

To extend (1.1) and (1.2) to much more general processes, our approach uses
(i) moderate deviation approximations to marginal tail probabilities and (ii) weak
convergence (to a limiting Gaussian process) of a certain conditional process given
that the process attains a high level near the boundary at time . Another key idea
of our extension is to relax the requirement that the left-hand side of (1.1) be a
first exit density. Instead we regard it as a “local” exit density at time ¢ so that
the probability that the process ever crosses the boundary within time interval D
is asymptotically equal to the integral of the right-hand side of (1.1) over D. Not
only does this avoid the technical assumptions that need to be imposed to ensure
that the first exit time 7, indeed has a density with respect to Lebesgue measure,
but it also dispenses with the notion of having a well-ordered set D so that the
“first” time of exit can be defined. This enables us to extend our approach to ran-
dom fields (with multidimensional time that is not well ordered). Section 2 gives
basic assumptions for these “asymptotically Gaussian” random fields and states
the main theorems that provide generalizations of (1.1) and (1.3). Applying these
theorems to Gaussian random fields yields new results in Theorem 2.1 for the max-
ima of Gaussian random fields. Section 5 gives the proofs. Connections to Aldous’
[4] Poisson clumping heuristic and the Hotelling—Weyl tube formulas are also dis-
cussed in Section 2.
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2. Basic results and discussion. We begin with some notation that will be
used throughout the paper. Let ¢ (c) = Qrc?)~1/2 exp(—c2 /2). For vectors ¢, u €
R?, the relation # < u means t; < u; for all i and # < u means t; < u; for all i.
Also |-| will be used to denote the greatest integer function, || - || the (Euclidean)
norm of a vector, |- | the determinant of a square matrix and v(-) the d-dimensional
volume (or content) of a Jordan measurable set. For ¢ > 0, let

d

I = l_[[li, i +¢).

i=1
For D c R¢ and § > 0, define [D]s = {t + u:t € D, ||lu|| < 8}. We shall also
use V and V? to denote the gradient vector and Hessian matrix, respectively,
of a function. Let S¢~! denote the (d — 1)-dimensional unit sphere, and let Z
(R4) denote the set of positive integers (real numbers). Let 0 < o < 2 and let
{Wi(u):u € [0, 00)4 } be a continuous Gaussian random field (whose continuity
follows from Theorem 2.1 of [25]) such that

W:(0) =0,
E[W )] = —llul“r:u/llul)/2,
Cov(W; (u), Wy (v)) = [l *re (u/llull) + 1ol *re v/ 01D
— Il = l|*re (@ — v)/llu —vll)]/2,

where r; :S?~! — R, is a continuous function satisfying

2.1

(2.2) sup |ry(v) —r,(v)|—>0 asu — .
veSd-1

Of particular importance in the subsequent development are

0.¢]
HK(t)=/ eyP{ sup W;(u)>y}dy,
0 O<u;<K Vi
(2.3)
H@) = lim K 9Hg(1),
K—o00

which are shown to be well defined in Theorems 2.4 and 2.5.
Let X be a stationary, isotropic Gaussian random field such that EX (0) =0,
EX*(0)=1and

(2.4) EXO)Xw)]=1—(1+oM)ul*L(lull)  asu—0,
for some 0 < o < 2 and slowly varying function L. Let
(2.5) A =min{x > 0:x*L(x) = 2>~ 1}.

For example, if L(x) =1, then A, = (2¢)~1/ Let D be a bounded, Jordan mea-
surable set such that [D]; lies in the domain of X for some § > 0. Then by Theo-
rem 2.1 of [31],

(2.6) P{supX(t) >c} ~y()Av(D)H,
teD
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where H = limg_, o K¢ i e’ P{supg—,, <k v; Wo(u) > y}dy is a positive, fi-
nite constant and Wy is the Gaussian random field defined in (2.1) with ro(u) = 1.
Our goal is to extend (2.6) first to more general Gaussian random fields satisfying

Q7 EIXOXE+wl=1—1+oW)ul*LAul)r:@/lul)  asu—0,

uniformly over ¢t € [ D]s. We then extend (2.6) to non-Gaussian random fields that
are asymptotically Gaussian in a moderate deviation sense.

2.1. Gaussian random fields. Let X be a Gaussian random field such that
EX(t) =0, EX%(t) = 1 for all . Let D be such that [D]; is a subset of the do-
main of X for some § > 0. The following theorem, whose proof is given in Sec-
tion 5, generalizes (2.6) far beyond the stationary isotropic framework considered
by Qualls and Watanabe [31] under (2.4).

THEOREM 2.1. Suppose the Gaussian random field X satisfies condi-
tion (2.7), in which 0 < a <2 and r, :S4-1 R is a continuous function such
that the convergence in (2.2) is uniformint € [ D]s and SUP; e[ pi;,vesd—1 1 (V) < 0.
Then, with H (t) defined by (2.3),

(2.8) P{ sup X (u) > c} ~ E?w(c)H(t)
u€l; g.Ac

uniformly overt € D, as ¢ — o0 and £, — 00 with £, = O(Ac_l). Moreover, if D is

bounded and Jordan measurable, then as ¢ — 00,

2.9) P{supX(t) > c} ~ w(c)Ac_d/ H(t)dt.
teD D

The following special case of Theorem 2.1, with d = 2, demonstrates the use-
fulness of including the function r; on S9=1 in (2.2) when (2.1) is extended to
nonstationary Gaussian random fields. It will be discussed further in Example 2.10
and at the end of Section 4.

EXAMPLE 2.2. Let X(t1, 1) = (o — 1)) "/?[W(t2) — W ()], where W (") is
Brownian motion, and D = {(t1,):0<t; <th <a,a; <thp —t] <ap} with 0 <
ap <ap < a. Then
lui| + |us|
2t —1n)’
as u — 0. Hence (2.7) is satisfied with « = 1, L(Jlu|]) = 1 and r;(u) = (Ju1| +
lua])/[2(t2 — t1)]. Therefore A, = (2¢?)~! in view of (2.5), and H(t) =27%(t, —
11)~2 by Lemma 2.3 below. Application of Theorem 2.1 then yields that as ¢ — oo,

P{(ta — 1) AW () — W(r)] > ¢

E[ XX +u)l=1—(1+0o(1))
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forsome 0 <t <tp <a,a; <tHh —t <az}

(2.10) ~ ¥ (c)(2c?)? /D 274ty — 1) "2 dt dt

— () (c*/4) /a2 /Oa_ss—zdzl ds

=y () (ct/Dlata;" —ay") —loglar/ar)].

LEMMA 2.3. Let {W;(u):u € [0,00)?} be a continuous Gaussian random
field such that for some positive functions By, ..., Bd,
d
E[W )] =~ Bi(t)u;/2
i=1
and

d d
CovIW; (w), Wi )] = 3 Bi () (i + vi — lu; — vi)/2 =" B (1) min(uz, vy).

i=l i=1

Then H(r) =274, Bi (0).

PROOF. For u >0, W;(u) = Z;jzl B; ;(u;), where {B;;}1<i<q4 are indepen-
dent Gaussian processes with independent increments, E[B; ;(u;)] = —pi (t)u;/2

and Var(B; ;(u;)) = Bi(t)u;, so B; (u;) L W(Bi(tu;) — i (Du;/2. As K — oo,
00 d
HK(t):/O eyP{Z sup Bi,t(ui)>y}dy

i—10=<u;<K

00 d
:/0 (ey—l)P{Z sup Bi,t(ui)EdY}

i=1 OfuifK

d
~E[exp|:z sup Bi,,(u,-)“
i:lofuifK

d

=11 E{exp( sup [W (B (D)u;) — Bi (r)ui/zl) }
i=1 0<u;<K

so Hg(t) ~ ]_[fi=1[,8i (1)K /2]; see [18], (1.8.11) for the last asymptotic relation.

O

2.2. Asymptotically Gaussian random fields. Theorem 2.1 is derived in Sec-

tion 5 as a special case of a more general result on asymptotically Gaussian random
fields satisfying conditions (C) and (A1)—(AS5) below. Specifically, for ¢ > 0, let X
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be random fields such that EX.(t) =0, E X? (t) =1 forall c and . Let D be such
that [D]s is a subset of the domain of X, for some § > 0 and all c large enough.
Define p.(t,u) = E[X.(¢t)X.(u)]. In analogy with (2.7), assume that there exist
0 < a <2 and a slowly varying function L such that as u — 0,

© pe(t,t +u) =1— (L+o)llull®LlulDreu/llul)

uniformly over ¢ € [ D]s and compact sets of u /A, > 0. Moreover, assume that the
following conditions also hold uniformly over ¢ € [D]s, as ¢ — o0:

(AD) P{Xc.(t) >c—y/c}~Y(c—y/o)

uniformly over positive, bounded values of y. The convergence in (2.2) is assumed
to be uniform in ¢ € [D]s, with SUP; e[ py;.vesd—1 Tt (V) < 00. Moreover, for any
a > 0 and positive integers m, as ¢ — 00,

{c[Xc(t +akAc) — Xc(0)]:0<ki <m}|X(t)=c—y/c
(A2)
=  {Wi(ak):0<k; <m}

uniformly over positive, bounded values of y, where we use “|X.(t) =c — y/c”
to denote that the distribution is conditional on X.(¢) = ¢ — y/c. In addition, there
exists a positive function 4 such that limy_,  2(y) = 0 and

(A3) P{Xc(t+ule)>c—y/e,Xc(t) <c—y/c} <h(y)Y(c)

for all ¥ > 0 and y > 0, and there exist nonincreasing functions N, on R} and
positive constants y, such that y, — 0 and N,(y,) + floo Ny (yg + w)dw =
o(a?) as a — 0, and

(A4) P{ sup Xo(t +ule) >c, Xe(t) <c— V/C} < Na(¥)¥ (o),
0<u<a
forall y, <y <cands > 0.

Whereas (A1) refers to the marginal distribution of X.(¢), saying that {X.(¢) >
¢ — y/c} has probability like that of a standard normal, the joint distribution of
X.(-) is assumed in (A2) to be asymptotically normal in the sense of weak con-
vergence for local increments conditioned on X.(#) = ¢ — y/c. Note that the same
o, L(-) and r/(-) appear in (C) and the mean and covariance functions (2.1) of
the Gaussian field W;(:) in (A2). In fact, if X, = X is a Gaussian field satisfy-
ing condition (C), then (A2) holds; see the proof of Theorem 2.1 in Section 5.
Assumptions (A3) and (A4) are mild technical conditions under which the proba-
bility of sup,,. Ik a, X (u) exceeding ¢ can be computed via (A1) and (A2) after
the cube I, ka, = [1%,[ti, i + K A,) is discretized by the grid points 7 + kaA,
(0 <kij <m) with a = K /m, leading to the following.
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THEOREM 2.4. Let K > 0. Assume (C) and (A1)—(A4). Then as ¢ — o0,

P{ sup  Xe(u) > c} ~ Ol + He (1]

MGI[,KAC

uniformly over t € [D]s, where Hk (t) is defined in (2.3) and is finite and uniformly
continuous int € [D]s.

To derive an analogue of (2.6) for P{sup,.p X(f) > ¢} in which X, satis-
fies (C) and (A1)—(A4), we can sum the asymptotic formula in Theorem 2.4 over
t € (KAZ)Y N D if the joint occurence of two events (associated with two such
cubes) is negligible in comparison with the probability associated with a single
cube. The following simple condition ensures this: There exists a nonincreasing
function f:[0, c0) — Ry such that f(||r|) = O(e_H’”p) for some p > 0 and for
all y > 0 and c sufficiently large,

(AS) P{Xc(t)>c—y/c,Xc(t+ule)>c—y/cy<y(c—y/o)f(ul)

uniformly in # and ¢ 4+ u A, belonging to [D]s.

THEOREM 2.5. Assume (C) and (A1)—(AS). Then as ¢ — oo and £, — 00
such that £, = o(Agl),

2.11) P{ sup Xc(u)>c}~€g1ﬁ(c)H(t),

uels oo Ac

(2.12) P{ sup Xc(u)>c, sup X.(v)> c} = o(ﬁflﬁ(c)),

u€l; g.Ac veEB\I; ¢ A,

uniformly over t € D and over subsets B of [D]s with bounded volume, where
H () is defined in (2.3) and is uniformly continuous and bounded below on D.

Dividing (2.11) by (£.A.)¢, which is the volume of Ii ¢ ., yields an asymp-
totic boundary crossing “density” Ac_d Y(c)H(t) of X, at ¢t. By integrating this
“density” over D, or more precisely, by summing (2.11) over the “tiles” I; ¢ a, of
D and applying (2.12) together with the fact that D is bounded and Jordan measur-
able, we obtain the following generalization of the Qualls—Watanabe result (2.6)
on stationary isotropic Gaussian random fields.

COROLLARY 2.6. Assume (C) and (A1)-(AS). Let D be a bounded, Jordan
measurable set. Then

(2.13) P{Such(t) > c} ~ w(c)A;"/ H()dt  asc— o0o.
teD D
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We can extend Corollary 2.6 to sets D, that grow with c. The assumption that
D be Jordan measurable [i.e., for any € > 0, the boundary d D of D can be cov-
ered by rectangles U1, Uy, ... such that Z?i 1 v(U;) < €] and bounded in Corollary
2.6 is used to show that Zte(gz)d’[ﬁgma[)#@ v(l; ;) — 0 as ¢ — 0. When working
with sets D, that need not be bounded, we need to impose a more direct assump-
tion (2.14) on the contribution of d D, to the Riemann sum. Moreover, by condi-
tion (C) or (A1)—(AS5), we now mean that it holds uniformly over ¢ belonging to
[Dc]s.

COROLLARY 2.7. Assume (C), (A1)—(AS) and that

2.14) sup lu—tl|=O0(*) and ¢ 3 H(t) = o(w(D,))
t,ueDe 1€ 2)? 1., NI D A

for some k > 0 and positive ¢ with . — 0 and A. = 0(&;). Then as ¢ — o0,

2.15) P{sup X (1) >c} ~w(c)A;d/ H(t)dt.
D,

teD,

2.3. Boundary crossing probabilities. To extend the conclusion of Corol-
lary 2.7 to the boundary crossing probability P{X.(¢) > b.(¢) for some ¢t € D_},
we proceed similarly by using the probabilities p.(t) = P{X.(s) > b.(s) for some
s € I; ¢} as building blocks, where ¢, — 0 is so chosen that

(2.16) sup Ap.r)y =0(&e) (hence inf b.(t) > oo) as ¢ — o0.

telDls €lDcls
Whereas (A1)—-(AS) are related to the time-invariant boundary ¢ to be crossed
by X.(-), we can formulate similar assumptions when c is replaced by a time-
varying boundary b.(-). Let
(2.17) b.= inf b.(u), be= sup be(u).

u€lDels uelDels

Analogous to (A1)-(AS5), assume that t_he following conditions hold, as ¢ — oo,
uniformly in ¢ € [D¢]s and b /2 < z < b,:

(B1) P{X.(t) >z} ~ ¥ (2),
{z[Xc(t +akA;) — Xc(0)]:0<ki <m}|X(t)=z—y/z
(B2)
=  {W;(ak):0 <k; <m},

for any @ > 0 and positive integers m, the convergence being uniform over positive,
bounded values of y; moreover, the convergence in (2.2) is assumed to be uniform
in ¢ € [Dc]s, with sup,¢(p i pesd-1 1+ (v) < 0o. In addition, there exists a positive
function & such that limy_, o 2(y) = 0 and

(B3) P{Xc(t+ul)>z—y/z, Xc(t) <z —y/z} <h(y)¥(z)
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for all # > 0 and y > 0, and there exist nonincreasing functions N, on R4 and
positive constants y, such that y, — 0 and N,(y,) + floo W Ny(yq + w)dow =
o(a?) as a — 0, and

B Pl osw X+us) >z X =z- v/l =N,
O<u<a

for all y, <y <z and s > 0. Moreover, there exists a nonincreasing function

£:10, 00) = Ry, with £(||r]]) = O(e~ """ for some p > 0, such that for y > 0

and c sufficiently large

B5) P{Xc()>z—y/z, Xt +uly) >z—y/z} =¥z —y/2) flul)
uniformly in ¢ and ¢ + u A, belonging to [D.]s.

THEOREM 2.8. Assume (C) and (B1)-(BS5). Suppose that (2.14) and (2.16)
hold for some k > 0 and {. — 0 and that

sup [Do(1) — b)) =o(1)
t€[Dclag,
(2.18) B
where b.(t) = sup b.(u), b (1) = irllf b-(u).

MEI;,;—C uels g

Then P{X.(t) > b.(t) for some t € D.} ~ ch w(bc(t))Ab_C‘ft)H(t)dt as ¢ — o0.

The next corollary specializes Theorem 2.8 to the case in which b.(t) = cb(t)
for some positive function b possessing continuous second derivatives on [D]s,
where D is a compact Jordan measurable set. Let bp = inf;cp b(¢) and assume
that M = {t € D:b(t) = bp} is a g-dimensional manifold (with boundary) such
that v, (M N dD) =0, in which v, denotes the g-dimensional volume element of
the manifold. Let 7 .M~ (¢) denote the normal space of the manifold .M at . Letting
{e1(t), ..., eq—q(t)} be an orthonormal basis of T M=-(t), define the d x (d — q)
matrix A(f) = (e1(t) - - - eq—q (t)) and assume that V3 b(t) := A’ (1) V2b(1) A(t) is a
positive definite ¢ x ¢ matrix for all t € M.

COROLLARY 2.9. Suppose (C) and (B1)—(B5) are satisfied with o < 2 and
D. = D, a compact Jordan measurable set. Then as ¢ — 00,

P{X.(t) > cb(t) for some t € D}
(2.19)

d — _ _
~ Y (chbp)bad* AZ 2m /Pbp)“ Q>/2/M|vib(z)| V2H (tyv, (do).

EXAMPLE 2.10. Let X(11,1) = (tr — 1)~ V2[W () — W(r1)] and X, = X
as in Example 2.2, where W(-) is Brownian motion, and let b.(t1, 1) = [c? +
2log(ty — tl)_/g]l/2 for some 8 > 1. Let D = {(t1,):0 <t <t <a,a; <
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th — 11 <az} where 0 < a; < ay < a. Arguments similar to those used to prove
Theorem 2.1 in Section 5 can be used to show that (B1)—~(B5) hold uniformly in
t€[D]s and b./2 < z < b.. Therefore by Lemma 2.3 and Theorem 2.8,

P{(tr — 1)) AW (t2) — W(t1)] > [* +2log(t, — 11) P11/
forsome0<ty<nmn <a,a1 <th —H <a}
~ ¥ (c)(2c?)? / 274ePloga=t) (1, — 1V72 4ty diy
D

4 a a—s
= ¢ 1//(6)/ 2/ Sizﬂgdl‘l ds
4 a; JO

_ <a<a§“ —d™h —a?>)
R p1 g )

2.4. Discussion and related literature. Our formulation of “asymptotically
Gaussian” random fields bears some resemblance to Aldous’s [4] Poisson clump-
ing heuristic, which involves i.i.d. clumps of high-level excursions of a stochas-
tic process X (t), with the stochastic structure of the clump determined by the
conditional limiting process [like that in (A2)] of normalized local increments.
Whereas the Poisson clumping heuristic only suggests an asymptotic approxima-
tion P{sup,.p X(t) < c} of the form e~ P with p. — 0, our approach actually
gives a rigorous derivation of an asymptotic formula for p.. Instead of a sin-
gle stochastic process X (¢), our formulation involves a family of random fields
X.(t) with EX.(¢) =0 and Var(X.(¢)) = 1. It consists of two basic components:
(i) a normal approximation to the probability of X.(#) exceeding some high level
(depending on ¢) in (Al) or (B1), and (ii) the weak convergence of the finite-
dimensional distributions of the local increments conditioned on X.(f) =c — y/c
in (A2) [or (B2)]. The covariance structure of the local increments given by condi-
tion (C) and the closely related mean and covariance functions (2.1) of the limiting
Gaussian random field in (A2) [or (B2)] provide the key ingredients in the asymp-
totic formulas in Corollaries 2.6, 2.7 and Theorem 2.8. Theorem 2.1 and its proof
show that these asymptotic formulas are the same as in the special case X, = X,
a zero-mean Gaussian random field satisfying condition (C). These asymptotic
formulas are derived by adding up corresponding results for small cubes in (2.11),
making use of (2.12) to justify the additivity.

Conditions of the type (A2) were introduced by Berman ([6], Theorem 5.1) for
asymptotic approximations (as ¢ — 00) to the probability P{supy,.7 X (¢) > c}
of a stationary process X (¢) (with d = 1) such that X (0) belongs to the domain of
attraction of an extreme value distribution; see [6], Theorem 14.1 and [3], Theo-
rem 1. We consider here general d, extend X (¢) to X.(#) and remove the stationary
assumption, but restrict the limiting distribution in (A2) to be Gaussian and the
marginal probabilities P{X.(¢) > ¢ — y/c} to be asymptotically normal. It will be
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shown in Sections 3 and 4 that extending a single stationary process X (¢) to a fam-
ily of possibly nonstationary random fields X.(¢) and generalizing the threshold ¢
to a moving boundary b.(¢) greatly broaden the scope of applications. Some of the
difficulties in proving these extensions to the nonstationary setting are explained
in Remark 5.1.

Corollary 2.9 and its proof in Section 5 reveal similarities and differences be-
tween our approach and the tube formulas of Hotelling [21] and Weyl [36] whose
applications to the maxima of Gaussian random fields are reviewed in Section 6
of [1]. As in [8], the use of the tubular neighborhood Ug, of the extremal mani-
fold M in the proof of Corollary 2.9 is related to Laplace’s method for asymptotic
evaluation of the integral |, D, w(bc(t))A;jt)H (t)dt, in which the integrand can
be regarded as an “asymptotic density” of crossing the boundary b, by X, at ¢
(see the paragraph following Theorem 2.5). Differential geometric considerations
arise naturally in applying Laplace’s method to integrate the asymptotic boundary
crossing density, and clearly also in the Euler characteristic and tube formulas of
excursion sets in [1].

3. Sums of i.i.d. random variables with multidimensional indices and as-
sociated Kolmogorov—Erdos—Feller test. Let Y, k € Zi, be i.i.d. random vari-
ables with

(3.1) EYy =0, EY=1, E|Yx]? < 0.

Let Sp = Y k<n Yk, Where k < n denotes that k; < n; for 1 <i <d, as
in Section 2. Let In| = [T'_,n;, logn = (lognj,...,logng) and exp(t) =
(exp(t1), ..., exp(tg)). Define X (logn) = In|~1/28, and extend the domain of X
to [0, 00)? by defining X (t) = X (logn) when logn; <t; <log(n; + 1) for all 7.
Let X, = X, p. = p and let D, be a Jordan measurable subset of {t:); #; > c3}.
If t = logn and t + u = logm for some m, n € Z<, then

1—p(t,t+u)=1—Cov(in|~"2S,, Im|~/2Sm)

=1 —exp(—Zlui|/2> ~ Z|Mi|/2

as u — 0. From (3.2), it follows that (C) holds with « =1, L(x) = 1, r;(u) =
> i luil/2, and therefore A, = (2¢®)~! by (2.5). Moreover, by the Berry—Esseen
theorem (cf. [15], Theorem 16.4.1), for logn <t <log(n + 1),

3.2)

63 |PxO=c—ye- [ — 0(n"'7?)

(27_[)—1/26—22/2 dz
c—y/c

uniformly over ¢ and y. Since log |n| /c2 — oo uniformly over t € [D,]s, it fol-
lows from (3.3) that (A1) holds. Moreover, as will be shown in Lemma 3.6,
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(A3) and (A4) are satisfied uniformly over [D.]s. If we assume in addition that
for some ¢ > 0 and k¥ > 0,

(34) sup |Ju—t|=0(") and [D.]s C G.:= t:t,'/th >c¢gforallig,
t,ue[D.]s j

then Lemmas 3.5 and 3.7 show that (A2) and (AS5) also hold. Therefore X (t),
t e D,, is asymptotically Gaussian, and we shall apply Lemma 2.3 and Corol-
lary 2.7 at the end of this section to prove the following two theorems.

THEOREM 3.1. (i) Assume that for some positive {. — 0 with A. = 0(&;),
(3.5) cdte (¢2)!:1,¢. N 3D # )| = 0(v(D,))

as ¢ — 00. Then P{supycp X () > c} = O (v(De)c*y (0)).
(i1) If (3.4) also holds, then

(3.6) P{ sup X (t) > c} ~ 27 (D) Py (o).
teD.

Theorem 3.1(i) enables us to extend the Kolmogorov—Erd6s—Feller test (1.3) to
the case of multidimensional time. Let B Zi — (0, 00) be nondecreasing in the
sense that A(m) < B(n) for all m < n. We say that 8 is an upper (lower) class
function if

(3.7) sup{|n|: |n|~28, > B(m)} < (=)o as.

Fore >0, let F, ={n¢€ Zi :logn;/log|n| > ¢ for all i}; in particular Fy = Zi.
Define

(338) Je="Y I~ B e 2,

nef,

THEOREM 3.2. If Jo < 00, then B is an upper class function. Conversely, if
Je = 00 for some € > 0, then f is a lower class function.

EXAMPLE 3.3. In the case d = 1, since xe /2 is decreasing in x > 1, it
follows that floot_3/2b(t)e_b2(”/2’ dt < oo iff Y°{° n_lﬂ(n)e_ﬂz(”) < 00, where
B(n) = b(n)/+/n is nondecreasing. Therefore the integral test (1.3) is equivalent to
Theorem 3.2, noting that J, = Jy for all 0 < e <1 in the case d = 1. Next consider
d =2 and let § be a positive function on Zi such that

> o' B W2 =,

ni=1,n>1

N — _n2
> [y B, =1y + Inl 7 B )1 20y ]e ™2 < o

n
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Then sup{|n|: n|~1/28, > Bm),n; > 2} < oo a.s. and sup{nz:nz_l/zSn > B(n),
n; = 1} < oo a.s., by the first part of Theorem 3.2. On the other hand, Jyp = oo
although J. < oo for every ¢ > 0. This shows the importance of using J; instead
of Jy for the lower class result in Theorem 3.2.

Let B(n) = {(2 + 8) d loglog |n|}'/? for |n| > e and § > 0. Then by the inequal-
ity d~! Zfizl logn; > (]—L?‘{:1 logn;)!'/ between arithmetic and geometric means,
there exist C, C’ > 0 such that

Jo=C Z (loglog |n|)d—1/2/{|n|(log |n|)d(]+8/2)}

d
neZi

d
<C'T] X n;'Qogny)~1+73),

i=1 ni€Z+

so Jo <00 if § > 0. Take 0 < & < d~! and note that the number of k’s such that
> iki=m and e¥ € F, (so that k; > em) is (B + o(1))m?~! for some B > 0.
Since ]_[?:1 D eki—1 <p; <oki ni_l ~ 1 as mink; — oo, it follows that if § = 0, then
there exists B’ > 0 such that

Jez Y Inl7'ognp™!=B" Y m ' =0

nefF; ,n>ny m=m
Hence by Theorem 3.2, §(n) belongs to the upper class if § > 0 and to the lower
class if § = 0, yielding the following.

172 — 1 a.s.

COROLLARY 3.4. limsuplnl_wo Sn/(2d|n|loglog n|)

In the case d = 2, Zimmerman [38] proved an analogue of Corollary 3.4 for
the Brownian sheet, which is a zero-mean Gaussian random field with indepen-
dent increments and variance function |t|, like that of S,. His result was subse-
quently strengthened by Orey and Pruitt ([26], Theorem 2.2) who proved that for
the d-dimensional Brownian sheet W (t), P{W (t)/|t| < f(|t|) for all large |t|} =1
(or 0) if

(3.9) /loo5—1(1ogg)d—1(1oglog§)d—1/2e—f2<f>/2 dE < (or = )oo.

Actually their result considers t — 0 rather than |t| — oo. However, as
[t|\W(1/t1,...,1/ty) is also a Brownian sheet, one can extend their integral test
to the preceding statement. Because continuous Gaussian processes (instead of
discrete-time sample sums) are involved, the tail distribution of the maximum over
a domain D, does not require condition (3.4); see (2.6) in this connection. Hence
unlike (3.8), the integral test (3.9) does not involve F;. Instead of the series (3.8),
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we can rewrite it as an integral when F; is not involved, expressing the conver-
gence criterion in Theorem 3.2 (taking ¢ = 0) as the integral test

/loo.../loo(tl...td)—llgzd_l(tl, )

(3.10) )
x e Bt /2 gy dry < (or = )oo.

Note that (3.10) considers more general functions B(t) than those of the form
f(Jt]) considered by Orey and Pruitt [26]. In the case B(t) = f(|t|), assuming
without loss of generality that ¢y < f(&)/(loglog£)!/? < ¢ for some 0 < ¢y < ¢
(see the proof of Theorem 3.2), the change of variables £ =11 - - - 5 in (3.10) shows
that (3.9) and (3.10) are indeed equivalent.

Strong approximations of Sy have been developed by Rio [32] who has shown
that if Yy, k € Z4, are i.i.d. with EYx =0, EYZ = | and E|Y|" < co for some
r > 2, then redefining the random variables on a new probability space yields

(3.11) sup |Sp— Wm)| = 0w D 2(logn)! /2 +v4/7)  as.

0O<n=<vl

Note that (3.11) bounds the approximation error S, — W (n) by

(d—1)/2 1/2 d/r
(max n,-) (log 1max ni> + (max n,-) ,

1<i<d <i<d 1<i<d

instead of by some sufficiently small power of |n| = ]_[l‘-lz1 n;. Therefore Rio’s
strong approximation (3.11) cannot be combined with the Orey—Pruitt integral test
(3.9) for W(t) to yield a corresponding integral test for S,. Example 3.3 shows
that the integral test (3.9) for W (t) actually does not hold for S, which requires a
more subtle criterion for a lower class of functions.

The proof of Theorem 3.1 uses the following three lemmas which show that
(A2)—(A5) hold under (3.4).

LEMMA 3.5. Assume (3.4). Letu,v > 0. Then as ¢ — 00,

E{c[X(t+ulc) — X (]| X () =c—y/c}

(3.12) .,
— —Zui/4,
i=1
Cov{c[X(t+uA;) — X (O], c[X(t+VA) — X O] X () =c —y/c}
(3.13)

d
— > min(u;, v;)/2,

i=1

uniformly over bounded values of y and t € [ D.)s. Hence (A2) holds.
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PROOF. For exp(t) € Zi and exp(t+uA,) € Zi, define
Zi(u) = > Y

{k: k<exp(t+uA.)}\{k: k<exp(t)}
(3.14)

=X(t+uA,) exp{Z(ti + u,-Ac)/Z} —X(t) exp(z ti/Z).

]

Conditioned on X (t) =c — y/c,
c{X(t+uA) — X (b))}

=cZi(u) exp{ =Y i +u; Ac)/2}
(3.15) i

—c(c— y/c){l - exp(—ACZui/Z) }
= cZi(n) exp(— > ti/2— A Zu,-/2> =Y ui/4+o(1).

Since Z¢(u) is independent of X (t), (3.12) follows from (3.4) and (3.15). To see
this, suppose logn; <t + uA, < log(n; + 1) and logm; <t; < log(m; + 1) for
1<i<d.By(34),ti>¢ Zj tj > 803/2 for t € [D.]s and all large c. This implies

that log(m; + 1) — logm; = log(1 + mi_l) <log(l + e—803/2) = 0o(A.) and that
log(n; +1) — logn; =0(A.), so by (3.14) and (3.15),

E{c[X(t+ulAc) — X (O] X(t) =c—y/c}

d d
=— (logn; —logm;)/4A; +o(1) > = u; /4.
=1 i=1

Similarly, for u, v > 0,

d
Cov(Z¢(u), Z(v)) ~ H{exp(ri + min(u;, vi)Ac) —exp(t;)}
i=1
(3.16)

~ {Zmin(ui, vi)AC} exp(Zti)

and (3.13) follows from (3.4), (3.15), (3.16) since Z(v) is also independent of
X(@). O

LEMMA 3.6. (i) P{maxg<p Sk > A} <29P{Sy > A —d(2n|)!/?}.
(i1) There exists a positive function h, with limy,_, o h(y) = 0, satisfying (A3).
(iii) There exist nonincreasing functions N, on R and positive constants y,

such that v, — 0, Ny (ya) + [loo VN (Yo +y)dy = o(ad)for alls >0,asa — 0,
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and (A4) holds.

PROOF. For (i), see [17], Lemma 2.3. To prove (ii), letu>0, v > 0, y > 0.
By (3.15),

(B.17) X (t+uA) —X®)]<(140(1)) th(u)exp( Zt,/Z)

Since [{k:k <exp(t+uA )} — [{k:k <exp®)}| ~ 3_; u; /2¢%) exp(}_; ti), it fol-
lows by the independence of Z¢(u) and X (t) and the Berry—Esseen theorem that
for large c,

P{c[X(t+uldo) —X(®)]> Y —y|X(®) =c—y'/c}

(3.18) < P{Zt(u) >[(y' = y)/2c] em(Z ti/2)}

<Y (BO —vy))+ 0<Cexp<— th,-/z))

for some B > 0, uniformly over y <y’ < wc. In view of (Al), we can choose
& — 0 such that P{X(t) >c —y'/c} = (1 + 0(53))1ﬂ(c — y’/c) uniformly over
y Sy/fa)c Let yj:y+]€c,]:0’l ..... Thenby (318),

P{Xt+uA)>c—vy/c,c—w<X({t)<c—y/c}
Yji+l1 ,
< > P{X(t4+ulA,) >c—y/c|X®)=c—y'/c}
0<j<(we—y) /& VI
x P{X(t)ec—dy'/c}

3 [w(B(yj —7)+ 0(“6"1’{‘21/2})}

0<j<(wc—y)/&
(3.19) X [P{X(®) >c—yjt1/c}— P{X({t)>c—y;/c}]

<(1+om) Y |:1//(B(}’j 2)

0<j=(wc—y)/&

[A

+ O(CGXp{— Zti/2}>:|§ceyf1ﬂ(c)
< w(c)[(l +o(1))

X /ywc &'y (B(GY —y))dy + O(cexp{wc - lZn/Z})]
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Since Y.t > ¢3, cexp(wc — Y;1;/2) = o(1). Moreover, fyoo e’y (B(y —
y))dy — 0 as y — oo. From (3.17) and (3.18), it follows that for large c,

P{IX(t+ulAy) — X(O)] > 0} < P{Zt(u) > (0/2) exp(Z t,-/2> }

1

(3.20) <Y (Bcw) + O (c exp<— > i /2))

=o(y¥(c))
if we choose w > B~!. Hence (ii) follows from (3.19) and (3.20).
To prove (iii), note that {k:k < exp(t + alA.)} \ {k:k < exp(t)} =
Uscq,...ay, 020 As, where Ay = {K:exp(;) < k; <exp(ti +al) fori € J and
ki <exp(t;) fori ¢ J}. By (i),

P{ sup Zt(u)>z}

0<u<al

(3.21) < > P{sup > Ym>z2_d}
},J#£D

Jcil,..d keA) m<k,meA,

<2 > P: > Ym>zz—d—d(2|A,|)1/2}.

Jc{l,...,.d},J#2 meAy

Since |Ay| ~ (aA)Yexp(Y; 1), it follows by (3.17), (3.21) and the Berry—
Esseen theorem [using the same steps as in (3.18)] that for large c,

P{ sup c[X(t+ulA) —X®)] >y [X{H) =c— yl/C}

0<u<al

(3.22) < P: sup Z¢(u) > (¥'/2c) exp(Z ti/2>}

0<u=<al

<4%y(B'y'Ja'? =2'%2d) + O (cd exp(— > t,~/2>)
i
for some B’ > 0, uniformly over y < y < wc, and therefore

P{c—ng(t)<c—y/c, sup X(t+uAC)>c}

0<u<al

(3.23) <) [4" / Y By 1aV? — 2 2a) ay’
Y

+ O(Cd exp(wc — th,~/2>)}.
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Since Yt > ¢, O(c?exp{wc — Y ;1;/2}) = o(1). By (3.17), (3.21), (3.22)
and (i),

P{ sup [X(t+uAc)—X(t)]>a)}

0<u<al

(3.24) < P{ sup Zi(u) > (w/2) exp(Z t,~/2>}

0<u<al

s4dw(3%w/a“2—2“”d)+C>Qﬁexp(—§:ﬁ/2>)

for all large c. Let y, = a'/? and take w > a'/?/B’ so that ¥ (B'cw/a'/? —
d2'/?) = o((¢)). Recalling that 3", ; > ¢, it follows from (3.23) and (3.24) that
for all large c and y, <y <c,

P{ sup X(t+uA.) >c, X(t) §c—y/c}

O<u<al
00 /
<p© [ sy By ' =2y dy =N,
y
with Ny (va) + /77 ¥*Na(va + y)dy = 0(aP) forall s > 0and p > 0. O

LEMMA 3.7. Assume (3.4). For y > 0, there exist positive constants By, B2
and n such that
PXt)>c—y/c,X(t+uA;)>c—vy/c}
< Byexp(=Bz|lu|" ¢ (c —y/c)
uniformly over t,t +uA. € [D.]s. Hence (AS) holds.

(3.25)

PROOF. For exp(t) € Z< and exp(t+uA,) € Z4,

P{X(t)>c—y/c, X(t+uA,) >c—vy/c}
(3.26)
< P{X(®)+ X(t+ulA,) >2(c—y/o)},

in which X (t) + X (t +uA,) is a sum of ]_[fl:1 max(e'i, e'iT#iAc) random vari-
ables, each of the form (exp(—)_; ;i /2)1{k<exp(t)) + exp{—2>_; (i +u;Ac)/2} x
Lik<exp(t+uan}) Yk. Since D ; #; > 3, X(t) + X(t + uA,) is a sum of at least
exp(c3) i.i.d. random variables. Using this and Var(X (t) + X (t +uA.)) =2(1 +
p(t,t+uA.)), we then obtain by the Berry—Esseen theorem that

P{X(t)+X({t+uA) >2(c—y/c)}

2c—y/0)* \'? \
: w((l + p(t, t—i—uAC)) ) + O(exp(—c’/2)).

(3.27)




98 H.P. CHAN AND T. L. LAI

By (3.2), there exists ¢ > 0 such that 1 — p(t,t + uA,) > A |u;|/4 if
A Y lui] < ¢.Moreover, | —p(t, t+v) =1 —exp(= Y, |v;|/2) = £ :=1—¢7¢/?
if ; |vi| = ¢. Since

(et )

1+p(t,t+uAc))1/2
2

—(c—y/c)*(1 —p(t, t+ uAc))}
21+ p(t, t+uA,))

—(c—y/c)*(1 — p(t,t+uAc))]
4 9

sx/x(c—y/c)(

X exp[

<= y/oexp|
it follows from (3.26) and (3.27) that for all large c,
P{X(t)>c—y/c, X(t+uA,) >c—y/c}
(3.28)  =v¥(—vy/o)

2
X [CXP(_Z |ui|/33>1{Acz,« wi=e) +e LAy, |m|>;}]

l
Since t and t + uA, belong to [D.]s and since SUP¢ ve[ D, Js lv — t]| = O(c")

by (3.4), it follows that Y |u;| < /d|lu|| = O(c**?). Hence (3.25) with <
min{1, 2/(x + 2)} follows from (3.28). [J

PROOF OF THEOREM 3.1. We have already shown that conditions (C), (A1),
(A3) and (A4) are satisfied and that (A2) and (A5) also hold under (3.4). Let IT{ =
{t+kA el ke Zd}. Note that {./A. — oo and that

P{ sup X (u) > c}

llEIuC

<> |:P{X(u) >c—1/c}
uell

(3.29)
+ P{X(t) <c—1/c, sup X(u+VvA;) > c”
0<v<l
= 0((Le/ D) Y (),
by (3.3) and (A4). By adding up (3.29) over {t € (;cZ)d 1t ¢, N D # @}, it fol-
lows from (3.5) that P{supteDC X(t) >c} = O(U(DC)AC_dl//(c)). By (3.2) and

Lemma 2.3, H(t) = 4~¢. If (3.4) also holds, then (A1)-(A5) all hold and Corol-
lary 2.7 can be applied to give (3.6). U
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LEMMA 3.8. Let B:Z;+ — (0, 00) be nondecreasing and such that B(n) <
{3dloglog [n|}'/2. Define J, by (3.8) and let c(t) = B(|exp(t)]) fort € RL, c(0) =
B).

() If Jo < 00, then Yy~ (K)e ™ ®/2 < oo,

(i) Let wy =2 and wjy1 = w; + logw; for j > 1. Then w; ~ jlogj as
j — oo. For k € Z4, define the rectangle I1® = ]_[le [wg, , wk;+1) and let wx =
(Wi, s - - -, Wiy). Assume furthermore that B(m) > {d loglog n}V/2and J, = o0 for
some & > 0. Then for every 0 <& < &/,

(3.30) S o(I%) M wy)em /2 = o,
k>3: 1® G,

where G is given in (3.4) and v(-) denotes volume of the rectangle.

PROOF. Note that x24—1¢=%*/2 is decreasing for x > xg. Since B is nonde-
creasing and there are only finitely many n’s with S(n) < x¢ in parts (i) and (ii)
of the lemma, we can assume without loss of generality that 424! (n)e‘ﬂz(“)/ Zis
decreasing in n. Therefore

+1

k>0 Uy oki <p; <eki

> Z(l . 2671)d62d71(k)efc2(k)/2’
k>1

noting that [n|~! > [T, e=®+D if ki < pn; < ekit! for all i and that {n:efi <
n; < ekit! forall i} has at least [T¢_ (e%iT! —eki —1) elements. A similar argument
also shows that for any {iy,...,i;} C{l,...,d},

_ _ 2
Z A1 K)e W2 < o,
k:kil =~~-=k,'j =0,k;>1 for i¢{iy,..., ij}

To prove (i), first consider the case d = 1 for which J, = Jy. Here (3.30) fol-
lows from Jy = oo,

0
331 3 a7 BmeF M2 <37 c(uwy)e @0/ 3 1l

n>e? k=2 exp(wg)<n<exp(Wi+1)

and Zexp(wk)§n<exp(wk+1) n_l < Wit — Wk + = U(I(k)) + 1.
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We next consider the case d > 1. Since there are finitely many n’s belonging
to Zi such that logn € G¢/ \ (Uk: mink;>3.10c6, 1®), there exists C > 0 such
that

_ _ _R2
J&{ — Z |n| lﬁZd 1(n)e B~(m)/2
logneG,/

=C+ ) { 2. |n|‘ﬂ2‘“<n>eﬂ2<“>/2},

k>3: 10 G, ognel®

which we can bound as in (3.31) to obtain (3.30) if J,- = oo, noting that

Y. In7's H( > 71) < ilj(wk,-ﬂ —wy; + 1),

1ogne1<k> exp(wg; ) <n; <exp(wg; +1)

and that ]_[le(wkﬁ] —wy, +1) ~ v(I®) as minj<j<qg ki = oco. U

PROOF OF THEOREM 3.2. Suppose the theorem holds under the addi-
tional assumption B(n) < {3d log loglnl}l/ 2. To show that it also holds with-
out this additional assumption, define ﬁ (n) = min{f(n), (3dloglog In|)!/2} for
an arbitrary function §: Zd — (0,00). If Jo(B) < oo, then Jo(,B) < Jo(B) +
Jo({3d loglog m|}!/?) < o0 and hence

sup{[n|: Sp/In|"/? > B(m)} < sup{|n|: Sy/In|"* > f(n)} <0 as.

If J,(B) = oo, then J;(B) = 0o, so sup{|n|: Sp/|n|'/? > A(n)} = oo a.s. Since
sup{[n|: Su/In|'/? > (3dloglog|n|)'/?} < oo a.s., it then follows that sup{|n|:
Sn/In|'/? > B(m)} = o0 as.

Define c(t) as in Lemma 3.8. In view of the preceding paragraph, we shall
assume that c(t) < {3dlog(}_; 1)}/? [and hence Yt > c3(t) for large t] and
there is no loss of generality. We can apply Theorem 3.1 to D, = Ix 1 [noting that
(3.5) clearly holds for such cubes with unit width] and combine the result with
Lemma 3.8(i) to conclude that if Jy < oo, then

> P{ sup X (t) > c(k)} =0 (Z CZd_l(k)e_cz(k)ﬂ) < 00,

k>0 ‘telk1 k>0

and therefore ) - P{In|~'/28, > B(n) for some n with logn € Ix1} < oo.
Hence by the Borel-Cantelli lemma, 8 is an upper class function if Jo < co.
Suppose J, = oo for some A > 0. Take 0 < ¢ < A. To prove that g8 is a
lower class function, we can assume that 8(n) > {d loglog In|}!/2, using an ar-
gument similar to that at the beginning of the proof to show that the assump-
tion leads to no loss of generality. For notational simplicity, we focus on the
case d =2, as extension of the proof to d > 2 is straightforward and the case
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d =1 does not involve multivariate considerations. Define the rectangles 1™ as
in Lemma 3.8(ii) and partition the set {k > 3:7® G} of bivariate vectors

k = (k1, k2) into four disjoint sets Ay, ..., A4 so that k; is odd in A; U A»
(and even in A3 U #A4) while kp is odd in +4; U 43 (and even in Ay U A4).
Since the number of k’s belonging to G, \ (Usz,: 1®cG, 1 (k)) is finite and since

V(%) = (w11 — wiy) Wiy 1 — wiy) ~ v *7V) as min(ky, ka) — oo, it fol-
lows from Lemma 3.8(ii) that Zj’:l ZkeAJ- v(I kD) 241 (wk)e—cz(wk)/2 = 00,
and therefore there exists j such that

(3.32) Z v(](kfl))Cdel(wk)efcz(wk)/Z — 0.
kEAj

Since B(n) > {dloglogn|}'/%, c(wk) = B(le"*]) = (d + o(1))'/*(log [wk])'/?;
on the other hand, wy, — wi,—1 = log wy, 1, showing that (3.4) holds with D, =
1% =2 and ¢ = c(wg) + 2/c(wy). Clearly, D, = 1%=D also satisfies (3.5),
so Theorem 3.1(ii) can be applied to conclude that

> P{ sup X(t)>c(wk)+2/c(wk)}

keA; (tel®D
-2 Z I(k 1) o2d- l(wk)e_‘ (wk)/2 (4\/_) —
ke ;

in view of (3.32). This implies that

> P{Sn/In|"* > p(n) + 2/c(wg) for some n with logn € 1~ D}
(3.33) kesA;

= 00.
Write n’ < m < n to denote n; < m; <n; for all i. For logn € 1&=D  define

k
(- 2 lexp(wi_2) | <m=n Ym. We shall show that

(3.34) > P{ sup | Sp — S| /In|/? > l/c(wk)} < o0.
ke, lognel k-1

From (3.33) and (3.34), it follows that Zkeﬁj P (Fy) = 00, where

Fi = {S®/mm|'/? > B(m) 4 1/c(wy) for some n with logn € 1&~D}.

Since the Fx are independent events, P{F i.0.} = 1 by the converse of the Borel—
Cantelli lemma. Applying the Borel-Cantelli lemma to (3.34) and combining it
with P{Fj i.0.} = I then show that P{S,/[n|'/> > B(n) i.0.} = 1. To prove (3.34),
let v = |exp(wk—2)| and note that

Sn—=SF="> Ym+ > Ym—) Ym

mp=ni,my=v; mp=<vy,ma=<np m<v
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‘We shall show that

(3.35) ZP: sup

keA; lognel k-1

2. Tm

mp=<ny,my;=<vy

/|n|‘/2 > 1/(3c(wk))} < 00.

Observe that Zmlsnl,mzfvz Ym/|n|l/2 = X (logny, wkz_z)(vz/nz)l/2 and vp/ny <
exp(Wi,—2 — Wiy—1) = wk_21_2, and that for large k € A}, w,lz/zz/(Sc(wk)) >
(3d log |wx|)!/?. Therefore

> v

mp=<np,mz=<vy

p{ sup /il > 1/(3c(wk>)}

lognel&-D

sP{ sup |X<t)|>(3dlog|wk|>1/2}=0((k1+k2>—k)

wg—2 <t<wg

for some A > 2, by Theorem 3.1(i). Since 1D « G, this proves (3.35). O

4. Other applications. Section 2 provides a set of general conditions under
which the asymptotic boundary crossing density approximation in Theorem 2.8 is
shown to be valid. Given a specific application, one needs only to verify that these
assumptions are satisfied. In particular, such verification has been carried out for
sums of i.i.d. random variables with multidimensional indices in Section 3, and we
begin this section by carrying out similar verification of (C) and (B1)—(B5) for mul-
tivariate empirical processes. Let Y1, Y, ... be i.i.d. d-dimensional random vectors
with common distribution function F, and let F,, () = n~! Yo Lyi<n.te R?, be
the empirical distribution function of Y1, ..., Y,. Let Z,(t) = /n{F,(t) — F(t)}
be the multivariate empirical process. The limiting distribution of Z,, is that of a
Gaussian sheet Z°, for which Adler and Brown [2] proved that

“.1) Kdypcz(d_])e_zc2 < P{sup Z%) > c} < chz(d_])e_zcz,
t

where K, is a constant depending only on d and Ky  is a constant depending on
both d and the distribution F'. For the case d = 2 with independent components
Yijand Y;p0f Y;, Z Oisa pinned Brownian sheet, for which Hogan and Siegmund
[20] sharpened (4.1) into

(4.2) P{sup 7°() > c} ~ (4log2)c?e 2" asc - oo.
t

In Section 5, we apply Corollary 2.9 to prove that if the sample size n, increases
to oo with ¢ such that ¢ = o(ng./6), then we can replace Z%¢) in (4.2) by Z, (1)
and also extend the result to general d and general distribution F such that

(4.3) F is continuously differentiable and 0F/dt; >0 forl <i<d.



MAXIMA OF RANDOM FIELDS 103

In view of (4.3), we can apply a change of variables t — F () and assume that
F is a distribution function on the bounded Jordan measurable set [0, 1]¢, agreeing
with the assumptions in Corollary 2.9, whose notation (such as v,) we use in the
following theorem.

THEOREM 4.1. Let M ={t:F(t) = %} and assume that (4.3) holds and ¢ =

0(n2/6). Then as ¢ — o0,

P { sup Z, (1) > c}
4.4

d
_1 o2 _ oF
S / IVE@OI™ [T 5 - @va-1 @),
M i=1 90

P{sup |Z,. ()] > c}
t

4.5)
2 d oF
o hie2yd—1 —2c¢ -1
2(8c?) e /M IVF@) i|:|1 or (t)vg—1(dt).

COROLLARY 4.2. (i) For d = 1 and continuous distribution function F,
P{sup, Z, (t) > c} ~ e=2 as ¢ — o0.
(i) For d =2, if F(t1, t2) = F1(t1) F2(t2) with continuous univariate distribu-

tion functions 1 and I, then P{sup, Z, (t) > c} ~ (4log 2)cze_zc2 as ¢ — o0.

PROOF. (i) We can assume without loss of generality that Y; is uniform on
(0, 1). In this case M = {1} and the integral in (4.4) is 1.

(i) Without loss of generality, assume that Fi(t;) = t; and Fa(tr) =12, 0 <
t1,tp < 1. In this case M = {(uy, u2) :ujuy = %, 0 <uy,uy < 1} and the integral
in (4.4) becomes

/ &vl(du) = /1 1/2 (1 + —)I/Zdul
M (u? +u3)/2 172 [u? + (1/(2uy))214/2 4ut

b d 11 2
= —dauy = — 10 y
1/2 2uq ! 2 g

completing the proof for the case d =2. [

For d =1, Smirnov [33] has shown that P {sup, Z0() > ¢} = e‘zc2 forallc >0
and Corollary 4.2(1) yields a corresponding asymptotic formula for Z,,_, which was
used by Chung [12] to prove an upper-lower class theorem for the Kolmogorov—
Smirnov statistic. Note that (4.5) says that for some constant k4, P{sup, |Z,(t)| >

An} ~ /cd)x%(d_l)e_m'zl if A, — oo and A, = o(n'/). Since n{F,(t) — F(r)} is
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a partial sum of the empirical processes 1y,<;; — F(t), we can apply (4.5) and
follow Chung’s arguments to prove the following.

COROLLARY 4.3. Let A, be a nondecreasing sequence such that L, — 00
and let F be a distribution function on R? satisfying (4.3). Then P{sup, |Z,(t)| >

dn 0.3 =0 (or 1) if Y% n= 22241 < 00 (or = 00).

An important difference between our proof of the upper-lower class result in
Corollary 4.3 and that of Adler and Brown [2] is that they first develop their results
for the limiting Kiefer processes and then use the strong approximation theorem
of Dudley and Philipp [14] whereas our approach works directly for the empirical
process (and of course also for the limiting Kiefer process). The strong approxima-
tion approach involves embedding the given process in Brownian motion for which
the integral test can be readily shown to hold by using, for example, the tangent
approximation (1.1) to the boundary-crossing probability. For partial sums of sta-
tionary sequences having long-range dependence, the limiting process is no longer
Brownian motion and strong approximation along the lines of Komlds, Major and
Tusnady [23], Philipp and Stout [27] and Berkes and Philipp [5] is no longer ap-
plicable unless one imposes very restrictive assumptions that are described in the
next paragraph. However, the theory in Section 2 can still be applied.

In particular, as in [13] and [19], consider partial sums S, := >_7Y; of linear
processes Y; 1= Z?‘;_oo 7,—j&; where ¢; are i.i.d. random variables with mean 0,
variance 1, Ee'lé1l < oo for some ¢ > 0 and {tk}fo o satisfies ) B ‘L'kz < 00. The
sequence Y; is said to have long-range dependence it E(Y1Y,41) ~ n®=2L(n) for
some 1 < o < 2 and slowly varying L so that

(4.6) o2(n) := Var(S,) ~ 2{a(e — D} 'n®L»n).

Defining Z,(-) by linear interpolation with Z,,(t) = Si /o (n) for t = o%(k) /o> (n),
Davydov [13] has shown that Z, converges weakly to a zero-mean Gaussian
process (with correlated increments) whose covariance function is the same as
that in (2.1) with d = 1 and r; = 1. Although strong approximation theorems are
not available for such S,,, Chan and Lai [9] have been able to derive integral tests
of the type (1.3) for upper-lower class boundaries of S, in the long-range depen-
dent case by showing that assumptions (C) and (A1)-(A5) of Corollary 2.7 are
satisfied by X.(t)(= X (1)) = S| /o (le']) and D, = [t,, ] with ¢ = o(e"/®),
-1t/ c?/% - 0o but t¥ —t. = O(c*) for some k > 0. Hence application of
Corollary 2.7 yields an analog of Theorem 4.1 and therefore also the law of the it-
erated logarithm (LIL) for partial sums of long-range dependent linear processes;
see [9]. Wang, Lin and Gulati [35] recently derived the LIL by using a strong ap-
proximation approach that requires 7 to have the special form 7 ~ k=P L(k) as
k — oo for some % <B<landpz =0fork <O.
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Example 2.2 provides a prototypical example in change-point and signal detec-
tion problems, and Theorems 2.4, 2.5, 2.8 and their corollaries can again be applied
to a variety of generalizations of Example 2.2 for these applications. Suppose we
replace the Brownian motion W (¢) by a Gaussian field X (t) and #, — ¢ is replaced
by Var(X (t2) — X (t1)); see [1] and [7]. Again conditions (C) and (A1)—(AS5) can
be shown to hold for these applications and also for their discrete-time analogues
(like Sy, in Section 3); see [10].

Suppose we replace the Brownian motion W(¢) in Example 2.2 by a sample
sum process S|, where S, =Y +--- + Y, and the Y; are i.i.d. with mean 0,
variance 1 and Ee/"'l < 0o for some 7 > 0. Then instead of X, we now have a
random field X . defined on D such that

Xc(m/ne,n/ne) = (Sy— Sp)/(n —m)'/?
form <n <an, withain, <n—m < apn,.

The stopping time 7. = inf{n : max,—s,n.<m<n—a;n.(Sn — Sm)/(n — m)l/2 > ¢}
has important applications in sequential change-point detection. Assuming that
ne/c® — oo as ¢ — oo and making use of moderate deviations theory, Chan and
Lai [11] have shown that X satisfies conditions (C) and (A1)—(AS5). Therefore,
analogous to (2.10),

4.7) P{T, <anc}~ ¥ () (c*/Dlata;! —ay") —log(ar/a)].

This result provides an important tool for the choice of the threshold ¢ and win-
dow sizes of the detection rule 7, to ensure a prescribed false detection rate; see
[24] and [11] where the asymptotic optimality (in the sense of quickest detection
delay) and extensions (to multivariate ¥; and Markovian Y;) of T, are also given.

5. Proofs of Theorems 2.1, 2.4, 2.5, 2.8, 4.1 and their corollaries. To study
the asymptotic distribution (as t — 00) of supy,, X (s) of a stationary Gaussian
process with EX (s) = 0, Pickands [28] introduced a method, which has under-
gone subsequent refinements and is now commonly known as the method of dou-
ble sums (cf. Chapter 2 of [29], [30, 31]), to derive the asymptotic behavior of
P{supy_,-1 X(s) > c} as ¢ — oo. In this section, we modify the double sum
method for non-Gaussian fields, to which powerful tools like Slepian’s inequal-
ity and Fernique’s theorem for the Gaussian case (cf. [29]) are no longer applica-
ble. In particular, unlike the traditional double sum )3 ; P{sup,c ;i X (u) >
¢, sup,c;(h X (v) > c} that is shown to be negligible relative to the single sum
> P{sup,c;&» X(u) > c} for stationary isotropic Gaussian fields (cf. [28, 29]),
note that (2.12) involves P{sup, ;i X (u) > c, SUP, e\ 1) X (v) > c} instead.

The proof of Corollary 2.6 (or 2.7) involves covering D (or D.) by cubes
of the form I; gka, and using a discrete approximation A;(= A;(a,m,c)) =
{t + kaA:.:0 <k; <m,k e Zd} of It ka,., where a = K/m. To distinguish
from the scalar K = ma, we shall use k to denote the elements of Z¢. Since
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P{sup,cy, ,p. Xc(V) > ¢, Xc() < ¢ — y/c} < Na(¥)¥r(c) by (Ad), approximat-
ing the tail probability of sup,c; ., Xc(u) by that of sup, ¢4, X.(u) has the error
bounds o

0< [P{ sup X.(u) > c} — P{ sup X.(u) > c”/xp(c)

ue’t,KAL- uEA;

< P{c —y/c < sup Xc(u) < c}
UEA;

(5.1)
+ ) P{ sup Xc(v)>c,Xc(u)Sc—)//CH/I/f(C)

ucA, velyan,

< Ple=y/e < sup Xew =} [y + K/ Ny
UEA;

uniformly for ¢t € [D]s and y, < y < c. The proof of Theorem 2.4 makes use

of (5.1) and Lemma 5.1. Theorem 2.5 is introduced to provide a building block to

handle nonstationary random fields (or nonconstant boundaries) in Corollary 2.6

(or Theorem 2.8), which can be proved by much easier arguments in the case of

stationary random fields; see Remark 5.1.

LEMMA 5.1. Under (C) and (A1)-(A3),
o0
Hg 4(1) :=/ eyP{ sup W;(ak) > y}dy
0 0<k;<m

is uniformly continuous in t € [D]s and sup,¢(py, Hk.a(t) < 0o0. Moreover, for
y >0, as c > oo,

P{ sup X (u) >c— )//c}
Y.V

(5.2)
~Y(c—y/oll+ Hk 4(t)] uniformly for t € [D]s.

PROOF. Let ¢ > 0. By (A3), there exists y* > y such that 1 (y*) < ¢/m? and

0< P{ sup X.(u) > c—y/c}

UeA;

- P{ sup Xe(u) >c,c—y*/c < X(t) <c— y/c}
UEA;

(5.3)
= P{ sup Xc(u) >c, Xc(t) <c— y*/c}

UEA;

<mh(y*)¥(c) < ey (c),
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since |A;| = m<. By (Al), there exists £ — 0 such that
(5.4) |P{Xc(t) > c— y/c}/yr(c—y/c) = 1| = O D)

uniformly for y <y < y*; we can also assume that £ (y* — y) € Z. Since efe =
1+& + O(SCZ) and ¥ (c — y/c) ~ e’y (c), (5.4) implies that

Plc—(y+&)/c < Xc(t)<c—y/c}

=(1+ 0ED) 5y (c) — (1 + OED) Y (c) ~ Ece Y (o).
By (A2), uniformly for r € [D]s and y <y < y*,

(5.5)

P{ suE Xc(w)>c,c—(y+E&)/c<Xc(t) SC—)’/C}

(5.6)
~p| s Witk =y} Ple— 0+ /e < Xe e = ye)
0<k;<m

Applying (5.5) to (5.6) and summing (5.6) over y = jé. + y for j =0,1,...,
é‘c_l(y* — y) — 1, we obtain (5.2) from (5.3) with arbitrarily small ¢. Since
fooo e? P{W,;(ak) > y}dy < oo for all k and A; is a finite set, Hg ,(¢) is finite and
its uniform continuity follows from (2.1) and (2.2), with the convergence in (2.2)
being uniform in ¢ € [D]s [see the sentence describing assumption (A2)]. Re-
call in this connection that sup,¢[py, yesi-1 71 (v) < 00, yielding the finiteness of
sup,¢(py, Hr.a (). U

PROOF OF THEOREM 2.4. Leta > 0. By (A4), (5.1) and (5.2), we have for
all large c,

0< |:P{ sup X.(u) > c} — P{ sup X.(u) > c}]/W(c)

uel; ga, UEA;
(5.7) )
<2(e" — D[l + Hg o()] + (K /a)* Ny (Va)-

By (A4), for any & > 0, we can choose a* small enough such that N, (y,)/a® <
8/Kd and 2(e¥s — 1) < ¢ for all 0 < a < a*. Therefore, by (5.2) and (5.7),

(1 —e)(1+ Hg 4(1))

(5.8 SP{ sup Xc(u)>6}/¢(0)
MEI[’](AC

<(1+2e)(1+ Hk.qa(1)) + &,

for all large ¢ and all ¢t € [D]s and 0 < a < a*. We shall restrict a and a* to
{277:j=1,2,...} sothat the integrand of Hg ,(t) is monotone in a and increases
to the integrand of Hk (¢) as a | 0. Hence by the monotone convergence theorem,
Hg 4(t) = Hk(t) as a — 0. Therefore

(5.9) 1+ Hg (1) <14 Hg (1) < (1 +&)(1 4+ Hg ox(1)) + &,
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for all t € [D]s and 0 < a < a* (with a,a* € {27/ :j =1,2,...}). We shall use
(5.8) and (5.9) in conjunction with Lemma 5.1 to derive the desired conclusions of
the theorem.

First note that M :=1 + sup;erp); Hk (1) < 00 in view of (5.9) and Lemma 5.1
and therefore

(5.10) |Hg (t) — Hx o«(t)| < (M + 1)e for all t € [D]s,
by (5.9) with a = a™. Because Hg .+ is uniformly continuous by Lemma 5.1,
(5.11) |Hk a*(t) — Hg o»(u)| < & if ||t —ull <&*,t,u €[D]ls,

for some §* > 0. Since |Hg (1) — Hx(u)| < |Hkx(t) — Hg o+ (t)| + |Hg (u) —
Hg o+(u)|+|Hg o+(t) — Hg o+ ()], it follows from (5.10) and (5.11) that | Hx (¢) —
Hig )| <2(M + 1)e + ¢ if ||t — ul|| < §*. As ¢ is arbitrary, this shows that Hg is
uniformly continuous. Combining (5.8) with (5.10) and the definition of M yields
that for all large ¢ and # € [ D]s,

—e—eM — (M +1) < (w(c))_lP{ sup X (u) > c} — (14 Hg (1))

uel; k.
<e+2eM +2e*(M + 1).

Since ¢ is arbitrary, this proves Theorem 2.4. []

LEMMA 5.2. Under (C) and (A1)—(A4), SUP/e[D];. K> 1 K~1Hg (1) < 0o and
{K_dHK :K > 1} is uniformly equicontinuous on [D]s, that Is,
SupKZl,l,SE[D](S,||I*SHSE |K_dHK(t) - K_dH]((S)| —0ase—0.

PROOF. Without loss of generality we can restrict K to be integers. Take any
positive integer a~!. Note that the integrand of H ,(t) involves the set {ak:0 <
ki < K /a}, which can be partitioned into K d disjoint subsets L ; such that |L ;| =
a~'. We can therefore use the arguments at the end of the proof of Lemma 5.1 to
bound

Kd
K™y

j=1

P{ sup W;(ak) > y} — P{ sup W;(ak) > yH
kELj kELj

and thereby establish the uniform equicontinuity and boundedness of {K ~¢ H Ka'
K > 1} on [D]s. Moreover, by partitioning the cube [0, K)¢ similarly into K¢
unit cubes, it can be shown that supg > ,¢[pj; |K~?Hy (t)— K~?Hg ,(t)| = 0 as
a — 0. Hence we can proceed as in (5.10) and (5.11) but with Hgx , and Hg re-
placed by K¢ Hy , and K ~¢ Hg to prove the uniform equicontinuity and bound-
edness of {K 9Hyg:K >1}. O
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LEMMA 5.3. Under (C) and (A1)—(AS), there exist constants sx — 0 as
K — 00 such that

(5.12) P{ sup Xc(u)>c, sup Xc(v)>c}§sKKd1ﬁ(c)
uel; kA, veB\I; kA,

for c large enough, uniformly over t € [D]s and over subsets B of [D]s with
bounded volume.

PROOF. Leta > 0and 0 < g < p. Then
Ga= ) exp(lw|?)f(lw]) < oo.
we(aZ)?

Let m, n be positive integers that are large enough such that

> exp(lwl) f(wll) < £a?/8
we(aZ)d, |wl=na

and

[1—(1—=2n/m)?] <ea?/8G,.

Let K =ma, F1;, ={t+kaA.:n <kj <m—n,ke Zd}, = A\ Fiy,
By ={t +akA. € B\ I ka.:k € Z9}, guy = min{c — y4, (Ilv — ull/Ac)?}. Then
by (A5),

P{X:(u)>c—(yqa+ gu,v,c)/cv Xc(W)>c—(ya+ gu,v,c)/c}

(5.13) <y (c— a+gu)/c) flu—vl/Ac)
<2e5 Y (c = va/c) f(lu —vll/Ao),

for all large ¢ and small a. For u € F1 ; and v € By, |lu — v||/Ac > na and g, <
(lu — v/ Ap)4. Noting that | Fy | <m?, |Fa | <m? — (m —2m)? =m?[1 — (1 —
2n/m)“], and that DueA, = 25:1 ZMGFN, we obtain from (5.13) that for all large
¢ and small a,

DY P{Xe() > ¢ — (Ya + 8uwo) /e, Xe(0) > ¢ = (Va + guv) /)

ueA; veB;

<y (c— ya/c)m?
(5.14)

X > exp(lw[) f (Jwl) + [1 = (1 —2n/m)?1G,

we(aZ)?,|wl|=na

< (K429 (c —ya/o).
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Define A, = minyca, gyw if w € B;, and A, =0 if w € A;. Then

P{ sup X (u)>c, sup Xc(v)>c}

Me]t,KAC UGB\I,.[(AL.

(5.15) <> > P{Xcw) > c— (Va+ guw)/c. Xe(0) > ¢ — (Va + guv)/c)

uc€A; veB,;

+ Z P{ sup Xc(z)>c,Xc(w)§C—()/a+Kw)/C}-

wEAfUBj ZEvaaAC

On the right-hand side of (5.15), the first sum can be bounded by (5.14) and the
second sum by

ZP{ sup X(;(Z)>CsXC(u)§C_yll/C}

UEA; 2€luanc

(5.16) + Z P{ sup Xo(z) >c¢, Xc(v) <c— (yu +Av)/c}

veB; z€ly.an,
< (K/a)'Na(y)¥(©) + D Na(ya + 2)¥ (),
vEB;

in view of (A4) and that |A,| = m? = (K/a)d. To bound the last sum ), cp
in (5.16), first consider the case d = 1. Since A, > min{(ak)?, c — y,} if akA. <
inf,cq, [v —u| <a(k 4+ 1)A., and since N, is nonincreasing, it follows that

> Na(Va + 2 ¥ ()

vEB;

(5.17) Sz{ZNa(Va +(ak)q)+Na(C)v(B)/(aAc)}
k=1

< 2{a-1 [ Wata+ 0 ay + v(B)Na(c>/(aAc>}.

Integration by parts shows that the integral in (5.17) approaches 0 as a — 0, since
Na(Va) + [7° w'Na(va + w)dw = o(a) for s > (g~' — 1)T. Moreover, in view
of (2.5), Ny(¢)/Ac = O([5,7 w*Ny(yy +w)dw) =o(a) asa — 0 and ¢ — 00,

/2= Ya
for s > 2/«. Therefore, ZLUGB, Ng(Va + Ay) < g/4 for all large ¢ and small a. In

general, for d > 1,
Z Na(Va + Av)

UEB;

(5.18) <21d Y (a7 'K +2))* " 'Na(va + (@j)?) + Nq (c)v(B)/(aAc)d}
j=1

< 8Kd_l/4 for all large ¢ and small a,
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as can be shown by arguments similar to those in the case d = 1. Combining (5.15)
with (5.14) and (5.16)—(5.18) yields the desired conclusion. [l

PROOF OF THEOREM 2.5. Let 1 > ¢ > 0. There exists K* such that sy <¢/3
forall K > K*. For fixedt € D and K > K*, define

A={ue (KAL) : I, ka. Clion)

(5.19) J
A= {M € (KAZ) :Iu,KAC N IZ,E(,AC # @}» Ju= u, KA.+

Covering I; ¢ A, by cubes of length KA. and letting B be a subset of [D]s con-
taining I; ¢ A, and such that v(B) < vg, we have

Z [P{ sup X.(v) > c} — P{ sup Xc(v) > ¢, sup X (w)> c}:|

N vedy vel, weB\J,

(5.20)
< P{ sup X (v) > c} < Z P{sup X.(v) > c}.

IS N ueh vedy,
By Theorem 2.4 and Lemma 5.3, as ¢ — oo,

(I+oM)y(c) Y [Hg (u) — sk K
ueh

(5.21)
< P{ sup Xe(v) > c} < (1 +oM)¥© 3 Hyw),

1 J—
VEIt oA ueh

uniformly in ¢ € D. In view of £,A, — 0 and the uniform equicontinuity in
Lemma 5.2, we can choose c* large enough so that K~ 9Hyg ) — K 4 Hg ()| <
g/3forallc>c* /l.>K>K*teDandu e A (= A(t; KA., £L.AL)). Putting
this and the bound sx < &/3 in (5.21) and dividing (5.21) by ﬂfzﬁ(c), we obtain
forallc >c* /l.>K>K*andt e D,

(1—8){K—dHK<r)—28/3}sP{ sup xc(v)>c}/(eg¢(c))

Vel po A
< (14 e){K T Hg(t) +¢/3},

since |A| ~ |A| ~ (EC/K)‘I. By Lemma 5.2, M := sup,¢(pj,. k>1 K~4Hg (1) < 0.
Therefore, it follows from (5.22) that

(5.22)

(5.23) sup
teD

P{ sup Xo(v) > c}/(eg’w(c)) — K_dHK(t)’ <eM +2¢/3,

UEIt,/éCAC
for all ¢ > ¢* and /£, > K > K*. Letting ¢ — o0 in (5.23) yields

sup |K Y Hg (1) — K~ Hg (t)| <2eM +4¢/3,
teD
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if K > K* and K > K*, establishing that {K ~¢ Hx} is uniformly Cauchy. Hence
K~4Hg (1) converges uniformly in t € D to H(¢), which is also bounded by M.
We can therefore proceed as in the second paragraph of the proof of Theorem 2.4
to show that H(¢) is uniformly continuous in ¢ € D. Moreover, taking K large
enough such that sup, |K~4Hg(t) — H(1)| < g/3, it follows from (5.23) that

sup
teD

{ sup X.(v) > c}/(ﬁdw(c)) —H@)| <eM+1)
UG[, LeAe
for all ¢ > ¢*, proving (2.11).

We next show that inf;cp H(¢) > 0. For the function f in (AS5), we can choose
a > 0 large enough so that )y f(ak) < 1/2. Let K = ma and define A; =

A;(a, m, ¢) as in the paragraph preceding Lemma 5.1 so that |A,| = m?. Then by
(A1) and (AS), as ¢ — o0,

P{ sup X¢(u) > c}

MGA[

=3 |:P{Xc(u) >cl— > P{Xcw) >c Xc(v) > c}i|

UEA; VEA;, vFEU
(5.24)
> Y (1+o(1)¥(c)/2
UEA;
= (1+o())miy(c)/2,

uniformly in € D and m > 2. Combining (5.24) with Theorem 2.4 yields

1+ Hya (1) =Cgrgo(w(c))—1P{ sup Xe(u) > c}

MEIt,maAC

>11msup(1//(c)) 1P{supX (u)>c} >m /2

LlGAI

forall m > 2 and ¢ € D. Since limg_ oo K¢ Hg (r) = H(z), it then follows that
H(t) >a~“/2 forall t € D. Finally, to prove (2.12), apply (5.12) to obtain that for
all t € D and large c,

P{ sup Xc(u)>c, sup X.(v)> c}

ue],,gcA(, vEB\I,,gCAC

< Z P{ sup Xo(v) > ¢, sup X (v) > c}
weh veJdy, veB\J,

< [Alsg K7 ().
Since sg — 0 as K — oo and |A| ~ (ZC/K)d as ./ K — oo, (2.12) follows. [
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PROOF OF COROLLARY 2.6. A basic idea of the proof is to cover the
bounded, Jordan measurable set D by cubes of length £, A., with £, — oo such
that £,A. — 0. Define A, A and J, as in (5.19) but with (KACZ)d replaced by
(ECACZ)d, Lika. by Iye.n.,and I; gy a, by D. Then (5.20) still holds with these
new definitions of A, A and J, and also with B replaced by the bounded set [ D]s.
Labeling it as (5.20"), the upper and lower bounds in (5.20") are both asymptoti-
cally equivalent to (ECAC)_ngw(c) [p H(t)dt by Theorem 2.5, since £, A, — 0
and H (t) is continuous. []

REMARK 5.1. Corollary 2.6 can be proved by easier arguments, to be
sketched below, when X.(#) = X (¢) is stationary. Let

Aj={teD:te(JA)},

F = {sup X(u) >c},

ueD
F; = sup X(u)>c—y/c},
ueA;(a,K/a,c)
F, = sup X(u)>c—y/c}.
ueA,(a,K/a,c)
Then
Y P(F)— ). P(F)
teAk tehp
(5.25)
<| Y P(F)—P(F)|+| Y. P(F)-P(F)|.

teAg teAk

It can be shown by arguments similar to those in the proof of Lemmas 2.3 and 2.4
of [31] that limsup,_, o [ > ;e P(Fr) — P(F)l/{lﬁ(c)Ac_d} — 0 as K — oo,
a — 0 and y — 0. Moreover, by Lemma 5.1 and stationarity,

(5.26) S P(F) ~v(D)K A (e — v/ + H.0),

teAk

and a similar relation also holds for ), Ag P(ft). Hence by (5.25),
(527  |K“Hg,— K “9Hg .|->0 asK,K—o00,a,a—0,

which implies that limg 00 q—0 K —d Hk 4 exists by the Cauchy convergence
property, yielding H as the limit. For nonstationary random fields, we do not
have the simple relation (5.26) and cannot show the existence of the limit of
K—9H k.a(t) via Cauchy convergence as in (5.27). This is why more complicated
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arguments are needed in the proofs of Lemma 5.3 and Theorem 2.5, from which
Corollary 2.6 follows. Concerning the proofs of Theorems 2.4 and 2.5, since Hk ,
and H are defined by the Gaussian processes W; rather than the process X, sat-
isfying (A1)—(AS5), one may wonder why these assumptions have been involved
in their proofs (and also that of Lemma 5.1) to establish continuity and bound-
edness properties of Hg , and H. It turns out that for a Gaussian random field
X . = X whose covariance function satisfies condition (C), assumptions (A1)—(AS5)
also hold with W; being the limiting process in (A2); see the following proof of
Theorem 2.1 which generalizes the Qualls—Watanabe result (2.6) to nonstationary
Gaussian fields.

PROOF OF COROLLARY 2.7. Here we modify (5.19) into
A= {ue@2) Lz, C D},
(5.28) ANe={ueZ): I, ND. =),
Ju=1luyg,,
and replace B in (5.20) by [D.]s so that we have here a corresponding version
of (5.20), labeled as (5.20%). Apply (2.12) with £, = {./ A, together with (2.14)
and (5.20%) to derive (2.15). O
PROOF OF THEOREM 2.8. It follows from (2.11) and (2.16) that
(5.29) P{Xc(u) > be(u) for some u € I; ¢, } ~ ({c/Abc(t))dx//(bc(t))H(t).

From (2.12) with the boundary c replaced by b .(f) and with £, = ¢./ A, it follows
that

P{Xc() > be(u), Xc(v) > max(be(v), b (1))

for some u € I; ;,,v € B\ I; ¢, }
(5.30)

EP{prAM>QAO,sw Xaw>@40}
MEI’-Q‘ UGB\I;IC

= 0((¢e/ Ao ¥ (b (1))

uniformly over t € D, and over subsets B of [ D]s with bounded volume. Then

> |:P{Xc(w) > bc(w) for some w € J,,}

UEA,

- Z P{Xc(w) > be(w), Xc(z) > max(bc(z)v Qc(u))

veEA ,vFU

(5.31) forsome w € J,,, z € Jv}}
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< P{X.(u) > b.(u) for some u € D.}
< Y P{Xc(w) > be(w) for some w € J,},

ueh,

in which A_ and A, are defined by (5.28). By (5.29) and (5.30), the lower and
upper bounds in (5.31) are asymptotically equal. Since ¢, — 0, the desired con-
clusion then follows. [l

PROOF OF COROLLARY 2.9. Since o < 2, there exists ¢ > 0 such that A, =
o(c~1%9)) We can therefore choose {. — 0 and &. — 0 such that

(5.32) Ce/De— 00,  E.>c loge,  CEo=o(cTP),

so ¢ = o(&.). Consider the tubular neighborhood Ug, of M. For sufficiently
small &, the elements of Ug can be uniquely represented in the form x + y with
xeM,yeTM(y) and |y| < &. Since Vh(t) = 0 for all 7 belonging to the
compact set /M, there exists B > 0 such that ||Vb(u)| < Bé. for all u € [Ug ],
Combining this with (5.32) yields

sup b(u) — inf b(u) = 0((cE) =o(c™?)

MEI;J;C MEI%{C

(5.33) uniformly over ¢ € [Ug, loc. .

Recalling that b.(u) = cb(u) and applying the identity y? — x* = (y — x)(y + x),
we can conclude from (5.33) that SUDs e [U, T, [E?(r) — ch(t)] =o(1).

Let y e M and z € TML(y). Then b(y +z) =bp + 2/ V?b(»)z/2 + O(||z|1P).
Applying Theorem 2.8 to D = U, yields

P{X.(t) > cb(t) for some t € Ug,}
~AZ | W eb@) (b)) H () dr
U C
(5.34) ¢

~ M-y (cbp)bid

<[ HO) | exp(—c2bpz' V2b(y)z/2) dzvg(dy).
M €T ML (y), Izl <&

Since Vib(y) is positive definite, inf,ep\y,, b(u) > bp + B’ECZ for some B’ > 0.
Hence by Theorem 2.8,
P{X:(t) > cb(t) for some t € D \ Ug,}

(5.35) < P{ sup  Xc(1) > c(bp + B/sf)}
teD\Ug,

=o(A; "W (chp)),
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in view of (5.32). Combining (5.34) with (5.35) and evaluating the inner integral
in (5.34) give (2.19). O

PROOF OF THEOREM 2.1. We shall show that (A1)—(AS5) hold for the
Gaussian random field X satisfying (2.7), which is the same as condition (C) in
the present case X, = X, and hence Theorem 2.1 follows from Theorem 2.5 and
Corollary 2.6. In particular, (A1) follows from the well-known asymptotic tail be-
havior of a normal distribution. Let p(z, u) = E[X () X (u)]. Since the conditional
distribution of X (t + uA.) given X (¢) is normal with mean p(¢, 1 +uA.) X (1), it
follows from (2.7) that as ¢ — o0,

E{c[X(t+ul) — XX =c—y/c}
(5.36) = —c[l — p(t, t +uAo)](c — y/c)
— —lullr (u/lull)/2,
Covic[X(t +une) — X (O], c[X(t +vA) — XX (1) =c — y/c)
=Pt +ube,t +vA) — plt,t + VAPt 1 +ulL)]
(5.37)
— [—llv—ul®r (v —u)/llv—ull)
+ vllr /llvlD) + Nl *re @/ llul)]/2.

Since {c[X (t + akA;) — X (¢)]:0 < k; < m} is multivariate normal, (A2) then fol-
lows. Let y > 0. Since ¢ (c — z/c) ~ e*{(c) for all z > 0 and there exist constants
B, B’ > 0 such that P{W,(u) > z — y} < Bexp(—B'z?), it follows from (5.36)
and (5.37) that as ¢ — o0,

P{X(t+ulA)>c—y/c, X)) <c—y/c}
< (1+oM)p© [ ¢ PW W =2~ y)dz
y
=¥ (h(y),
where h(y) — 0 as y — oo, establishing (A3). To show that (A5) holds, note that
P{X(@#)>c, X(t4+uA,) >c}
<P{X{@t)+ X +uA,) > 2c}

202 12
N‘”([l +p(r,r+uAc)] )

_ 1+ p(t.t +ulo)\ /> c? ¢

—1//(C)< 5 ) p[_1+p(t,t+uAc) +7]
2 1 _

Si/f(c)exp[_%<l p(t72t+uAC)>]



MAXIMA OF RANDOM FIELDS 117

By (2.7), there exists n > 0 such that = pt,t +ul)] = nllu||*L(||u|) for
all t,t + ulA. € [D];. It then follows from (5.37) that (AS) holds with f(u) =
B, exp(—u™) with 0 < A < «, for some By > 0.

To prove (A4), we use a technique of Fernique [16]. Let ¢ > 0, 0 < ¢ < «,
1 <& <282 k=32, and w, = £~ /2k. Define

B, ={t+k27"aA.:0<k; <2" ki € Z},

F=1 sup X(u)>c},

u€ls gn,
(5.38)
E_j={X(#)<c—vy/ch
E, = supX(v)fc—y(l—wo—---—wr)/c} forr >0,
vEB,

recalling that Zroio w, = % Note that B, C B,4+1 C I; 4, and that by the conti-
nuity of X, P(FNE_1) <> 22, P(E,—1 N Ef). Moreover,

P(E,_1 NES)
(539) <27 sup  PX()<c—y(l—wy—--—w,_1)/c,

ve’t,aAé.
£€{0,1}4\{0}

Xv+e27aA) >c—y(l—wy—---—w,y)/c}.

Given X (v) = ¢ — y/c, the conditional distribution of ¢[X (v+€27"aA;) — X (v)]
is normal with mean —c(c —y/c)[1 —p(v,v+€27"aA.)] < 0 and variance 21—
p%(v, v+ €27"aA.)], which is bounded by B(a27")¢ for some B > 0, in view
of (2.7). Hence

P{ sup c[X(v+82_raAc)—X(v)]>wrle(v)zc—y/c}
e€{0,1}4
(5.40) o0

<24 exp[—C(w,y)?/(a27")]

for some C > 0. Similarly, X (v+&27") — X (v) has mean O and variance bounded
by B'(a27")¢ /c* for some B’ > 0 in view of (2.7). Hence by choosing C small
enough,

P{ sup c[X(v+e27"aA,) — X(v)] > ,Bwr}
£€{0,1)4
(5.41)

<2 exp[—C (w,B)*c* /(@2 ")"1.
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Let n :=2¢/&> > 1. Combining (5.39)—(5.41) with P{X(v) € ¢ — dy/c} ~
¥ (c)e? dy then yields

P(FNE_))

640 =(+omp©@ Y2 | Zexp[y Oy b i) + Crldy
r=0 Y

o
+ > 27" exp[—Cn' B*c*/(4a*k?) + C'r]
r=0
for some C’ > 0. Let y, = a%/? and take 2 > (2a¥k?)/C + A with A > 0. Then
for all large ¢ and y, <y <c, (5.42) is bounded above by ¥ (c)N,(y), where
00 00
Na) =232 | [ exply = oy dai®) + Cridy
r=0 v/2

+ exp[—Cn Ay ?/(4a*k?) + C/r]}
satisfies Nq(va) + [7° Y*Na(Ya +y)dy =o0(aP) foralls > 0and p > 0. O

PROOF OF THEOREM 4.1. Take § > 0O andlet D ={r:26 <t; <1 — 2§ for
all i},

tO=(FO(-FO)}?, = inf ),

Xc() =2, (1)/T(1), be(t) =c/z(t).

(5.43)

Note that X.(¢) has mean O and unit variance. We now show that conditions (C)
and (B1)-(B5) with D, = D hold for X (¢). In view of F(t + u) = F(t) +
u'VF(t) + o(||lu||) and a similar Taylor expansion for t(z + u),

pet, t+u)=F@)(1—F@+u)/{t@®)t( +u)}
=1—(1+o(W)u'VF(@)/{2F@)(1 - F(t))}

as u — 0. Hence (C) is satisfied with L(Jlu|) =1, a =1, r;(u) = u'VF(1)/
2F@)(1 — F(1))} and A, = 2c)~". Since ¢ = o(n’®) and /e Z,, (1) is a
sum of i.i.d. bounded random variables, (B1) holds by moderate deviations theory
(cf. [15], Theorem 16.7.1). Moreover, conditioned on F, (t) = x, F,, (t +ulA;) =
x + W/n., where W is a Binomial(n, p) random variable with n = n, — x and
p={F({t+ulA;)— F()}/(1 — F(t)). Making use of this and the functional cen-
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tral limit theorem, it can be shown that (B2) holds and
E{z[Xc(t +uly) — XD Xc(t) =2 —y/z}
— —u'VF@t)/{4F()(1 — F(1))},
Cov(z[Xc(t +ul;) = Xe(D], 2[Xe(t +vAL) = XX (1) =2 = y/2)

d

oF
—»}jmmwhwwgﬂn/&Fax1—Fa»L
i=1 !

(5.44)

(5.45)

uniformly over bounded, nonnegative values of y and overt € [D]s and ¢/2 <z <
c/t*. Note that (5.44) and (5.45), which are analogous to (3.12) and (3.13), give
the mean and covariance functions of the limiting Gaussian process W; () in (B2)
and are in agreement with the « and r; of condition (C). The proof of (B3) and (B5)
uses ideas similar to those in the proofs of Lemma 3.6(ii) and Lemma 3.7, together
with large deviation (instead of Berry—Esseen) bounds for sums of i.i.d. bounded
random variables.

To prove (B4), we modify the preceding proof of (A4) in Theorem 2.1 as fol-

lows. Leta >0, 1 <& <+/2, k=Y, w, =" /2« and ¢/2 <z < c/T*.
Pick r, such that 6 < 27:zn; "/
uely, g-rin,a2r:A,»

Zno () = Zp (u) —nl2[F(v) = F(v —a27": A)]

7 < 26, in which 6 will be specified below. For

(5.46)
> Zn.(u) —wz !,

where w > 0 can be made arbitrarily small by choosing 6 large since ni/ 227" lies
between A~z and 6~!z/2. Making use of (5.46), we can choose 6 large enough
such that

{ I sup A Xc(m) — Xe(v)] > J//Z} N{X.(v) <z—y/(22)}
(547) v—a27"2Az,a277Z A,

For fixed z and r > 0, define F, E_1, B, and E, (r > 0) by (5.38) in which
c is replaced by z and X(-) by X.(-). Then P(FNE_1) < P(FNE,) +
Z:Z: o P(Ey—1 N EY). We can then proceed as in the preceding proof of Theo-
rem 2.1, using bounds for binomial (instead of normal) tail probabilities.
Verification of (C) and (B1)—~(B5) enables us to apply Corollary 2.9 af-
ter introducing the change of variables + — F(¢) so that F is a distribution
function on [0, 1]? (see the paragraph preceding Theorem 4.1). By (5.44),
(5.45) and Lemma 2.3, H(t) = {]‘[j’zl(8F/8t,~)(t)}/{4F(t)(1 — F(1))}“. More-
over, infyep 1/{F(t)(1 — F(1))}"/>(= bp) = 2 when § is sufficiently small, and
IVIb(@)| = [VF®)|*{F(t)(1 — F(t))}~3/? and F(t) = 1/2 for all t € M. Hence,
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applying Corollary 2.9 to D and then letting § — 0, we obtain (4.4). Since the
probability of joint occurrence of {sup, Z,_(¢) > c} and {inf; Z,,_(t) < —c} is neg-
ligible compared to (4.4), (4.5) follows from (4.4). [J
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